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We study two distinct diagnostics of bipartite quantum channels: the average fidelity between a desired state
and noisy output across different classes of input states, and generation of entanglement from pure product input
states, quantified by well-defined entangling power. These diagnostics are generally independent, but together
they provide a more complete description of bipartite channels. We show that the fidelity averaged over any local-
unitary orbit with fixed Schmidt coefficients for equal local dimensions is completely determined by the average
input-output fidelity and its restriction to product inputs. We also introduce concurrence- and negativity-based
entangling power for two-qubit channels, prove their convexity and monotonicity under local postprocessing,
and show that, unlike the previously proposed linear-entropy quantity, they vanish for all separable channels.
Representative separable and nonseparable channels are investigated. Finally, we generalize our definitions
of entangling power to nonproduct inputs, and provide an analytical lower bound for the concurrence-based
entanglement variation, showing its effectiveness with specific examples.
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I. INTRODUCTION

Entanglement is a central nonclassical feature of composite
quantum systems and a key resource in quantum information
processing [1]. In gate-based architectures, nonlocal process-
ing is built from one- and two-qubit gates. Two-qubit gates are
already universal when combined with arbitrary single-qubit
operations [2–4]. The controlled generation and preservation
of bipartite entanglement are therefore essential for scalable
quantum computation. However, in realistic devices native
operations are noisy and therefore described by quantum
channels [5]. This issue is especially relevant in the noisy
intermediate-scale quantum (NISQ) era, where gate errors and
decoherence strongly constrain circuit depth and performance
[6]. This motivates two separate questions: how well a noisy
bipartite operation implements a desired transformation, and
how much entanglement it generates on average for initially
pure random product states. We study both issues because
they provide nonredundant information about a noisy bipartite
gate.

Conventional quantifiers show how close a noisy process
is to a target operation rather than how strongly it creates
entanglement from initially uncorrelated inputs. Average gate
fidelity, randomized benchmarking, and unitarity are now
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standard probes of control quality and noise coherence [7–10].
The more general problem of studying the nonlocal proper-
ties of bipartite unitary channels dates back to the work of
Makhlin [11], who provided a set of invariants characterizing
the nonlocality of unitary operations. The optimal creation
of entanglement by a two-qubit unitary operation, including
ancilla-assisted settings, was studied in Ref. [12].

Entangling power was introduced by Zanardi, Zalka, and
Faoro [13] as the average entanglement generated by a bipar-
tite unitary acting on pure product states. This quantity was
later connected to operator entanglement and was used to ex-
tend the framework to higher-dimensional and ancilla-assisted
settings [14–16]. It is also known that allowing initially entan-
gled inputs can enhance the entanglement-generating capacity
of a quantum operation [17]. For nonunitary dynamics, a natu-
ral extension based on the linear entropy of the reduced output
state was also proposed [18]. Although this definition reduces
to the standard pure-state formula in the unitary case, for
mixed outputs, linear entropy measures local impurity rather
than entanglement itself. As a result, it can assign a positive
value to channels which do not generate entanglement from
product inputs. This limits its use as a diagnostic of genuine
entanglement generation.

Furthermore, the nonlocal properties of bipartite nonuni-
tary quantum channels have recently become a subject of
increasing interest. For instance, the capability of bipar-
tite channels to generate maximally entangled states and
secret keys has been investigated [19]. Resource-theoretic
approaches have also been developed for the entanglement
of channels [20] and for nonlocality under local operations
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MARCIN RUDZIŃSKI et al. PHYSICAL REVIEW A 114, 032437 (2026)

and shared randomness (LOSR) [21], the latter providing a
unifying framework encompassing different types of nonlocal
resources. Certification of the nonlocality of bipartite channels
from the induced probability distributions [22], as well as
the quantification of type-independent nonlocality under the
effect of noise [23] and moment-based characterizations using
local-unitary invariants [24], have also been studied.

The main goal of this work is to return to the notion of
entangling power for nonunitary operations and to separate
genuine mixed-state entanglement generation from local im-
purity effects. The linear-entropy extension of Ref. [18] is
natural by analogy with the unitary pure-output case, but
for mixed outputs it can be positive even when the channel
does not entangle product inputs. We therefore replace the
linear-entropy output average by quantities built from genuine
mixed-state entanglement monotones. In the two-qubit case,
concurrence and negativity are especially natural choices.
Both are standard computable entanglement monotones, and
both vanish on separable states [1,25–27]. Concurrence is
closely tied to two-qubit entanglement through the convex-
roof construction [26], while negativity [28,29] is directly
computable from the partial transpose and is closely related
to the Peres-Horodecki criterion [27,30,31]. For two qubits,
the positive partial transpose (PPT) criterion is necessary and
sufficient for separability, so negativity detects exactly the
entangled outputs. In higher dimensions, negativity remains a
useful negative partial transpose (NPT)-entanglement witness
and monotone, but it does not detect PPT-bound entangled
states.

At the same time, fidelity-based diagnostics remain infor-
mative. Besides the usual average input-output fidelity over all
pure states, one may consider the corresponding average re-
stricted to product inputs. In this paper we show that these two
fidelities determine the full fixed Schmidt vector local-unitary
orbit average fidelity for equal local dimensions. This makes it
possible to distinguish channels that favor lower-purity input
orbits from those that favor product inputs, even for channels
with zero proper entangling power. For two qubits, reduced
purity fixes the Schmidt spectrum up to permutation, so this
is equivalently a distinction between more entangled and
more productlike pure inputs. Fidelity diagnostics and entan-
glement generation therefore capture distinct, nonredundant
aspects of bipartite noisy dynamics.

The paper is organized as follows. In Sec. II we introduce
the average and product-state input-output fidelities, derive
closed Kraus-operator formulas for them, and show that, for
equal local dimensions, they determine the Schmidt-orbit av-
eraged fidelity profile. In Sec. III we define concurrence-
and negativity-based entangling powers, compare them with
the linear-entropy-based extension of Ref. [18], and establish
their basic structural properties. Next in Sec. IV we analyze
several exactly solvable noise models and controlled-phase
benchmarks. In Sec. V we derive analytic bounds based on
the tangle, and finally in Sec. VI we extend the framework to
average entanglement variation over Schmidt orbits.

II. INPUT-OUTPUT FIDELITY

For a noisy implementation of the identity channel, a
natural first question is how well the implemented channel

preserves input states on average. For a noisy implementa-
tion of a target unitary, the analogous question concerns the
corresponding error channel. For a bipartite channel, there
are at least two physically distinct notions of such an aver-
age. One may average over all pure input states, or restrict
the average to product inputs only. The difference between
these two quantities is precisely what later allows us to diag-
nose whether a given channel treats different Schmidt classes
of input states in different ways. This comparison concerns
input-dependent fidelity and does not by itself diagnose en-
tanglement generation.

Let � : B(CdA ⊗ CdB ) → B(CdA ⊗ CdB ) be a completely
positive and trace-preserving (CPTP) map with Kraus repre-
sentation

�(ρ) =
∑

α

KαρK†
α ,

∑
α

K†
αKα = 1.

We recall the average input-output fidelity [7,8],

F (�) :=
∫

dψ 〈ψ |�(|ψ〉〈ψ |)|ψ〉, (1)

where the integral is taken over Haar-random pure states on
CdA ⊗ CdB . This is the standard average gate fidelity of �

with respect to the identity channel [7,8]. For a noisy im-
plementation of a target unitary channel U = AdU , where
AdU (ρ) := UρU †, one simply applies the same definition to
the error channel AdU † ◦ �,

F (�,U ) := F (AdU † ◦ �), (2)

and similarly for all other fidelity quantities introduced below.
The average product-state input-output fidelity reads

F
⊗

(�):=
∫

dψA dψB〈ψAψB|�(|ψAψB〉〈ψAψB|)|ψAψB〉,
(3)

where the integration is over independent Haar-random pure
states on CdA and CdB . The quantity F probes average state
preservation over the full Hilbert space, whereas F

⊗
describes

the sector that is operationally most accessible in many exper-
iments, and provides a direct comparison point for entangled
inputs. Both averages admit simple closed forms in terms of
Kraus operators.

Proposition 1. For any bipartite channel �,

F (�) = D + T

D(D + 1)
, (4)

where

D = dAdB and T :=
∑

α

|TrKα|2.

Moreover,

F
⊗

(�) = D + T + MA + MB

D(dA + 1)(dB + 1)
, (5)

where reduced Kraus operators read

KA
α := TrBKα, KB

α := TrAKα,
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and the following symbols are used:

MA :=
∑

α

Tr
(
KA

α KA†
α

)
, MB :=

∑
α

Tr
(
KB

α KB†
α

)
.

Proof. Equation (4) is the standard average-gate-fidelity
formula [7,8], while Eq. (5) is equivalent to the bipartite
specialization of the more general formula for multipartite
channels [32]. For completeness, both Eqs. (4) and (5) follow
from the second-moment Haar identity, which can also be
derived by Weingarten calculus [33]. For further details see
Appendix A. �

The structure of Eqs. (4) and (5) is already suggestive.
The quantity T is the global part that also appears in the
ordinary average gate fidelity, while MA and MB arise only
when the average is restricted to product states. In this sense,
F

⊗
resolves additional one-body structure that is invisible in

F alone.
To probe the dependence on the entanglement of the input

state, we use Schmidt orbits. Throughout this part of the
section we consider equal local dimensions, i.e., dA = dB = d .
Let

|φ�λ〉 :=
d∑

i=1

√
λi |ii〉, λi � 0,

d∑
i=1

λi = 1, (6)

be a pure state in a Schmidt basis with a Schmidt vector �λ =
(λ1, . . . , λd ), and define its local-unitary orbit

S�λ := {(UA ⊗ UB)|φ�λ〉 : UA,UB ∈ U (d )}. (7)

The product orbit corresponds to λ1 = 1, whereas the max-
imally entangled orbit corresponds to λi = 1/d for all i. It is
convenient to parametrize the orbit by the reduced-state purity,

μ(�λ) := Tr
(
ρ2

A

) =
d∑

i=1

λ2
i , ρA = TrB|φ�λ〉〈φ�λ|. (8)

We define the orbit-resolved average fidelity by

F �λ(�) :=
∫

dUA dUB 〈φ�λ|(U †
A ⊗ U †

B ) �((UA ⊗ UB)|φ�λ〉

× 〈φ�λ|(U †
A ⊗ U †

B ))(UA ⊗ UB)|φ�λ〉. (9)

The key point is that, although local-unitary orbits in d × d
are labeled by the full Schmidt vector �λ, the averaged fidelity
depends on �λ only through the single scalar μ(�λ).

Proposition 2. For any bipartite channel, with equal local
dimension d , i.e., � : B(Cd ⊗ Cd ) → B(Cd ⊗ Cd ),

F �λ(�) = 1

(d2 − 1)2

[
(d2 + T )

(
1 + 1

d2
− 2μ(�λ)

d

)

+(MA + MB)

((
1 + 1

d2

)
μ(�λ) − 2

d

)]
, (10)

where T , MA, and MB are the Kraus invariants from Proposi-
tion 1.

The proof is presented in Appendix A 2. Eliminating T ,
MA, and MB in favor of F and F

⊗
, direct calculation gives a

simple interpolation formula.

Theorem 1. For any channel � on Cd ⊗ Cd and any
Schmidt vector �λ, the average input-output fidelity of an orbit
reads

F �λ(�) = F
⊗

(�) + d2 + 1

(d − 1)2
(1 − μ) χF (�),

χF (�) := F (�) − F
⊗

(�), (11)

where the reduced-state purity μ = μ(�λ) depends on the
Schmidt vector �λ, and χF is the fidelity-bias parameter.

Thus, the fidelity averaged over an orbit is controlled by the
two experimentally meaningful averages F and F

⊗
, together

with the orbit parameter μ(�λ). At fixed F
⊗

, the slope of the
orbit-averaged fidelity with respect to the input linear entropy
1 − μ(�λ) is d2+1

(d−1)2 χF . The parameter χF is neither a witness
of output-state entanglement nor an indicator of entangling
power. Since μ(�λ) is the purity of the reduced state [Eqs. (8)],
the sign of χF has the following operational meaning:

χF > 0 ⇒ lower-purity input orbits are, on average,

more robust against noise,

χF < 0 ⇒ product-like inputs are, on average,

more robust against noise,

χF = 0 ⇒ no purity-resolved orbit bias at this level.

For two qubits, the Schmidt vector has only one independent
parameter and can be written as �λ = (cos2 θ, sin2 θ ). Hence

μ(�λ) = cos4 θ + sin4 θ = 1 − 1
2 sin2(2θ ),

and Theorem 1 reduces to

Fθ (�) = F⊗(�) + 5
2 sin2(2θ )(F (�) − F⊗(�)). (12)

In this case, μ uniquely labels the local-unitary orbit. For
d > 2, distinct Schmidt spectra can have the same value of μ

and their orbit-averaged fidelities coincide.
We next address a separate question: under what conditions

can the sign of χF be constrained for independently acting
local noise? For a broad class of product channels, such a con-
straint can be obtained from the single-qubit average fidelities.

Proposition 3. Let

� = 
A ⊗ 
B (13)

be a two-qubit product channel, and let


A(ρ) =
∑

i

AiρA†
i , 
B(ρ) =

∑
j

B jρB†
j , (14)

be Kraus representations of the local channels. Define

xA :=
∑

i

|TrAi|2, xB :=
∑

j

|TrBj |2. (15)

Equivalently, in terms of the single-qubit average fidelities,

fA := F (
A) = 2 + xA

6
, fB := F (
B) = 2 + xB

6
. (16)

For a two-qubit product channel � = 
A ⊗ 
B,

χF (�) = 8 + 2xAxB − 5xA − 5xB

90
. (17)
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MARCIN RUDZIŃSKI et al. PHYSICAL REVIEW A 114, 032437 (2026)

Equivalently,

χF (�) = 2 + 4 fA fB − 3 fA − 3 fB

5

= 4(1 − fA)(1 − fB) − (1 − fA) − (1 − fB)

5
. (18)

In particular, if

fA � 1
2 , fB � 1

2 , (19)

then

χF (
A ⊗ 
B) � 0. (20)

The proof is presented in Appendix A. Assumption (19) is
essential. For example, the local unitary error channel Adσx ⊗
Adσx , where σx is a Pauli-X gate, has

fA = fB = 1
3 , χF (Adσx ⊗ Adσx ) = 4

45 > 0. (21)

Thus, χF is not a witness of entanglement generation. Propo-
sition 3 should instead be read as a conditional test for
independently calibrated product noise. If the factorization
� = 
A ⊗ 
B is physically justified and the local fidelities
are known from separate single-qubit calibration, condition
(19) predicts χF � 0. Observing χF > 0 would then rule out
this product-noise model, but would not certify entangle-
ment generation, as the correlated-dephasing example below
demonstrates.

III. ENTANGLING POWER FOR BIPARTITE CHANNELS

Entangling power for nonunitary evolution was defined
by averaging the linear entropy of the reduced output over
product pure inputs [18]:

eL(�) :=
∫

dψAdψB EL(�(|ψAψB〉〈ψAψB|)), (22)

EL(ρAB) := 1 − Tr
(
ρ2

A

)
, ρA = TrBρAB. (23)

For a pure state ρAB, EL is an entanglement monotone, while
for a mixed state ρAB, EL measures local impurity. Therefore,
it can be nonzero even when ρAB is separable, for instance,
for the maximally mixed state ρAB = 1/(dAdB). Hence eL(�)
can be nonzero not only for channels that fail to create entan-
glement on average, but even for separable channels whose
outputs are separable for every product input. To deal with this
issue, one can keep the same average over product inputs but
replace the reduced-state linear entropy by a genuine mixed-
state entanglement monotone.

Definition 1. Let M be a mixed-state entanglement mono-
tone for bipartite states on HA ⊗ HB. In particular, we assume
that M(ρAB) � 0, that M vanishes on every separable state,
and that it does not increase under local operations and clas-
sical communication. The M-based entangling power of a
bipartite channel is defined as

eM (�) :=
∫

dψA dψB M(�(|ψAψB〉〈ψAψB|)). (24)

Here, dψA and dψB denote the normalized Haar measures on
the pure states of the two local subsystems.

Definition 1 applies to arbitrary local dimensions and
to any entanglement monotone satisfying the assumptions

above. Since every separable channel maps a product input
to a separable output, its entangling power is zero according
to this definition. The converse need not hold, since a channel
may preserve separability of all product inputs without itself
admitting a separable Kraus representation.

For two qubits, standard mixed-state entanglement mono-
tones [34] include concurrence C(ρ) and negativity N (ρ).
Therefore, we introduce the following quantities:

Definition 2. Concurrence-based entangling power reads

eC (�) :=
∫

dψAdψB C(�(|ψAψB〉〈ψAψB|)), (25)

where concurrence is given by

C(ρ) := max{0, r1 − r2 − r3 − r4}.
Here r1 � r2 � r3 � r4 � 0 are eigenvalues of the matrix R =√√

ρρ̃
√

ρ, where ρ̃ = (σy ⊗ σy)ρ∗(σy ⊗ σy).
Definition 3. Negativity-based entangling power is

eN (�) :=
∫

dψAdψB N (�(|ψAψB〉〈ψAψB|)), (26)

where negativity is given by [28]

N (ρ) := ‖ρTB‖1 − 1

2
.

Here ρTB denotes the partial transpose on B and ‖ · ‖1 is the
trace norm.

We next list several basic properties of the introduced
quantities.

Property 1. The introduced entangling-power measures
satisfy

eN (�) � 1
2 eC (�). (27)

It follows from the inequality for concurrence and negativity,
2N (ρ) � C(ρ) [35], with equality for pure states.

Property 2. Assuming � is separable, i.e., it admits a
Kraus form with product Kraus operators

�(ρ) =
∑

k

(Ak ⊗ Bk )ρ(Ak ⊗ Bk )†, (28)

then � maps every product pure input to a separable
output, so

eC (�) = 0, eN (�) = 0. (29)

Note that the converse statement is not true in general. The
SWAP unitary maps every product input |ψA〉|ψB〉 to the prod-
uct state |ψB〉|ψA〉 and hence has zero entangling power,
although the SWAP channel does not admit a Kraus represen-
tation with tensor product structure.

Property 3. The introduced measures are invariant under
local unitary transformations, i.e., for �′ = AdUA⊗UB ◦ � ◦
AdVA⊗VB ,

eC (�′) = eC (�), eN (�′) = eN (�), (30)

since the product Haar measure and (C,N ) are invariant under
local unitaries.
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Property 4. eC and eN are convex, while eL is concave:

eC (p� + (1 − p)�) � p eC (�) + (1 − p) eC (�), (31)

eN (p� + (1 − p)�) � p eN (�) + (1 − p) eN (�), (32)

eL(p� + (1 − p)�) � p eL(�) + (1 − p) eL(�). (33)

Proof. Concurrence and negativity are convex state entan-
glement monotones [26,27]; hence

C(pρ + (1 − p)σ ) � pC(ρ) + (1 − p)C(σ ),

N (pρ + (1 − p)σ ) � pN (ρ) + (1 − p)N (σ ).

Applying this pointwise to

(p� + (1 − p)�)(|ψAψB〉〈ψAψB|)
= p�(|ψAψB〉〈ψAψB|) + (1 − p) �(|ψAψB〉〈ψAψB|)

and averaging proves Eqs. (31) and (32). On the other hand,
EL(ρ) = 1 − Tr(ρ2

A) is concave because the purity Tr(ρ2
A) is

convex. Therefore,

EL(pρ + (1 − p)σ ) � p EL(ρ) + (1 − p) EL(σ ),

and averaging gives Eq. (33). �
Property 5. eC and eN are monotone under local postpro-

cessing. For any local channel


loc = 
A ⊗ 
B, (34)

one has

eC (
loc ◦ �) � eC (�), eN (
loc ◦ �) � eN (�). (35)

No analogous monotonicity holds for eL in general.
Proof. Let us denote

ρψA,ψB := �(|ψAψB〉〈ψAψB|).
Since concurrence and negativity do not increase under local
CPTP maps [26,27],

C((
A ⊗ 
B)(ρψA,ψB )) � C(ρψA,ψB ),

and similarly for N . Taking an average proves Eqs. (35).
For eL, such monotonicity fails: indeed eL(I ) = 0, whereas
local dephasing (
γ ⊗ 
γ ) ◦ I has eL > 0 for 0 < γ < 1, as
shown in Sec. IV. �

Property 4 shows the basic conceptual difference between
a linear-entropy-based definition of entangling power and the
proposed quantifiers of entangling power. Convexity means
that the entangling power of a mixture cannot exceed the cor-
responding weighted average of the component values. The
linear-entropy quantity behaves oppositely because it rewards
loss of local purity. In this sense, eL is not merely quantita-
tively different from eC and eN , but it is qualitatively sensitive
to a different physical property.

Finally, it is worth emphasizing the role of the two choices
C and N . Concurrence is especially convenient for two qubits
because it is both computable and tightly connected to the
pure-state linear entropy. Negativity is often more conser-
vative numerically, but has the advantage of being directly
defined from the partial transpose and therefore conceptually
close to the PPT criterion [27,30,31].

The proposed product-input entangling powers should be
distinguished from entanglement and entropy of the Choi-
Jamiołkowski state. Let A0B0 be the channel input, AB its
output, and A′B′ reference systems. For normalized maximally
entangled states |�A〉 on A0A′ and |�B〉 on B0B′, define

ω� = (�A0B0→AB ⊗ idA′B′ )(|�A〉〈�A| ⊗ |�B〉〈�B|). (36)

The partition relevant to separability of the bipartite channel is
(AA′) : (BB′). A channel is separable in the sense of Eq. (28) if
and only if ω� is separable across this partition [20]. By con-
trast, eC and eN quantify entanglement on the output partition
A : B generated from ancilla-free product inputs. The output
corresponding to a product input is a local conditional slice of
the Choi state,

�(|ψAψB〉〈ψAψB|) = dAdB A′B′ 〈ψ∗
Aψ∗

B|ω�|ψ∗
Aψ∗

B〉A′B′ , (37)

where complex conjugation is taken in the basis defining
the maximally entangled states. Applying the corresponding
local covariant measurements to A′ and B′ and using strong
monotonicity of negativity gives the following bound:

eN (�) � NAA′:BB′ (ω�). (38)

Thus, entanglement of the Choi state provides an upper bound
for the average output negativity for product inputs, but
the converse implication fails, as the SWAP example shows.
Choi-state entropy and related exchange-entropy bounds
characterize channel mixedness rather than product-input en-
tanglement generation [36,37].

IV. DIAGNOSTIC REGIMES IN REPRESENTATIVE
TWO-QUBIT CHANNELS

This section illustrates how the preceding diagnostics cap-
ture different features of bipartite channels. Throughout this
section we restrict to two-qubit channels. Unless stated oth-
erwise, the quantity χF is computed relative to the identity
channel.

A. Nonentangling channels: False positives of eL

We consider channels that do not generate entanglement
from product inputs,

eC (�) = eN (�) = 0, (39)

although the linear-entropy-based entangling power eL de-
fined in Ref. [18] remains positive. Thus, when eL is
interpreted as a diagnostic of genuine mixed-state entangle-
ment generation, it gives a false positive. The reason is that
for mixed outputs EL measures local impurity rather than
entanglement.

The correlated dephasing channel can be written as a mix-
ture of product unitaries:

�u(ρ) = (1 − γ )ρ + γ (Z ⊗ Z )ρ(Z ⊗ Z ), u = 1 − 2γ .

(40)

Equivalently, it dephases coherences between the two
eigenspaces of Z ⊗ Z . Since Eq. (40) is a mixture of product
unitaries, it cannot entangle product inputs. Hence,

eC (�u) = eN (�u) = 0. (41)
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FIG. 1. False-positive behavior of the linear-entropy quantity
for the correlated dephasing channel �u, with γ = (1 − u)/2 [see
Eq. (40)]. The channel is a random-unitary mixture of product
unitaries, so it cannot entangle product inputs and eC = eN = 0.
Nevertheless, eL is positive because the output is locally mixed.
Symbols denote numerical Haar averages over product inputs, while
solid lines denote the analytic predictions.

Nevertheless,

eL(�u) = 4

3
γ (1 − γ ) = 1 − u2

3
, (42)

as shown in Fig. 1. The same channel has

F (�u) = 3
5 + 2

5 u, F
⊗

(�u) = 5
9 + 4

9 u, (43)

and therefore

χF (�u) = 2

45
(1 − u) = 4γ

45
� 0. (44)

Thus, correlated dephasing is nonentangling on product in-
puts, but it preserves lower-purity input orbits better than
product inputs.

This behavior should be contrasted with local product
noise. For independent local phase flips,

�Z,loc
γ = 
γ ⊗ 
γ , 
γ (ρ) = (1 − γ )ρ + γ ZρZ, (45)

one obtains

eC
(
�Z,loc

γ

) = eN
(
�Z,loc

γ

) = 0,

eL
(
�Z,loc

γ

) = 4
3γ (1 − γ ), (46)

and

χF
(
�Z,loc

γ

) = 4γ (4γ − 3)

45
. (47)

For the physically relevant weak- and moderate-noise regime
and up to γ � 3/4, this is nonpositive, in agreement with
Proposition 3. The sign change for γ > 3/4 is not a con-
tradiction: in this regime the local channel is closer to a
deterministic unitary phase flip than to the identity. For in-
dependent local amplitude damping (AD),

�AD
γ = 
AD

γ ⊗ 
AD
γ , (48)

with single-qubit Kraus operators

A0 =
(

1 0
0

√
1 − γ

)
, A1 =

(
0

√
γ

0 0

)
, (49)

FIG. 2. False-positive behavior of eL for local amplitude damp-
ing �AD

γ . The channel is local; hence, eC = eN = 0, but eL =
2γ (1 − γ )/3 is nonzero because it measures the local impurity of
the mixed output.

we define

q(γ ) := 1 +
√

1 − γ . (50)

Then

eC
(
�AD

γ

) = eN
(
�AD

γ

) = 0, eL
(
�AD

γ

) = 2
3γ (1 − γ ), (51)

and

χF
(
�AD

γ

) = − (q(γ )2 − 1)(4 − q(γ )2)

45
� 0. (52)

Thus, local amplitude damping is nonentangling on product
inputs and favors productlike input states at the level of the
fidelity-bias diagnostic (see Fig. 2). For local depolarizing
noise,

�loc
p = Dp ⊗ Dp, Dp(ρ) = (1 − p)ρ + p

1

2
, (53)

one has

eC
(
�loc

p

) = eN
(
�loc

p

) = 0, eL
(
�loc

p

) = p − p2

2
, (54)

and

χF
(
�loc

p

) = p(p − 1)

5
� 0. (55)

This gives another local-noise example in which eL is positive
although no entanglement is generated from product inputs
(see Fig. 3).

Finally, the global depolarizing channel

�glob
p (ρ) = (1 − p)ρ + p

1

4
(56)

also has

eC
(
�glob

p

) = eN
(
�glob

p

) = 0. (57)

However,

F
(
�glob

p

) = F
⊗(

�glob
p

) = 1 − 3p

4
, (58)

so

χF
(
�glob

p

) = 0. (59)
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FIG. 3. False-positive behavior of eL for local depolarizing noise
Dp ⊗ Dp. Proper entangling powers vanish for all p, while eL = p −
p2/2 increases with the local mixedness of the output.

Thus, global depolarization is purity blind in the sense of the
orbit-averaged fidelity diagnostic.

B. Coherent entangling dynamics

We next consider a genuinely entangling unitary family.
The controlled-phase gate

CP(ϕ) = diag(1, 1, 1, eiϕ ) (60)

acts on a product input

|ψA〉 = a|0〉 + b|1〉, |ψB〉 = c|0〉 + d|1〉,
as

|�out〉 = ac|00〉 + ad|01〉 + bc|10〉 + eiϕbd|11〉. (61)

The output concurrence is

C = 4|abcd|
∣∣∣sin

ϕ

2

∣∣∣. (62)

Averaging over product Haar inputs gives the following en-
tangling power values for the controlled-phase (CP) unitary
channel AdCP(ϕ):

eC (AdCP(ϕ) ) = π2

16

∣∣∣sin
ϕ

2

∣∣∣, (63)

eN (AdCP(ϕ) ) = π2

32

∣∣∣sin
ϕ

2

∣∣∣, (64)

eL(AdCP(ϕ) ) = 2

9
sin2 ϕ

2
. (65)

Here the outputs are pure, so eN = eC/2 pointwise and eL is
directly related to C2. This is why all three quantities vanish
and peak at the same values of ϕ, as shown in Fig. 4. For ϕ =
π , the controlled-phase gate reduces to a controlled-Z (CZ)
gate.

The fidelity bias for the controlled-phase gate reads

χF (AdCP(ϕ) ) = − 2

45
sin2 ϕ

2
� 0. (66)

This example should not be interpreted as a relation between
the two diagnostics. The positive entangling power quantifies
output entanglement generated from product inputs, whereas

FIG. 4. Controlled-phase unitary benchmark. Since the output is
pure, eN = eC/2 and eL is proportional to the average squared con-
currence. The concurrence- and negativity-based entangling powers
scale as | sin(ϕ/2)|, whereas eL scales as sin2(ϕ/2). Symbols denote
numerical Haar averages and solid lines denote analytic expressions.

the negative identity-relative χF only states that lower-purity
input orbits have a smaller average overlap with their initial
states.

C. Noisy entangling gate: CZ gate under correlated dephasing

The previous two regimes meet in a noisy entangling gate.
Consider an ideal CZ gate followed by correlated dephasing:

�CZ
u = �u ◦ AdCZ, CZ = diag(1, 1, 1,−1). (67)

Since both the ideal gate and the noise are diagonal in the
computational basis, they commute. Therefore, the relative-
fidelity quantities with respect to the target AdCZ are exactly
those of the correlated dephasing error [see Eqs. (43) and
(44)]. Thus, at the level of the relative-fidelity diagnostic with
respect to the ideal CZ target, the error favors lower-purity
input orbits in the same sense as the correlated dephasing
channel itself.

At the same time, the channel remains entangling for
u > 0. Correlated dephasing rescales the output concurrence
pointwise by u, as shown in Appendix C. Hence,

eC
(
�CZ

u

) = ueC (AdCZ) = u
π2

16
. (68)

The linear-entropy quantity is

eL(�CZ
u ) = 1

3
− u2

9
. (69)

Unlike in the noiseless controlled-phase case, the outputs
are now generally mixed. Therefore, eL no longer measures
entanglement alone, but it also contains contributions from
output mixedness. The negativity-based entangling power re-
mains a proper mixed-state entanglement diagnostic and is
shown numerically in Fig. 5.

Combining the concurrence formula with the relative aver-
age fidelity gives

eC
(
�CZ

u

) = π2

32

(
5F

(
�CZ

u , AdCZ

) − 3
)
, (70)
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FIG. 5. Entangling CZ gate with noise represented by correlated
dephasing. The concurrence-based entangling power scales linearly,
eC (�CZ

u ) = uπ 2/16. The negativity-based entangling power eN is es-
timated numerically. The linear-entropy-based quantity eL is shown
for comparison.

for the one-parameter correlated-dephasing model. The same
parameter u controls both the relative fidelity and the con-
currence damping. Figure 6 summarizes the fidelity-bias
parameter for all discussed models. It also provides a concrete
illustration of the independent information carried by the two
diagnostics: correlated and local dephasing both have zero
proper entangling power, while their fidelity biases can have
different signs. According to Eq. (11), this sign difference
has a direct operational meaning. For correlated dephas-
ing, product-input fidelity underestimates the average fidelity
of lower-purity input orbits, whereas for independent local
dephasing in the weak- and moderate-noise regime it over-
estimates that fidelity. Both channels have vanishing proper
entangling power.

FIG. 6. Fidelity-bias parameter χF for the representative models.
Positive values indicate that lower-purity input orbits are better pre-
served on average than product inputs, while negative values indicate
the opposite. The local-noise models are nonpositive in the usual
weak-noise regime, correlated dephasing has χF > 0, and global
depolarization is purity blind with χF = 0. For the noisy-CZ curve,
χF is computed relative to the ideal CZ target; for the other noise
channels it is computed relative to the identity channel.

V. BOUNDS FOR CONCURRENCE-BASED
ENTANGLING POWER

The concurrence-based entangling power eC (�) is a gen-
uine entanglement-generation diagnostic, but it is generally
difficult to evaluate analytically. The difficulty comes from the
nonlinear dependence of concurrence on the output state. In
this section we derive computable analytic bounds on eC (�).
The main idea is to use the squared concurrence, called the
tangle, τ (ρ) := C2(ρ) [26], as an auxiliary quantity for that
purpose. The corresponding concurrence second moment is

eC2 (�) :=
∫

dψAdψB C2(�(|ψAψB〉〈ψAψB|)). (71)

Since 0 � C(ρ) � 1 for two qubits, one has pointwise
C(ρ)2 � C(ρ). On the other hand, the function x �→ x2 is
convex, so Jensen’s inequality gives(∫

dψAdψB C(ρψA,ψB )

)2

�
∫

dψAdψB C(ρψA,ψB )2,

where

ρψA,ψB := �(|ψAψB〉〈ψAψB|).
Therefore, we arrive at the bounds

eC (�)2 � eC2 (�) � eC (�). (72)

Thus, lower bounds on eC2 also lower-bound eC , while upper
bounds on eC2 give upper bounds on eC after taking a square
root.

We now use the known two-qubit bounds on the tangle
[38,39],

2δP(ρ) � τ (ρ) � 2EL(ρ), (73)

where

δP(ρAB) := Tr
(
ρ2

AB

) − Tr
(
ρ2

A

)
, ρA = TrBρAB. (74)

The quantity δP(ρ) may be negative. Note that the same
construction may be repeated with A and B interchanged.
Thus, for asymmetric channels one may use the alternative
that provides the stronger lower bound.

We recall that τ (ρ) = C2(ρ). After averaging over pure
product inputs, we obtain

2δP
⊗

(�) � eC2 (�) � 2eL(�), (75)

where

δP
⊗

(�) :=
∫

dψAdψB δP(�(|ψAψB〉〈ψAψB|)). (76)

Combining Eqs. (72) and (75) gives direct bounds on the
concurrence-based entangling power:

2 max{0, δP
⊗

(�)} � eC (�) �
√

2eL(�). (77)

The lower bound is shown to be a useful certificate of en-
tanglement generation and it can give a tighter estimate than
the upper bound in parts of the parameter range. If δP

⊗
(�) >

0, then eC (�) > 0. Since, for two-qubit states, concurrence
and negativity vanish on exactly the same separable states,
this also certifies eN (�) > 0. However, the present purity-
difference method does not provide a comparable quantitative
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(a) (b) (c)

FIG. 7. Comparison between the concurrence-based entangling power eC , computed numerically over Haar-random product inputs, and
the analytic bounds from Eq. (77). The blue and red solid curves represent the upper and lower bounds, respectively. The green dashed curve
shows the averaged global output impurity. (a) A mixed-unitary channel; (b) correlated phase damping, for which the proper entangling power
vanishes; and (c) controlled-phase evolution under correlated phase damping.

lower bound on eN . Using 2N (ρ) � C(ρ), it does give the
following upper bound:

eN (�) � 1
2 eC (�) � 1

2

√
2eL(�). (78)

It remains to compute δP
⊗

(�). This can be done analyti-
cally by using a two-copy representation. Let SAA′ denote the
SWAP operator between subsystem A and its copy A′. It acts as
the identity on the remainder of the full Hilbert space. SBB′ is
defined analogously. For product Haar inputs, define [13,33]

�⊗ :=
∫

dψAdψB (|ψA〉〈ψA| ⊗ |ψB〉〈ψB|)⊗2

= 1

d2(d + 1)2
(1 + SAA′ )(1 + SBB′ ). (79)

The bounds above are used here for two-qubit channels.
The following two-copy formula for δP

⊗
, however, is purely

algebraic and holds for equal local dimension d .
Proposition 4. Let

�(ρ) =
∑

α

KαρK†
α

be a CPTP map on Cd ⊗ Cd . Then

δP
⊗

(�) =
∑
α,β

Tr[(Kα ⊗ Kβ )�⊗(K†
α ⊗ K†

β )

× (SAA′SBB′ − SAA′ )]. (80)

Proof. For any bipartite state ρAB, the SWAP trick gives

Tr
(
ρ2

AB

) = Tr[(ρAB ⊗ ρAB)SAA′SBB′ ], (81)

and

Tr
(
ρ2

A

) = Tr[(ρAB ⊗ ρAB)SAA′ ]. (82)

Hence,

δP(ρAB) = Tr[(ρAB ⊗ ρAB)(SAA′SBB′ − SAA′ )]. (83)

Substituting

ρAB = �(|ψAψB〉〈ψAψB|) =
∑

α

Kα|ψAψB〉〈ψAψB|K†
α

and averaging over product Haar inputs gives Eq. (80), be-
cause the averaged two-copy input state is precisely �⊗. �

In Fig. 7, we show a comparison of the concurrence-based
entangling power eC and its bounds, as given by Eq. (77), for
different noise models, which we discuss below.

We first consider a mixed-unitary channel with Kraus oper-
ators K0 = √

pU1 and K1 = √
1 − pU2, where U1 and U2 are

Haar-random unitaries in U (4), and p ∈ [0, 1]. The detailed
dependence on p depends on the chosen unitaries, but the
bounds capture the suppression of concurrence-based entan-
gling power under incoherent mixing.

The phase-damping channel applied to two-qubit systems
corresponds to Kraus operators

K0 = diag(e−�t2/2, 1, 1, e−�t2/2) (84)

and

K1 = diag(
√

1 − e−�t2
, 0, 0,

√
1 − e−�t2 ), (85)

where we set � = 1. This is nothing but the correlated de-
phasing channel of Sec. IV after the change of variable, u =
e−�t2/2. As discussed above, this channel is separable and thus
has vanishing entangling power. The lower bound correctly
captures this characteristic.

The controlled-Z gate under phase damping corresponds to
Kraus operators

KCZ
0 = e−igt diag(e−�t2/2, 1, 1, e2igt e−�t2/2), (86)

KCZ
1 = diag(e−igt

√
1 − e−�t2

, 0, 0, eigt
√

1 − e−�t2 ), (87)

with parameters set as g = 3/2 and � = 1. This channel de-
scribes an application of the unitary gate,

Ug,t = e−igt diag(1, 1, 1, e2igt ), (88)

which is not entangling for gt = kπ and it is maximally
entangling for gt = π/2 + kπ , being equivalent to the CZ

gate—under the phase damping noise. For the parameters
used in Fig. 7, the noiseless maximum near t = π/(2g) is
reduced and shifted to smaller times by the damping. Interest-
ingly, the lower bound is capable of describing the recession
of the maximum due to the effect of noise.
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FIG. 8. Average concurrence variation for the correlated phase-damping channel, Eqs. (84) and (85), shown together with the tightness
gaps of the analytic bounds. The first panel shows the numerical value of �eC . The second panel shows �eC − �elow

C , and the third panel
shows �eup

C − �eC . Smaller gap values indicate tighter bounds. The final panel shows the averaged global output impurity 1 − P(ρAB).

VI. AVERAGE ENTANGLEMENT VARIATION OVER
FIXED SCHMIDT ORBITS

We now extend the product-input framework to initially
entangled pure inputs. For two qubits, we fix an input Schmidt
angle θ and average over the corresponding local-unitary or-
bit. Namely, we consider states of the form

|ψθ (UA,UB)〉 = (UA ⊗ UB)(cos θ |00〉 + sin θ |11〉). (89)

The product-input case is recovered at θ = 0, while θ = π/4
corresponds to maximally entangled inputs.

For an entanglement measure M, define the orbit-averaged
output entanglement

Mout (�, θ ) :=
∫

dUAdUB

× M(�(|ψθ (UA,UB)〉〈ψθ (UA,UB)|)). (90)

The corresponding average entanglement variation is

�eM (�, θ ) := Mout (�, θ ) − Min(θ ), (91)

where

Min(θ ) = M(|ψθ (UA,UB)〉〈ψθ (UA,UB)|)
is independent of UA,UB. Equation (90) is immediately ex-
tended to a pair of qudits by using �λ in place of θ .

For the initial pure state in Eq. (89), one has concur-
rence Cin(θ ) = sin 2θ , and negativity Nin(θ ) = 1

2 sin 2θ . The
concurrence- and negativity-based entanglement variations
are

�eC (�, θ ) = Cout (�, θ ) − sin 2θ, (92)

�eN (�, θ ) = N out (�, θ ) − 1
2 sin 2θ. (93)

They measure the average change of genuine two-qubit entan-
glement under the channel. Positive values indicate average
entanglement enhancement on the chosen fixed-Schmidt-
spectrum orbit, while negative values indicate average entan-
glement degradation.

Using the tangle τ (ρ) = C(ρ)2 as an auxiliary squared-
concurrence moment, we define

C2
out (�, θ ) :=

∫
dUAdUB

× C2(�(|ψθ (UA,UB)〉〈ψθ (UA,UB)|)) (94)

and

�eC2 (�, θ ) := C2
out (�, θ ) − sin2 2θ. (95)

This quantity is useful because C2 admits computable purity
bounds. We also use the linear-entropy variation

�eL(�, θ ) := ELout (�, θ ) − EL,in(θ ), (96)

where

ELout (�, θ ) :=
∫

dUAdUB

× EL(�(|ψθ (UA,UB)〉〈ψθ (UA,UB)|)). (97)

Unlike �eC , �eN , and �eC2 , the quantity �eL is not based on
a genuine mixed-state entanglement monotone. Nevertheless,
it yields the analytic upper bound �eC2 (�, θ ) � 2�eL(�, θ ).
Following standard methods for Haar integration [13,33], the
local unitary twirl over two copies of a bipartite state with
reduced purity μ evaluates to

�(μ) :=
∫

dUAdUB [(UA ⊗ UB)|φ�λ〉〈φ�λ|(U †
A ⊗ U †

B )]⊗2

= 1

d2(d2 − 1)2
[(d2 + 1 − 2μd )(1 + SAA′SBB′ )

+ ((d2 + 1)μ − 2d )(SAA′ + SBB′ )]. (98)

Here SAA′ and SBB′ swap the corresponding subsystem with its
copy. For details, see Appendix D.

Proposition 5. Let

�(ρ) =
∑

α

KαρK†
α

be a CPTP map on Cd ⊗ Cd . The orbit-averaged linear en-
tropy of the output is

ELout (�, �λ) = 1 −
∑
α,β

Tr[(Kα ⊗ Kβ )�(μ)(K†
α ⊗ K†

β )SAA′ ].

(99)

Consequently,

�eL(�, �λ) = μ −
∑
α,β

Tr[(Kα ⊗ Kβ )�(μ)(K†
α ⊗ K†

β )SAA′ ].

(100)
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The proof follows from the SWAP identity

Tr
(
ρ2

A

) = Tr[(ρAB ⊗ ρAB)SAA′ ]

and the second-moment formula [Eq. (98)]. Details are given
in Appendix D.

We now derive bounds for the concurrence variation. For
an output state

ρAB = �(|ψθ (UA,UB)〉〈ψθ (UA,UB)|),
define

δP(ρ) := Tr
(
ρ2

AB

) − Tr
(
ρ2

A

)
, ρA = TrBρAB. (101)

As in the product-input case, the lower bound may be
strengthened by taking the maximum of the two versions
obtained from tracing over A or B. The orbit average of δP(ρ)
reads

δP(�, θ ) :=
∫

dUAdUB

× δP(�(|ψθ (UA,UB)〉〈ψθ (UA,UB)|)). (102)

Proposition 6. Let � be a CPTP map with Kraus operators
{Kα}α . Then

δP(�, �λ) =
∑
α,β

Tr[(Kα ⊗ Kβ )�(μ)(K†
α ⊗ K†

β )

× (SAA′SBB′ − SAA′ )], (103)

where the average is taken over the fixed-Schmidt-spectrum
local-unitary orbit of |φ�λ〉.

The proof is the same two-copy argument as in Proposition
4, with �⊗ replaced by the orbit second moment �(μ).

Using inequality (73) and averaging over the orbit, we
obtain

2 max{0, δP(�, θ )} � C2
out (�, θ ) � 2ELout (�, θ ). (104)

Since 0 � C � 1, one has C2 � C, and Jensen’s inequality
gives

Cout (�, θ )2 � C2
out (�, θ ).

Combining these observations yields the direct concurrence
bounds

2 max{0, δP(�, θ )} � Cout (�, θ ) �
√

2ELout (�, θ ). (105)

Equivalently, the average concurrence variation is bounded by

2 max{0, δP(�, θ )} − sin 2θ

� �eC (�, θ ) �
√

2

[
�eL(�, θ ) + 1

2
sin2 2θ

]
− sin 2θ.

(106)

Equation (106) is the main result of this section. It gives
analytic bounds on the average change of concurrence over a
fixed Schmidt orbit for the two-qubit channel �, computable
from the Kraus operators.

For negativity, the present purity-difference method gives
no analogous nontrivial lower bound. However, using

2N (ρ) � C(ρ), one gets the upper estimate

�eN (�, θ ) � 1

2

√
2

[
�eL(�, θ ) + 1

2
sin2 2θ

]
− 1

2
sin 2θ.

(107)

In Fig. 8 we present a comparison of �eC with its bounds,
in the case of the damping channel. Similarly, Fig. 9 shows
the case of the CZ channel under phase-damping noise. The
relative tightness of the two bounds depends on the input orbit
and the noise strength. The lower bound can be substantially
tighter in the noisy regime.

VII. CONCLUSIONS

In this work we investigated two distinct aspects of nonuni-
tary bipartite quantum channels: (1) how much entanglement
they generate from pure product inputs and (2) how well
they preserve a generic input state from a local unitary orbit,
specified by the vector of Schmidt coefficients. For arbitrary
bipartite channels we derived closed Kraus-operator formulas
for the average input-output fidelity F and for its restriction to
product inputs, F

⊗
. The latter is equivalent to the two-factor

specialization of the general multipartite relation between av-
erage fidelity and channel fidelity [32]. We then showed that
the average fidelity for a given local orbit is determined by
these two quantities. Equivalently, after fixing F

⊗
, the purity

dependence of the orbit-averaged fidelity profile is controlled
by the single diagnostic parameter χF = F − F

⊗
. Its sign

determines whether the orbit-averaged fidelity is correlated or
anticorrelated with the input linear entropy. This fidelity bias
characterizes input-orbit dependence and is not an entangle-
ment witness.

We also introduced concurrence- and negativity-based en-
tangling powers for two-qubit channels and compared them
with the previously proposed linear-entropy-based quantity.
In contrast to the latter, the concurrence- and negativity-based
definitions vanish for all separable channels, are convex under
channel mixing, and are monotone under local postprocess-
ing. They therefore capture genuine entanglement generation
from product inputs, rather than local impurity of mixed
outputs, which is the case for the quantity introduced in
Ref. [18]. This important difference is already apparent in the
simple examples considered. The linear-entropy quantity can
be nonzero even if no entanglement is generated from product
states, while the fidelity-bias parameter χF can still reveal
a nontrivial preference for lower-purity or productlike input
orbits. We note that independently acting local noise typically
gives χF � 0 in the physically relevant regime. Thus, χF > 0
can rule out an independent product-noise description, but
it does not exclude more general separable channels with
product Kraus operators.

Zero product-input entangling power does not imply that
the channel is separable, as shown by SWAP. We also es-
tablished the Choi-state bound eN (�) � NAA′:BB′ (ω�), which
makes explicit the distinction between channel nonseparabil-
ity and entanglement generation by the channel.

Finally, we derived analytical bounds on concurrence-
based entangling power in terms of averaged purity differ-
ences and extended the framework to average entanglement
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FIG. 9. Average concurrence variation for the controlled-phase evolution under correlated phase damping [see Eqs. (86) and (87)], shown
together with the tightness gaps of the analytic bounds. The first panel shows the numerical value of �eC . The second panel shows �eC − �elow

C ,
and the third panel shows �eup

C − �eC . Smaller gap values indicate tighter bounds. The final panel shows the averaged global output impurity
1 − P(ρAB).

variation over general Schmidt orbits. In the examples con-
sidered, the lower bound provides a useful certificate and can
give a tighter estimate than the upper bound in appropriate pa-
rameter regimes. This provides a natural way to treat channels
acting on initially entangled inputs, and shows that the same
distinction between fidelity diagnostics and genuine entan-
glement measures persists beyond the product-input setting.
Taken together, our results suggest that a faithful characteri-
zation of noisy bipartite operations should combine standard
fidelity-based figures of merit with proper entanglement-
based diagnostics, since neither class of quantities alone
captures the full structure of bipartite quantum noise.
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APPENDIX A: DERIVATION OF FIDELITY FORMULAS

1. Proof of Proposition 1

We prove separately the formulas for F and F
⊗

.
a. Average input-output fidelity. For a fixed Kraus operator

K , define

f (K ) :=
∫

dψ |〈ψ |K|ψ〉|2, F (�) =
∑

α

f (Kα ).

Choose an orthonormal basis {|μ〉}D
μ=1 of HA ⊗ HB, and write

Kμν := 〈μ|K|ν〉.

A Haar-random pure state on CD can be written as

|ψ〉 = W |0〉, W ∈ U (D),

with |0〉 a fixed basis vector. Then

f (K ) =
∫

dW |〈0|W †KW |0〉|2

=
D∑

μ,ν,κ,λ=1

KμνK∗
κλ

∫
dW W ∗

μ0Wν0Wκ0W
∗
λ0. (A1)

We now use the second-order Weingarten formula [33] on
U (D), specialized to the case where all column indices are
equal: ∫

dW W ∗
μ0Wν0Wκ0W

∗
λ0 = δμνδκλ + δμκδνλ

D(D + 1)
. (A2)

Substituting Eq. (A2) into Eq. (A1) gives

f (K ) = 1

D(D + 1)

∑
μ,ν,κ,λ

KμνK∗
κλ(δμνδκλ + δμκδνλ)

= |TrK|2 + Tr(KK†)

D(D + 1)
. (A3)

Therefore, we arrive at

F (�) =
∑

α

f (Kα )

= 1

D(D + 1)

(∑
α

|TrKα|2 +
∑

α

Tr(KαK†
α )

)

= D + T

D(D + 1)
, T :=

∑
α

|TrKα|2. (A4)

b. Product-state average fidelity. For a fixed Kraus operator
K , define

f⊗(K ) :=
∫

dψA dψB |〈ψAψB|K|ψAψB〉|2,

F
⊗

(�) =
∑

α

f⊗(Kα ). (A5)
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Choose orthonormal bases {|a〉}dA
a=1 of HA and {|b〉}dB

b=1 of HB, and write

Kab,cd := 〈ab|K|cd〉.
Let us use the following notation:

|ψA〉=U |0A〉, |ψB〉 = V |0B〉, U ∈ U (dA), V ∈ U (dB).

Then

〈ψAψB|K|ψAψB〉 =
dA∑

a,c=1

dB∑
b,d=1

U ∗
a0V

∗
b0 Kab,cd Uc0Vd0.

Hence, we obtain

f⊗(K ) =
dA∑

a,c,e,g=1

dB∑
b,d, f ,h=1

Kab,cd K∗
e f ,gh

∫
dU U ∗

a0Uc0Ue0U
∗
g0

∫
dV V ∗

b0Vd0Vf 0V
∗

h0. (A6)

Using Eq. (A2) with appropriate dimensions, and performing basic summation over indices, we get an expression,

f⊗(K ) = |TrK|2 + Tr(KAKA†) + Tr(KBKB†) + Tr(KK†)

dAdB(dA + 1)(dB + 1)
. (A7)

Summing over Kraus operators gives

F
⊗

(�) =
∑

α

f⊗(Kα ) = 1

dAdB(dA + 1)(dB + 1)

[ ∑
α

|TrKα|2 +
∑

α

Tr
(
KA

α KA†
α

) +
∑

α

Tr
(
KB

α KB†
α

) +
∑

α

Tr
(
KαK†

α

)]
(A8)

= D + T + MA + MB

D(dA + 1)(dB + 1)
, (A9)

where

MA :=
∑

α

Tr
(
KA

α KA†
α

)
, MB :=

∑
α

Tr
(
KB

α KB†
α

)
.

This finishes the proof of Proposition 1.

2. Fidelity averaged over a Schmidt orbit

In this Appendix we derive Proposition 2 by explicit second-moment Weingarten calculus [33]. Let us recall the basic notation
used:

|φ�λ〉 =
d∑

i=1

√
λi |ii〉, λi � 0,

d∑
i=1

λi = 1, μ = μ(�λ) =
d∑

i=1

λ2
i . (A10)

For a single Kraus operator K , consider

f�λ(K ) :=
∫

dU dV |〈φ�λ|(U † ⊗ V †) K (U ⊗ V )|φ�λ〉|2, (A11)

and denote

F �λ(�) =
∑

α

f�λ(Kα ). (A12)

Writing

〈ii|(U † ⊗ V †)K (U ⊗ V )| j j〉 =
∑

a,b,c,d

U ∗
aiV

∗
bi Kab,cd Uc jVdj, (A13)

we obtain

f�λ(K ) =
∑

i, j,k,l

√
λiλ jλkλl

∑
a,b,c,d
e, f ,g,h

Kab,cd K∗
gh,e f

∫
dU U ∗

aiUc jU
∗
ekUgl

∫
dV V ∗

biVdjV
∗
f kVhl . (A14)

For U ∈ U (d ), the second-moment Weingarten formula [33] reads∫
dU U ∗

aiUc jU
∗
ekUgl = δacδegδi jδkl + δagδecδilδk j

d2 − 1
− δacδegδilδk j + δagδecδi jδkl

d (d2 − 1)
. (A15)
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The next step is direct summation. Using the following identities,

∑
i, j,k,l

√
λiλ jλkλl δi jδkl =

(∑
i

λi

)2

= 1,
∑

i, j,k,l

√
λiλ jλkλl δi jδklδilδk j =

∑
i

λ2
i = μ, (A16)

∑
a,b,c,d
e, f ,g,h

Kab,cd K∗
gh,e f δacδegδbdδ f h =

∑
a,b,e, f

Kab,abK∗
e f ,e f = |TrK|2, (A17)

∑
a,b,c,d
e, f ,g,h

Kab,cd K∗
gh,e f δagδecδbhδ f d =

∑
a,b,e, f

Kab,e f K∗
ab,e f = Tr(KK†), (A18)

∑
a,b,c,d
e, f ,g,h

Kab,cd K∗
gh,e f δagδecδbdδ f h =

∑
a,e,b, f

Kab,ebK∗
a f ,e f = Tr(KAKA†), (A19)

∑
a,b,c,d
e, f ,g,h

Kab,cd K∗
gh,e f δacδegδbhδ f d =

∑
a,e,b, f

Kab,a f K∗
eb,e f = Tr(KBKB†), (A20)

where we use the partial trace of bipartite Kraus operators,

KA := TrBK and KB := TrAK. (A21)

Finally, we obtain

f�λ(K ) = 1

(d2 − 1)2

[(
1 + 1

d2
− 2μ

d

)
(|TrK|2 + Tr(KK†)) +

((
1 + 1

d2

)
μ − 2

d

)
(Tr(KAKA†) + Tr(KBKB†))

]
. (A22)

Now let �(ρ) = ∑
α KαρK†

α . Summing Eq. (A22) over α yields

F �λ(�) = 1

(d2 − 1)2

[(
1 + 1

d2
− 2μ

d

) ∑
α

(|TrKα|2 + Tr(KαK†
α )) +

((
1 + 1

d2

)
μ − 2

d

) ∑
α

(
Tr

(
KA

α KA†
α

) + Tr
(
KB

α KB†
α

))]
.

(A23)

Making use of

T :=
∑

α

|TrKα|2, MA :=
∑

α

Tr
(
KA

α KA†
α

)
, MB :=

∑
α

Tr
(
KB

α KB†
α

)
, (A24)

we arrive at

F �λ(�) = 1

(d2 − 1)2

[
(d2 + T )

(
1 + 1

d2
− 2μ

d

)
+ (MA + MB)

((
1 + 1

d2

)
μ − 2

d

)]
, (A25)

which gives the desired Eq. (10).

3. Derivation of Proposition 3

For the product channel (13), a Kraus representation is

Ki j = Ai ⊗ Bj . (A26)

The global invariant T defined in Proposition 1 factorizes:

T =
∑
i, j

|Tr(Ai ⊗ Bj )|2 =
∑
i, j

|TrAi|2|TrBj |2 = xAxB. (A27)

Likewise, using TrB(Ai ⊗ Bj ) = (TrBj )Ai and TrA(Ai ⊗ Bj ) = (TrAi )Bj , one finds

MA =
∑
i, j

Tr[(TrBKi j )(TrBKi j )
†] =

∑
i, j

|TrBj |2 Tr(AiA
†
i ) = xB

∑
i

Tr(AiA
†
i )

= xB Tr

(∑
i

A†
i Ai

)
= 2xB, MB = 2xA. (A28)
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Substituting Eqs. (A27) and (A28) into Proposition 1 gives

F (�) = 4 + xAxB

20
,

F
⊗

(�) = 4 + xAxB + 2xA + 2xB

36
, (A29)

and hence we arrive at Eq. (17):

χF (�) = 8 + 2xAxB − 5xA − 5xB

90
. (A30)

To obtain Eq. (18) we use xA = 6 fA − 2 and xB = 6 fB − 2.
Finally, let

u := 1 − fA, v := 1 − fB. (A31)

Under assumption (19) one has u, v ∈ [0, 1/2], and Eq. (18)
becomes

χF (�) = 4uv − u − v

5
. (A32)

Since u, v ∈ [0, 1/2], one has

4uv � u + v, (A33)

and therefore χF (�) � 0.

APPENDIX B: ENTANGLING POWER
FOR CONTROLLED GATES

For a Haar-random single-qubit state |ψ〉 = a|0〉 + b|1〉
one has |a|2 ∼ Unif[0, 1] and therefore

E[|a|2|b|2] =
∫ 1

0
x(1 − x) dx = 1

6
, (B1)

E[|a||b|] =
∫ 1

0

√
x(1 − x) dx = B

(
3

2
,

3

2

)
= π

8
, (B2)

where B denotes the beta function of Euler.
Let CP(ϕ) = diag(1, 1, 1, eiϕ ) and take a product input

|ψA〉 = a|0〉 + b|1〉, |ψB〉 = c|0〉 + d|1〉. Then

|�out〉 = ac|00〉 + ad|01〉 + bc|10〉 + eiϕbd|11〉. (B3)

Writing the 2 × 2 coefficient matrix

A =
(

ac ad
bc eiϕbd

)
,

the concurrence of a two-qubit pure state reads C = 2| det A|;
hence,

C = 2|abcd| |eiϕ − 1| = 4|abcd| | sin(ϕ/2)|. (B4)

Because the input Haar measure factorizes between A and B,
Eq. (B4) gives

eC (AdCP(ϕ) ) =
∫

dψAdψBC

= 4| sin(ϕ/2)|(E[|a||b|])(E[|c||d|])

= 4| sin(ϕ/2)|
(

π

8

)2

= π2

16
| sin(ϕ/2)|. (B5)

Since output states are pure, negativity N = C/2 pointwise;
hence,

eN (AdCP(ϕ) ) = 1

2
eC (AdCP(ϕ) ) = π2

32
| sin(ϕ/2)|. (B6)

Using EL = C2/2 for pure outputs and Eq. (B4),

eL(AdCP(ϕ) ) =
∫

dψAdψB
1

2
C2

= 1

2

∫
dψAdψB 16|abcd|2 sin2(ϕ/2)

= 8 sin2(ϕ/2)(E[|a|2|b|2])2

= 8 sin2(ϕ/2)

(
1

6

)2

= 2

9
sin2(ϕ/2). (B7)

CZ is CP(π ), so | sin(π/2)| = 1. Equations (B5) and (B6) give
eC (AdCZ) = π2/16 and eN (AdCZ) = π2/32.

APPENDIX C: CONCURRENCE-BASED ENTANGLING
POWER FOR CONTROLLED-Z GATE UNDER

CORRELATED DEPHASING

For a product input |ψA〉 ⊗ |ψB〉 with

|ψA〉 = a|0〉 + b|1〉, |ψB〉 = c|0〉 + d|1〉,
the ideal CZ output reads

|�+〉= CZ|ψAψB〉 = ac|00〉 + ad|01〉+ bc|10〉− bd|11〉.
(C1)

Let

|�−〉 := (Z ⊗ Z )|�+〉= ac|00〉− ad|01〉 − bc|10〉 − bd|11〉.
(C2)

Since the correlated dephasing channel can be written as

�u(ρ) = 1 + u

2
ρ + 1 − u

2
(Z ⊗ Z )ρ(Z ⊗ Z ), (C3)

the noisy CZ output is

ρu = �CZ
u (|ψAψB〉〈ψAψB|)

= p|�+〉〈�+| + (1 − p)|�−〉〈�−|,

p = 1 + u

2
. (C4)

Now we use the Wootters decomposition formula [26]. For a
decomposition ρ = ∑

i pi|xi〉〈xi|, define

τi j := √
pi p j 〈xi|x̃ j〉, |̃x〉 := (σy ⊗ σy)|x∗〉. (C5)

The concurrence is the difference of the singular values of τ

for a rank-2 decomposition [26]. For the states |�±〉 above
one finds

〈�+|�̃+〉 = 4(abcd )∗, (C6)

〈�−|�̃−〉 = 4(abcd )∗, (C7)

〈�+|�̃−〉 = 〈�−|�̃+〉 = 0. (C8)
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Therefore, with

C0 := C(|�+〉) = C(|�−〉) = 4|abcd|,
the matrix τ is diagonal, and up to irrelevant phase factor,
could be written as

τ =
(

pC0 0
0 (1 − p)C0

)
, (C9)

and Wootters’s formula gives

C(ρu) = |p − (1 − p)|C0 = uC0. (C10)

Hence, correlated dephasing rescales the output concurrence
pointwise by a coefficient u:

C(�CZ
u (|ψAψB〉〈ψAψB|)) = uC(AdCZ(|ψAψB〉〈ψAψB|)).

(C11)

Averaging over product-input states yields

eC (�CZ
u ) = u eC (AdCZ).

APPENDIX D: PROOF OF PROPOSITION 5

Once Eq. (98) is proved, the proof of Proposition 5 follows by using standard techniques for Haar integration. Consider the
generic state on the Schmidt orbit,

|ψAB〉 = (VA ⊗ VB)
d−1∑
i=0

√
λi|i〉|i〉. (D1)

The quantity to evaluate is

�(μ) =
∫

dVAdVB |ψAB〉〈ψAB|⊗2 =
∫

dVAdVB

[ ∑
i j

√
λiλ j (VA|i〉〈 j|V †

A ) ⊗ (VB|i〉〈 j|V †
B )

]⊗2

, (D2)

which can also be rewritten by factorizing the AA′ contribution from the BB′ contribution,

�(μ) =
∑
i jkl

√
λiλ jλkλl

[∫
dVAVA|i〉〈 j|V †

A ⊗ VA|k〉〈l|V †
A

]⊗2

. (D3)

Using Weingarten calculus [33], one obtains[∫
dVAVA|i〉〈 j|V †

A ⊗ VA|k〉〈l|V †
A

]
= (dTr|i〉〈 j|Tr|k〉〈l| − Tr|i〉〈 j||k〉〈l|)1AA′ + (dTr|i〉〈 j||k〉〈l| − Tr|i〉〈 j|Tr|k〉〈l|)SAA′

d (d2 − 1)

= (dδi jδkl − δilδ jk )1AA′ + (dδilδ jk − δi jδkl )SAA′

d (d2 − 1)
. (D4)

Taking the tensor product of the corresponding A and B averages gives

(d2δi jδkl + δilδ jk − 2dδi jδklδik )1AA′BB′ + (d2δilδ jk + δi jδkl − 2dδilδ jkδik )SAA′BB′

d2(d2 − 1)2

+ (d2δi jδklδik + δilδ jkδik − d (δi jδkl + δilδ jk ))1AA′SBB′ + (d2δi jδklδik + δilδ jkδik − d (δi jδkl + δilδ jk ))SAA′1BB′

d2(d2 − 1)2
. (D5)

The contribution from 1AA′BB′ and SAA′BB′ gives

x = (d2 + 1)
∑

i j

λiλ j︸ ︷︷ ︸
=1

−2d
∑

i

λ2
i︸ ︷︷ ︸

μ

, (D6)

while the contribution from 1AA′SBB′ and SAA′1BB′ is

y = (d2 + 1)
∑

i

λ2
i︸ ︷︷ ︸

μ

−2d
∑

i j

λiλ j︸ ︷︷ ︸
=1

. (D7)

In the case of separable states we have x = y = (d2 + 1 − 2d ) = (d − 1)2 and we obtain � = (1AA′ + SAA′ )(1BB′ +
SBB′ )/(d2(d + 1)2), agreeing with Ref. [13]. The final expression is

�(μ) = 1

d2(d2 − 1)2
[(d2 + 1 − 2μd )(1AA′BB′ + SAA′BB′ ) + (μd2 + μ − 2d )(1AA′ ⊗ SBB′ + SAA′ ⊗ 1BB′ )]. (D8)
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