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Analytical study of a finite-range impurity in a one-dimensional Bose gas
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One-dimensional Bose gases present an interesting setting to study the physics of Bose polarons, as density
fluctuations play an enhanced role due to reduced dimensionality. Theoretical descriptions of this system have
predominantly relied on contact pseudopotentials to model the impurity-bath interaction, leading to unphysical
results in the strongly coupled limit. In this work, we analytically solve the Gross-Pitaevskii equation, using a
square-well potential instead of a zero-range potential, for the ground-state wave function of a static impurity.
We compute perturbative corrections arising from infinitesimally slow impurity motion. The polaron energy
and effective mass remain finite in the strongly coupled regime, in contrast to the divergent behavior obtained
using a contact potential. In this limit, we characterize the polaron properties in terms of the dimensionless ratio
w̃ ≡ w/ξ between the interaction range w of the impurity-bath potential and the coherence length ξ of the Bose
gas. The effective mass exhibits a 1/w̃ scaling. The energy of the attractive polaron scales as −1/w̃3, whereas
the repulsive polaron features subleading corrections to the dark soliton energy at the order w̃3.
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I. INTRODUCTION

The introduction of atomic impurities into a Bose gas has
opened a new avenue for exploring Bose polarons, which were
first realized experimentally in a quasi-one-dimensional (1D)
system [1]. The ability to tune both the sign and the strength
of the impurity-bath interaction has revealed new regimes
that challenge conventional polaron theories [2–5]. Similar to
solid-state systems [6–8], the leading theoretical framework
describes the Bose polaron in terms of phonon excitations
of the uniform bath and their interactions with both the im-
purity and with one another [9–16]. While this has proved
successful in the weak- and intermediate-coupling regimes, it
is inadequate at strong coupling due to the neglect of density
modulations around the impurity [17–22]. These modulations
become even more pronounced in lower dimensions [4,23,24],
as evidenced by the fact of vanishing quasiparticle weight [13]
and impurity self-trapping for any repulsive interaction in 1D
at the thermodynamic limit [25–28].

To account for these density modulations near the impurity,
the exact mean-field (MF) solutions to the Gross-Pitaevskii
(GP) equation have been obtained [17,29] by treating the
impurity-bath interaction as a contact pseudopotential with
the coupling strength gIB ∝ −1/aIB, where aIB is the zero-
energy scattering length. This framework has been applied
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to study both the properties of a single Bose polaron [17]
and the interactions between two impurities [30,31]. Remark-
ably, the analytical results have shown strong agreement—
even at the MF level—with Monte Carlo simulations.
However, in the strongly coupled limit gIB → ±∞, the MF
results yielded diverging values of key polaron properties, in-
cluding the energy of the attractive impurity and the effective
mass for both attractive and repulsive cases. The Monte Carlo
results displayed a similar unbounded growth as the number
of particles included in the simulations increased [30,32].
This divergent behavior can be attributed to the fact that the
pseudopotential itself diverges in the strong-coupling limit, in-
adequately representing the actual short-range impurity-bath
interaction.

In this article, we investigate how a finite-range poten-
tial, namely, a square well, corrects this behavior in the
strong-coupling limit. Within the MF framework, we obtain
semianalytical ground-state solutions to the GP equation.
Although this approach has been successfully employed to
obtain physical results at strong coupling for the Bose polaron
in 3D [18,33], it has not yet been employed in 1D [13,28,29,
34–43]. Additionally, we compute the first-order corrections
to the wave functions arising from the impurity’s infinites-
imally slow motion. We compute the polaron energy and
effective mass as a function of the coupling strength gIB. In
the weak- to intermediate-coupling regime, we observe that
the polaron properties exhibit minimal sensitivity to the short-
range character of the impurity interaction and closely align
with those predicted for a contact potential. In contrast, in
the strong-coupling limit, gIB → ∞, the polaron energy and
effective mass remain finite and become analytical functions
only of the dimensionless ratio of the interaction range relative
to the Bose gas coherence length, w̃ ≡ w/ξ . For attractive
polarons, the energy scales as −1/w̃3, while for repulsive
polarons, we compute subleading corrections of order w̃3 to
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the dark soliton energy. The effective mass in both cases scales
as 1/w̃.

This paper is organized as follows. Section II explains the
general theoretical framework and the solutions to the GP
equation. The polaron properties of the finite-ranged impurity
are discussed in Sec. III. Section IV presents the character-
ization of the strong-coupling limit. Finally, we conclude in
Sec. V.

II. THEORY

We consider a mobile impurity of mass mI immersed in a
1D gas of bosonic atoms of mass m. The intraspecies interac-
tion is described by a contact pseudopotential with coupling
strength g. The Hamiltonian of such an impurity-bath system
with the chemical potential μ is represented in the second-
quantized formalism as

K̂ = p̂2
I

2mI
+

∫
dx�̂†(x)

[
− h̄2∂̂2

x

2m
+ g

2
�̂†(x)�̂(x)

+UIB(x − x̂I ) − μ

]
�̂(x), (1)

where �̂(x) is the field operator of the bath particle at position
x. UIB(x) denotes the two-body potential between bath parti-
cles and the impurity localized at the position x̂I . The operator
p̂I denotes the momentum of the impurity.

In the absence of an impurity, Lieb and Liniger [44]
demonstrated that the system (1) admits an exact solution by
Bethe ansatz, characterized by the gas parameter γ ≡ mg/n,
where n is the gas density. Despite the absence of long-range
coherence in an infinite 1D Bose gas, the GP ansatz—
which assumes the bosons macroscopically occupy the same
single-particle state—accurately describes the ground state
and excitations when γ � 2 [45]. Moreover, studies of the 1D
polaron problem [4,17,30] found strong agreement between
the GP theory and Monte Carlo simulations for sufficiently
weak intraspecies interactions. In this work, we likewise focus
on weakly interacting bosons and develop the GP framework
for a finite-range impurity.

A. Gross-Pitaevskii equation

We move to the frame of the impurity by applying the Lee-
Low-Pines coordinate transformation by K̂LLP = Ŝ−1K̂Ŝ ,
where Ŝ = exp −ix̂I p̂B/h̄, and p̂B = −ih̄

∫
dx�̂†(x)∂x�̂(x) is

the total phonon momentum. This transformation results in a
Hamiltonian:

K̂LLP = (ptot − p̂B)2

2mI
+

∫
dx�̂†(x)

[
− h̄2∂̂2

x

2mr

+ g

2
�̂†(x)�̂(x) + UIB(x) − μ

]
�̂(x), (2)

where mr ≡ mI m/(mI + m) is the reduced mass. The total
momentum ptotex of the impurity-bath system is conserved.
We proceed by applying the MF approximation to the
Hamiltonian in Eq. (2), replacing the operators by their expec-
tation values, �̂(x) � 〈�̂(x)〉 = �(x), while neglecting any
fluctuations. We apply the variational analysis δKLLP

δ�∗ = 0 to
derive the time-independent GP equation governing the Bose

field with the nonzero total system momentum ptot:

μ�(x) = − h̄2∂2
x �(x)

2mr
+ UIB(x)�(x) + g|�(x)|2�(x)

+ ih̄∂x�(x)
[
ptot − ∫

dx′�∗(x′)(−ih̄)∂x′�(x′)
]

mI
,

(3)

where the term in square brackets in the second line is the
impurity momentum pI = ptot − pB at the MF level, with
pB = 〈p̂B〉.

We set the chemical potential μ = gn0, where n0 is the
uniform bath density far from the impurity. The length scale
ξ̃ = ξ

√
m
mr

is set by the coherence length ξ = h̄√
2mμ

. The
dimensionless GP equation governing the Bose field φ(x) ≡
�(x)/

√
n0 is

−∂2
x φ(x) + [|φ(x)|2 + ŨIB(x) − 1]φ(x) = −iṽ∂xφ(x). (4)

Here, ṽ = 2mr ξ̃v/h̄ is the dimensionless impurity speed, with
v = pI/mI . The dimensionless potential is ŨIB(x) = UIB(x)

gn0
.

B. Two-body potential

We model UIB(x) with a square well,

UIB(x) = V0�(w/2 − |x|), (5)

because it admits an analytical solution and has a finite range.
�(x) denotes the Heaviside step function, and V0 and w are the
well’s depth and width, respectively. The zero-energy scatter-
ing length aIB, corresponding to the even-parity solution of the
two-body problem, is known analytically [46,47] as

aIB

w/2
=

{
1 + cot z

z V0 < 0,

1 − coth z
z V0 > 0,

(6)

where z =
√

|V0|2mr

h̄2
w
2 . In 1D, the relation between the cou-

pling strength gIB and the scattering length aIB is given by
gIB = − h̄2

mr aIB
(see Appendix A for details.)

C. Calculation of observables

Two key observables are the polaron energy and the ef-
fective mass of the impurity [1–3,48,49]. While the polaron
energy can be obtained by solving Eq. (4) for the ground-state
wave function with zero total momentum, φ0(x), evaluating
the effective mass requires solutions at ptot �= 0. To this end,
we perform a low impurity velocity expansion of the solution
φ(x) of the GP equation (4) around the stationary solution
φ0(x) in the form

φ(x) � φ0(x) + iṽφ1(x), (7)

which ensures mobilizing the localized impurity with an
infinitesimal velocity |ṽ| 
 1. Upon inserting Eq. (7) into
Eq. (4), we obtain

0 = −∂2
x φ0 + (

φ2
0 − 1

)
φ0 + ŨIB(x)φ0, (8)

−∂xφ0 = −∂2
x φ1 + (

φ2
0 − 1

)
φ1 + ŨIB(x)φ1, (9)

to first order in the impurity velocity ṽ [20]. The nonuniform
phase θ (x) of the moving condensate is determined by φ1,
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via θ (x) ≡ arctan [ṽφ1(x)/φ0(x)]. Once the expansion (7) is
replaced in the total energy functional (2), both the ground-
state polaron energy and the correction due to a small impurity
velocity, i.e., E = Epol + 1

2 meffv
2, can be computed, yielding

Epol

gn2
0ξ̃

= 1

2

∫
dx(1 − |φ0|4), (10)

meff

mI
= 1 − 4n0ξ̃mr

mI

∫
dxφ1∂xφ0, (11)

where φ1 is fixed to be a continuous function of x ∈ (−∞,∞)
and meff is the effective mass of the impurity. Note that Epol is
the difference between the ground-state energies of the many-
body system with and without the impurity [50].

D. Semianalytical solution of ground-state wave function

We restrict our consideration to the ground-state solu-
tion, which must satisfy φ0(−x) = φ0(x), ∂xφ0(0) = 0, and
φ0(±∞) = 1, and (along with its derivative) must be continu-
ous at the edges of the square well. As the specific solution
depends on the sign of V0, we treat each case separately,
beginning with V0 < 0. The semianalytical solution for φ0(x)
can be obtained by integrating Eq. (4) twice. The first inte-
gration yields the constant of motion K = (∂xφ0)2/2 + V (φ0),
where V (φ0) = −φ4

0/4 + Waφ
2
0/2 and Wa = |Ṽ0| + 1 with

Ṽ0 = V0/(gn0). We perform the second integration by putting
the GP equation into the form ∂xφ0 = √

2[K − V (φ0)], which
can be related to Jacobi elliptic functions [51,52] (see
Appendix B). The solutions inside and outside the square well
are

φ0(x) =

⎧⎪⎨
⎪⎩

tanh−1
( |x|+xa

ξ̃
√

2

)
, |x| > w

2 ,√
2Waνa
νa+1 cd

(√ Wa
νa+1

x
ξ̃
, νa

)
, |x| < w

2 ,
(12)

where cd(x, νa) is a Jacobi elliptic function and νa is the
square of the elliptic modulus. The solution exists for νa ∈
[0, 1]. Imposing the boundary conditions leads to a transcen-
dental equation [see Eq. (C1) in Appendix C] determining the
value of νa. When multiple roots exist, the root with the largest
value of νa corresponds to the lowest-energy solution [53].

When V0 > 0, the solution for |x| > w/2 is

φ0

(
|x| >

w

2

)
= tanh

( |x| + xr

ξ̃
√

2

)
. (13)

The case xr = 0 corresponds to the dark soliton profile
[54–56], arising in the strongly repulsive zero-range limit
where the vanishing density at the impurity position enforces
a solitonic surrounding.

Within the well (|x| < w/2), the solution depends on the
sign of Wr ≡ Ṽ0 − 1:

φ0(x) =

⎧⎪⎨
⎪⎩

√
2Wr (1−νr )

2νr−1 nc
(√ Wr

2νr−1
x
ξ̃
, νr

)
, Wr > 0,√

2|Wr |
νr+1 dc

(√ |Wr |
νr+1

x
ξ̃
, νr

)
, Wr < 0.

(14)

Here, nc(x, νr ) and dc(x, νr ) are Jacobi elliptic functions, and
νr is determined numerically after imposing boundary condi-
tions [see Eqs. (C2) and (C3)].

Some clarification regarding the boundary conditions for
φ1(x) is necessary, as the phase θ (x) of the GP wave function

(a) (b)

FIG. 1. The ground-state wave function φ0(x) (upper panels)
and the corresponding phase function θ (x) ≡ arctan[ṽφ1(x)/φ0(x)]
(lower panels) of the (a) repulsive and (b) attractive interactions
for various coupling strengths η ≡ gIB/g. The well size is fixed
as w = 0.1ξ̃ . The velocity is fixed as ṽ = 0.01. The thin dashed
line in the upper panel of part (a) represents the solitonlike profile
tanh[|x|/(

√
2ξ̃ )], shown for comparison.

is only defined up to an arbitrary global phase. First, since
the spatial derivative of the phase function corresponds to the
velocity field of the Bose gas, φ1(x) is assumed to converge to
a constant at infinity, i.e., ∂xφ1(x → ±∞) = 0 to ensure that
there is no flow far away from the impurity. Second, due to
the gauge freedom in the definition of the phase, φ1(x) can
be shifted by an arbitrary multiple of φ0(x). Without loss of
generality, one can fix this freedom by imposing the condition
φ1(0) = 0. Together, these two conditions uniquely determine
φ1(x) for a given φ0(x).

III. RESULTS AND DISCUSSION

We now present the polaron energy and effective mass for
a short-ranged impurity, w/ξ̃ 
 1. Relevant system param-
eters are constrained to those used in the one-dimensional
polaron experiment [1], with the gas parameter fixed at γ =
1/(2n2

0ξ
2) = 0.438 and the impurity-bath mass ratio set to

mI/m = 0.47.
In Fig. 1, we show the ground-state wave function φ0(x)

and the phase function θ (x) for both repulsive and attrac-
tive interactions. The width of the square well is fixed to
w = 0.1ξ̃ , while its depth V0 is varied to give different cou-
pling strengths η ≡ gIB/g. As the magnitude of the coupling
strength |η| increases, the density at the impurity decreases
(increases) for the repulsive (attractive) impurity. For the
repulsive impurity at strong coupling strength, the density
profile increasingly resembles, but never fully converges to,
that of a dark soliton.

Two features should be highlighted in the behavior of θ (x).
First, its derivative ∂xθ (x), corresponding to the fluid flow field
of the Bose gas, acquires a negative (positive) sign in the pres-
ence of a repulsive (attractive) impurity. The sign inversion
in the case of the repulsive impurity can be understood as a
consequence of the Bose gas flowing in the −x direction in re-
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(a) (b)

FIG. 2. The polaron energy and effective mass of an impurity
assuming (a) a repulsive square-well potential and (b) an attrac-
tive square-well potential (blue solid line), and a contact potential
(dashed red line) as a function of the coupling strength η ≡ gIB/gBB.
The width is again w = 0.1ξ . The magenta points show the DMC
results obtained for a system of 100 particles with a contact impurity-
bath potential [17]. The black dashed line denotes the dark soliton
energy.

sponse to the impurity moving in the +x direction. Second, for
the repulsive impurity, the phase contrast between x → ±∞
is roughly associated with the ratio of the dip density nmin

and the uniform density n0, similar to the solitons satisfying
θ (+∞) − θ (−∞) ∝ − cos−1(

√
nmin
n0

) [54].
In Fig. 2, we show the polaron energy and the effec-

tive mass over a broad range of coupling strengths |η| ∈
[10−3, 105]. Our results for a square-well potential (blue solid
curves) are compared with those obtained for a contact poten-
tial using either a MF treatment of the GP theory (red dashed
lines) [17] or diffusion quantum Monte Carlo (DMC) (scat-
tered points) [17,30]. The energy of the repulsive square-well
impurity coincides precisely with that of the contact potential
for all η and asymptotically approaches the energy of a dark
soliton in the strong-coupling regime. The effective mass of
the square-well impurity also agrees with the contact impurity
for couplings η � 100; however, it saturates to a finite value at
the strong-coupling limit η → ∞ only for the finite-size im-
purity. This saturation is even more apparent for the attractive
impurity. In this case, both the polaron energy and the effec-
tive mass initially agree with the contact potential results, but
begin to deviate around |η| � 50. While the polaron energy
for the contact polaron diverges as gIB → ∞, the energy in
the case of a finite-range potential saturates at a finite value.
We note that the DMC data also saturate to finite values in
the strong-coupling regime. However, this behavior cannot
be attributed to finite-range effects, as the simulations [17]
employ a zero-range interaction potential; it instead results
from the finite number of particles used.

The convergence to a finite value in the strong-coupling
limit can be understood by considering the relation between

(a) (b)

FIG. 3. The polaron energy and the effective mass of the (a)
repulsive square-well impurity and the (b) attractive square-well
impurity for various values of the well size w as a function of the
coupling strength η.

the finite-range potential and the corresponding coupling
strength gIB ∝ −a−1

IB of the pseudopotential. A divergent gIB

corresponds to a finite-valued finite-range potential, whose
zero-energy scattering length satisfies aIB → 0 (see Fig. 5).
Therefore, in this limit, the pseudopotential provides a poor
representation of the actual impurity potential.

Finally, we examine how the polaron properties depend on
w in Fig. 3. The polaron properties are largely insensitive to w

in the weak-coupling regime |η| � 3. This persists for all η for
the repulsive impurity’s energy. However, deviations among
the polaron properties begin to emerge at stronger couplings,
leading to substantial differences in the saturated values of the
effective mass and even to orders-of-magnitude variation in
the energy of the attractive polaron.

IV. POLARON PROPERTIES IN THE STRONGLY
COUPLED REGIME

Having noted the strong dependence of polaron properties
on interaction range in the strong-coupling regime, we now
ask whether a description based on the length scales of the
problem applies to a short, but finite-range, impurity-bath
interaction in this regime. To this end, we analyze φ0(x) and
φ1(x) near the strongly coupled limit, taking the ratio of the
range to the coherence length as a small expansion parameter,
w̃ = w/ξ̃ 
 1. This choice reflects the short-range nature of
the impurity, enabling the derivation of analytical expressions
in this regime.

We first consider the solution of the repulsive impurity
in the strong-coupling limit aIB → 0−. This occurs when
Ṽ0 � ( zr

w̃/2 )2, where zr = coth zr � 1.199 [see Eq. (6)]. In this

limit, φ0(x) is approximately tanh [|x|/(ξ̃
√

2)] for |x| > w/2
and cosh(

√
Wrx/ξ̃ ) for |x| < w/2. Therefore, we can first

determine the elliptic modulus νr = 1 − εr , where εr 
 1, by
solving the boundary condition equation (C3):

εr � 1

4sinh2(ur )W 2
r

= w̃4

64sinh2(ur )
, (15)
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where ur ≡ √
Wrw̃/2 � zr[1 + O(w̃)]. Imposing continuity at

x = w/2 yields

xr

ξ̃
= coth2(zr ) − 1

2z2
r

(
w̃

2

)3

. (16)

Once xr is determined, the energy of the repulsive polaron
can be approximated by evaluating the integral (10), assuming
φ0(x) = tanh[(|x| + xr )/(

√
2ξ̃ )] holds everywhere:

Epol

gn2
0ξ̃

= 4
√

2

3

[
1 − 3

√
2

8

coth2(zr ) − 1

2z2
r

(
w̃

2

)3
]
. (17)

The leading term corresponds to the energy of the dark
soliton in the zero-range limit w̃ → 0, and the corrections
appear at third order in w̃. This approximation is expected
to slightly overestimate the polaron energy at larger val-
ues of w̃, since the true solution inside the potential differs
from the hyperbolic tangent. We derive an identity, valid for
all V0, specifically useful in determining the phase function
φ1(x) in the region |x| � w/2. One can obtain the expres-
sion ∂2

x φ0/φ0 = φ2
0 − 1 + ŨIB(x) from Eq. (8). Substituting

this into Eq. (9) and integrating by parts over the domain
x ∈ [0,∞) yields

∂xφ1(0) = φ2
0 (0) − 1

2φ0(0)
. (18)

This result admits simple asymptotic approximations in the
limits of strong impurity potentials. For a repulsive impurity,
where φ0(0) 
 1, ∂xφ1(0) � − 1

2φ0(0) , while, for an attractive

impurity, the expression simplifies to ∂xφ1(0) � φ0(0)
2 .

Similar to the polaron energy, the dominant contribution
to the effective mass of the repulsive polaron also originates
from the region outside of the impurity. Noticing that ∂xφ0 =

1√
2
(1 − φ2

0 ) for |x| > w/2, we express the integral in the ef-
fective mass [Eq. (11)] as∫ ∞

w/2
dxφ1(x)∂xφ0(x) = ∂xφ1(w/2) + 1 − φ0(w/2)√

2
. (19)

To compute the term ∂xφ1(w/2), we note that φ0(|x| <

w/2) � √
2Wrεr cosh(

√
Wrx/ξ̃ ) + O(ε3/2

r ). Therefore, the so-
lution of Eq. (9) is

φ1(|x| < w/2) � − sinh(zr )√
2

sinh
(√

Wrx/ξ̃
) + O

(
ε3/2

r

)
.

(20)
Hence, the effective mass is

meff

mI
� 2n0ξ̃

mr

mI

zr sinh(2zr )

w̃/2
. (21)

For the attractive impurity in the strong-coupling limit, we
have Ṽ0 � ( za

w̃/2 )2, where za = − cot za � 2.798 [see Eq. (6)].
The solution [Eq. (12)] approaches the form

φ0(x) � √
Wa

{
1 − εa

4

[
cosh

(√
Wa

2

x

ξ̃

)
− 1

]}
(22)

for |x| < w/2, as the elliptic modulus satisfies νa = 1 − εa,
with εa 
 1. To second order in w̃, the boundary condition

equation (C1) reads

εa � 2
[
1 − tanh(za/

√
2)

]
1 + 1

4

[√
2za − sinh(

√
2za)

][
tanh2(za/

√
2) − 1

] ,

(23)

which is only a constant at leading order, with corrections
appearing at order w̃2. Once εa is known, the wave function is
matched at x = w/2 in order to approximate xa to first order
in w̃:

xa

ξ̃
= w̃

2

(√
2

za

1

1 + εa
4 [1 − cosh(

√
2za)]

− 1

)
. (24)

The dominant contribution to the attractive polaron energy
arises from the impurity region, since it is proportional to φ4

0 .
Using Eq. (22), the polaron energy ∝ ∫ w/2

0 (1 − φ4
in) is

Epol

gn2
0ξ̃

� − z4
a

(w̃/2)3
[1 + O(εa)], (25)

which, to leading order, scales as w̃−3 due to the nearly flat
density inside the impurity.

The effective mass calculation requires integrating over all
x, as both the interior and exterior regions contribute similarly.
Hence, we evaluate the integral (11) for both regions. We find
φ1(x) � xφ0(x)/2 for |x| < w/2 by solving Eq. (9) with the
boundary condition ∂xφ1(0) � φ0(0)/2, following from Eq.
(18), and substituting Eq. (22) for φ0(x). Then, the contribu-
tions from the exterior and interior regions can be calculated
using Eq. (19) and evaluating

∫ w/2
0 xφ0∂xφ0dx, respectively.

Combining these results yields

meff

mI
� 4n0ξ̃

mr

mI

(
εaz2

a cosh(
√

2za)

4
+ za√

2

)
2

w̃
, (26)

where the first (second) terms in the parentheses are con-
tributions from inside (outside) the impurity range and are
approximately equal in magnitude.

In Fig. 4, we compare these expressions with the exact
numerics. They show excellent agreement, with deviations
appearing as expected when the ratio w/ξ̃ approaches unity.
Both the polaron energy and the effective mass can be ex-
pressed solely as functions of the interaction range. For the
attractive polaron, the energy scales as w̃−3 at leading order,
whereas in the repulsive case the interaction range determines
the subleading corrections—of order w̃3—to the dark soliton
energy. The effective mass for both types of impurities scales
inversely with the interaction range, meff ∝ w̃−1, with distinct
prefactors, reflecting the inherent asymmetry between the two
branches.

V. CONCLUSION

We derived an analytical solution to the ground-state wave
function of the GP equation for a one-dimensional Bose
gas with a finite-ranged impurity and calculated perturbative
corrections arising from the impurity’s slow motion. This
approach resolves the divergence of polaron properties in
the strongly coupled regime observed with contact potentials.
Moreover, we found that in this regime the polaron properties
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(a) (b)

FIG. 4. The polaron properties of (a) repulsive and (b) attractive
impurities at the strong-coupling limit η → ∞ as a function of the
well size w/ξ̃ . The blue lines represent the exact numerical results,
while the red lines correspond to the analytical expressions derived
from expansions valid in the limit of a small interaction range,
w/ξ̃ 
 1.

admit a description determined by the ratio of the interaction
range to the coherence length. The developed formalism can
also be applied to study polarons in the long-range regime,
ξ � w, and to obtain excited-state solutions of the GP equa-
tion, enabling investigation of the connection between polaron
branches and GP equation solutions in one dimension.
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APPENDIX A: SCATTERING LENGTH OF THE
FINITE-WELL IMPURITY

Here, we briefly summarize the bound and scattering states
of the square-well potential. We restrict our analysis to the
even-parity solution, since the ground-state wave function ex-
hibits even parity. In Fig. 5, we illustrate the mapping between
the square-well parameters and the scattering length aIB in
Eq. (6), as well as the coupling strength gIB.

An infinitesimally shallow attractive square well always
supports an even-parity bound state. Additional odd- and
even-parity states appear as z crosses (n − 1

2 )π and nπ , re-
spectively, with n being a positive integer. The emergence
of a new even-parity state coincides with a scattering-length
divergence from −∞ to +∞. A repulsive square well sup-
ports no bound states and thus no such transition. Notably, the

(a)

(b)

FIG. 5. The mapping between the parameters z =
√

|V0 |2mr

h̄2
w

2 of

the square-well potential and the corresponding zero-energy scat-
tering length aIB (blue lines), as well as the coupling constant
gIB = − h̄2

mr aIB
(red lines), is shown for (a) attractive and (b) repul-

sive impurities. The gas parameter γ = 1/(2n2
0ξ

2) = 0.438 and the
impurity-bath mass ratio mI/m = 0.47 are used to obtain the cou-
pling strength η.

strongly coupled limit (gIB → ±∞) does not coincide with
the unitarity points where new bound states form.

We model the repulsive impurity using a repulsive square-
well potential (V0 > 0) as a simplified representation of the
impurity-bath interaction, interpreting the repulsive polaron
as the ground-state solution under this potential. While this
approach does not capture the metastable nature of repulsive
polarons—typically decay into the ground state arising from
attractive short-range interactions—it remains valuable for
gaining physical insights into their behavior and exploring
how their properties depend on the parameters of a finite-
range potential. Analogous use of repulsive potentials to
approximate short-range interactions between bath particles
has yielded physically consistent results [57].

APPENDIX B: PROPERTIES OF JACOBI
ELLIPTIC FUNCTIONS

The integral representations of Jacobi elliptic functions
related to this work are as follows [51,52]:

u =
∫ cd(u,ν)

1

dt√
(1 − t2)(1 − νt2)

, (B1)

u =
∫ 1

dc(u,ν)

dt√
(t2 − 1)(t2 − ν)

, (B2)
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u =
∫ nc(u,ν)

1

dt√
(t2 − 1)[(1 − ν)t2 + ν]

, (B3)

where ν is the square of the elliptic modulus. The standard
Jacobi elliptic functions satisfy the following identities:

sn2(u, ν) + cn2(u, ν) = 1, (B4)

νsn2(u, ν) + dn2(u, ν) = 1. (B5)

Some useful derivatives and expansions are:
∂sn(u, ν)

∂u
= cn(u, ν)dn(u, ν), (B6)

∂cn(u, ν)

∂u
= −sn(u, ν)dn(u, ν), (B7)

∂dn(u, ν)

∂u
= −νsn(u, ν)cn(u, ν), (B8)

nc(x, 1 − ε) � cosh(x) − ε

8
[2x − sinh(2x)] sinh(x),

(B9)

cn(x, 1 − ε) � sech(x) + ε

8
[2x − sinh(2x)] tanh(x),

(B10)

sn(x, 1 − ε) � tanh(x) + ε

8
[2x − sinh(2x)][tanh2(x) − 1],

(B11)

dn(x, 1 − ε) � sech(x) + ε

4
sech(x)

(
[cosh(2x) − 1]

+1

2
tanh(x)[2x − sinh(2x)]

)
, (B12)

cd(x, 1 − ε) � 1 + ε

4
[1 − cosh(2x)]. (B13)

APPENDIX C: THE EQUATIONS OF BOUNDARY
CONDITIONS

For the attractive well (V0 < 0), the boundary conditions
yield the following transcendental equation:

0 =
(

1 − 2Waνa

νa + 1

)
− 2Wa(νa − 1)

√
νa

νa + 1
sn(ua, νa)

+
(

2Waνa

νa + 1
− νa

)
sn2(ua, νa), (C1)

where ua =
√

Wa
νa+1

w

2ξ̃
. The solutions are defined in the interval

νa ∈ [0, 1]. For the repulsive well (V0 > 0), the corresponding
equations become

0 =
(

1 − 2|Wr |
1 + νr

)
− 2|Wr |(1 − νr )

1 + νr
sn(ur, νr )

+
(

2|Wr |νr

1 + νr
− 1

)
sn2(ur, νr ), (C2)

0 = 2Wr (1 − νr )

2νr − 1
+ 2Wr

√
1 − νr

2νr − 1
sn(ur, νr )dn(ur, νr )

− cn2(ur, νr ), (C3)

for Wr < 0 and Wr > 0, respectively. Here ur =
√

|Wr |
1+νr

w

2ξ̃

(ur =
√

Wr
2νr−1

w

2̃ξ
) for Wr < 0 (Wr > 0). The solutions are re-

stricted to the intervals νr ∈ [0.5, 1] for Wr > 0 and νr ∈
[−1, 1] for Wr < 0.
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