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Complementarity in quantum and general information theories
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We propose an operational definition of complementarity, pinning down the concept originally introduced by
Bohr. Two properties of a system are considered complementary if the definiteness of their values conflicts. We
show that, within quantum theory, this notion is equivalent to the incompatibility of operations, that is, their
inability to be performed simultaneously. We further show that for a generic information theory, the instruments
associated with complementary properties are incompatible.
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I. INTRODUCTION

In the early days of quantum mechanics, some coun-
terintuitive features of the theory were not yet thoroughly
formalized, and physicists struggled to grasp them in the
classical language. A paradigmatic example is that of Bohr’s
concept of complementarity [1–4]. A prominent manifestation
of complementarity is the so-called wave-particle duality, a
simplified phrasing for the observation that neither the cor-
puscular nor the wavelike behavior of a quantum particle
fully captures its physics. In the modern language of quan-
tum field theory, a thorough mathematical formalism allows
one to encompass both of these complementary aspects of
microscopic systems; however, the interpretative challenges
are only shifted to a different level.

Following Bohr’s original idea, an extensive line of re-
search has developed around wave-particle duality [5–22].
Traditionally, complementarity is a notion associated with
physical quantities that can be measured on a quantum system
[14–22]. However, in the context of quantum information,
the physical interpretation of measurement outcomes plays a
secondary role, and a notion such as complementarity must be
defined in a more abstract manner. We address this question
by defining complementarity in terms of the impossibility of
simultaneously assigning truth values to statements concern-
ing the outcomes of particular measurements, which we deem
properties of a physical system.
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Since a property is some predicate of a system that has to
exhibit some degree of objectivity, or better, intersubjectivity,
in its very definition we will require not only that its values
might have truth values (corresponding to probability 0 or 1),
as is usual in the literature, but also that a repeated measure-
ment would not provide contradictory assertions. Actually, the
former feature can be derived as a consequence of the latter.
In this way, the dynamical aspects become important in the
distinction between any measurement and the measurement of
a property. Once we have a satisfactory definition of property
at hand, we introduce the notion of complementary properties.
This notion captures the idea that there is a conflict between
the definiteness of values of two properties: If one has definite
values, those of the other need to be undefined.

In Sec. II we focus on quantum theory and show that
complementarity is equivalent to the incompatibility of
the instruments associated with the measurement of such
properties, namely, the impossibility of preforming them
simultaneously [23–27]. In Sec. III we provide a definition of
complementarity that holds for arbitrary information theories
(even noncausal) and later demonstrate that for any causal the-
ory complementary measurements are incompatible processes
[28–35]. The other implication, namely, that incompatible
operations lead to complementary properties, strongly relies
on the mathematical characterization of quantum properties.
In Sec. IV we summarize and discuss prospects for future
work.

II. QUANTUM COMPLEMENTARITY

Let A be a quantum system with Hilbert space H , and
let TX = {Tx}x∈X be a quantum instrument for A, that is, a
collection of quantum operations Tx, i.e., completely posi-
tive and trace-nonincreasing maps, such that their sum is a
channel, i.e., a completely positive and trace-preserving map.
We will also represent instruments and quantum operations
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graphically via wired boxes

where input and output wires depict the input and output
systems.

In particular, we will consider instruments with single
Kraus quantum operations, i.e.,

Tx(ρ) = TxρT †
x , ∀ x ∈ X. (1)

We recall that single Kraus quantum operations T (·) = T ·
T † belong to the extremal rays of the cone of completely
positive maps. Therefore, they cannot be decomposed as a
coarse graining (sum) of other operations (see Sec. III A for
a formal definition of coarse graining of a test). The only
allowed decomposition is of the form T = ∑

x∈X pxT , where
{px}x∈X is a probability distribution. Following the literature
on operational theories, we refer to these transformations as
atomic operations and an atomic instrument as a collection of
atomic operations.

We now define an instrument repeatable if applying it
multiple times to the same system is equivalent to applying
it once. A Stern-Gerlach apparatus is a typical example: Re-
peated applications with the same magnetic-field orientation
will provide the same outcome. Formally (see also Definition
9), this requirement is expressed as

TxTx′ = δx,x′Tx ∀ x, x′ ∈ X. (2)

We now define elementary properties as repeatable atomic
quantum instruments. The repeatability requirement translates
the idea that a measurement of the property leaves no de-
tectable trace in the system and not only that the probability
of reading the same outcome in two subsequent measurements
is one. This is what we expect from the notion of a property,
which should be to the largest possible extent attributed to
the system rather than to the observation process. Clearly, due
to the condition (2), each event admits a state ρ (x) that occurs
with probability one: Tr[Tx(ρ (x) )] = 1, which can be obtained
as ρ (x) = Tx(ρ)/Tr[Tx(ρ)] for any state ρ. We refer to such
a state as a verifier for the event Tx and, more generally, for
the property TX. We denote the set of verifiers of the operation
Tx by ϒ(Tx ) and that of the property TX by ϒ(TX). We can
also introduce the notion of a property, which differs from
that of an elementary property in that it can be obtained as a
coarse graining of an elementary property, where one or more
outcomes can be obtained by merging two or more outcomes
of the elementary property, e.g., Tx = T ′

y1
+ T ′

y2
. We notice

that an elementary quantum property has two main features:
It can be verified under suitable circumstances (existence of
verifier states) and it is objective (repeatable).

In Sec. III A we define elementary properties for a general
information theory. While for causal theories, as the quantum
one, any repeatable test allows for a verifier, in noncausal
theories this is not the case. For this reason verifiability will
be assumed in Definition 11 as an elementary property of
a general theory. In addition to being always verifiable, in-
struments that correspond to quantum elementary properties
can be easily characterized in terms of commuting projective
measurements, as expected.

Lemma 1 (quantum elementary property). An instrument
TX = {Tx}x∈X corresponding to an elementary property has
the form

Tx(ρ) = �xρ�x, �x�x′ = δxx′�x,
∑

x∈X

�x = I, (3)

where �x is a projector.
Proof. Consider a repeatable atomic instrument as in

Eq. (1). From the repeatability condition (2), one has T 2
x =

Tx; therefore, it follows that

T 2
x = eiφTx ⇒ Tx = eiφ�x,

where �x is the projection on the support of Tx, as can be
shown applying the pseudoinverse of Tx to both sides of the
first equation. The global phase factor plays no role, since
Kraus operators appear only in expressions of the form TxρT †

x ;
hence we ignore it. Therefore, for an atomic repeatable instru-
ment we have

Tx(ρ) = �xρ�x.

Moreover, given two such operations in the same instrument,
by the condition (2) we have �x�x′ = 0, from which the
thesis follows. �

From the above characterization of quantum elementary
properties (3), which generally does not hold for a generic in-
formation theory, an additional property of quantum verifiers
follows: All quantum verifiers are fixed points of the property.

Lemma 2 (quantum verifiers). The set of verifier states
ρ (x) ∈ ϒ(Tx ) of any quantum elementary property TX ≡
{Tx}x∈X is such that Tx(ρ (x) ) = ρ (x).

Proof. This follows joining the verifier condition
Tr[Tx(ρ (x) )] = 1 and the fact that Tx is projection, whose
support then has to include the state ρ (x). �

Notice that the converse is always true: Fixed points of the
property are verifiers.

The above result, holding in quantum theory, grants a
property of great importance that we call strong verifiability.
The definition of strong verifiability in general information
theories is given in Remark 4. Strong verifiability plays a key
role in the main result of this work.

Having characterized the elementary properties of quan-
tum theory, we are now in position to define two elementary
properties as complementary if there exists a verifier state for
one that is not a verifier state for the other (see also Definition
12). If we prepare such a verifier state, right after the mea-
surement of the corresponding property we have a situation
where the verified property is well defined, while the other is
undefined. This cannot arise classically: The pure states of a
classical system are identified with the verifiers of the unique
elementary property (point in the phase space), which is thus
well defined.

Remark 1. In the definition of complementarity we con-
sider elementary properties. This follows from an operational
desideratum: Complementarity must be unrelated to the
noise introduced in the measurement by ignoring features
through coarse-graining events. Consider, for example, the
two nonelementary properties for a qutrit {�0 · �0 + �1 ·
�1,�2 · �2} and {�+ · �+ + �− · �−,�2 · �2}, with �i =
|i〉〈i|, where {i}i=0,1,2 denotes the canonical basis while |±〉 =
(|0〉 ± |1〉/√2. It is immediate to see that these two properties
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have all verifier states in common. We could define such a pair
of tests as noncomplementary. However, this is not completely
satisfactory: Complementarity does not manifest only because
information from a more refined measurement is ignored.
Noncomplementarity of this kind is not of interest, given that
it arises only due to coarse graining.

Besides the on-off notion of complementarity given above,
one can further refine it into more quantitative ones. To this
end, in Definition 13 we will introduce three decreasingly
strong variants of complementarity for an arbitrary theory of
information. Lemma 4 specifies these degrees for the partic-
ular case of causal theories. Since quantum theory belongs to
this class, the same degrees of complementarity hold for it as
well.

The notion of incompatibility of measurements and chan-
nels has been largely investigated in the literature [23–25]
and recently adapted to instruments in Refs. [26,27]. In the
case of instruments, we are interested in not only determin-
ing whether two operations can be performed simultaneously,
but if implementing one prevents in some way a subsequent
implementation of the other. Indeed, one has to recover not
only the classical outcomes of both measurements but also
the corresponding reduced quantum states through general-
ized postprocessing. We term this notion of incompatibility
strong incompatibility or, equivalently, weak compatibility.
The notion of weak compatibility is based on the property
of exclusion. Formally (see also Sec. III C), we say that an
operation TX ≡ {Tx}x∈X does not exclude the operation GY ≡
{Gy}y∈Y if it is possible to implement the first operation in
such a way that it is possible to postprocess the outcome so
that comprehensively the second operation is implemented. In
formulas this is expressed by the fact that the equalities

(4)

(5)

are satisfied for some instrument {Cz}z∈Z ∈ Instr(A →
BE ) and a postprocessing, i.e., a family of instruments
{{{{P (z)

y }y∈Y}}}z∈Zz∈Z ⊂ Instr(BE → C). Then two operations are
weakly compatible if the this relation is satisfied also ex-
changing the roles of {Tx}x∈X and {Gy}y∈Y, possibly for a
different instrument and postprocessing. In the above realiza-
tion scheme an arbitrary ancillary system E is allowed, which
is later discarded via the partial trace (the symbol e at output
wire E ).

To get a more intuitive idea of the notion of incompatibility,
one can think about how the process of measuring the position
of a particle changes its momentum, for example, as proposed
in Heisenberg’s gedanken experiment [36]. Measuring the
position alters the momentum of the particle, making it impos-
sible to perform a measurement that simulates a momentum
measurement on the particle before the position measurement.
We highlight that in the case of quantum theory all quantum
channels are compatible, i.e., application of one channel is not
incompatible with a subsequent postprocessing that simulates

another channel, exploiting the fact that all channels have a
unitary dilation. Incompatibility, on the other hand, is manifest
in quantum instruments [26].

We now state our main result: In quantum theory com-
plementarity is equivalent to incompatibility, or analogously
noncomplementarity is equivalent to compatibility

Theorem 1. In quantum theory noncomplementarity is
equivalent to compatibility: Two elementary properties
TX ≡ {Tx}x∈X and GY ≡ {Gy}y∈Y are compatible if and only
if they have the same set of verifier states, namely, ϒ(GX) =
ϒ(TY).

Proof. We start by looking at the implication: Compati-
bility implies noncomplementarity, namely, if TX ≡ {Tx}x∈X
and GY ≡ {Gy}y∈Y are compatible, then they have the same
set of verifier states. In particular, the result follows from
the fact that if TX does not exclude GY, then GY ⊆ ϒ(TX)
and from the opposite inclusion obtained reversing the roles
of tests. The proof of this fact, sketched here, is provided
for general information theories in Theorem 2. Proving the
relationship is sufficient to show that if ρ is a verifier state for
Gy, then Tr[Gyρ] � Tr[Txρ]. Since the quantum operations of
elementary properties are atomic, the compatibility condition
(5) gives

From this equation and the fact that the instrument Tx is
repeatable, it can be shown that for any y ∈ Y there exists a
unique x ∈ X such that

One can then notice that
∑

z∈Z(x) Tr[P (z)
y Czρ] �∑

z∈Z(x) Tr[Czρ] = Tr[Txρ], where first bound follows from
the fact that P (z)

y are generally not deterministic. We have
therefore recovered the desired inequality, showing that if
two properties are weakly compatible, they must also be
noncomplementary.

We now prove the converse statement, namely that in
quantum theory non-complementarity implies compatibility.
The proof relies on the special form of quantum elementary
properties proved in Lemma 1, and on the consequent property
satisfied by their verifier sets, given in Lemma 2. Taking this
for granted, we consider two noncomplementary properties
GY ≡ {Gy}y∈Y and TX ≡ {Tx}x∈X and show that they must
correspond to the same operation, up to a permutation of their
elements. As a consequence, they will trivially be compatible.
The two instruments share the same verifier set by hypothe-
sis: ϒ(TX) = ϒ(GY). Furthermore, for any x ∈ X , there must
exist y ∈ Y such that ϒ(Tx ) = ϒ(Gy); otherwise the equality
of the global verifier would be violated. Suppose now that
two states in ϒ(Tx ) belong to ϒ(Gy) and ϒ(Gy′ ), respectively,
with y 
= y′. Then their convex combination would belong to
ϒ(TX), but not to ϒ(GY), which contradicts the hypothesis.
By the same argument the cardinalities of X and Y must be
the same. Exploiting this and the fact that the Kraus operators
are orthogonal projections decomposing identity, we conclude
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that the supports of such projections must be the same for
the two properties, their supports being those of joint verifier
states. Since in quantum theory an orthogonal projector is
uniquely determined by its support, we obtain �P

x = �Q
ϕ(x) for

a bijection ϕ : X → Y. Hence the two instruments coincide. �
The equivalence established in the above theorem is a

genuinely quantum result, enabled by structural features of
quantum theory that do not hold in arbitrary operational
probabilistic theories (OPTs). The direction compatibility im-
plies noncomplementarity follows from Theorem 2 below,
which holds for any causal OPT. The converse direction,
noncomplementarity implies compatibility, instead rests on
three properties that are specific to quantum theory: (i) Ele-
mentary properties are projective measurements (Lemma 1),
a characterization that follows from the interplay of atomic-
ity and repeatability within the Hilbert space formalism; (ii)
quantum verifier states are strong verifiers, i.e., fixed points
of the corresponding elementary property (Lemma 2), as a
direct consequence of the projective structure; and (iii) an
orthogonal projector is uniquely determined by its support, so
two elementary properties sharing the same verifier set must
coincide. None of these features are guaranteed in a generic
causal OPT, where elementary properties need not admit a
projective representation and verifiers need not be fixed points
of the instrument. As a result, in the next section we show
that for generic causal OPTs only one direction of the equiv-
alence survives: Complementarity implies incompatibility
(Corollary 1).

III. COMPLEMENTARITY IN OPERATIONAL
PROBABILISTIC THEORIES

A. Operational probabilistic theories

Here we aim at giving a brief introduction to the frame-
work of operational probabilistic theories [32,34,37–40] in
order to prove that the result that complementarity implies
incompatibility can be generalized also to generic theories of
information processing.

The purpose of the framework is to be able to describe and
study all theories that have a compositional structure analo-
gous to that of quantum (and classical) theory. Indeed, the way
physical processes can be composed sequentially or in parallel
is the same for all these theories. One of the main objectives of
the framework is to classify these theories with respect to the
possibility or impossibility of performing specific information
processing tasks, e.g., the possibility of making simultaneous
statements about properties of physical systems and studying
logical dependences among such features.

The construction of an OPT is based on three fundamen-
tal concepts: systems, instruments and transformations, and
probabilities.

Systems, or better system types, symbolically denoted by
uppercase Latin letters A, B, . . ., are an abstract notion that
is used to keep track of causal connections between physical
events. Examples of a system type include a mode of the
electromagnetic field, a mode of the Dirac field, and, in non-
relativistic quantum mechanics, the electron spin and a system
of two electrons. Instruments, TX ≡ {Tx}x∈X ∈ Instr(A →
B), instead, model the experiments or processes that can occur

in systems. Every instrument has an input system A and an
output system B, while X is the outcome space associated with
the experiment, which is the set of all possible classical out-
comes that can be registered as a consequence of running the
experiment. Each outcome corresponds to the occurrence of
a particular physical event, mathematically modeled through
the notion of a transformation Tx ∈ Transf(A → B). In a
classical setting, an instrument could, for example, model
the roll of a die, with every transformation being associated
with the die ending up on a particular face, the corresponding
number representing the outcome of the experiment.

As previously mentioned, the characterizing aspect of
OPTs is their compositional structure, which aims to repro-
duce that of quantum theory. In particular, we require the
collection of instruments, and consequently transformations,
to be closed under sequential and parallel composition. For-
mally, this means that for every pair of instruments {Tx}x∈X ∈
Instr(A → B) and {Gy}y∈Y ∈ Instr(B → C), where the out-
put system of the former coincides with the input system
of the latter, there exists an instrument {Gy ◦ Tx}(x,y)∈X×Y ∈
Instr(A → C) in the OPT modeling experiments subsequently
performed on a physical system. Analogously, in the case of
parallel composition, for every pair of instruments {Tx}x∈X ∈
Instr(A → B) and {Gy}y∈Y ∈ Instr(C → D) there exists {Tx �
Gy}(x,y)∈X×Y ∈ Instr(AC → BD) describing the situation in
which two independent instruments are independently per-
formed on the corresponding subsystems.

An added value of the framework is that it allows for a
graphical representation of complex networks of processes.
Instruments and transformations are represented as wired
boxes

where the input-output direction is assumed to be from the
left to the right by convention. Sequential and parallel compo-
sition can then be represented as

and

respectively.
A particular type of system that is assumed to be always

present in any OPT is the trivial system, denoted I, which is
used to describe physical processes in which there are no input
and/or output systems. The trivial system acts as the identity
for parallel composition of systems, meaning that IA = AI =
A for any system in the OPT. Physical processes where the
input system is trivial are preparations, while those where the
output system is trivial are measurements, which are processes
that just produce a classical output but no output system
is used in subsequent instruments. Preparation instruments
will be denoted by Greek letters, {ρx}x∈X ∈ Prep(A), and ob-
servation instruments by lowercase Latin letters, {ax}x∈X ∈
Obs(A). The transformations composing a preparation in-
strument are called states and their set is denoted by St(A).
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The transformations composing observation instruments, in-
stead, are called effects and their set is represented as Eff(A).
Diagrammatically, the trivial system will not be drawn.
Preparation and observation instruments will then be repre-
sented as

respectively.
We can now discuss the last element characterizing OPTs,

the possibility of assigning probabilities to closed circuits.
The compositional structure described so only allows one to
describe any experiment that can be conceived within a given
theory, but it does not allow one to make predictions that
are comparable to real-world data, something that we deem
essential to have a well-defined notion of a physical theory.
The way this is obtained in the framework is through the
requirement that any instrument with both input and output
systems trivial is a probability distribution. As an example,
we have the identification

i.e., the circuit on the left has to be interpreted as the prob-
ability of obtaining the outcomes x, y, and z given that
the experiments {ρx}x∈X ∈ Prep(A), {Gy}y∈Y ∈ Transf(A →
B), and {az}z∈Z ∈ Obs(A) have been performed.

An important aspect of the framework that will be exten-
sively used in our argument is that it is always possible to
coarse grain results, grouping outcomes together.

Definition 1 (coarse graining). For every test TX ≡
{Tx}x∈X and every disjoint partition {Zy}y∈Y of the outcome
space X there exists the test T′

Y representing the same opera-
tion, where the outcome y ∈ Y stands for the outcome of the
test TX belongs to Zy. The transformation T ′

y = ∑
x∈Zy

Tx is
called coarse-grained transformation.

Obviously, given a test TX, the full coarse graining TX =∑
x∈X Tx is deterministic. We call deterministic a transforma-

tion associated with a test whose outcome space has just one
element. A deterministic transformation does not provide in-
formation (the associated test has a unique outcome, occurring
with certainty) and can represent, for example, the evolution
of an open system. In quantum theory, a deterministic trans-
formation is called a quantum channel.

As already mentioned, related to the notion of coarse grain-
ing, there exists a particular class of transformations, called
atomic, that cannot be written as coarse graining of any other
transformation different from themselves.

Definition 2 (atomic transformation). A transformation
T ∈ Transf(A → B) is atomic if, given T1,T2 ∈
Transf(A → B), one has the implication

T = T1 + T2 ⇒ T1,T2 ∝ T .

Consequently, we also define atomic instruments.
Definition 3 (atomic instrument). An instrument TX ≡

{Tx}x∈X is called an atomic instrument if its transformations
Tx are atomic for all x ∈ X.

We have covered al the fundamental structure of OPTs
necessary to carry out our argument. However, we remark that
the framework is more complex that the one presented here
and we refer the interested reader to Refs. [34,39–41].

B. Causal theories

Now that we have set up the basic structure of the frame-
work of OPTs, we can discuss a property of causality that can
be satisfied by a theory and that is of interest for the present
paper.

Definition 4 (causal OPTs). A causal OPT � is a theory
where every system A ∈ Sys(�) admits a unique determin-
istic effect [34]. In symbols, for all A ∈ Sys(�) one has
Eff1(A) = {e}, where Eff1(A) indicates the set of determin-
istic effects of system A.

The reason why this property is referred to as causality is
that it can be proven to be equal to the property of no signaling
from the future, that is, that the probability distribution of
preparation instruments does not depend on the choice of the
observation instruments at their output [34]. Formally,

∑

y∈Y

p(x, y|{ρx}x∈X, {ay}y∈Y) = p(x|{ρx}x∈X, {ay}y∈Y)

= p(x|{ρx}x∈X).

A consequence of this is that in causal theories the flow of
information is fixed from input to output (diagrammatically,
from left to right).

A particular operation that can be encoded in the structure
of an OPT is the possibility of conditioning which operation
to perform based on the result of a previous experiment.

Definition 5 (conditional instruments). Let � be an OPT,
TX = {Tx}x∈X ∈ Instr(A → B) a test of the theory, and
{{{G(x)

Y = {G (x)
y }y∈Y}}}x∈X ⊂ Instr(B → C) a labeled collection of

instruments. In the case where the collection

{T(x,y)} := {
G (x)

y ◦ Tx
}

(x×y)∈X×Y (6)

is a valid instrument, we call it a conditional instrument.
This kind of operation is sometimes referred to in the

literature as classical feedback or postprocessing [42].
Remark 2. In general, the object in (6) may not belong to

Instr(�), namely, it may model an operation that it is not
actually implementable in the theory. An example of a theory
where not every conditional instrument is an actual instrument
of the theory is minimal classical theory proposed in Ref. [43].
A theory where all conditioned instruments are allowed is
referred to as strongly causal [34,40,41]. The notion of causal-
ity introduced at the beginning of this section is called weak
causality in contexts where it must be distinguished from
strong causality.

C. Compatibility

In conclusion of our discussion on the framework of OPTs,
we will provide the precise definition of the notion of weak
compatibility. As mentioned, the notion of weak compatibility
is based on the notion of exclusion between instruments.

Definition 6 (does not exclude). Let � be a causal OPT.
We say that an instrument {Tx}x∈X ∈ Instr(A → B) does not
exclude another instrument {Gy}y∈Y ∈ Instr(A → C) if there
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exists a test {Cz}z∈Z ∈ Instr(A → BE) and a postprocessing,
i.e., a family of instruments {{{{P (z)

y }y∈Y}}}z∈Z ⊂ Instr(BE → C),
such that

(7a)

(7b)

where {S(x)}x∈X is a suitable partition of X [26]. On the other
hand, if the above condition fails, we say that the instrument
{Tx}x∈X excludes {Gy}y∈Y.

Consequently, we can define weakly compatible instru-
ments in the following way.

Definition 7 (weakly compatible instrument). Let � be
a causal OPT. We say that two instruments {Tx}x∈X ∈
Instr(A → B) and {Gy}y∈Y ∈ Instr(A → C) are weakly com-
patible if one does not exclude the other and vice versa.

In the particular case of observation instruments, the com-
patibility condition takes a simpler form than (7) [26].

Definition 8 (compatibility of observation instruments).
Consider a causal OPT �. Two observation instruments
{ax}x∈X, {by}y∈Y ∈ Obs(A) are compatible if there exists a
third test {c(x,y)}(x,y)∈X×Y ∈ Obs(A) such that [26]

Besides being a special instance of the more general def-
inition involving arbitrary instruments, this is also the OPT
analog of the definition of compatibility between positive-
operator-valued measures [25,44,45] in quantum theory.

Remark 3 (weak vs strong compatibility). The typical ap-
proach to compatibility of observation instruments, looking at
joint measurability, cannot be straightforwardly generalized
to arbitrary instruments. Indeed, for instruments, not only the
statistics but also the postmeasurement state must be taken
into account. Asking for joint implementation of a pair of
instruments requires the output system to carry sufficient in-
formation to reproduce the outputs of both operations. Of
course, when restricted to observation instruments, this is not
an issue since the final output is classical and can be copied
and postprocessed so that the statistics of both measurements
can be reproduced. However, for instruments, joint imple-
mentability happens to be too restrictive. For this reason, in
Ref. [26] the weaker notion of compatibility in Definition 7
was introduced: Two operations are compatible if there exists
a procedure to implement one and later decide to convert it
into the other one and vice versa. It has been proved that
this condition coincides with joint measurability if applied to
observation instruments, while it is strictly weaker for general
instruments.

D. Complementarity

We now formally define the notion of complementarity for
generic theories of information processing.

Let us start by generalizing the notions of repeatable instru-
ments and verifier states, introducing also the notion of strong
verifiers that occur in quantum theory.

Definition 9 (repeatable instruments). Let T = {Tx}x∈X ∈
Instr(A). We say that T is repeatable if

TxTx′ = δx,x′Tx ∀ x, x′ ∈ X.

Definition 10 (verifier state). Consider a generic OPT and
let TX ∈ Instr(A → B) be an instrument of the theory. We say
that a state ρ ∈ St1(AE), where E is a generic system of the
theory, is a verifier state for the instrument, denoted by ρ ∈
ϒ(TX), if there exist x ∈ X such that

(8)

for all deterministic effects ek ∈ Eff1(BE).
Given the outcome x ∈ X such that (8) is unique, we will

also say that ρ is a verifier state for the particular transforma-
tion Tx, denoted by ρ ∈ ϒ(Tx ).

Remark 4. It is possible to devise a stronger notion of
verifier state. A state ρ ∈ St1(AE) is a strong verifier for
an instrument TX ≡ {Tx}x∈X ∈ Instr(A → B) if there exists
x ∈ X such that

(9)

It is immediate to see that if a state satisfies (9), then it
also always satisfies (8). The converse is in general not true.
Consider, for example, the states |0) and 1

2(((|0) + |1)))) for the
transformation

While both states are verifiers for the latter transformation,
only the former one is a strong verifier.

Exploiting those definitions, we can define elementary
properties.

Definition 11 (elementary property). Let P ≡ {Px}x∈X ∈
Instr(A) be a repeatable atomic instrument such that any trans-
formation composing it admits a verifier state, i.e., ϒ(Px ) 
=
∅ for all x ∈ X. We denote by elementary property (of system
A) any instrument that is like P.

This definition summarizes the two main features that
we require from a property: that it can be verified under
suitable circumstances (existence of verifier states) and that
it holds a notion of objectivity, or better, intersubjectivity
(repeatability).

More in general, it could be possible to define a property
for a certain system A as any coarse graining of an elementary
property.

Finally, we define what it means for elementary properties
to be complementary and the degrees of complementary that
can arise.
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Definition 12 (complementary elementary properties). Let
P and P′ be two elementary properties. They are said to be
complementary if there exists ρ ∈ ϒ(P) ∪ ϒ(P′) such that
ρ /∈ ϒ(P) ∩ ϒ(P′). In words, two elementary properties are
complementary if there exists a verifier state of one that is not
a verifier state of the other.

If an OPT admits complementary elementary properties,
we will say that it has complementarity.

We would like to highlight two facts related to the def-
initions in this section. The first one is that the definition
would hold also in the case of noncausal OPTs. We are not
making any assumption on the uniqueness of the deterministic
effect. The second one is that we are considering also the
presence of an ancillary system E. This is because we want
our definition to take into account the possibility of OPTs that
do not satisfy the property of local discriminability [34,39,46–
48]. This means that to characterize the state of a multipartite
system it is not sufficient to make local measurements, as it is
the case in quantum and classical theory. If multiple agents are
sharing a system, such as in a Bell-like scenario where Alice
and Bob share an entangled pair, then in order to characterize
the system it is not sufficient to perform only measurements
in the two separated laboratories, but an overall measurement
of the composite system would be needed.

Different degrees of complementarity between properties
can be specified, depending on how much the definition of
one property undermines the knowledge of the other. Entropy
provides a natural way to capture this loss of information.

Definition 13 (degrees of complementarity). Let P and
P′ ≡ {P ′

x}x∈X ∈ Instr(A) be two complementary elementary
properties and let ν ∈ ϒ(P) be a verifier state of P. For every
ek ∈ Eff1(AE), define the conditional probabilities

and the corresponding Shannon entropy

Hν (ek ) := −
∑

x∈X

pν (x|ek ) log2[pν (x|ek )]. (10)

We say that P and P′ are complementary to the following
degrees: (i) strong,

min
ek∈Eff1(AE)

Hν (ek ) = log2 |X|,

where the second property is completely undermined, i.e.,
every outcome occurs with equal probability, independently
of the effect chosen; (ii) mild,

0 < max
ek∈Eff1(AE)

Hν (ek ) � log2 |X|,

with pν (x|ek ) ∈ (0, 1) for all x ∈ X and for all ek , where one
has some limited information, but every outcome remains
possible; and (iii) weak,

0 < max
ek∈Eff1(AE)

Hν (ek ) � log2 |X|,

with pν (x|ek ) ∈ [0, 1) for all x ∈ X and for all ek . In this case,
some outcomes are excluded entirely; hence one has partial
knowledge about the second property.

We stress that the distinction between mild and weak com-
plementarity lies in whether all outcomes remain possible or
some are strictly forbidden.

Furthermore, using the definition of the Shannon entropy
introduced in Definition 13, one immediately obtains the fol-
lowing result.

Lemma 3. Let P and P′ ∈ Instr(A) be two elementary
properties and let ν ∈ ϒ(P). Then ν is a verifier for P′ if and
only if

Hν (ek ) = 0 ∀ ek ∈ Eff1(AE),

where the entropy Hν (ek ) is defined in (10).
The relations characterizing the different degrees of com-

plementarity presented in Definition 13 take a particularly
simple form in the case of causal OPTs, where the determin-
istic effect is unique.

Lemma 4 (degrees of complementarity, the causal case).
Consider a causal OPT and let P and P′ ≡ [[P ′

x]]x∈X ∈
Instr(A) be two complementary elementary properties. Let
ν ∈ ϒ(P), with ν · ∈ϒ(P′). Then, with respect to the unique
deterministic effect e ∈ Eff1(AE), the state ν generates com-
plementarity between the two properties in one of the
following three degrees: (i) strong;

(ii) mild;

and (iii) weak;

E. Relation between complementarity and incompatibility

We now prove the main result of our work, namely, that
for generic causal OPTs, complementarity implies incom-
patibility. We note that, in the next section, this relies on
complementarity as a quality, namely, on its on or off nature.
This means that the result holds for any degree of comple-
mentarity (see Definition 13 and Lemma 4 ) and follows as a
corollary of the next theorem.

Theorem 2. Let � be a causal OPT. Consider two instru-
ments TX ≡ {Tx}x∈X and GY ≡ {Gy}y∈Y ∈ Instr(A → A) such
that the former is repeatable and the latter is both atomic
and Gy 
= εA→A for all y ∈ Y, where εA→A denotes the null
transformation for system A. If TX does not exclude GY
(TX → GY), then the set of verifier states of GY is included
within that of TX, ϒ(GY) ⊆ ϒ(TX).

Proof. Let us start by explicitly stating the tests that char-
acterize the relationship TX → GY:
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and

Exploiting the repeatability property of TX, one can prove by
direct calculation that

(11)

whenever z ∈ Z(x) and z′ ∈ Z (x′ ) with x 
= x′. In particular, the
latter property follows from the fact that TxTx′ = Tx′Tx =
εA→A whenever x 
= x′.

Let us now define

Exploiting (11), it is then immediate to conclude that

(12)

whenever x 
= x′ for all y ∈ Y and then

(13)

since Gy = ∑
x∈X Dy,x. Due to the fact that GY is atomic, it

must then be

for some λy,x ∈ [0, 1]. Consequently, due to (13), one gets

(14)

Equation (14) implies that it must be λy,x ∈ {0, 1}. Further-
more, for any y ∈ Y there exists a unique x ∈ X such that
λy,x = 1. To prove both the existence and the uniqueness,
we will proceed by contradiction, starting from the former.
Suppose that for some y ∈ Y the constant is always zero,
namely, λy,x = 0 for all x ∈ X. Then

which is absurd, since by hypothesis Gy 
= εA→A for all y ∈ Y.
To prove the uniqueness it is sufficient to observe that if for a
given y ∈ Y there exists a set of outcomes x ∈ X′ such that

λy,x = 1 for all x ∈ X′, then

which is possible only if |X′| = 1. To conclude the proof let us
then consider a verifier state ρ for GY. By definition we know
that there exists y ∈ Y such that ρ ∈ ϒ(Gy), or in the formula

where E′ is an appropriate ancillary system. However, the
latter relation can be also be rewritten as

where we exploited the fact that for all y ∈ Y there exists a
unique x ∈ X such that

Now, given that in general P (z)
y is not a deterministic trans-

formation, it must also hold that
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where in the last step we used that, in general, Tx is not a
deterministic transformation. Putting everything together, one
obtains that it must be

Hence, ρ ∈ ϒ(TX), or more precisely ρ ∈ ϒ(Tx ). Given the
arbitrariness of ρ ∈ ϒ(GY), one obtains that ϒ(GY) ⊆ ϒ(TX).

�
Corollary 1. In causal OPTs complementary elementary

properties are strongly incompatible or, equivalently, weakly
compatible elementary properties are noncomplementary.

Proof. Considering two elementary properties PX and
P′

Y ∈ Instr(A). If one supposes that they are weakly compati-
ble, then Theorem 2 guarantees that ϒ(PX) ≡ ϒ(P′

Y), i.e., that
these two elementary properties are noncomplementary. �

IV. CONCLUSION

Summarizing, we have shown that if two elementary prop-
erties in quantum theory are noncomplementary, they must be
the same property. This trivially implies that the two prop-
erties are compatible, also according to the usual textbook
definition of compatibility for observables, i.e., commutativity
of their positive-valued measures [23–25,27].

In this work we formalized in an information-theoretic
setting the notion of complementarity originally introduced
by Born. Building on this informational definition, grounded
in the concept of properties, understood as ensembles of re-
peatable atomic operations, we provided a characterization
of noncomplementary properties in quantum theory. There-
fore, we proved the equivalence between complementarity
and incompatibility of quantum operations. The study of the
relationship between the two dates back to the origins of
quantum mechanics, in the debate between Bohr and Heisen-
berg. We have generalized the present notions from quantum
mechanics to an arbitrary information theory and show that
the implication that incompatibility implies complementarity

always holds for causal theories. The opposite implication is
instead rooted in the characterization of verifiers as invariant
states under the action of an elementary property.

As a future perspective it would be relevant to understand
complementarity as a resource and better comprehend how the
measure of complementarity proposed here could be related to
the measures of incompatibility known in the literature [27].

It would also be interesting to investigate the connection of
complementarity with classicality (in the operational frame-
work considered by us, captured by the notion of simpliciality
[39]) in order to assess whether complementarity could pro-
vide a suitable notion to distinguish the quantum from the
classical world.
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