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Quantum reservoir computing (QRC) is a low-complexity learning paradigm that combines the inherent
dynamics of input-driven many-body quantum systems with classical learning techniques for nonlinear temporal
data processing. Optimizing the QRC process and computing device is a complex task due to the dependence
of many-body quantum systems on various factors. To explore this, we introduce a strongly interacting spin
model on random regular graphs as the quantum component and investigate the interplay between static
disorder, interactions, and graph connectivity, revealing their critical impact on quantum memory capacity and
learnability accuracy. We tackle linear quantum and nonlinear classical tasks, and identify optimal learning and
memory regimes through studying information localization, dynamical quantum correlations, and the many-body
structure of the disordered Hamiltonian. In particular, we uncover the role of previously overlooked network
connectivity and demonstrate how the presence of quantum correlations can significantly enhance the learning
performance. Our findings thus provide guidelines for the optimal design of disordered analog quantum learning

platforms.
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I. INTRODUCTION

Quantum machine learning leverages principles of quan-
tum computing to enhance and accelerate traditional machine
learning algorithms, offering potential breakthroughs in data
processing and complex problem solving beyond classical ca-
pabilities [1,2]. The high-dimensional space of quantum states
and the rich dynamics of quantum channels offer possibilities
for designing low-complexity and high-performing platforms
for quantum information processing [3,4]. Quantum reservoir
computing (QRC) has recently emerged as a promising ap-
proach toward temporal data processing without the need for
often inefficient and inaccurate gradient optimization [5-21].
QRC can harness the inherent dynamics of disordered and
dissipative quantum systems to learn, predict, and classify
various linear and nonlinear temporal tasks, both quantum and
classical, including those inspired by human brain functions
[22-24]. Essentially, QRC generalizes the classical reservoir
learning frameworks such as liquid state machines and echo-
state networks, which are known to significantly reduce the
optimization complexity of conventional recurrent neural net-
works [25-28]. In QRC, a stream of inputs interacts with
a quantum system (the “reservoir”) and the system under-
goes quantum evolution described by a completely positive
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and trace-preserving quantum map [29]. After an optimal
time set by physical parameters, measurements of the reser-
voir are postprocessed with classical learning techniques to
form the computing device. This approach can be contrasted
with the extensively studied variational quantum algorithms,
where the optimization capability scales unfavorably with the
number of parameters, limiting scalability and accuracy spe-
cially on noisy hardwares [30-34]. In contrast, QRC systems
can benefit from noise and dissipation and are much easier to
scale up [35-38].

Utilizing disordered, interacting quantum many-body sys-
tems as computing reservoirs requires identifying the system
setups and parameters that optimize the learning process.
To this end, here we study the dependence of learnability
performance on the underlying model, in particular on the
connectivity of the spin model and the strength of the inter-
actions and disorder. While previous theoretical studies have
focused on either one-dimensional or fully connected models
for the quantum reservoir, we study spin models defined on
random regular graphs (RRGs), and find that the graph degree
together with quantum correlations can significantly impact
learnability. Notably, in the fully connected limit we observe
that some advantages diminish. This is partly because in
this limit the computing reservoirs become “too effective” at
spreading the information contained in the inputs non-locally
while the measurements that are used to feed the classical
postprocessing are local. Moreover, graph connectivity can
influence the integrability and chaotic properties. Densely
connected random spin models may show a suppression of
quantum chaos [39], which we demonstrate is relevant to our
findings.
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FIG. 1. An auxiliary system S is initialized in density matrix
pPs.n, encoding input data stream at step n. S interacts with the
reservoir S’ for the timescale JSAt through U (Ar) = e~ before
the next input is injected. The time-independent Hamiltonian # is
defined on a graph with N spins each connected to exactly k random
neighbors. Measurement results of the reservoir degrees of freedom
(), which are expectation values of spin operators with respect to
the current state of the reservoir s ,, are then recorded for classi-
cal post-processing and optimization purposes. Repeating this for a
sequence of temporal data, one can construct a recurrent quantum
channel ps , = Ls(Ps’.n—1), capable of learning and emulating var-
ious real-world and neurological tasks.

II. MODEL AND DYNAMICS

We consider the following Hamiltonian of interacting
quantum spins on a RRG:

H=>"Js6r67 + > K6, (D

ij,o

where 6 is the Pauli spin-1/2 operator at the vertex i and
o € {x, z} determines the spin direction. The coupling J{; =
J¥A;;, where A;; are the elements of the adjacency matrix of a
graph with N spins. The degree k of a vertex (site) is defined
as the number of edges connected to that vertex, and a RRG is
a graph where all vertices have the same degree and the edges
are randomly assigned. This model Hamiltonian can repre-
sent different types of systems, including ion traps, as well
as nuclear and electronic spins [40]. We set hY = h* + 67,
where § € [-A%, A¥]. We also fix (J*, h*, h") = (1,0, 1),
and A® =0.2. The last term ensures the absence of extra
Hamiltonian symmetries. All energy and timescales are given
in terms of J<.

We separate the total system into the auxiliary system S
used for data input and the reservoir S’ (see Fig. 1). Compu-
tation is carried out in steps, as follows: Input data is encoded
into the density matrix ps for the subsystem &, and the ini-
tial state of the entire system is given by pss — ps ® Ps,
where the reservoir state is defined as ps = Trs[pss/]. The
system evolves unitarily under the Hamiltonian Eq. (B1) over
a time interval At¢, and this process is repeated iteratively.
After n input steps, the density matrix of the system pss
becomes

Pss (nAt) = U(AL) s ® psl(n — DAUT (AL, (2)

where U(At) = e M. Here, ps, encodes the nth in-
put, and pgs/[(n — 1)Ar] represents the reservoir state after

evolving for Ar following the (n — I)th input step. The
quantum map describing this dynamics is strictly contrac-
tive, ensuring fading memory and convergence in an optimal
dynamical regime [41]. This resembles the Stinespring rep-
resentation of a quantum channel, where the evolution of a
physical open quantum system can be described as partial
trace of a unitary operation on a composite system in a dilated
Hilbert space [29]. Alternatively, as a result of consecutive in-
put injections and resetting, this is equivalent to an incoherent
process on the auxiliary system [36,37].

III. TRAINING, LEARNING, AND READOUT

The input-output relation of a quantum reservoir supple-
mented with a classical learning layer can be summarized in
a functional form as {y,} = F({ps..}, Pss .n, V). Here, {y,}
indicates the set of predictions obtained after classical post-
processing. These predictions are derived by minimizing an
error measure with respect to a sequence of desired targets y,
through a learning process. During training, the measurements
of local expectation values (6 (nAt)) = Tr[ps/(nAt) 6] and
two-point correlation functions (6i°‘(nAt)6j‘?‘(nAt)), where
i,j €S, are used as “features.” These features are com-
bined linearly to fit the desired targets y,, and the optimal
weights WV are determined by this fitting process. Importantly,
we only consider measurements in the computational basis
o =z and do not apply time-multiplexing techniques [5],
which increases the complexity in number of measurements
drastically. Moreover, we do not address the back-action of
projective measurements [12,13,42]. However, in time-series
processing, a full temporal reset of the system is unnecessary.
Thanks to the fading memory, only the recent state of the
system is relevant for making accurate predictions [42,43].
Therefore, our setup can achieve linear time complexity for
such learning tasks, without additional scaling factors from
time multiplexing or measuring in multiple bases. To quantify
the information retrieval accuracy, we employ the Pear-
son correlation coefficient C, = cov2(y,, y,)/[var(y,) var(¥,)]
[41,44], where ¥, denotes the predicted value at step n.
The coefficient C, is bounded between 1 and 0, indicat-
ing complete or no linear correlation between the predicted
and target values, respectively. We also estimate prediction
accuracy using the averaged mean-squared error, defined
as MSE = Zflv"(yn — 9,)%/N., where N; is the length of
the input data. The reported results are averaged over
50-200 independent realizations of random Hamiltonians,
graphs, and input sequences, and the averages are taken
over the results of the evaluation stage (See Appendix A for
details).

Given this discussion, it is clear that the dynamical prop-
erties of the reservoir play a pivotal role in learning. In
particular, localization behavior of quantum Hamiltonian
models defined on RRGs is directly affected by the connec-
tivity, i.e., the graph degree k [45-47]. In earlier works it was
found that, akin to some classical computation models and
for tasks which require both sufficient memory and degree
of nonlinearity, QRC systems achieve optimal performance
at the edge of chaos, or more generally at the vicinity of a
(quantum) phase transition [41,44,48-51]. Here we will study
whether this is also the case in our model.
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IV. QUANTUM TOMOGRAPHY AND MEMORY

As our first example, we study a linear quantum task. Con-
sider the following family of bipartite input quantum states,
known as Werner states [52,53]:

d—14+n@) 1

d—1 a2

n() V
1—-dd’

pw(n,d, 1) = 3)
given as a mixture of a swap operator ¥ and a maximally
mixed state 1, with the mixing parameter 1. The swap op-
erator is defined as V(|¥) ® |®)) = |®) @ |¥), exchanging
the states of a bipartite quantum state. d is dimension of
the input and here indicates the number of ancillary qubits.
We consider two-qubit input states and can write pw (7', 1) =
(=) — 5/ (0)pp, with pg = |)(®| and |®) = (| 1}
Y= I1))/V2 a singlet Bell state [54,55]. With 0 < ' < 1,
pw is entangled for n” > 1/(d + 1) and separable otherwise
[56,57]. For a given unitary U, this family of bipartite quan-
tum states (by definition) satisfies pw = UUpwit @ U,
a property which is of practical interest in quantum steering
and communication protocols [58]. A large family of quantum
states, including both Werner and isotropic states, can be
expressed in a similar manner, where only a single mixing
parameter can characterize the state uniquely. A high fidelity
temporal learning of the mixing parameter 1(¢) is thus a proxy
to learning dynamical evolution of quantum correlations of
input states. Generalization of the described learning scheme
to higher-dimensional inputs is straightforward and only re-
quires the ability to encode such states. To evaluate the linear
memory capacity, we set the learning target to recovering pre-
vious inputs, y, ; = y(nAt — tAt) = n'(nAt — Tt At), where
n" € [0, 1] denotes the normalized input signal randomly dis-
tributed in the specified interval, and a linear regression is
used for training. The total memory capacity for delayed
construction of previous inputs is defined as Cr = ), . Cy.r,
with T > 1 an integer specifying the delay time and C, . the
Pearson correlation coefficient for y, .. We note thatC, ; — 0
when T — o0, and for a finite delay time we can normalize
the averaged total memory Cr =Cr / Tmax-

V. OPTIMAL LEARNING REGIMES

Figure 2 displays a learning diagram for C; and MSE of
the predicted values in the A*-J* plane. The optimal learning
regime for our model occurs around the boundary of chaotic-
localized phase transitions. Notably, for a given interaction
timescale J°Ar and for a graph with a fixed degree k, the
addition of interactions 6;' 6; in the disordered regimes is
advantageous to both memory and also short-term predica-
tion accuracy. As we will numerically establish later, this
term represents an entangling and delocalizing interaction.
The behavior of memory capacity as a function of the S-S’
interaction timescale J°At is shown for selected points in
Fig. 3. In certain dynamical regimes, there can be a window
where the largest memory performance is achieved, in accor-
dance with previous studies [5,44]. As disorder increases, only
high-degree reservoirs exhibit rapid initial growth of memory,
followed by saturation in the long-time limit. As depicted in
Fig. 3(b), for k = 2, 3 the memory capacity exhibits a slow
behavior, hinting at the slow propagation of information in the
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FIG. 2. Learning diagrams as a function of disorder A* and in-
teraction J*. (a) Normalized total memory capacity C; for delay time
1 < v < 6and (b) MSE for 7 = 1. Dashed lines approximately mark
regions where C; > 0.75 and MSE < 2.5 x 1073, Red dots indicate
the places in the diagram where most of the analysis in this work
is conducted. Evidently, performance is best at the “edge of chaos,”
when the system is at the cusp of becoming localized. Results are
calculated for (N, k) = (8, 3) and J*Ar = 3.

strongly disordered regime. Adding the ordering interactions,
as illustrated in Fig. 3(c), recovers the fast growth of the
quantum memory capacity and allows the system to reach the
optimal possible performance for all degrees; we attribute this
to their delocalizing effect.

The main features discussed above are also evident in
Fig. 4, where we additionally observe that, for the specified
time intervals, higher connectivity elevates the memory capac-
ity and improves the short-term prediction errors. However,
the most optimal learning regime, in terms of both memory
and accuracy, is achieved by tuning moderate interactions
and computing on graphs with an intermediate k/N ratio.
While reservoirs defined on higher degree graphs can evade
localization in the presence of stronger disorder, it becomes
exceedingly difficult to extract the non-locally hidden inputs
information through only (quasi)local measurements when
k — N — 1. In such cases, retrieving the inputs information
in a chosen measurement basis possibly requires measuring
higher-order correlation functions of the form (6{67 ---63),
which should be useful as extra learnable features in the
training stage. Importantly, the drop in performance can also
be attributed to changes in quantum chaotic behavior. In Ap-
pendix B we demonstrate that in the densely connected limit,
similar to recent findings [39], the level spacing ratio shows
signs of integrability.

VI. CORRELATION AND ENTANGLEMENT

The performance of quantum reservoirs can be related to
fundamental and physical measures, such as degree of “quan-
tumness,” information scrambling, and dynamical correlations
[9,48,59-63]. Here we study an alternative version of the
correlation operator introduced in Refs. [64,65], and define the
auxiliary system-reservoir correlation as X (t) = pss(0) —
pss (1), where pss(0) = ps(0)® ps(0) and pss(r) =
U(t) pss(0)UT(t). We numerically calculate || (¢)]|, with
| - || the Hilbert-Schmidt norm. This probe measures the de-
gree of total correlation introduced by the dynamics between
the initially unentangled & and S’, and here it can also be
interpreted simply as a distance measure. We set ps = pw
with some random 5" and average over different realization
of initial states and disordered Hamiltonians. As shown in
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FIG. 3. Behavior of the normalized quantum memory capacity C; as a function of the interaction timescale J*At. (a) (A%, J¥) = (10, 0),
(b) (A", J*) = (30,0), (c) (AY,J*) = (30, 3). Results are calculated for N = 8 and 1 < 7 < 6. Ordering interactions are particularly crucial
for rapidly reaching the asymptotic memory limit and optimizing the functionality of low-degree disordered systems.

Fig. 5(a), initially || x(0)|| = O, indicating no correlation be-
tween auxiliary and reservoir degrees of freedom. As time
passes, || X ()| displays an initial growth within the timescale
T o« 1/A* for A*/J* > 1. Notably, with an optimal disor-
der level, a composite system can avoid localization while
leveraging chaotic dynamics for rapid and enhanced devel-
opments of correlations. While it is sensitive to certain forms
of information localization and the spectral properties of the
underlying Hamiltonian, this measure lacks the ability to dis-
tinguish between quantum and classical correlations.

A more useful measure of the dynamical quantum corre-
lation buildup is the mixed-state entanglement between the
auxiliary system S and the reservoir S’. We characterize
this here by the logarithmic negativity defined as Egg =
log, || ,?);‘Z, I, where Ts indicates partial transpose with respect
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FIG. 4. Time-averaged MSE and normalized total memory ca-
pacity Cr as a function of the graph degree k for N = 8, plotted for
(a)—(b) (A*,J*) =(30,0) and (c)—(d) (A*,J*) = (30, 3). Memory
and MSE are reported for 1 < 7 < 6 and t = 1, respectively. Apart
from highlighting the role of Az in our setup, disordered reservoirs
achieve the most optimal computing performance, in terms of both
accuracy and memory, on intermediate-degree graphs and in the
presence of quantum interactions.

to S and || - || is the trace norm [57,66—-69]. Finite logarith-
mic negativity quantifies entanglement cost and entanglement
of distillation [70]. The dynamical behavior of Egg for dif-
ferent disorder strengths is shown in Fig. 5(b). The onset
of localization is reflected in the slow logarithmic growth
of entanglement, in contrast to the chaotic regime with a
volume-law entanglement scaling [71]. As can be seen, adding
the ordering interactions 6;°6; in the large disorder regime
recovers the fast growth and produces strong entanglement
at short times. The presence of quantum correlations can in
turn improve the memory capacity and learnability accuracy
of disordered reservoirs, as observed in the previous section.

VII. CLASSICAL LOGICAL MULTITASKING

To showcase the ability of our spin reservoir in performing
nonlinear tasks, we now consider classical logical multitask-
ing [8]. Given two independent sequences of binary inputs, the
network tries to simultaneously learn how to and, or, and xor
them. We set the state of each input spin to p, = (1 — n,)| 1
Y+l ) | with i, € {0, 1} encoding the input bits.
Figure 6 displays the accuracy of the learned operations as
the disorder and connectivity are varied. The xor operation is
not linearly separable in the two-dimensional input space, and
shows higher sensitivity to disorder. However, adding mod-
erate interactions recovers the maximal performance in most
regimes, consistent with earlier observations [see Fig. 6(a)].
This supports the expectation that excessive local disorder, in

(b
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FIG. 5. (a) Norm of the auxiliary system-reservoir correlation
[|X ()|l at various disorder strengths A*, plotted for J* = 0. Con-
trolled disorder can aid in creating complex and richer dynamics. (b)
Dynamical logarithmic negativity gy (1) between auxiliary system S
and the reservoir §’. Here (N, k) = (8, 3). Entangling quantum cor-
relations are crucial for avoiding localization and improving learning
performance.
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FIG. 6. (a) Accuracy of the logical multitasking as a function
of disorder strength A* with J* = 0, shown for (N, k) = (8, 3) and
J*At = 3. Strong disorder degrades the accuracy. (b) Critical dis-
order strength A for the xorXOR operation as a function of graph
degree k, with the threshold accuracy set to 0.7, calculated for
J* = 0. Higher-degree graphs are more resistant to disorder.

the absence of quantum interactions, can quickly undermine
nonlinear information processing capabilities [41]. Remark-
ably, as shown in Fig. 6(b), the critical disorder strength A%
for the accuracy of the xor to fall just below ~0.7 displays
an almost linear dependence on the graph degree, offering a
practical tool to control the performance of QRC systems.

VIII. SUMMARY AND DISCUSSION

We have introduced a many-body spin reservoir defined
on RRGs and evaluated its learning capabilities for various
tasks. Our findings demonstrate that, in an optimal dynam-
ical regime, given in terms of disorder, interactions, and
connectivity, our model captures the key properties of a
high-performing quantum reservoir without requiring time
multiplexing. Our work paves the way towards designing
practical analog QRC platforms by linking their performance
to fundamental physical and geometrical properties. Our re-
sults motivate further research on the impact of geometry and
quantum chaotic properties on the performance of quantum
learning algorithms. In experimental realizations, utilizing
spatial multiplexing for small quantum systems is a practical
option [72]. Possibly, a few random measurements can pro-
vide enough information to perform a given learning task with
high fidelity [73-75]. Additionally, it would be informative
to study how different (symmetry) classes of unitary oper-
ations [76] and nontrivial electronic topology [77,78] affect
the learning performance. Finally, while here we focused on
supervised learning, it is worth exploring the potential for
unsupervised approaches for classification tasks.
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FIG. 7. (a) Normalized total memory capacity C; for N = 8
and (A*, J%) = (0, 0). (b) Mean level spacing ratio (r) for N = 10,
averaged over 100 independent realizations.

L51 ... A*=0 L5
— A*=10
o l0] — A= < 1.0
) A*=50 )
59 S
0.5 0.5
B (a)
0.0 -3 :2 —1 0 1 0.0 ]
10 10 10 10 10 10

Jit

FIG. 8. Logarithmic negativity for (a) k = 2, (b) k = 7. Plotted
forJ* =0and N = 8.

ACKNOWLEDGMENTS

This work was supported by the European Union and the
European Innovation Council through the Horizon Europe
project QRC-4-ESP (Grant Agreement No. 101129663) and
the Academy of Finland through its QTF Center of Excellence
program (Project No. 312298).

APPENDIX A: DETAILS OF CALCULATIONS

Here, we provide some details of our numerical calcula-
tions. As usual [5], a number of initial steps are discarded to
eliminate transient effects. Specifically, we discard Nyansient =
600-800 steps. We use Ni,in = 1000-2000 steps for training,
where each “training step” refers to a point in time where
measurements are used to update the model’s parameters by
comparing the predicted outputs to the target values. Finally,
Neest = 100-200 steps are reserved for testing the performance
of the trained model. The training data is stored in a matrix of
size No X Niyain, Where the entry (i, j) represents the ith ob-
servable measured at the jth training step. Here, No = Ng x
(Ns' + 1)/2, with Ny being the total number of measured
observables and Ng the number of spins in the reservoir. We
only consider connected graphs, i.e., graphs without isolated
subgraphs.

To emulate encoding errors and avoid overfitting in the
training process regarding the memory task studied in the
main text, we add small initial noise to inputs by setting
n' (@) — n'(t) £ 8" with §" € [0, 0.02], and rescale properly.
For the supervised learning, we utilize the ridge linear regres-
sion with appropriate regularization strength (of the order of
10~3-10~*). For the classification of the logical multitasking,
we use support vector machines [2]. In this case we nominate a

(@

]
o nn

N W

FIG. 9. Trace distance D as function of number of steps n for
(a) (A%, J%) = (0,0), (b) (A*, k) = (30, 3). These random matrices
have an initial distance of approximately 0.7. Data are calculated for
J*At =1 and 400 random realizations of graphs, input sequences,
density matrices, and disorder configurations.
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nonlinear radial basis function kernel of the form (X, X') =
exp(—D(X, X')?/21?). Here D(X, X’) is the Euclidean dis-
tance and we set [ = 1. Note, however, that the value of [/
can vary during hyperparameter tuning. The accuracy for this
task is calculated by comparing the binary predictions with the
actual inputs. Since the lower bound for predicting a random
binary sequence is, on average, 1/2, we subtract this value
to set the reference accuracy to zero, and then multiply by 2,
ensuring it falls within the interval [0, 1].

APPENDIX B: ADDITIONAL RESULTS

In this section we present supplementary data for the pre-
viously unexplored regions of the learning diagrams related to
the memory task. Figure 7(a) displays the memory capacity in
the absence of disorder and interactions (A*, J*) = (0, 0). In
this limit the model reduces to a transverse field Ising model
with broken Z, symmetry [[; 67

A=Y J6i65+> I+ h6i. (Bl
ij i i

We set J° = h* = 1. Additionally, we define h; = h* + 57,
where #* = 0 and &7 represents a set of independent random
values chosen from the interval &7 € [—-0.2, 0.2]. Note that,
since the model is defined on a random graph, interaction
terms o 6;6; are also in general random.

Interestingly, in this regime, memory does not appear to
improve with increasing graph degree. As mentioned in the
main text, this trend is partly due to nonlocal nature of the
encoding. Consistent with the results presented in the main
text, memory performs poorly in the densely connected limit
and additionally exhibits an anomalous slow dynamics. Cru-
cially, when compared to Fig. 3(a) of the main text with
(A*, J*) = (10, 0), it becomes evident that in this limit ran-
dom field disorder is essential in regulating chaotic properties
and achieving larger memory capacity more quickly. Fur-
thermore, we have calculated the level spacing ratio r, =
min[4,, 8,+1]/max[8,, §,+1], where n labels the sorted eigen-
values and 6§, = E,+; — E,. The mean level spacing (r),
averaged over energies, different disordered Hamiltonians,
and graph realizations, tends to the limiting values ~0.39 and
~0.53 for localized (integrable) and ergodic (chaotic) phases,
respectively [41].

Notably, as shown in Fig. 7(b) for (A*, J*) = (0, 0), the
averaged level spacing ratio (r) is reduced in the limit of

all-to-all connectivity, showing signs of integrability similar
to the results of Ref. [39]. At finite disorder, the ratio can
as well initially increase as a function of the graph degree &,
highlighting the delocalizing effects of higher connectivity. In
other words, low-degree graphs are more prone to localization
in the presence of randomness. Interactions can also induce a
tendency to chaotic behavior in strongly disordered regimes.
As can be seen, densely connected graphs tend to exhibit a
breakdown of chaos in almost all regimes. A careful inves-
tigation of these behaviors requires finite-size scaling, which
we leave for future studies.

To reveal the dynamical effects of connectivity on propa-
gation of quantum correlations, we calculate the logarithmic
negativity g for the extreme cases of k =2 and k=N — 1
with N = 8. In Fig. 8(a) we plot &g for k = 2. Compared
to the the case k = 3 studied in the main text, disorder can
strongly suppress the development of the quantum correla-
tions between the input subsystem and the reservoir. For k =
N — 1 and in the absence of disorder and interactions, the neg-
ativity exhibits an anomalous dynamical behavior, as shown in
Fig. 8(b). This reveals the dynamical effects of the emergent
integrability, resulting in a very slow propagation of quantum
correlations in this limit. It can be easily verified (numerically)
that these behaviors are independent of the choice of initial
states.

Next, we numerically analyze the echo-state property
by computing the trace distance between two random ini-
tial density matrices. To satisfy this property, the distance
should decrease with the number of steps, indicating that the
reservoir’s dynamics becomes independent of the initial con-
ditions. The distance is defined as D(p;, p2) = %le — 021,
where || - ||; is the trace norm. The results are shown in
Figs. 9(a) and 9(b). Slow convergence may signal localized
or near-integrable dynamics, where information encoded in
the input subsystem fails to spread effectively throughout the
reservoir. Furthermore, the delocalizing role of interactions
at strong disorder and fixed graph degree is highlighted in
Fig. 9(b), where faster convergence indicates a more effective
satisfaction of the echo-state property.

Finally, we consider the behavior of the total memory ca-
pacity as a function of the delay parameter t. As shown in
Fig. 10(a), the fully connected model exhibits lower overall
memory performance. As discussed earlier, this is due to its
near-integrable dynamics, consistent with results presented
in Fig. 9(a) and Figs. 7(a) and 7(b). Note, however, that the
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FIG. 10. Behavior of the total quantum memory capacity Cr as a function of the delay parameter t. (a) (A*, J*) = (0, 0), (b) (A", J¥) =
(30, 0), (c) (A*, J*) = (30, 3). Here, N = 8 and J* At = 3, Nyansient = 1000, Niain = 2500, and Nyes, = 500. The results are averaged over 500
different random realizations of graphs, input sequences, and disorder configurations.
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effective total wash-out time is much longer compared to
what is shown in Figs. 9(a) and 9(b), as we set J°At = 3.
At stronger disorder, shown in Fig. 10(b), sparse networks
become localized, leading to a rapid degradation of memory.
In the presence of interactions, shown in Fig. 10(c), systems
with different connectivity values exhibit qualitatively similar
behavior, highlighting the stabilizing role of interactions, es-

pecially in the strongly disordered regime. In the main text, we
use Tmax = 6, which faithfully captures the relevant behaviors
for system size N = 8. It is worth mentioning that, similar to
previous studies, while near-integrable and localized network
in some cases might exhibit a longer (but not necessarily
accurate) linear memory, they are not suitable for general
nonlinear tasks.
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