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Below-threshold nonsequential double ionization with linearly polarized
two-color fields. II. Quantum interference
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We perform a systematic analysis of intrachannel quantum interference in laser-induced nonsequential double
ionization with linearly polarized bichromatic fields, focusing on the recollision-excitation with subsequent
ionization (RESI) mechanism and employing the strong-field approximation. We generalize and elaborate several
analytic interference conditions for RESI in arbitrary driving fields, with a focus on the interference arising
from the specific symmetries of bichromatic fields. For example, for waves of comparable strengths, multiple
events per half-cycle for the direct electron must be considered. Furthermore, interference breaks some of the
symmetries arising from the field. We detangle the superimposed interference fringes originating from phase
differences related to symmetrization due to electron exchange, temporal shifts, and a combination of exchange
and event interference. We show that the hierarchy between exchange-only and exchange-temporal interference
is fluid and can be manipulated by an appropriate choice of driving-field parameters. This is enabled by different
types of interference occupying specific regions of the plane spanned by the electron momentum components
parallel to the driving-field polarization.
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I. INTRODUCTION

Quantum interference is central to strong-field and at-
tosecond physics. Examples include the high-order harmonic
phase, used in attosecond pulse generation [1], above-
threshold ionization (ATI) peaks from intercycle interference
[2,3], and structural molecular signatures in photoelectron
and harmonic spectra [4,5]. It also underpins ultrafast pho-
toelectron holography [6] and measurement techniques such
as frequency-resolved optical gating [7,8], reconstruction of
attosecond bursts by interference of two-photon transitions
[9], the attosecond streak camera [10], spectral phase inter-
ferometry for direct electric field reconstruction [11], and
phase-of-the-phase spectroscopy using collinear [12–14] or
circularly polarized [15,16] two-color fields. All these meth-
ods exploit phase differences between quantum pathways
leading to the same final state.

The above-mentioned pathways can be steered with tai-
lored fields [17]. For instance, orthogonally polarized fields
leave their imprint in high-order harmonic generation [18,19]
and ATI [20–25], and bicircular fields create interference
vortices [26–37]. This control is enabled by the physi-
cal mechanisms behind strong-field phenomena, namely the
laser-induced recombination or rescattering of an electron
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with its parent ion [38]. Recombination leads to the emission
of high-harmonic radiation [39], while rescattering leads to
high-energy photoelectrons [3,40–42]. If an electron is freed
in the continuum without further interaction with the core,
then direct ATI occurs, while elastic rescattering gives rise to
high-order ATI. Finally, the electron may rescatter inelasti-
cally with the parent ion, so that other electrons are released.
This causes nonsequential double and multiple ionization
(NSDI,NSMI) [43,44].

NSDI in tailored fields has been extensively studied in the
literature. However, the vast majority of such investigations
have been performed using classical-ensemble computations
and have focused on the shapes of the electron-momentum
distributions. These studies include few-cycle pulses [45–49],
circularly polarized fields [50,51], polarization gated fields
[52], OTC fields [53–55], or few-cycle counter-rotating two-
color circularly or elliptically polarized laser fields [56–58].
This brings with it the question of whether NSDI is essentially
classical or quantum.

At high-enough driving-field intensities, the returning elec-
tron’s energy exceeds the second ionization potential, and
electron-impact (EI) ionization dominates NSDI. In EI, the
second electron leaves without delay. Furthermore, integrating
over transverse momenta suppresses quantum interference, as
shown by the excellent agreement between the full solution
of the time-dependent Schrödinger equation (TDSE) [59] and
classical models [60]. Thus, TDSE studies have focused on
how the shapes of the electron momentum distributions are
affected by the type of electron-electron interaction [59,61]
or the field [62,63]. The same holds for early work using
the strong-field approximation (SFA) [64–67] or studies em-
ploying the quantitative rescattering theory [68–71]. However,
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for lower, below-threshold driving-field intensities, the second
electron is freed by recollision-excitation with subsequent
ionization (RESI). In RESI, the first electron, upon recolli-
sion, excites a second electron, which is freed with a time
delay, and the target’s excited states behave as intermedi-
ate pathways. In the parameter range where RESI prevails,
quantum-mechanical SFA studies have found evidence that
quantum interference is more robust than anticipated.

For instance, in Ref. [72], it was shown that quantum
interference between excitation channels can significantly re-
shape RESI distributions, breaking the fourfold symmetry
seen in the p1‖ p2‖ plane spanned by the electron momentum
components parallel to the driving-field polarization for lin-
early polarized monochromatic fields. This symmetry arises
from three field symmetries: half-cycle symmetry (translation
plus time reflection) and reflection symmetry about both field
maxima and zero crossings [73]. By controlling quantum
interference, correlated or anticorrelated RESI distributions
were also achieved.

These findings were extended in our previous work, in
which we identified and classified different types of quantum
interference in RESI. The patterns encountered are associ-
ated with inter- and intrachannel interference and survive
focal averaging and integration over the transverse momentum
components [74]. Even if only a single excitation channel
is considered, interference from electron exchange, time-
delayed events, and both physical origins will give rise to a
wide range of shapes. Examples are bright fringes at both
diagonals p1‖ = ±p2‖ in the p1‖ p2‖ plane and hyperbolic
structures. Analytic expressions for these interference patterns
have been derived in Ref. [75] for monochromatic fields and,
in Ref. [76], generalized for arbitrary driving fields and inves-
tigated for few-cycle pulses. In Ref. [75], we have verified that
interchannel interference leads to hyperbolic fringes whose
width is inversely proportional to the energy difference of the
two interfering channels, although an analytical expression
remains challenging. Our results also back those in Ref. [72],
as, once quantum interference is incorporated, the RESI dis-
tributions obtained with the SFA for a linearly polarized
monochromatic field are no longer fourfold symmetric. This
invites the question of how quantum interference would affect
the symmetries in RESI distributions for linearly polarized
bichromatic fields, for which some of the three symmetries
mentioned above may be broken.

In Ref. [77], using the symmetries analyzed in Ref. [73],
we have steered the dominant events and altered the shapes
of the RESI distributions for linearly polarized bichromatic
fields composed of a wave of frequency ω and its second or
third harmonics, commonly known as (ω, 2ω) and (ω, 3ω)
fields. By an appropriate choice of driving-field parameters
such as the phase difference between the two driving waves,
the RESI distributions may be confined to specific quadrants
of the p1‖ p2‖ plane. This is enabled by specific features of
two-color fields, which are absent for monochromatic waves
and few-cycle pulses. First, for bichromatic fields, there may
be more than one relevant ionization event per half a cycle for
the second electron. Second, the probability densities for the
second electron may not be centered at vanishing parallel mo-
mentum. However, the transition amplitudes associated with
each event and those arising from the electron-momentum

symmetrization, required due to the electrons’ indistinguisha-
bility, have been summed incoherently. In particular, if a
bichromatic field allows one to confine the relevant RESI
distributions to a specific momentum region, then the con-
tributions from different events will strongly overlap and are
expected to interfere substantially.

Here we revisit RESI in the (ω, 2ω) and (ω, 3ω) fields used
in Ref. [77] but focus on intrachannel quantum interference.
Thus, the present paper and Ref. [77] complement each other.
We perform coherent sums of events and symmetrization and
investigate how the different interference conditions derived
in Ref. [76] manifest in a two-color scenario and whether
the patterns encountered can be controlled with the specific
properties of these fields. We employ the RESI transition
amplitude within the SFA, which, albeit reliant on several
simplifications, such as the neglect of the residual binding
potential in the continuum, allows us to focus on the specific
process at hand. In contrast, the outcome of ab initio methods
such as the TDSE works as a numerical experiment, in which
the different physical mechanisms can be hard to disentangle.
This article is organized as follows. In Sec. II, we review the
SFA transition amplitude and the saddle-point equations for
RESI. In Sec. III, the interference conditions are adapted
to arbitrary fields with more than one ionization event per
half-cycle for the second electron and applied to the (ω, 2ω)
and (ω, 3ω) cases. Subsequently, in Sec. IV, different types of
single-channel quantum interference are investigated in RESI
electron momentum distributions. Finally, in Sec. V, we state
our conclusions. Unless otherwise stated, we employ atomic
units.

II. BACKGROUND

A. Transition amplitude

Within the SFA framework, the RESI transition amplitude
reads [78,79]

M (C)(p1, p2)

=
∫ ∞

−∞
dt

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′

∫
d3k

×V (C)
p2e V (C)

p1e,kgV
(C)

kg exp[iS(C)(p1, p2, k, t, t ′, t ′′)], (1)

where the index (C) denotes the Cth excitation channel. In
Eq. (1) the action is given by

S(C)(p1, p2, k, t, t ′, t ′′)

= E (C)
1g t ′′ + E (C)

2g t ′ + E (C)
2e (t − t ′) −

∫ t ′

t ′′

[k + A(τ )]2

2
dτ

−
∫ ∞

t ′

[p1 + A(τ )]2

2
dτ −

∫ ∞

t

[p2 + A(τ )]2

2
dτ. (2)

Equations (1) and (2) have been constructed for the process
in which two electrons are initially bound. At a time t ′′, one
of the electrons tunnels from the ground state, whose energy
is −E (C)

1g , to a Volkov state with intermediate momentum k.
At a time t ′, this electron recollides with the singly ionized
target and excites a second electron from a state with en-
ergy −E (C)

2g to a state with energy −E (C)
2e . Upon recollision,

the first electron acquires a momentum p1, with which it
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will eventually reach the detector. The second electron tun-
nels at a later time t , and reaches a Volkov state with final
momentum p2.

The prefactors V (C)
kg , V (C)

p1e,kg, and V (C)
p2e contain all informa-

tion about the geometry of the electronic bound states and the
interactions involved in RESI [75,76,78]. Explicitly,

V (C)
kg = 〈k + A(t ′′)|V

∣∣ψ (C)
1g

〉

= 1

(2π )3/2

∫
d3r1e−i[k+A(t ′′ )]·r1V (r1)ψ (C)

1g (r1), (3)

where V (r1) is the neutral atom’s binding potential and
ψ

(C)
1g (r1) = 〈r1|ψ (C)

1g 〉 is the ground-state wave function for the
first electron. The above-stated matrix element takes the first
electron from the initial state |ψ (C)

1g 〉 to an intermediate contin-

uum state |ψ (L)
k 〉 = |k + A(t ′′)〉. One should note that Eq. (3)

is written in the length gauge. The unitary transformation from
the length to the velocity gauge is a translation in momentum
space that removes the vector potential from the intermediate
state so that it is given by |ψ (V )

k 〉 = |k〉 instead. For details, we
refer to Ref. [78].

The prefactor

V (C)
p1e,kg = 〈

p1, ψ
(C)
2e

∣∣V12

∣∣k, ψ
(C)
2g

〉

= V12(p1 − k)

(2π )3/2

∫
d3r2e−i(p1−k)·r2ψ

∗(C)
2e (r2)ψ (C)

2g (r2),

(4)

where

V12(p1 − k) = 1

(2π )3/2

∫
d3rV12(r) exp[−i(p1 − k) · r]

(5)
is the electron-electron interaction in momentum space and
r = r1 − r2, while V12(r) is taken to be of contact type, and
it is associated with the excitation process. The interaction
takes the first electron from the intermediate Volkov state
|k + A(t ′)〉 to a final state with momentum |p1 + A(t ′)〉 and
excites the second electron from |ψ (C)

2g 〉 to |ψ (C)
2e 〉. In Eq. (4),

〈r2|ψ (C)
2e 〉 = ψ

(C)
2e (r2) and 〈r2|ψ (C)

2g 〉 = ψ
(C)
2g (r2).

Finally, the second electron being released in the contin-
uum from an excited state is described by

V (C)
p2e = 〈p2 + A(t )|Vion

∣∣ψ (C)
2e

〉

= 1

(2π )3/2

∫
d3r2Vion(r2)e−i[p2+A(t )]·r2ψ

(C)
2e (r2), (6)

where Vion(r2) is the potential of the singly ionized target,
and it describes the ionization of the second electron. Sim-
ilarly to the prefactor given by Eq. (3), V (C)

p2e is written in
the length gauge, the final state being |ψ (L)

p2
〉 = |p2 + A(t )〉.

In the velocity gauge, the vector potential is removed by a
unitary transformation, so that, instead, |ψ (V )

p2
〉 = |p2〉. Be-

cause ionization occurs most probably around field maxima,
for monochromatic fields and few-cycle pulses |A(τ )| � 1,
with τ = t ′′, t , one may neglect the vector potential in Eqs. (3)
and (6) when calculating length-gauge prefactors. This ap-
proximation has been investigated in Ref. [78] and used in
our subsequent publications. However, as shown in Ref. [77],

this fails for two-color fields with comparable strengths, re-
quiring prefactors in both gauges. Here we use hydrogenic
bound-state prefactors from Refs. [75,76,78] and apply the
Gaussian basis from Ref. [77] in length-gauge calculations to
avoid bound-state singularities.

For bichromatic fields, including prefactors narrows all
distributions, confining them to smaller momentum regions
[77]. Thus, it is crucial to map prefactor nodes and phase
shifts from the pn (n = 1, 2) space onto the p1‖ p2‖ plane,
as detailed in Ref. [76]. In the velocity gauge, nodes and
phase shifts from the Vp2e prefactor appear in the momentum
distributions: Radial nodes produce minima parallel to the pn‖
axes, p-state angular nodes suppress the signal along pn‖ = 0,
and d-state nodes cause suppression parallel to the momentum
axes, with possible additional phase shifts. The influence of
the recollision prefactor Vp1e,kg is more difficult to predict [76]
but will also cause narrowing and potentially phase shifts.
In the length gauge, nodes from Vp2e may blur if the vector
potential at the second electron’s ionization time t is large
[77], or new nodes and phase shifts may appear.

B. Saddle-point equations

The transition amplitude (1) is calculated using the saddle-
point method [80]. This procedure seeks variables t ′′, k, t ′, and
t such that the action is stationary and leads to the saddle-point
equations

[k + A(t ′′)]2 = −2E1g, (7)

k = − 1

t ′ − t ′′

∫ t ′

t ′′
dτA(τ ), (8)

[p1 + A(t ′)]2 = [k + A(t ′)]2 − 2(E2g − E2e), (9)

and

[p2 + A(t )]2 = −2E2e, (10)

where the indices (C) have been dropped for simplicity. This
can be done without loss of generality as we focus on intra-
channel interference. Equations (7) and (10) give the energy
conservation conditions at the time of ionization for the first
and second electron, respectively. Those equations have no
real solution, resulting from tunneling having no classical
counterpart. Equation (8) restricts the intermediate momen-
tum k of the first electron so that it can return to the parent ion.
Moreover, Eq. (9) states that energy is conserved at the time
t ′ for which the first electron rescatters. Explicitly, it provides
a relation between the first electron’s final momentum p1 and
its intermediate momentum k.

Assuming that the field is linearly polarized allows us to
rewrite the above equations in terms of the momentum com-
ponents pn‖, pn⊥, n = 1, 2, parallel and perpendicular to the
driving-field polarization. This formulation sheds light on the
RESI momentum regions. Equation (10) reads

[p2‖ + A(t )]2 = −2E2e − p2
2⊥, (11)

which describes a sphere of complex radius in the p2 space,
centered at (p2x, p2y, p2‖) = (0, 0,−A(t )), where pn⊥ =
pnxêx + pnyêy, (n = 1, 2) and êx and êy are vectors spanning
the plane perpendicular to the driving field polarization. If
we assume p2⊥ to be constant, then its role is to effectively
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shift the second ionization potential, so that for p2⊥ = 0 this
quantity is minimal. Equation (10) is formally equal to that
obtained for direct ATI, so that the maximal energy obtained
by the second electron is given by the corresponding cutoff
[78,79].

Equation (9) describes a sphere centered at
(p1x, p1y, p1‖) = (0, 0,−A(t ′)), whose radius is proportional
to the difference between the electron’s kinetic energy upon
return and the energy gap between the ground and excited
states’ energies of the singly ionized target. If its right-hand
side is positive, then rescattering has a classical counterpart,
and the momentum region for which this holds is known as
the classically allowed region. Similarly to what happens to
the second electron, if p1⊥ is kept fixed, then it effectively
adds a term to the energy gap E2g − E2e. This will shrink
the classically allowed region, so that an upper bound is
determined for p1⊥ = 0 [79]. Apart from the energy gap,
Eq. (9) resembles that obtained for rescattered ATI. Thus, for
high-enough laser intensities, the energy of the first electron
at the detector approaches the rescattered ATI cutoff, which
is much higher than that of the direct [42]. If the above-stated
information is combined, then the width and the length of the
momentum regions for which the RESI probability densities
will be physically relevant will be determined by the first and
second electron, respectively [78,79].

C. Correlated ionization probabilities

The RESI transition amplitude is then expressed as an
asymptotic expansion over saddle-point solutions represent-
ing relevant events. For the second electron, we apply the
standard saddle-point approximation, as its saddles are well
separated. For the first electron, closely spaced saddles
are treated in pairs using the uniform approximation from
Ref. [81]. The final transition amplitude is symmetrized with
regard to momentum exchange, to account for electron indis-
tinguishability [78].

The quantity of interest is the RESI two-electron mo-
mentum probability density as a function of the parallel
components pn‖ (n = 1, 2), given by

P (p1‖, p2‖) =
∫∫

d2 p1⊥d2 p2⊥P (p1, p2), (12)

where P (p1, p2) is the fully resolved two-electron momentum
probability density for a single channel, and the transverse
momentum components have been integrated over. Here
P (p1, p2) is written differently, depending on the question
at hand. A coherent and incoherent sum over events ε and
symmetrization leads to

P(cc)(p1, p2) =
∣∣∣∣∣
∑

ε

[Mε(p1, p2) + Mε(p2, p1)]

∣∣∣∣∣
2

, (13)

and

P(ii)(p1, p2) =
∑

ε

[∣∣M (C)
ε (p1, p2)

∣∣2 + ∣∣M (C)
ε (p2, p1)

∣∣2]
,

(14)
respectively. We also employ the partly coherent sums

P(ci)(p1, p2) =
∑

ε

∣∣M (C)
ε (p1, p2) + M (C)

ε (p2, p1)
∣∣2

, (15)

and

P(ic)(p1, p2) =
∣∣∣∣∣
∑

ε

M (C)
ε (p1, p2)

∣∣∣∣∣
2

+
∣∣∣∣∣
∑

ε

M (C)
ε (p2, p1)

∣∣∣∣∣
2

.

(16)
In Eq. (15), the symmetrization is done coherently, but the
events are summed over incoherently, while Eq. (16) sums
events coherently and symmetrizes incoherently. Often in this
work, it is necessary to carry out partial sums in which specific
events are considered pairwise or in which we look at an
individual symmetrized event. Furthermore, in this work, we
also consider the interference of a specific event with the
symmetrized counterpart of a time-delayed event. In this case,
assuming two events ε and ε′, ε 
= ε′, and summing these
events pairwise, the corresponding coherent sum reads

P(ci,εε′ )(p1, p2) =
∑
ε,ε′
ε 
=ε′

∣∣M (C)
ε (p1, p2) + M (C)

ε′ (p2, p1)
∣∣2

. (17)

We indicate differences of two-electron probability den-
sities computed by different means by Pdiff (p1‖, p2‖) for
simplicity in the figure axes but are more specific about what
differences we consider in the captions and discussions.

D. Field properties and dominant events

Here we employ linearly polarized bichromatic fields with
commensurate frequencies rω and sω, where r, s are coprime
integers. The corresponding vector potential reads

Ar,s,ξ ,φ (t ) = 2
√

Up

ζ

[
ξ cos(φ + sωt )

s
+ cos(rωt )

r

]
êz, (18)

where

ζ =
√

1

r2
+ ξ 2

s2
(19)

and

Up = E2
rω

4ω2
ζ 2 (20)

is the ponderomotive energy and the field is polarized along
êz. The intensity E2

rω is associated with the wave of frequency
rω, ξ = Esω/Erω is the field-strength ratio and φ is the relative
phase between the two driving waves.

We consider (ω, 2ω) and (ω, 3ω) fields [r = 1 and s = 2 or
3 in Eqs. (18) and (20), respectively], whose relative phases
are chosen to enforce or break specific symmetries. These
fields have been employed in our publication [77], and are pre-
sented in Fig. 1, together with diagrammatic representations
of the expected RESI distributions (left and right columns,
respectively). These representations have been introduced in
Ref. [76] to indicate the momentum regions occupied by prob-
ability densities associated with particular events. Thereby,
the dashed lines indicate the parallel momentum axes, and
the thick solid lines give the approximate regions associ-
ated with specific events. If the events and symmetrization
are summed incoherently, then the distributions mirror these
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FIG. 1. Electric field (black solid lines), corresponding vector potential (orange dashed lines) as functions of time, and diagrammatic
representation of the dominant events for the (ω, 3ω) [panels (a) and (a′), (b) and (b′), and (c) and (c′)], and (ω, 2ω) [panels (d) and (d′), (e) and
(e′), and (f) and (f′)] bichromatic linearly polarized field. The ratio of the field amplitudes is ξ = 0.8, and the relative phase is indicated in the
panels. The approximate values of the real part of the ionization and rescattering times of the first electron associated with the saddle-point pairs
which lead to the most significant contributions to the photoelectron yield are indicated by the arrows, while the shaded rectangles correspond
to the approximate values of the real part of the ionization time of the second electron. The subscript n = 1, 2 in the pairs Pnμ classifies them in
increasing order of excursion times in the continuum, i.e., the excursion times for the pairs P1μ are smaller than those for pairs P2μ. The index
μ = a, b refers to the first and second half-cycle taken into consideration, respectively. The red and pink and the blue and cyan arrows indicate
rescattering events populating the positive and negative momentum regions, respectively. The colors of the shaded rectangles match those of
the arrow but rather indicate that the orbits Ojk of the second electron are associated with a specific pair for the first electron instead of referring
to the momentum region they populate. The subscript j = 1, 2 refers to how close the event is regarding the time of rescattering of the first
electron, and the indices a and b refer to the first and second half-cycle considered, respectively. The gray dots indicate irrelevant ionization
events. The electric fields have been normalized to their maximum amplitude in each panel. The thick straight lines in the figure provide a
schematic of what momentum regions of the p1‖ p2‖ plane the correlated RESI distributions occupy. The colors associated with the events are
matched to those marked on the field and are colored according to the convention adopted for the orbits Okν rather than the total event.

schematics. If quantum interference is incorporated, then we
expect these symmetries to be broken. Studies of the inco-
herently summed RESI distributions and dominant events are
presented in Ref. [77].

In Fig. 1, different events are represented by different
colors. The mapping is classical, but the approximate times
indicated in Fig. 1 correspond to the real parts of the
saddle-point solutions t ′′, t ′ associated with the first electron
[Eqs. (7)–(9)], and of the saddle-point solutions of Eq. (10)
giving the ionization time t of the second electron. The so-
lutions associated with the first electron occur in pairs [81],
and Re[t ′′] and Re[t ′] are close to the extrema and zero cross-
ings of E (t ), respectively. The classical times are indicated

by arrows in Fig. 1, where we have employed the tangent
construction [82].

Pairs Pnμ, associated with the first electron, are classified
as follows. The subscript n = 1, 2 refers to the length of the
orbit in the continuum, starting from the shortest, and the
subscript μ = a, b indicates the half-cycle in which ionization
occurs, starting with that associated with events a. The red
and pink (blue and cyan) arrows correspond to pairs leading
to positive (negative) momenta p1‖. Due to the rescattering
event at Re[t ′], the second electron is excited and leaves
around the subsequent field maxima, indicated by the shaded
regions in the figure. The ionization events of the second
electron are classified by Okν , where the subscript k = 1, 2
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increases with the temporal distance from the rescattering
time of the first electron. The subscript ν = a, b gives the
half-cycle with which the orbits should be associated to con-
struct a two-electron event. For example, the event P1aO1a

means that we combine the shortest pair for the first electron,
starting in the first half-cycle we consider, with the ionization
event O1a closest to the rescattering time. Picking up P1aO2a

implies that, instead, we take the second ionization event after
rescattering, and so forth. The sign associated with the most
probable momentum p2‖ can be read from the instantaneous
vector potential using the mapping p2‖ = −A(t ). One expects
quantum interference to be substantial if different events oc-
cupy the same momentum region, outlined in the mappings
provided in the right column of Fig. 1.

Before examining Fig. 1, one should note the hierarchy of
criteria determining the prevalence of a specific event. For the
first electron, the key factors, in order of importance, are as
follows: (i) high ionization probability, (ii) a short time delay
between ionization and rescattering to minimize wave-packet
spreading in the continuum, and (iii) a large classically al-
lowed momentum region to prevent exponential decay of the
transition amplitude. The probability of ionization depends
on the instantaneous electric field |E (t ′′)| at ionization, with
higher fields increasing the probability. For the second elec-
tron, the key contributor is the ionization probability at t ,
which, once more, is associated with the instantaneous abso-
lute value of the electric field. Another issue is bound-state
depletion, which suppresses the events for Re[t] � Re[t ′]. In
the present work, due to wave-packet spreading, we consider
up to the second shortest pair for the first electron and, due to
bound-state depletion, we only take the ionization events for
the second electron occurring in the half-cycle after rescatter-
ing.

The (ω, 3ω) fields [Figs. 1(a)–1(c)] are half-cycle sym-
metric, i.e., E (t ± T/2) = −E (t ) and A(t ± T/2) = −A(t ),
where T is a field cycle. Therefore, the resulting RESI
distributions will exhibit reflection symmetry about the
diagonals p1‖ = ±p2‖, as they should be invariant upon
(p1‖, p2‖) → (−p1‖,−p2‖). For (ω, 2ω) fields [Figs. 1(d)–
1(f)], the half-cycle symmetry is broken, so that only the
reflection symmetry associated with the main diagonal p1‖ =
p2‖ is retained.

For (ω, 3ω, φ = 0), Figs. 1(a) and 1(a′) map key events
in time and momentum space, respectively. Each half-cycle
features two equal-magnitude extrema, symmetric about t =
nπ/ω. These extrema determine the ionization times for pairs
P1a,b and P2a,b [arrows in Fig. 1(a)] and, after rescattering,
the orbits O1a,b and O2a,b (shaded regions). These times are
symmetric about a zero crossing of A(t ), so the contributions
of O1a,b and O2a,b are mirror images peaked at symmetric,
nonzero momenta. The shorter excursion time makes the con-
tributions of P1a,b dominant, leading to the fourfold symmetry
in Fig. 1(a′): events from different half-cycles occupy the
second and fourth quadrants of the p1‖ p2‖ plane, with their
symmetrized counterparts in the first and third.

Changing φ renders the above-mentioned field peaks un-
equal, although the half-cycle symmetry is preserved. For
instance, taking φ = π/2 will weaken the contributions of
O1a,b for the (ω, 3ω) field [Fig. 1(b)], moving the RESI dis-
tributions to the second and fourth quadrants [Fig. 1(b′)].

For (ω, 3ω, φ = −π/2), the contributions of O2a,b are sup-
pressed, shifting the RESI distributions to the first and third
quadrants [Figs. 1(c) and 1(c′)]. Furthermore, the dominant
pairs for the first electron are now P2a,b, because a higher
ionization probability at t ′′ supersedes a shorter excursion
time.

For (ω, 2ω) fields, similar features arise, although the
half-cycle symmetry is broken. For φ = π/2 [Fig. 1(d)], a
double peak in E (t ) appears during one half-cycle, but the
stronger field at P1a and O1a (red arrow and shaded area) dom-
inates, producing RESI distributions on the positive half-axes
of the parallel momentum plane [Fig. 1(d′)]. For φ = 3π/4
[Fig. 1(e)], P1aO1a remain dominant, but P1b and O2b gain
strength, contributing to the second and fourth quadrants.
Finally, for (ω, 2ω, φ = π ), the contributions from P1b and
O2b prevail over those of P1a and O2a due to similar ionization
probabilities and a shorter excursion time for P1b. In Figs. 1(f)
and 1(f ′), O2b is labeled as O1b since the original O1b contri-
bution is negligible.

III. EXPECTED INTERFERENCE PATTERNS

Next, we adapt the interference conditions from Ref. [76]
to cases with multiple second-electron ionization events per
half-cycle. This covers the fields considered here, which have
a single dominant first-electron pair of solutions [77]. A sim-
ilar generalization for the first electron is possible, but it will
not be performed here. We then apply these conditions to the
(ω, 2ω) and (ω, 3ω) fields in Fig. 1.

A. Generalized interference conditions

Figure 2 displays a momentum [Fig. 2(a)] and temporal
[Fig. 2(b)] mapping for RESI in an arbitrary field, assum-
ing a single dominant ionization event for the first electron
and at least two relevant ionization events for the second
electron per half-cycle. In Fig. 2(a), we consider nε rele-
vant ionization events for the second electron per half-cycle,
e.g., O1ξ , O2ξ , . . . , Onε ξ , with ξ = a, b denoting negative and
positive electric field amplitudes, respectively (see Fig. 1).
Any transition amplitude may interfere with any other ampli-
tude. An amplitude associated with an mth event is related to
its symmetrized counterpart by M (m)

μ (p1, p2) = M (m)
ν (p2, p1),

where μ, ν = l, d or r, u. The specific indices μ, ν depend
on the momentum regions occupied by the event in question
(left, down, right, or up). For fields with half-cycle symmetry,
events associated with Ml and Mr are displaced a half-cycle
apart and satisfy |Ml | = |Mr |. Their symmetrized counterparts
thus satisfy |Md | = |Mu|. A generic phase difference associ-
ated with interference between two arbitrary events is given
by α(m,n)

μ,ν = S(m)
μ − S(n)

ν where S(m)
μ corresponds to a generic

action related to the photoelectron yield in the μ (= left, down,
up, or right) part of the p1‖ p2‖ plane for the mth event as
depicted in Fig. 2(a).

The amplitudes of any two generic events, Piξ Omζ and
PjηOnυ , may interfere. Since only the dominant pair of so-
lutions per half-cycle is taken for the first electron, i = j.
Depletion restricts relevant second-electron ionization events
to the half-cycle following rescattering, yielding ξ = ζ and
η = υ. Thus, interfering events reduce to Piξ Omξ and PiηOnη.
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FIG. 2. Generic schematics in momentum (a) and time (b) of interfering events for RESI in a two-color field. Panel (a) shows a schematic
representation of the regions of the p1‖ p2‖ plane occupied by the transition amplitudes and their symmetrized counterparts for RESI. The same
(different) colors mean that the events occur in the same (different) half-cycle. Different shades of the same color indicate multiple events
occurring within the same half-cycle. The actions of each event are denoted by S(n)

μ where μ = l, d, r, u gives the momentum region in which
the event is localized and n = 1, . . . , nε where nε is the total number of events within a half-cycle. Any generic event, Piξ Omξ may interfere
with any other event PiηOnη. While μ, ν provides a good approximation of where the interference pattern will be localized, the interference
may spill over the axes if m − n is large. For simplicity, in the plot, nε is the same for l , u, r, and d , although this is not necessarily the case
for l and r (or d and u). Panel (b) aims to illustrate possible generic events in 2T for a bichromatic field with more than one maximum per
half-cycle. The solid black line corresponds to the (ω, 3ω, φ = 0) field. This choice was made because this specific field provides the maximal
number of relevant events in the parallel momentum plane for the parameter range considered in this work. However, other (ω, 3ω) fields with
increasing phase are presented in gray along with (ω, 2ω) fields in red. The colors of the dots in (b) are kept consistent with Fig. 1 to allow for
easier comparison.

Figure 2(b) exemplifies such events for (ω, 2ω) and (ω, 3ω)
fields (red and black curves, respectively) with the field-
strength ratio as in Fig. 1.

In Ref. [76], we identified three types of interference, as-
sociated with (1) pure exchange phases from symmetrizing
individual events, (2) pure temporal phases from time-
displaced events without symmetrization, and (3) combined
exchange-temporal phases from an event and the symmetrized
counterpart of a time-displaced event. Time displacements
are denoted by �τ = (�t ′′,�t ′,�t ), where t ′′, t ′, and t are
the ionization, rescattering, and second ionization times, re-
spectively (see Sec. II). For monochromatic fields, �t ′′ =
�t ′ = �t . However, this no longer holds for arbitrary fields,
which may have multiple ionization events per half-cycle and
lack half-cycle symmetry. While our prior studies considered
events displaced by a full cycle T , we neglect them here,
though the formalism remains applicable. For displacements
within a half-cycle, �τ = (0, 0,�t ) with �t < 0.5T . More
generally, �t < T , so events in different half-cycles are tem-
porally adjacent. We now discuss the phase differences for
each interference type.

1. Exchange-only interference

Pure exchange interference occurs between an event
Piξ Omξ and its symmetrized counterpart, with phase difference
α(m,m)

μν . For an event mapping to the third quadrant of the
p1‖ p2‖ plane, this phase is

α
(m,m)
l,d = S(m)

l − S(m)
d

= α(exch)
p1,p2

(t (m), t ′) + αp1,p2 (t (m), t ′), (21)

where

α(exch)
p1,p2

(t, t ′) = 1
2

(
p2

2 − p2
1

)
(t − t ′), (22)

αp1,p2 (t, t ′) = (p2 − p1) · [FA(t ′) − FA(t )], (23)

and

FA(t ) =
∫ t

A(τ )dτ (24)

is the temporal integral of the vector potential. Since m = n
here, the interfering amplitudes are represented by stripes of
the same color and shade in Fig. 2(a). For interference in
the left-down quadrant, the relevant stripes are parallel to the
negative half-axes. Here the times t ′, t are those associated
with the event in question. For clarity, we denote the ioniza-
tion time of the second electron as t (m)—the time associated
with the mth event. This distinction shall become more useful
when considering multiple second electron events within a
half-cycle.

An event occurring roughly half a cycle before (or after)
Piξ Omξ can be denoted as PiηOmη for which η may be smaller
(or larger) than ξ [see Fig. 2(b)] and yields probability densi-
ties and amplitudes localized in the first quadrant. This event
will have phase difference α(m,m)

r,u

α(m,m)
r,u = S(m)

r − S(m)
u = −α(exch)

p1,p2
(t (m), t ′)

+αp1,p2 (t (m) + �t (m), t ′ + �t ′). (25)

This phase is equal to Eq. (21) but with the times displaced by
�τ = (0,�t ′,�t (m) ). In Fig. 2(a), the interfering amplitudes
are represented by stripes of the same color and shade, parallel
to the positive half-axes.
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HASHIM, HABIBOVIĆ, AND FIGUEIRA DE MORISSON FARIA PHYSICAL REVIEW A 112, 023119 (2025)

Constructive exchange interference occurs when the to-
tal phase difference αμ,ν = 2nπ , with n an integer and
μ, ν = r, u or l, d . The simplest case, n = 0, requires each
building block [Eqs. (22) and (23)] to vanish, as stud-
ied in Ref. [76] for few-cycle pulses and Ref. [75] for
monochromatic fields. Here we examine both n = 0 and n 
=
0. Exchange-only interference produces hyperbolic fringes
and spinelike structures along the diagonal p1‖ = p2‖. The
field-independent phase α(exch)

p1,p2
[Eq. (22)] describes a one-

sheet hyperboloid proportional to the time delay (t − t ′)
between rescattering and second electron ionization. Con-
structive interference produces hyperbolae in the p1‖ p2‖ plane
with asymptotes at p1‖ = ±p2‖ and eccentricity

√
2. These

match the hyperbolae from Ref. [75] for n = 0, though
asymptotes and axes may shift due to transverse momen-
tum integration. The hyperbolae have vertices at (p1‖, p2‖) =
(0,

√
p2

2⊥ − p2
1⊥ + 4nπ/(t − t ′)). There will be as many hy-

perbolae as there are events for a given field and phase. For
n = 0, hyperbolae from each event are identical and overlap
exactly, making them the most prominent for all fields. For
n 
= 0, overlapping but distinct hyperbolae may produce more
complex patterns. In bichromatic fields [e.g., Fig. 2(b)], for a
given phase, events with m = i share the same (t − t ′), rein-
forcing the hyperbolae, while events with m > i have larger
(t − t ′). This has been numerically confirmed for all cases
studied. Overall, electron exchange creates an intricate mix
of hyperbolae with varying brightness and fringe spacing. Al-
though the n 
= 0 fringes are generally weak, they are included
here for completeness.

The building block αp1,p2 (t, t ′) is directly proportional to
the integral of the vector potential at t ′ and t , FA(t ′) − FA(t ).
For n = 0 and linear field polarization, constructive inter-
ference appears along the diagonal p1‖ = p2‖, forming the
“spine” identified in Ref. [76]. For integer n 
= 0, the spine
generalizes to the lines

p2‖ = p1‖ − 2nπ

FA(t ′) − FA(t )
(26)

running parallel to the diagonal with field-dependent inter-
cepts that vary with n and FA(t ′) − FA(t ). The intercept’s sign
depends on field symmetry, flipping with alternating first-
electron solutions (P1ξ yields negative, P2ξ positive). While
individual lines may shift above or below the diagonal, overall
symmetry is preserved across all n. Though difficult to isolate
in the total exchange interference pattern, spine lines for each
n can be identified by analyzing each event separately.

The total exchange interference pattern results from the
combined effect of parallel spine lines and hyperbolic fringes.
Near the origin, n = 0 hyperbolae dominate and distort the
spine lines, as they are centered at (0,0) for vanishing per-
pendicular momenta. Hyperbolae from n 
= 0 can also skew
spine lines near their vertices if within the momentum range.
If half-cycle symmetry breaks [α(m,m)

r,u 
= −α
(m,m)
l,d ], then hy-

perbolae remain reflection-symmetric about the diagonal, but
the (p1‖, p2‖) ↔ (−p1‖,−p2‖) symmetry is lost. Interference
features associated with n 
= 0 are expected to be much
weaker. Contributions from less dominant events may blur
in the total pattern but remain visible when the events are
isolated.

2. Temporal-only interference

Temporal-only shifts give rise to another key type of in-
terference. When two interfering events, Piξ Omξ and PiηOnη,
occur in different half-cycles (ξ 
= η), the interference man-
ifests in distinct ways depending on the relative timing of
the second electron events. If the second electron events are
separated by approximately 0.5T (m = n), then the interfer-
ence is characterized by a phase difference α(m,m)

μ,ν , where
μ, ν = r, l or u, d . This interference is represented in Fig. 2(a)
by combining any two stripes of different colors but the same
shade. For events still in different half-cycles (ξ 
= η) but with
second electron events separated by less than 0.5T (m 
= n),
the interference is associated with the phase difference α(m,n)

μ,ν .
Notably, α(m,n)

μ,ν 
= α(n,m)
μ,ν as these phase differences represent

distinct combinations of events since ξ 
= η. Their amplitudes
are represented in Fig. 2(a) by stripes of different colors and
shades. When both interfering events occur within the same
half-cycle (ξ = η), but the second electron events are sepa-
rated in time (m 
= n, i.e., by less than 0.5T ), interference is
described by phase differences, α(m,n)

μ,ν , where μ, ν = r, r; l, l;
d, d; or u, u depending on the event combination. This type of
interference is unique to fields with multiple ionization events
per half-cycle, such as bichromatic fields. It is represented in
Fig. 2(a) by combining stripes of the same color but different
shades.

One can compute temporal-only phase differences using
S(m)

r (p1, p2, t (m), t ′, t ′′) = S(m)
l (p1, p2, t (m) + �t (m), t ′ + �t ′,

t ′′ + �t ′′). This gives

α
(m,n)
r,l = S(m)

r − S(n)
l

= α
(A2 )
�τ (t ′, t ′′) + 1

2α
(pond)
�τ (t ′′, t (m), t (n) )

+ α
(ene)
�τ + α

(p1,p2 )
�τ (t ′, t (m), t (n) ), (27)

where

α
(A2 )
�τ (t ′, t ′′) = [FA(t ′ + �t ′) − FA(t ′′ + �t ′′)]2

2(t ′ − t ′′ + �t ′ − �t ′′)

− [FA(t ′) − FA(t ′′)]2

2(t ′ − t ′′)
, (28)

α
(pond)
�τ (t ′′, t (m), t (n) )

= FA2 (t (m)+�t (m) ) + FA2 (t ′′ + �t ′′)−FA2 (t (n) ) − FA2 (t ′′),

(29)

α
(ene)
�τ = E1g�t ′′ + E2g�t ′

+ E2e(�t (m) − �t ′ + t (m) − t (n) )

+ p2
1�t ′

2
+ p2

2(�t (m) + t (m) − t (n) )

2
, (30)

and

α
(p1,p2 )
�τ (t, t ′) = p1 · [

FA(t ′ + �t ′) − FA(t ′)
]

+ p2 · [FA(t + �t ) − FA(t )], (31)

with

FA2 (t ) =
∫ t

A2(τ )dτ. (32)
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These expressions are more general than their counterparts in
Ref. [76]. For m = n, and �t ′ = �t ′′ = �t (m), the expressions
in Ref. [76] are recovered.

Equation (30) is linear in the time differences, �t (m), �t ′,
and �t ′′ and contains the bound state and kinetic energies,
i.e., it is target dependent. In contrast, Eqs. (28), (29), and
(31) have temporal arguments FA2 (τ ) and FA(τ ) and are thus
highly dependent on field symmetry. The phase difference in
Eq. (29) gives ponderomotive terms, which will add to those
in Eq. (30).

Computing the symmetrized counterpart to Eq. (27),
α

(n,m)
u,d , yields identical expressions but with electron momenta

swapped in α
(p2,p1 )
�τ (t, t ′).

For a monochromatic wave, the effect of these temporal-
only phases is minimal [75,78]. However, for few-cycle
pulses, these terms lead to noticeable interference patterns,
particularly when events are detangled [76]. For bichro-
matic fields, multiple relevant ionization events per half-cycle
require accounting for the additional phase shifts α(n,m)

μ,μ . Ex-
plicitly, these read

α
(m,n)
l,l = S(m)

l − S(n)
l = α

p2
δt (t (m), t (n) ), (33)

where

α
p2
δt (t (m), t (n) ) =

(
E2e + p2

2

2

)
(t (m) − t (n) )

+ 1

2
[FA2 (t (m) ) − FA2 (t (n) )]

+ p2 · [FA(t (m) ) − FA(t (n) )]. (34)

Similarly,

α(m,n)
r,r = α

p2
δt (t (m) + �t (m), t (n) + �t (n) ), (35)

α
(m,n)
d,d = α

p1
δt (t (m), t (n) ), (36)

and

α(m,n)
u,u = α

p1
δt (t (m) + �t (m), t (n) + �t (n) ). (37)

Our previous study [76] shows that the above building
blocks produce circularly and linearly shaped fringes on
the p1‖ p2‖ plane, with intricate interplay. By analyzing these
building blocks and interference conditions, we determine the
patterns formed in bichromatic fields. In addition to the inter-
fering processes identified in Ref. [76] for few-cycle pulses,
time-delayed ionization events within the same half-cycle
must also be considered.

For phases involving events in different half-cycles (ξ 
=
η), the total temporal shifts comprise of four composite
phase differences as given in (27). One building block is
α

(ene)
�τ [Eq. (30)], which, for fields with �t ′′ = �t ′ = �t ,

describes a hypersphere. Thus, in the parallel momentum
plane, this term is expected to produce circular fringes with

radii
√

4nπ/�t − p2
1⊥ − p2

2⊥. For few-cycle pulses, circular
fringes appeared only for large �τ , corresponding to inter-
cycle events [76]. In the present study, where only intracycle
events are considered, such circular substructures are unlikely
to be present. Furthermore, for �t ′′ 
= �t ′ 
= �t , the shape
induced by this phase shift becomes difficult to determine.

Another building block is α
(p1,p2 )
�τ , given by Eq. (31). For lin-

early polarized fields, imposing the condition for constructive
interference leads to straight lines, with gradients and inter-
cepts strongly dependent on the field symmetry. Interference
of events with the same rescattering time, Piξ Omξ and Piξ Onξ ,
will result in lines parallel to the p2‖ axes only.

The building block α
(A2 )
�τ (t ′, t ′′) [Eq. (28)] depends solely

on the first electron’s ionization times. It vanishes for fields
with half-cycle symmetry, as, in this case, �t ′ = �t ′′ and the
two terms in Eq. (28) cancel out. For fields without half-cycle
symmetry, this phase is shaped by FA(τ ) and induces small
shifts, potentially forming linear alternating fringes whose
spacing and magnitude depend on field symmetry and event
localization [76]. The role of the field shape on these phase
differences is examined in greater detail in the Appendix.
Last, the ponderomotive building block α

(pond)
�τ [Eq. (29)] in-

volves the integral of the square of the vector potential, a
monotonic smooth step function passing through the origin.
It causes numerical shifts which do not directly affect inter-
ference patterns and is therefore not discussed further.

The total temporal-shift interference results from the com-
bined effects of all phase differences discussed, making it
difficult to predict their hierarchy or their interplay. For few-
cycle pulses, observed features included a box shape near
the origin due to the absence of fringes from α

(p1,p2 )
�τ , fringes

with varying gradients causing V-shaped structures that com-
bine to form crisscrossed patterns, winglike structures along
the antidiagonal, straight-line fringes from α(A2 ) leading to
checkerboard patterns upon electron symmetrization, and
circular substructures from α(ene). However, many of these
patterns are unlikely to appear in this study due to (a) fewer
combined events, (b) strictly intracycle events with smaller
�τ , reducing the influence of α(ene), and (c) more symmetries
in bichromatic fields compared to few-cycle pulses.

Interference between two distinct events within a single
half-cycle gives rise to new patterns, characterized by tem-
poral phase shifts α(m,n)

μ,μ where μ = l, r, u, d are given by
Eqs. (33) and (37). The underlying building block [Eq. (34)]
is a special case of those previously discussed. The first term
produces fringes parallel to the axes according to

p2‖ =
√

4nπ − 2E2e

t (m) − t (n)
− p2

2⊥, (38)

which is maximized when perpendicular momentum vanishes,
the events are well separated within the half-cycle or n is large.
The second term introduces only numerical shifts. The last
term causes axes-parallel fringes at 2nπ/[FA(t (m) ) − FA(t (n) )],
with interference along the axes for n = 0.

3. Combined exchange-temporal interference

Finally, combined exchange-temporal interference is com-
puted by exchanging p1 and p2 and displacing one of the
interfering events by �τ . As with pure temporal shifts, three
scenarios arise. The first, with m = n, ξ 
= η, is represented
by combining stripes of different colors but the same shade
in Fig. 2(a). The second, with m 
= n, ξ 
= η, corresponds
to stripes of different colors and shades. Both cases lead to
phase differences in the right-down and left-up regions given
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by α(m,n)
μ,ν where m may equal n and μ, ν = r, d or u, l . The

right-down phase reads

α
(m,n)
r,d = S(m)

r − S(n)
d

= α
(A2 )
�τ (t ′, t ′′) + 1

2α
(pond)
�τ (t ′′, t (m), t (n) )

+ α
(ene)
�τ + α

(p2↔p1 )
�τ (t ′, t (m), t (n) ) + α(exch)

p1,p2
(t (n), t ′),

(39)

where

α
(p2↔p1 )
�τ (t (n), t ′) = p1 · [FA(t ′ + �t ′) − FA(t (n) )]

+ p2 · [FA(t (m) + �t (m) ) − FA(t ′)].
(40)

Equation (40) contains a momentum dependence, and the
double arrow in the superscript indicates that the momenta in
the second row are exchanged about the temporal arguments t
and t ′ of FA. We have verified that |α(m,n)

d,r | = −|α(n,m)
r,d |.

The left-up phase is given by

α
(m,n)
l,u = S(m)

l − S(n)
u

= −α
(A2 )
�τ (t ′, t ′′) − 1

2α
(pond)
�τ (t ′′, t (m), t (n) )

− α
(ene)
�τ − α

(p1↔p2 )
�τ (t ′, t (m), t (n) ) + α(exch)

p1,p2
(t (m), t ′),

(41)

where all phases except the exchange term switch signs,
and the momenta in each term swap. For bichromatic fields
|α(m,n)

r,d | = |α(m,n)
l,u | still holds. This implies a reflection sym-

metry about the diagonal when interference from both phase
differences is included.

The third scenario involves events with m 
= n but ξ = η,
represented by stripes of the same color but different shades
in Fig. 2(a). These phase differences read

α
(m,n)
l,d = S(m)

l − S(n)
d

= α
(A2 )
�τ=0(t ′, t ′′) + 1

2α
(pond)
�τ=0 (t ′′, t (m), t (n) )

+ α
(ene)
�τ=0 + α

(p2↔p1 )
�τ=0 (t ′, t (m), t (n) ) + α(exch)

p1,p2
(t (n), t ′).

(42)

Equation (42) is merely a simplification of Eq. (39). The
exchange phase term remains unchanged as it does not de-
pend on �τ . Meanwhile, the energy, ponderomotive, and
A2 phase terms simplify to the special case associated with
�τ = 0. This causes the A2 term to vanish. Notably, unlike
exchange-only phases, α

(m,n)
l,d 
= α

(m,n)
d,l , with signs flipping for

some phases and swapping of p1 and p2. Explicitly,

α
(m,n)
d,l = S(m)

d − S(n)
l

= α
(A2 )
�τ=0(t ′, t ′′) + 1

2α
(pond)
�τ=0 (t ′′, t (m), t (n) )

+ α
(ene)
�τ=0 + α

(p1↔p2 )
�τ=0 (t ′, t (m), t (n) ) − α(exch)

p1,p2
(t (n), t ′).

(43)

The phase shift α(m,n)
r,u is calculated similarly, also resulting in

α(A2 ) = 0 and simplified remaining terms.
To predict the interference from the combined temporal-

exchange shifts α(m,n)
μ,ν (μ, ν = l, u; r, d), one must once more

investigate their building blocks. They are five in total, as

outlined in Eq. (41), and behave as previously discussed. Con-
structive interference for the combined temporal-exchange
phase difference, α

(p2↔p1 )
�τ [Eq. (40)] leads to linear fringes

described by

p2‖ = −p1‖[FA(t (n) + �τ ) − FA(t ′)] + 2nπ

FA(t ′ + �τ ) − FA(t (m) )
, (44)

which are highly dependent on the field shape and symmetry.
Similarly to temporal-only patterns, these lines are expected to
be skewed by other building blocks. However, one can predict
their individual behavior by inspecting the vector potential
integrals [Eq. (24)] for specific fields and phases.

B. Interference mapping

Here we map the different types of interference to their
corresponding momentum regions using the fields and dia-
grams in Fig. 1. A summary of this mapping is provided
in Table I, which gives the events involved, the quantum
phase differences and the regions of the p1‖ p2‖ plane ex-
pected to be occupied. Besides Fig. 1, the generic interference
schematics in Fig. 2, together with the field illustrations, are
good references to understand the table. In all cases, except
for (ω, 3ω, φ = −π/2) fields, the contributions of pairs P1a,b

dominate the first electron dynamics. In that specific case, one
should consider P2a,b instead [see schematic in Fig. 1(c′)], as
indicated by the events in parentheses in Table I.

Exchange-only shifts and their contributions are repre-
sented in the four upper rows of Table I and are called
processes (a). The momentum regions for which interfer-
ence is significant differ according to the ionization pathway
of the second electron. For events Pia,bO1a,b [processes (ai)
and (aii)], the dominant orbit pairs for the first electron are
matched with the first ionization event after the field zero
crossing for the second electron. Interference occurs predom-
inantly in the first and third quadrants of the p1‖ p2‖ plane and
is associated with phase shifts α(1,1)

r,u and α
(1,1)
l,d , respectively.

The relevant momentum regions are highlighted as the red
and blue shaded rectangles in the last column of Table I,
respectively. The other interfering events, denoted by Piξ O2ξ

[processes (aiii) and (aiv), whose phase shifts are α(2,2)
r,u and

α
(2,2)
l,d , respectively], comprise the dominant pair for the first

electron and the second ionization events after rescattering for
the second electron. In this case, exchange interference occurs
near the origin and may extend into the second and fourth
quadrants. The pink and cyan rectangles in the last column
of Table I indicate the primary momentum region for this type
of interference.

The interference processes arising from the coherent sum
of events separated in time by �τ (temporal-only interfer-
ence) are outlined in the next six rows of Table I [processes
(b)]. Process (bi) represents the interference of the events
PiaO1a and PibO1b, where the rescattering events for the first
electron are separated by half a cycle, combined with the
orbits O1a of the second electron consecutive to rescattering.
These events are associated with the phase differences α

(1,1)
r,l

and α
(1,1)
u,d . A similar type of interference is that of PiaO2a

and PibO2b [process (bv)], for which, instead, we consider
the second orbits after rescattering for the second electron.
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TABLE I. All possible exchange, temporal and combined phase differences for bichromatic fields studied in this work. From left to right,
the columns give the process, the constituent interfering pair of events, the transition amplitudes, relative temporal displacement between
events, and a schematic of where such interference is expected to be significant in the parallel momentum plane. We have used the same colors
as in Fig. 1 to refer to specific events. Momentum regions with a single (two) colors indicate the interference of the same (different) event(s).
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The corresponding phase differences are α
(2,2)
r,l and α

(2,2)
u,d . The

patterns arising from this interference occur near the axes
pn‖ = 0. They are strongest near the origin, but there are also
fainter secondary patterns at slightly larger momenta.

Processes (bii) and (biv) account for rescattering pairs oc-
curring in different half-cycles combined with different orbits
for the second electron, i.e., Pia,bO2a,b and Pib,aO1b,a. The cor-
responding phase differences are α

(m,n)
rl and α

(m,n)
ud , with m 
= n

and m, n = 1, 2. In this case, interference is also appreciable
close to pn‖ = 0. However, because of the slightly different
most probable parallel momenta for each event, the regions for
which the patterns are the strongest are slightly mismatched.
Finally, the interference type labeled processes (biii) and (bvi)
involves a single rescattering event for the first electron and
two consecutive ionization events for the second electron, for
example, Pia,bO1a,b and Pia,bO2a,b. These processes are associ-
ated with the phase shifts α(1,2)

m,m , and are unique to fields with
more than one prominent ionization event per half-cycle. They
lead to notable patterns on the positive (biii) and negative (bvi)
half axes.

The interference processes involving electron symmetriza-
tion and temporal shifts are outlined in the bottom six rows
of Table I [processes (c)]. First, we consider the interference
of the amplitude associated with Pia,bOma,b and the transpose
of the amplitude related to Pib,aOmb,a, both taking the first or
second ionization event for the second electron after rescat-
tering [processes (ci) and (cv), with m = 1, 2, respectively].
These processes are associated with phase differences α

(m,m)
r,d

and α
(m,m)
u,l , and exhibit substantial interference mostly in the

second and fourth quadrants of the p1‖ p2‖ plane. Furthermore,
the amplitudes related to Pia,bOma,b and the transpose of the
contributions from Pib,aOnb,a, with n 
= m may also interfere.
This interference is signposted as processes (cii) and (civ), as-
sociated with α

(m,n)
r,d and α

(m,n)
u,l , n 
= m. The resulting patterns

are expected to be visible in the second and fourth quadrants
of the parallel momentum plane as well. Finally, there are
different pathways associated with a single rescattering event
for the first electron and two consecutive ionization events
for the second electron, which interfere [processes (ciii) and
(cvi)]. However, one must take the transpose of one of the
transition amplitudes. The interference patterns arise in the
first and third quadrants of the parallel momentum plane and
are associated with α(1,2)

μ,ν and α(1,2)
ν,μ , with (μ, ν) = (r, u) or

(μ, ν) = (l, d ). It should be noted that the phase differences
associated with swapped indices μ, ν are no longer equal
unlike for temporal-only shifts. This is because of the mo-
mentum and sign swapping.

Further to the regions in Table I, the equations in Sec. III A
have remarkable predictive power if analyzed together with
the integral of the vector potential. Below, we provide a
summary of what to expect. For explanations, and field- and
event-specific equations, we refer to the Appendix.

Exchange-only fringes consist of spine lines and hyper-
bolic fringes. For both (ω, 2ω) and (ω, 3ω) fields, there
are alternating spine lines along the diagonal. The spines
are reflection-symmetric regarding the antidiagonal only for
(ω, 3ω) fields. The spine is skewed by hyperbolae along the
diagonal at larger momenta, driven closer by events with large
(t − t ′).

Event interference produces a myriad patterns, including
prominent wing shapes from PiaO1a + PibO1b and PiaO2a +
PibO2b, crisscross and chequerboard patterns in the first and
third quadrants due to overlapping horizontal and vertical
straight-line fringes, and faint circular substructure at larger
momenta. Overall, interference is brightest at the origin, with
patterns skewed unpredictably by various building blocks.
Fringe overlap is more pronounced in the (ω, 2ω) field than
in (ω, 3ω) due to half-cycle symmetry breaking. For both
fields, interference from events involving two second-electron
solutions in the same half-cycle yields simpler fringes parallel
to the axes, as their building block [Eq. (28)] involves only one
momentum. These fringes may be partially or fully obscured
by other interference effects. Shifts and cuts may occur, alter-
ing fringe direction and width.

Combined temporal-exchange interference produces pat-
terns similar to temporal-only shifts, including faint circular
substructures, hyperbolae, and straight-line fringes. If the
contributing events spill into different quadrants of the mo-
mentum plane, the patterns from the temporal-exchange shifts
become more pronounced. Linear fringes dominate, forming
fine feathery or fishbonelike patterns whose size and intensity
depend on the localization of the contributing events’ momen-
tum distribution. Feathery fringes are expected to be clearest
when the PMD primarily occupies the second and fourth
quadrants, for the (ω, 3ω, φ = π/2) and the (ω, 2ω, φ = π )
fields. For (ω, 3ω, φ = 0), these fringes are also expected to
be prominent, as the RESI probability density is appreciable
in all quadrants.

IV. TWO-ELECTRON MOMENTUM DISTRIBUTIONS

Here we analyze the quantum interference types given
above, for the same parameters as in Ref. [77]. As a target,
we choose argon, for which the first and second ionization
potentials are E (C)

1g = 0.58 a.u., (C = 1 · · · 6)1 and E (1)
2g =

E (2)
2g = 1.016 a.u., respectively. For both channels, the singly

ionized ground state is 3p corresponding to the electronic
configuration 1s22s22p63s23p5. To minimize field gradient
effects from loosely bound states [76], most results have been
calculated for the 3s → 3p excitation channel (electron con-
figuration 3s3p6), with E (1)

2e = 0.52 a.u. This is the deepest
excited bound state for this specific target. In Sec. IV D, we
also employ the 3p → 4s (3p54s) excitation pathway, with
E (2)

2e = 0.40 a.u., to assess the influence of bound-state geom-
etry. As shown in Ref. [77], the prefactor for d excited states is
of relatively little importance; hence, they are not investigated
here.

Figure 3 displays the fully coherent RESI distributions
P (p1‖, p2‖) without prefactors for the two investigated fields.
The momentum regions occupied by the distributions follow
the mappings in Fig. 1, where the associated events are in-
dicated. The fourfold symmetry of the distribution obtained
with the (ω, 3ω, φ = 0) field is broken compared to the fully
incoherent sum in Ref. [77]. All distributions are reflection-
symmetric about the diagonal, but only that in Fig. 3(c)

1There are six relevant excitation channels in Argon, which have
been used in our previous publications [74–76].
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FIG. 3. Fully coherent momentum distributions P(cc)(p1‖, p2‖)
without prefactors calculated for the (ω, 3ω) (left column) and
(ω, 2ω) (right column) driving fields. The intensity of the ω field
component is E 2

ω = 6 × 1013 W/cm2, the ratio of the field amplitudes
is ξ = 0.8, and the relative phase is indicated in the panels. The
fundamental wavelength is 800 nm. Other driving-field parameters
are the same as in the corresponding panels of Fig. 1.

appears to show reflection symmetry regarding the antidiago-
nal. For (ω, 2ω) fields, this symmetry is broken by the lack of
half-cycle symmetry, while, for (ω, 3ω) fields [Figs. 3(a) and
3(b)], it is destroyed by featherlike fringes in the second and
fourth quadrants. The fringes in the first and third quadrant are
thicker and, for (ω, 3ω) fields, symmetric about (p1‖, p2‖) ↔
(−p1‖,−p2‖). Contributions from each interference type will
now be detangled.

A. Exchange interference

Figure 4 isolates exchange interference, schematically
represented by processes (a) in Table I, confirming key
predictions from Sec. III. First, all distributions remain
reflection-symmetric about the diagonal, featuring a central
spine and alternating parallel spine lines [given by n = 0 and
n 
= 0 in Eq. (26), respectively]. Second, hyperbolic fringes
from α(exch)

p1,p2
extend outward from the diagonal. Third, these in-

terference patterns are primarily confined to the first and third
quadrants. Figures 4(a)–4(c) exhibit reflection symmetry re-
garding the antidiagonal, making the first and third quadrants
mirror images. This happens because, for the (ω, 3ω) field,
contributions from pairs with p1‖ > 0 are identical to those
with p1‖ < 0. However, this symmetry breaks in the (ω, 2ω)
field [Figs. 4(d)–4(f)] since events mapping to p1‖ > 0 and
p1‖ < 0 differ. In Fig. 4(b), the spines are more convoluted,
and in Fig. 4(f) they are even suppressed, suggesting that

FIG. 4. Difference between the RESI distributions P(ci)(p1‖, p2‖)
symmetrized coherently but with events added incoherently, and
the fully incoherent probability densities P(ii)(p1‖, p2‖), calculated
without any prefactors for the fields and phases employed in the
corresponding panels of Fig. 1. The field parameters are given in
Fig. 3. The signal in each panel has been normalized with regard
to its maximum. The antidiagonals p1‖ = −p2‖ are indicated with
dashed lines.

they may compete with the hyperbolic fringes. Next, we per-
form an in-depth analysis of these structures for selected field
parameters.

Figure 5 focuses on exchange interference cases with clear
fringes around the diagonal, occupying the first quadrant of
the p1‖ p2‖ plane. We consider the (ω, 3ω) field, for which
the contributing events considered are P1aO1a and P1aO2a.
Interference patterns involving O2ξ (ξ = a, b) are distributed
close to the origin, spilling into other quadrants, while those
involving O1ξ remain contained. Due to half-cycle symme-
try, the patterns in the third quadrant, associated with events
P1bO1b, P1bO2b, are its mirror images, rendering their discus-
sion redundant (see Figs. 3 and 4). Approximate expressions
for the spine lines are calculated with Eq. (26) for values of n
between ±2 and indicated by dashed lines in the figure. These
expressions are more accurate for the central fringe (associ-
ated with n = 0) and near the origin for all fields and phases
[75]. Away from the origin, the spine lines are skewed by
the hyperbolae arising from the field-independent exchange
phase. The hyperbolic fringes have an asymptote along the
central diagonal and are associated with different values of n.
As predicted, hyperbolae are not visible for all events. With
all fields and phases, they can only be observed for P1ξ O2ξ ,
for which the quantity (t − t ′) is largest.
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FIG. 5. Difference between RESI distribution P(ci)(p1‖, p2‖), in
which symmetrization is performed coherently, and fully incoherent
RESI probability densities P(ii)(p1‖, p2‖), calculated without pref-
actor for individual events P1aO1a and P1aO2a (first and second
rows), and for P1aO1a + P1aO2a (third row), using (ω, 3ω, φ = 0) and
(ω, 3ω, φ = π/2) fields (left and right columns, respectively). These
symmetrized coherent sums are related to the phase differences α(1,1)

r,u ,
α(1,2)

r,u , and α(1,1)
r,u + α(1,2)

r,u , respectively. Other driving-field parameters
are the same as in the corresponding panel of Figs. 1 and 3. The
contributing events are indicated in the lower-right corner of each
panel. The dashed lines in the figure indicate the predicted analytical
spine fringes with n = −2 to 2. The signal in each panel has been
normalized to its maximum value.

For (ω, 3ω, φ = 0) [Figs. 5(a)–5(c)], the amplitudes of
the electric field associated with P1aO1a, P1aO2a are identical
[Fig. 1(a)]. Thus, the predicted intercepts of the spine lines
are equal for both events. Spine lines are visible for the inter-
ference of P1aO1a [Fig. 5(a)], with hyperbolae also visible for
P1aO2a [Fig. 5(b)]. Combining both events [Fig. 5(c)] shows
that P1aO1a prevails. While the predicted spine lines hold well
for P1aO2a, the spacing for the P1aO1a event is wider than
expected. This is because the main hyperbola for this event is
centered at larger positive momenta (out of frame in the first
quadrant), which skews the spine lines significantly. Near the
origin, we verify that this spacing still holds. In this scenario,
the exchange building blocks compete very strongly. While
the spine line equation provides a useful guideline for predict-
ing the interference, it is crucial to consider the hyperbolae
to fully understand the pattern. In contrast, since the P1aO2a

event [Fig. 5(b)] is concentrated around the origin with the
main hyperbola centered at smaller momenta, the skewing
effect is more subtle. The interplay of the building blocks is
particularly important when interfering events have identical

FIG. 6. Difference between RESI distribution P(ci)(p1‖, p2‖), in
which symmetrization is performed coherently, and fully incoherent
RESI probability densities P(ii)(p1‖, p2‖), calculated without pref-
actor for individual events P1aO1a and P1bO1b [panels (a) and (b),
respectively] and a (ω, 2ω φ = π ) driving field. The coherent sums
are related to the α(1,1)

r,u (left) and α
(1,1)
l,d (right) phase differences.

Other driving-field parameters are the same as in the corresponding
panel of Figs. 1 and 3. Dashed lines indicate locations of predicted
spine lines arising from the pure-exchange phase term with varying n.
Each panel has been normalized to its maximum probability density.
The maximum probability density in panel (a) is around 3.65 times
smaller than that in panel (b).

FA(t ) values—we have verified this effect also occurs for the
(ω, 2ω, φ = π/2) field; see Appendix.

For (ω, 3ω, φ = π/2) fields [Figs. 5(d)–5(f)], the events
O2ξ gain dominance compared to O1ξ as shown in Fig. 1(b′).
Thus, the spine lines are spaced further apart for O1ξ [see
Figs. 5(d) and 5(e) for P1aO1a and P1aO2a, respectively].
This diminishes the interplay between the exchange building
blocks. Breaking certain field symmetries may make it easier
to detangle the effects arising from different phase differences.
Furthermore, when events are combined, this leads to finer
patterns [Fig. 5(f)]. For these field parameters, combining
both events results in spine lines essentially obfuscating the
hyperbolae.

Still, sometimes the hyperbolae may gain in dominance
over the spine. In Fig. 6, we analyze the pairwise contri-
butions to Fig. 4(f) for which the hyperbolae appear to be
more prominent than the spine. For the (ω, 2ω φ = π ) field,
there is a single second-electron ionization event per half-
cycle. The amplitudes of the first electron are much larger
for p1‖ < 0, i.e., P1b making α

(1,1)
l,d more significant than α(1,1)

r,u
(associated with P1a) and thereby dominating the total distri-
bution in Fig. 4(f) [see the mapping in Figs. 1(f) and 1(f ′)].
Figure 6(a) shows the spine arising from the interference of
the symmetrized P1aO1a event, while Fig. 6(b) depicts the
hyperbolae from P1bO1b. The RESI probability density for the
dominant event is primarily located near the origin, which
increases the relevance of the hyperbolae. A spine would form
at higher momenta, for which the probability density is highly
suppressed.

For all fields and phases studied other than (ω, 2ω, φ = π ),
there are two second-electron events per half-cycle, which are
summed coherently before symmetrization. Therefore, the to-
tal exchange interference patterns in the first or third quadrant
will be a combination of the exchange interference from these
individual events.
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FIG. 7. Difference between the RESI distributions P(ic)(p1‖, p2‖)
symmetrized incoherently but with events added coherently, and the
fully incoherently probability densities P(ii)(p1‖, p2‖), without any
prefactors for the fields and phases employed in the corresponding
panels of Fig. 1. The field parameters are given in Fig. 3. The signal
in each panel has been normalized with regard to its maximum. The
axes are indicated with dashed lines.

B. Event interference

Figure 7 presents the total temporal-only interference
across all fields and phases, obtained by subtracting the RESI
distributions with events summed coherently and incoher-
ently [Eqs. (16) and (14), respectively]. For (ω, 3ω) fields,
this interference consists of fringes that are most pronounced
along the axes forming a cross shape, in agreement with
Table I [see processes (b)]. For (ω, 2ω) fields, a chequerboard
pattern emerges in quadrant one and along the positive half-
axes, with wide fringes (“wings”) in the second and fourth
quadrants. Notably, the resulting patterns, though always
reflection-symmetric about the diagonal, do not necessarily
mirror the field symmetry. In particular, for the (ω, 3ω) field
the reflection symmetry regarding the antidiagonal and the
(p1‖, p2‖) ↔ (−p1‖,−p2‖) symmetry are broken.

Detangling the interference of time-delayed events sheds
light on a few key questions: what are the patterns emerging
from the four composite temporal-shift phase differences? To
what extent does the dominance of events affect pure temporal
interference? How does the interference arising from second
electron events within the same half-cycle manifest?

Figures 8(a)–8(c) show the eventwise breakdown for
(ω, 2ω, φ = π/2) [Fig. 7(d)], while Fig. 8(d) presents the
combined unsymmetrized contributions of all events. Alter-
nating fringes parallel to the axis associated with α

(1,1)
r,l +

α
(1,1)
u,d [Fig. 8(a)], and with α

(1,2)
r,l + α

(1,2)
u,d [Fig. 8(b)] arise,

in agreement with Tables I(bi) and I(bii), respectively. In

FIG. 8. Difference between RESI distributions P(ic)(p1‖, p2‖), in
which events are summed coherently, and fully incoherent RESI
probability densities P(ii)(p1‖, p2‖), calculated without prefactors for
all possible combinations of events with the (ω, 2ω φ = π/2) driving
field. The coherent sums are related to the α

(1,1)
r,l + α

(1,1)
u,d , α

(1,2)
r,l +

α
(1,2)
u,d (top row) and α

(1,2)
l,l + α

(1,2)
d,d , α

(1,1)
r,l + α

(1,2)
r,l (bottom row) phase

differences. Other driving-field parameters are the same as in the
corresponding panel of Figs. 1 and 3. Dashed lines indicate locations
of some predicted linear fringes arising from the temporal building
blocks. Each panel has been normalized to its maximum probability
density. Panel (c) is two orders of magnitude smaller than panels
(a) and (b). Panel (d) has been calculated for the same processes as
in panel (a), but the distribution was not symmetrized with regard to
electron momentum exchange.

Fig. 8(a), fringes widen away from the origin, with wing
shapes appearing along the axes. The interference is localized
along the positive half-axes since P1aO1a is the dominant
event, as shown in Fig. 1(d′). In Fig. 8(b), a chequerboard
pattern emerges. As discussed in Ref. [76], this is a symp-
tom of incoherent symmetrization occurring when the linear
fringes [coming from the α

(A2 )
�τ (t ′, t ′′) and/or α

(p1,p2 )
�τ building

blocks] associated with α
(m,n)
l,r and α

(m,n)
u,d overlap. Figure 8(d)

shows the total interference associated with αlr . The narrower
set of fringes in the first quadrant is the unsymmetrized ver-
sion of Fig. 8(b). This effect occurs for all fields and phases
where α

(m,n)
l,r , α

(m,n)
u,d overlap. The dashed lines indicate the

predicted fringes from the α
(p1,p2 )
�τ building block which agree

reasonably well for this phase. However, predictions break
down for other phases, due to the pattern being skewed by
competing building blocks. It is difficult to determine the
interplay of the building blocks, but it depends on the field
shape indirectly through the temporal shift between events,
and directly through FA(τ ), which change the relevance of cer-
tain building blocks depending on the shape. Finally, Fig. 8(c)
shows interference associated with α

(1,2)
l,l + α

(1,2)
d,d , and shown

schematically in Tables I(biii) and I(bvi). This interference
consists of linear fringes in the third quadrant parallel to the
axes, and behaves as expected, as the momentum dependence
and the times in Eq. (34) are only associated with the second
electron. This type of interference, for events with ξ = η and
m 
= n, is specific to bichromatic fields. However, the resulting
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FIG. 9. Difference between RESI distributions P(ic)(p1‖, p2‖), in
which events are summed coherently, and fully incoherent RESI
probability densities P(ii)(p1‖, p2‖), calculated without prefactors for
all possible combinations of events with the (ω, 3ω φ = 0) driving
field. The coherent sums are related to the α

(1,1)
r,l + α

(1,1)
u,d , α

(1,2)
r,l +

α
(1,2)
u,d , α

(1,2)
l,l + α

(1,2)
d,d (left column) and α

(2,2)
r,l + α

(2,2)
u,d , α

(2,1)
r,l + α

(2,1)
r,l ,

α(1,2)
r,r + α(1,2)

u,u (right column) phase differences. Other driving-field
parameters are the same as in the corresponding panel of Figs. 1 and
3. The arrows in panel (c) indicate “cuts” at which the direction or
width of fringes abruptly changes. Each panel has been normalized
to its maximum probability density. Panels (c) and (f) are two orders
of magnitude smaller than the other panels.

patterns are roughly two orders of magnitude smaller than
the outcome of other interference processes. Thus, the linear
fringes will not be visible in the total interference patterns in
Fig. 7.

Figure 9 displays the eventwise breakdown for (ω, 3ω, φ =
0). Figures 9(a) and 9(d), showing the effect of α

(1,1)
r,l + α

(1,1)
u,d

and α
(2,2)
r,l + α

(2,2)
u,d , respectively, are almost identical. This is

expected since all four second-electron solutions are identical
for this field. Thus, the event in Fig. 9(d) is just temporally
shifted with regard to Fig. 9(a). Each of the times, t ′′, t ′ and
t are shifted equally, so the pattern does not change. This
property no longer holds if the ionization events of the second
electron are made unequal, such as for (ω, 3ω, φ = ±π/2);
see Fig. 10. These fringes are predicted to occur along the
axes by Tables I(bi) and I(bv) but are most intense close to the
origin. This is because the RESI probability densities of the
events themselves are localized in the right-up and left-down
quadrants, leading to interference in the middle (at the origin).
These distributions exhibit wing shapes, with “static” in the
corners of the first and third quadrants, similar to what is ob-
served with few-cycle pulses [76]. Figures 9(b) and 9(e) show

FIG. 10. Difference between RESI distributions P(ic)(p1‖, p2‖),
in which events are summed coherently, and fully incoherent RESI
probability densities P(ii)(p1‖, p2‖), calculated without prefactors for
two possible events with the (ω, 3ω φ = π/2) driving field, related to
the α

(1,1)
r,l + α

(1,1)
u,d and α

(1,2)
r,l + α

(1,2)
u,d phase differences [panels (a) and

(b), respectively]. Other driving-field parameters are the same as
in the corresponding panel of Figs. 1 and 3. Each panel has been
normalized to its maximum probability density.

interference related to α
(1,2)
r,l + α

(1,2)
u,d and α

(2,1)
r,l + α

(2,1)
u,d (i.e.,

m 
= n). These interference patterns agree with the predicted
schematics in Tables I(bii) and I(biv) but the momentum re-
gions to which the events P1ξ are mapped causes only the
positive (ξ = a) and negative (ξ = b) half-axes to be occupied
[see Figs. 1(a) and 1(a′)]. Very faint wing shapes can be
observed in Fig. 9(e). Finally, interference from α

(1,2)
l,l + α

(1,2)
d,d

and α(1,2)
r,r + α(1,2)

u,u arising from two events within the same
half-cycle and shown schematically in Tables I(biii) and I(bvi)
are shown in Figs. 9(c) and 9(f). Both panels show fringes par-
allel to the axes. This is expected as the α

(A2 )
�τ (t ′, t ′′) temporal

phase depends solely on the ionization and rescattering times
of the first electron (see Sec. III A 2). Symmetrization leads
to a checkerboard pattern in Fig. 9(c) but not in Fig. 9(f) as
the fringes are broader and farther apart in the latter. There
also appear to be shifts or cuts where the direction of the
fringes swaps, and in some cases, the width changes. These
are indicated by the arrows in Fig. 9(c).

The dominance of events plays a significant role in
determining the total event interference pattern. For the
(ω, 3ω, φ = 0) field, Fig. 7(a) shows strong patterns along
the axes and near the origin, as O1ξ and O2ξ are equally
dominant. For other phases, however, Figs. 7(b) and 7(c) show
that the contributions around the axes weaken. This is due to
the unequal dominance of O1ξ and O2ξ as the fringes along
the axes stem from the interference involving these events in
different cycles [see Figs. 9(b) and 9(e)].

C. Combined exchange and event interference

Figure 11 presents the combined exchange and event inter-
ference, schematically represented by processes (c) in Table I.
This type of interference arises from a coherent sum of the
transition amplitude of one event and the symmetrized am-
plitude of a different (i.e., temporally shifted) event. The
distributions are reflection-symmetric about the diagonal, con-
firming that |α(m,n)

l,u | = |α(m,n)
r,d |. “Feathery” fringes parallel to

the axes are located in regions where the constituent dominant
events are localized, i.e., the locations of the brightest spots
and their widths are dependent on the field itself. Fainter,
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FIG. 11. Difference between the RESI distributions given by
Eq. (17), where the symmetrized and unsymmetrized counterparts
of temporally shifted events are summed coherently, and the fully
incoherent distribution P(ii)(p1‖, p2‖). No prefactors are included and
the fields and phases are as in the corresponding panels of Figs. 1 and
3. The signal in each panel has been normalized with regard to its
maximum. The diagonals p1‖ = p2‖ are indicated with dashed lines.

thicker fringes are also visible along the negative half-axes
along with faded partial circular substructure. This assortment
of patterns stems from the five temporal-exchange building
blocks, as in Eq. (42). The hyperbolic fringes expected from
the exchange term, along with the four pure temporal phases
lead to secondary faint features which occur in the first and
third quadrants of Fig. 11 and at large momenta. These fea-
tures serve to skew the main visible features (the feathers)
arising from the combined temporal-exchange phase differ-
ence building block, α

(p1↔p2 )
�τ (t, t ′). Similar patterns were

observed for the few-cycle pulse for this excitation pathway
[76].

Figure 12 displays the eventwise breakdown of combined
interference for (ω, 2ω, φ = π/2) and all possible pairs of
events. Figures 12(a) and 12(b) depict interference of events in
different half-cycles. The location of this interference, in the
second and fourth quadrants with spilling into other regions, is
in good agreement with predictions in Tables I(ci) and I(cii).
Both panels consist of wider fringes near the origin that thin
out with increasing absolute momentum, creating feathery
fringes. Equation (44) predicts fringes from these events to
have the same gradient and intercept due to the symmetry
of this field. This prediction has been verified. However, the
feathers appear to be much narrower for the event involving
O2b [Fig. 12(b)] compared to O1b [Figs. 12(a)]. This discrep-
ancy stems from the fact that these events occupy different
regions in momentum space, meaning different parts of the

FIG. 12. Difference between RESI distributions where the sym-
metrized and unsymmetrized counterparts of temporally shifted
events are summed coherently [Eq. (17)] and the fully incoherent
distribution calculated without prefactors for all possible combina-
tions of events with the (ω, 2ω, φ = π/2) driving field. The coherent
sums are related to the α

(1,1)
r,d + α

(1,1)
u,l , α(1,2)

r,d + α
(1,2)
u,l phase differences

[panels (a) and (b), respectively]. Other driving-field parameters are
the same as in the corresponding panels of Figs. 1 and 3. The
contributing events are indicated in the lower-right of each panel.
Each panel has been normalized to its maximum probability density.

fainter fringes are more intense for different events; see boxes
on Fig. 12.

Figure 13 illustrates eventwise temporal-exchange interfer-
ence for (ω, 3ω, φ = 0). With this field, there are six pairs of
events that may interfere when accounting for depletion and
considering only the dominant first electron events Piξ —see
Fig. 1(a′), which leads to a richer collection of interference
patterns. All distributions agree with the locations predicted
in Table I(c).

In Figs. 13(a) and 13(b), faint heart shapes are visible,
with crisscrossed V-shaped fringes in the first quadrant and
faint circular substructure at large momenta; see annotations.
In Figs. 13(b) and 13(e), feathers are visible. The ends of
the hearts are stretched out along the negative half-axes in
Fig. 13(d). Interestingly, temporal-exchange interference oc-
curring from P1aO1a + P1bO1b [Fig. 13(a)] and from P1aO2a +
P1bO2b [Fig. 13(d)] are neither identical (as for temporal-only
shifts) nor mirror images (as for exchange-only shifts). This
is as predicted since α(m,m)

μ,ν where μ, ν = r, d; l, u and m =
1, 2, ... are distinct phase differences. Similarly, Figs. 13(b)
and 13(e) are not identical: α(1,2)

μ,ν 
= α(2,1)
μ,ν as expected. Cuts

can also be seen in these plots indicated by arrows in
Fig. 13(b). Such patterns are similar to those observed with
few-cycle pulses.

Figures 13(c) and 13(d) show combined interference of
events within the same half-cycle. In agreement with the
schematic representations of processes (cvi) and (ciii) in Ta-
ble I, these interference patterns occupy the first and third
quadrants, respectively, with slight spilling into neighboring
quadrants. However, these interference fringes are orders of
magnitude smaller than the others and thus do not contribute
much to the total interference in Fig. 11.

What is perhaps most interesting about temporal-exchange
shifts is that, unlike pure exchange and temporal shifts, dom-
inant events are not the primary contributors to the combined
interference in Fig. 11(a). Given that all second-electron solu-
tions are equally dominant with φ = 0, one expects the total
distribution to be a fairly equal mix of the patterns in Fig. 13.
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FIG. 13. Difference between RESI distributions where the sym-
metrized and unsymmetrized counterparts of temporally shifted
events are summed coherently [Eq. (17)] and the fully incoherent dis-
tribution calculated without prefactors for all possible combinations
of events with the (ω, 3ω, φ = 0) driving field. The coherent sums
are related to the α

(1,1)
r,d + α

(1,1)
u,l , α

(1,2)
r,d + α

(1,2)
u,l , α

(1,2)
l,d + α

(1,2)
d,l (left

column) and α
(2,2)
r,d + α

(2,2)
u,l , α

(2,1)
r,d + α

(2,1)
u,l and α(1,2)

r,u + α(1,2)
u,r (right

column) phase differences. Other driving-field parameters are the
same as in the corresponding panels of Figs. 1 and 3. The contribut-
ing events are indicated in the lower-right of each panel. The “heart”
and some of the linear fringes are indicated with blue annotations.
Each panel has been normalized to its maximum probability density.

However, it appears to resemble only Fig. 13(d). This may be
attributed to the exchange building block in Eq. (42) which
depends strongly on (t − t ′). This value is largest for pairs of
events involving O2a and O2b. Thus, it appears that O2b plays
a bigger role in the total temporal interference pattern, despite
O1b being of equal dominance. This is also observed with the
(ω, 2ω, φ = π/2) driving field in Fig. 12(b) is the dominant
contributor to Fig. 11(d). We have verified that this holds for
other fields and phases, when the pairs of events involving O1ξ

and O2ξ occupy the similar regions. Therefore, it is possible
to control the intensity and pattern of the interference by
choosing to incorporate certain events.

Inspection of Fig. 3 shows that pure-exchange and
combined temporal-exchange interference features play the
biggest role for all fields and phases. The spine lines along
the diagonal, skewed by the hyperbolae away from the ori-
gin, along with the feathery fringes in the second and fourth
quadrants are evident. This is unlike few-cycle pulses, where
temporal-exchange shifts were not so visible in the total dis-
tribution. Pure temporal shifts remain least important and are
barely visible in Fig. 3. Interference between events separated

by half a cycle prevail for temporal-only phase differences,
and thus are also not as influential in the total interference
patterns.

D. Interference with prefactors

Next, we investigate how the prefactors affect the previous
results, focusing on the 3s → 3p and 3p → 4s transitions.
Transitions involving d excited states are less important [77]
and will not be discussed here.

1. 3s → 3p

In Fig. 14, we present the fully coherent PMDs with pref-
actors incorporated in both gauges (left and right blocks,
respectively) for the 3s → 3p transition. The brightest fringes
are now narrowed and occupy momentum regions much more
localized around the origin, compared to the no-prefactor
interference presented in Fig. 3. This is expected given
that the prefactor narrows the momentum distributions. In
both cases, the symmetry along the diagonal is retained,
and the key shapes of the interference patterns (spine lines,
hyperbolae, alternating fringes, feathers) are retained. How-
ever, the velocity-gauge prefactor subtly enhances the signal
in the second and fourth quadrants for (ω, 3ω, φ = −π/2)
[see Figs. 14(c) and 14(c′)] and (ω, 2ω, φ = 3π/4) [see
Figs. 14(e) and 14(e′)].

We now investigate how exchange-only, temporal-only,
and temporal-exchange shifts are altered by the prefactor. A
general feature is that specific types of interference keep their
main characteristics, regardless of the bias introduced by the
prefactors. Thus, in broad terms, exchange interference leads
to hyperbolae and spines, temporal interference is strongest
near the pn‖ axes, and temporal-exchange interference leads to
featherlike fringes. This is shown in the difference plots pre-
sented in Figs. 15–17, for selected driving fields. As expected,
the momentum ranges for which the probability density is ap-
preciable are significantly reduced, and, in the velocity gauge,
the signal tends to be suppressed near the axes. This is clearly
seen in Figs. 15(b), 15(e), and 15(k) and in Figs. 16(b), 16(e),
16(h), and 16(k). This suppression is characteristic of Vp2e for
p states [75,78]. In Figs. 14(f) and 15(f) this suppression is
washed out due to the prefactor Vp1e,kg, which narrows the
distribution and shifts it to the origin, in conjunction with the
steep and asymmetrical partial momentum distribution for the
second electron. Another noteworthy feature is the different
“bending” of the RESI distributions in Figs. 14(f) and 14(f ′)
away from and towards the origin, respectively. These dif-
ferent shapes are caused by the different prefactors Vp2e in
the velocity and length gauges. In the velocity gauge, Vp2e

exhibits nodes along the axes for p states, with an upper and
lower lobe [75,78]. For (ω, 2ω, φ = π ) fields, the upper lobe
is more prominent, bringing the distributions higher up around
the positive pn‖ half axes. In the length gauge, these nodes
are blurred in Vp2e due to the complex argument introduced by
A(t ). Therefore, the RESI distribution is not shifted as high up
along the axes and, upon symmetrization, bends differently.
However, this effect does not stem from quantum interference
and is discussed in more detail in Ref. [77].

For exchange-only interference, there are additional phase
shifts or cuts at locations determined by the 3p prefactor

023119-18



BELOW-THRESHOLD NONSEQUENTIAL DOUBLE … PHYSICAL REVIEW A 112, 023119 (2025)

FIG. 14. Fully coherent momentum distributions with prefactors in the velocity and length gauges (left and right blocks, respectively, as
indicated), calculated for the (ω, 3ω) (left columns) and (ω, 2ω) (right columns) driving fields with the relative phase as indicated in the panels.
Other driving-field parameters are the same as in the corresponding panels of Figs. 1 and 3. The RESI distributions in each panel have been
normalized to their maximum values.

FIG. 15. Full interference patterns for the 3p excited state calculated without prefactors (top row), with prefactors calculated in the velocity
gauge (middle row), and with prefactors calculated in the length gauge (bottom row) for the (ω, 3ω) field with the relative phase φ = 0. From
left to right, we display the differences, Pdiff (p1‖, p2‖), between different types of coherent RESI distributions and their fully incoherent
counterparts. The left column considers the fully coherent RESI distribution, the second left column the coherently symmetrized distributions
P(ci)(p1‖, p2‖), to highlight exchange interference, the second right column employs the distributions P(ic)(p1‖, p2‖) for which time-delayed
events were summed coherently and the symmetrization was done incoherently, showcasing temporal interference, and in the right column we
consider combined exchange-temporal interference, for which the symmetrized and unsymmetrized counterparts of temporally shifted events
are summed coherently [Eq. (17)]. The field parameters are the same as in the previous figures.
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FIG. 16. Full interference patterns for the 3p excited state calculated without prefactors (top row), with prefactors calculated in the velocity
gauge (middle row), and with prefactors calculated in the length gauge (bottom row) for the (ω, 2ω) field with the relative phase φ = π/2.
From left to right, we display the differences Pdiff (p1‖, p2‖) between different types of coherent RESI distributions and their fully incoherent
counterparts. The left column considers the fully coherent RESI distribution, the second left column the coherently symmetrized distributions
P(ci)(p1‖, p2‖), to highlight exchange interference, the second right column employs the distributions P(ic)(p1‖, p2‖) for which time-delayed
events were summed coherently and the symmetrization was done incoherently, showcasing temporal interference, and in the right column we
consider combined exchange-temporal interference, for which the symmetrized and unsymmetrized counterparts of temporally shifted events
are summed coherently [Eq. (17)]. The field parameters are the same as in the previous figures.

mapping, indicated by dash-dot purple lines in Fig. 17. At
these points, the direction of the fringes changes, and the
fringes are not continuous and appear disjointed beyond these

FIG. 17. Difference between the fully coherent and incoherent
RESI distributions for the (ω, 3ω, φ = 0) driving field with the 3p
prefactors in the velocity gauge. The black dashed line marks the
antidiagonal p1‖ = −p2‖. The cuts are indicated by purple and red
dashed-dot lines. The figure has been normalized with respect to
its maximum. All other field parameters are the same as in the
corresponding panel of Figs. 1 and 3.

points. In the velocity gauge, there are additional cuts at the
axes arising from the nodes of the prefactor (dash-dotted red
lines in Fig. 17).

Temporal shifts are the least influential, even with the pref-
actor. We have checked that the length-gauge prefactor simply
narrows the temporal interference patterns slightly without
altering the shapes, in comparison with the nonprefactor case
presented in Fig. 7. It also blurs out the faint secondary in-
terference fringes for the (ω, 3ω, φ = 0) field and (ω, 2ω,
φ = π/2). Meanwhile, the velocity-gauge prefactor results
in significantly narrowed temporal interference patterns, with
slightly more prominent secondary interference patterns at
higher momenta. In both cases, the cuts and phase shifts
are less obvious than for pure exchange shifts. Finally, the
temporal-exchange shifts remain influential in the total inter-
ference pattern when prefactors are included.

2. 3p → 4s

Now we investigate the 3p → 4s transition, for which the
nodes of the prefactor, and thus its mapping, will affect the
interference differently. In Figs. 18 and 19 [computed for
(ω, 3ω, φ = 0) and (ω, 2ω, φ = π/2) fields, respectively],
we display different types of Pdiff (p1‖, p2‖), computed with-
out prefactors (top row), and with prefactors in the velocity
and length gauges (middle and bottom rows, respectively).
As in the 3s → 3p case, the interference patterns with pref-
actors are confined to smaller momentum regions, with the
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FIG. 18. Full interference patterns for the 4s excited state calculated without prefactors (top row), with prefactors calculated in the velocity
gauge (middle row), and with prefactors calculated in the length gauge (bottom row) for the (ω, 3ω, φ = 0) field. From left to right, we display
the differences Pdiff (p1‖, p2‖), between different types of coherent RESI distributions and their fully incoherent counterparts, following the
same ordering as in Fig. 15 (all types of interference, exchange-only interference, temporal interference, and combined exchange-temporal
interference). The remaining field parameters are the same as in the previous figures. The signal in each panel was normalized to its maximum
value.

FIG. 19. Full interference patterns for the 4s excited state calculated without prefactors (top row), with prefactors calculated in the velocity
gauge (middle row), and with prefactors calculated in the length gauge (bottom row) for the (ω, 2ω, φ = π/2) field. From left to right, we
display the differences, Pdiff (p1‖, p2‖), between different types of coherent RESI distributions and their fully incoherent counterparts, following
the same ordering as in Fig. 16 (all types of interference, exchange-only interference, temporal interference, and combined exchange-temporal
interference). The remaining field parameters are the same as in the previous figures. The signal in each panel was normalized to its maximum
value.
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velocity-gauge prefactor leading to the narrowest distri-
butions. In addition, the prefactors cause more intricate
secondary maxima to be present for higher momenta. The
change in shapes of Figs. 18(a) and 19(a) can be better under-
stood by considering the exchange-only shifts [panels (d)–(f)].
For both phases, there are now far more spine lines. The
central spine also occupies the origin, as the 4s prefactor does
not exhibit nodes at the axes. This is especially evident in
Fig. 18(j). The amount of skewing experienced by the spine
lines from the hyperbolae is unchanged in all cases. The
length gauge spine lines are much “smoother,” with fewer cuts
in the interference pattern where fringe directions or widths
change. This is because, for this gauge, the prefactor is orbit
dependent due to being shifted by the vector potential A(t )
for each event. In contrast, the prefactor acts on the events
as a whole in the velocity gauge, since there is no A(t ) shift.
Thus, events localized entirely in the right-up quadrant (e.g.,
P1aO1a) or in the left-down quadrant (e.g., P1bO1b) will ex-
perience the mapping of the prefactor in those momentum
regions. This may lead to additional cuts or phase shifts if
the event is influenced by, for example, the fainter outer radial
node of the 4s prefactor. These cuts are visible in Figs. 18(f)
and 19(f).

The shape of the temporal interference is barely affected
by the prefactors. However, they narrow the relevant inter-
ference region, with the effect being more pronounced in
the velocity gauge. Thus, fringes are so narrow that they
may no longer overlap to cause a chequerboard pattern
when symmetrized incoherently; see Fig. 19(g). Alternatively,
confining the interference pattern to a smaller momentum
region may cause additional overlap of temporal fringes that
were originally close but not touching. This leads to a new
artificial chequerboard pattern as in Fig. 18(g). Cuts are
present due to the prefactor mapping. It should be noted
that temporal shifts still remain least influential in the to-
tal interference pattern in panels (a)–(c), even with the
prefactor.

Finally, the momentum regions with appreciable temporal-
exchange interference also narrow with the prefactor. Cuts
may be present, particularly visible for (ω, 2 ω, φ = π/2) in
the length gauge because the prefactor shifts the featherlike
structure into the first quadrant [see Fig. 19(l)], due to vanish-
ing A(t ) at the ionization time for the dominant P1aO1a event.
This does not occur for (ω, 3 ω, φ = 0) since all events are
identical. For both gauges, confinement to a narrower momen-
tum range also leads to bright fringes near the origin and along
the axes. The building blocks causing the interference shapes,
such as the heart and the thick fringes along the negative half-
axes, still act in the same way. The feathery fringes are skewed
by these shapes, particularly evident with the blue fringes
in Fig. 18(l). Similar to the 3s → 3p transition, temporal-
exchange shifts play a significant role in the total interference
pattern.

V. CONCLUSIONS

In this paper, we investigate quantum interference in RESI
for two-color linearly polarized fields, focusing on two-
electron interference patterns from a single excitation channel.
Previous analytical work derived quantum phase shifts

assuming a single relevant ionization event for the second
electron [76]. Here, we relax this assumption to generalize
interference conditions for bichromatic fields, which leads
to additional temporal-only and combined temporal-exchange
phase differences. These arise from interfering events involv-
ing distinct second-electron ionization events within the same
half-cycle, significantly enhancing the predictive power of
analytical conditions. This refinement helps disentangle inter-
ference patterns by comparing fully coherent and incoherent
distributions, revealing a rich variety of structures. Using the
building blocks of such phase differences, we can accurately
predict the shape and location of interference arising from
each interference type. In bichromatic fields, dominant inter-
fering events dictate momentum distribution regions [77] and
influence event contributions.

The interference patterns stem from phase differences re-
lated to electron exchange, time-delayed events, and from
electron exchange and temporally shifted events. While in-
terference from temporal-only shifts is subtle, the other two
types of interference may lead to prominent structures, easily
identifiable in the RESI momentum distributions integrated
over the transverse momenta. In contrast to our results in
Ref. [76] for few-cycle pulses, their hierarchy is unclear. It can
be manipulated by an appropriate choice of bichromatic-field
parameters, such as the frequency ratio and the relative phase
between the two driving waves.

This is possible because different types of interference
(exchange-only and exchange-temporal) occur mostly in spe-
cific regions of the p1‖ p2‖ plane. If the two driving waves
composing the bichromatic fields are comparable, then one
may control dominant events and confine the RESI dis-
tributions to specific momentum regions [77]. For RESI
distributions concentrated in the first and third quadrants
of the parallel momentum plane, exchange-only interference
prevails, while, for those located in the second and fourth
quadrants, exchange-temporal interference is dominant. Ex-
amples of the former scenario are clear for (ω, 3ω, φ =
−π/2) and (ω, 2ω, φ = 3π/4) fields, while the latter situa-
tion is observed in, for instance, RESI with (ω, 3ω, φ = π/2)
fields. A third possibility is to make both types of interfer-
ence equally dominant using a RESI distribution located in
all four quadrants by using a field such as (ω, 3ω, φ = 0).
This specific field has all the symmetries associated with a
monochromatic wave, which leads to a fourfold symmetric
RESI distribution if interference is neglected [73,77].

Exchange-only interference forms alternating bright
fringes along the main diagonal (“spine lines”) skewed by
hyperbolic patterns. Fringes along the antidiagonal and the
(p1‖, p2‖) ↔ (−p1‖,−p2‖) symmetry are absent for (ω, 2ω)
fields but retained for (ω, 3ω). This is expected, as both are
consequences of the half-cycle symmetry [76]. The main
difference from previous studies is that, due to more than
one event per half-cycle, overlapping hyperbolic patterns may
skew the spine or each other. Temporal-only processes re-
main least significant for bichromatic fields, consistent with
results obtained for monochromatic waves [75] and few-cycle
pulses [76]. When isolated, they yield wing-shaped patterns
and straight-line fringes in the second and fourth quadrants,
as well as very faint ring-shaped patterns resembling those
in Ref. [83]. Finally, combined temporal-exchange shifts gain
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relevance for two-color fields in comparison with few-cycle
pulses. They lead to prominent “featherlike” fringes in the
second and fourth quadrants of the p1‖ p2‖ plane skewed by
temporal-only patterns.

Bound-state prefactors introduce additional phase shifts
and momentum biases, with Vp2e influencing the shapes of the
distributions, and Vp1e,kg their centers and widths [76]. Care
is needed when incorporating Vp2e in the electron-momentum
distributions peaked at nonvanishing momenta p2||, mapped
via p2‖ = −A(t ), to avoid bound-state singularities and ac-
count for complex tunnel-ionization times (see Ref. [77] for
details). The velocity-gauge prefactor leads to a greater num-
ber of “cuts” in the distributions where the direction, width,
or spacing of fringes abruptly changes. The choice of gauge
determines the region to which the interference is confined,
although the patterns remain qualitatively similar.

Therefore, the key message is that one may confine,
enhance, or suppress quantum interference in specific mo-
mentum regions by manipulating the driving-field parameters.
For bichromatic fields, the relative phase between driving
waves controls amplitude differences between same-half-
cycle events, shifting event dominance and the location of
momentum distributions. Moreover, changing the dominance
of events alters the contrast of the interference fringes in
certain regions and their skewing of other interference pat-
terns. The field strongly influences the spacing, gradient, and
intercept of straight-line fringes, and this can be foretold by in-
specting the interference building blocks. Thus, modifying the
field can, in essence, alter the shapes of the total interference
and, hence, the hierarchy of the interference types. Contribu-
tions from same-half-cycle events enhance patterns in specific
quadrants; for instance, first- and third-quadrant patterns now
include both exchange-only and combined temporal-exchange
shifts. Adjusting amplitude differences or increasing event
numbers per half-cycle can further enhance or suppress in-
terference in certain regions.

If using confinement in a specific momentum region to
enhance quantum interference in RESI, or employing orbit-
based approaches to model RESI distributions, then several
factors must be considered. First, the SFA neglects residual
binding potentials in the continuum, which alter trajectory
weights by modifying ionization probabilities [84] and intro-
ducing new trajectory classes [85–87]. These new trajectories,
if linked to quantum pathways, will carry phase differences,
potentially altering interference patterns. For example, in
photoelectron holography, the residual potential significantly
affects near-threshold patterns [86] but only slightly impacts
high-energy, backscattered orbit interference [88]. Second,
even within the SFA, interference between multiple excitation
channels must be considered for shaped fields [74,75]. Last,
a more realistic model may need focal averaging and the
inclusion of Gouy-Maslov phases [89–91] to facilitate exper-
imental comparisons, and different types of interference may
be unequally affected by these features. Future investigations
will address these aspects.
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APPENDIX: THE ROLE OF FA(τ ) ON INTERFERENCE

Figure 21 shows the integral of the vector potential for
each of the fields and phases considered in this study. This
term plays a significant role in many building blocks and is
highly dependent upon the field symmetry. In this Appendix,
we illustrate its predictive power for the three different types
of interference studied in this work.

1. Exchange interference

The field-dependent exchange building block [Eq. (23)]
leads to “spines” parallel to the diagonals at p1‖ = p2‖ + δexch

[described by Eq. (26)], the intercept of which is inversely
proportional to FA(τ ). One can compute the values of the
intercept for a given n by numerically obtaining the values
of FA(τ ) at the rescattering and tunneling times. For the fields
and phases in this study, these values are provided in Table II.

For all fields, there can be multiple fringes, each associated
with a different value of n which changes the intercept. The
spacing of these fringes is given by

|δexch| =
∣∣∣∣ 2π

FA(t + �τ ) − FA(t )

∣∣∣∣. (A1)

The interplay between the two exchange building blocks
leads to spine lines being skewed by hyperbolae away from
the origin. For some driving fields, the effect of the hyperbolae
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FIG. 21. Integral of the vector potential (black solid line), vector potential (yellow dashed line), and electric field (green dash-dot line) for
the (ω, 3ω) (upper row) and (ω, 2ω) (lower row) driving fields with the relative phase as indicated in the panels. The values of the integrated
vector potential at the ionization and rescattering times of the first electron are denoted by circles and squares, respectively, while the values
at the ionization time of the second electron are indicated with triangles. The colors of the t ′′, t annotations are consistent with those of each
Piξ Omξ in the corresponding panels of Fig. 1. Burgundy (purple) squares have been chosen to represent t ′ associated with Pia (Pib). All other
driving-field parameters are consistent with those in the corresponding panels of Fig. 1. Values of FA(t ), E (t ), and A(t ) must be extracted
numerically to determine the slopes and intercepts of interference fringes, since arbitrary units are used here.

may be so strong that the spine line spacing predictions no
longer hold. This deviation from the prediction is observed
most prominently in fields where events are predicted to have
the same |δexch| i.e., for events with the same FA(t ) value,
which occur in the same half-cycle. This happens for the
(ω, 3ω, φ = 0) [Figs. 5(a) and 5(b)] and (ω, 2ω, φ = π/2)
fields. Figure 20 shows the exchange fringes and identical pre-
dicted spacing for the P1bO1b and P1bO2b events respectively
for the (ω, 2ω, φ = π/2) field. While the predicted spines
agree well in Fig. 20(a), the actual spacing in Fig. 20(b) is
much narrower than expected. Closer to the origin, and hence

TABLE II. FA(t ′) − FA(t ) for each of the dominant events for all
fields and phases considered. These values can be determined by
numerically computing the difference between the FA(t ) values at
the positions of the rescattering and tunneling times as exemplified
in Fig. 21 by the squares and associated triangles for each event.
Depending on the units at hand, some rescaling of the given values
may be necessary. However, their ratios are a good indicator of the
fringes’ overall behavior, with specific signs dependent upon the field
shape and thus hold predictive power.

FA(t ′) − FA(t )

Field, φ P1aO1a P1aO2a P1bO1a P1bO2b

(ω, 3ω) 0 18 −18 18 −18
π/2 6 16 −6 −18

−π/2 8 0 −9 0
(ω, 2ω) π/2 14 – −11 −11

3π/4 14 – −8 −16
π 14 – −21 –

closer to the center of the hyperbolae, the fringes get thicker
and the predicted spines are in better agreement.

2. Event interference

The temporal building blocks α
(A2 )
�τ and α

(p1,p2 )
�τ depend

strongly on FA(τ ) [Eqs. (28) and (31)]. The sign and mag-
nitude of the small shifts from α

(A2 )
�τ follow from the vector

potential integral in Fig. 21, as this phase difference reflects
the variation in FA(τ ) at ionization and rescattering times
(circles and squares in Fig. 21, respectively).

Imposing the conditions for constructive interference on
α

(p1,p2 )
�τ leads to straight-line fringes for linearly polarized

fields given by

p2‖ = −p1‖[FA(t ′ + �τ ) − FA(t ′)] + 2nπ

FA(t + �τ ) − FA(t )
, (A2)

whose slope is highly dependent on the difference between
FA(τ ) at the rescattering and tunneling times associated with
the interfering events. If the events are in the same half-cycle,
i.e., they share the same rescattering time, then the fringes
occur at p2‖ = 2nπ . With n = 0, the fringes pass through
the origin. Upon incoherent symmetrization, this can lead
to chequerboard-type patterns depending on the width and
spacing of the fringes [see Fig. 9(c)]. This also occurs for
fields where the integral of the vector potential is equal at the
rescattering time for both events—for example in Figs. 21(a)
and 21(d) as indicated by the burgundy and purple squares. In
theory, for a given field and phase, one can infer the relative
magnitude of the gradients for each pair of interfering events
by inspection of FA(τ ). However, since temporal shifts are
washed out in the fully coherent distributions (Fig. 3), further
discussion is neglected here. The α

p2
δt phase shift also contains
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FIG. 22. Difference between RESI distributions in which both
exchange and event interference occur and the fully incoherent dis-
tribution calculated without prefactors for all possible events with
m 
= n and the (ω, 2ω, φ = 3π/4) driving field. Other driving-field
parameters are the same as in the corresponding panel of Figs. 1
and 3. Each panel has been normalized to its maximum probability
density.

an FA-dependent term, which will lead to fringes parallel to
the p2‖ axis.

3. Exchange-temporal interference

The α
(p1↔p2 )
�τ exchange-temporal building block results in

linear diagonal fringes with slopes that depend on the val-
ues of FA(τ ) at the rescattering and tunneling times of the
interfering events [Eq. (44)]. For a given field and phase,
the relative magnitude of the fringe gradients arising from
a pair of interfering events can be inferred from Fig. 21 by
considering the difference in values at times denoted by the
squares and triangles.

This is highly dependent on the shape of the electric field.
For example, with (ω, 2ω, φ = π/2) the slopes of fringes
arising from P1aO1a + P1bO1b and P1aO1a + P1bO2b are iden-
tical (see Fig. 12), and O1/2b both have the same electric field
amplitude. In contrast, with (ω, 2ω, φ = 3π/4), the electric

FIG. 23. Difference between RESI distributions in which both
exchange and event interference occur and the fully incoherent dis-
tribution calculated without prefactors for the P1aO1a and P1bO2b

interfering events with the (ω, 3ω) driving field and φ = π/2 (left)
and −π/2 (right). Other driving-field parameters are the same as
in the corresponding panels of Fig. 1 and 3. Each panel has been
normalized to its maximum probability density. The panels have been
zoomed into the positive p2‖ axes.

field amplitude of O2b is larger than for O1b resulting in fringes
from P1aO1a + P1bO2b being slightly steeper and more closely
spaced than P1aO1a + P1bO1b as shown in Fig. 22.

With the (ω, 3ω) field and φ = π/2 and φ = −π/2,
fringes arising from P1aO1a + P1bO2b and P1aO2a + P1bO1b

have inverse gradients, since the electric field amplitudes of
these peaks are the inverse of each other. This means that
when the combined interference is isolated from these com-
binations of events, we expect to see fringes with the same
slope but in opposite directions; see Fig. 23. For these phases,
different momentum regions are illuminated; however, the
blue box in Fig. 23(a) indicates the region in which the slopes
in both plots are equal and opposite. This effect is quite subtle
since the fringes are almost horizontal, but one may, in theory,
alter the field to achieve more dramatic slopes.
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H. C. Kapteyn, and M. M. Murnane, Controlling electron-ion
rescattering in two-color circularly polarized femtosecond laser
fields, Phys. Rev. A 93, 053406 (2016).

[55] Q. Song, H. Li, J. Wang, P. Lu, X. Gong, Q. Ji, K. Lin, W.
Zhang, J. Ma, H. Li, H. Zeng, F. He, and J. Wu, Double
ionization of nitrogen molecules in orthogonal two-color fem-
tosecond laser fields, J. Phys. B: At. Mol. Opt. Phys. 51, 074002
(2018).

[56] H. Pang, X. Huang, and C. Huang, Sub-cycle dynamics
of nonsequential double ionization of ar atom by few-cycle
counter-rotating two-color circularly polarized laser fields, Int.
J. Mod. Phys. B 34, 2050304 (2020).

[57] Z. Ge, L. Bai, X. Su, and K. Liu, Nonsequential double ioniza-
tion channels control of CO2 molecules with counter-rotating

two-color circularly polarized laser field by laser wavelength,
Open Phys. 21, 20230114 (2023).

[58] Z. Liu, C. Huang, T. He, J. Liao, Y. Li, and B. Yu, The Coulomb
effect in nonsequential double ionization by counter-rotating
two-color elliptical polarization fields, Phys. Chem. Chem.
Phys. 26, 4572 (2024).

[59] J. S. Parker, B. J. S. Doherty, K. T. Taylor, K. D. Schultz, C. I.
Blaga, and L. F. DiMauro, High-energy cutoff in the spectrum
of strong-field nonsequential double ionization, Phys. Rev. Lett.
96, 133001 (2006).

[60] D. F. Ye, X. Liu, and J. Liu, Classical trajectory diagnosis
of a fingerlike pattern in the correlated electron momentum
distribution in strong field double ionization of helium, Phys.
Rev. Lett. 101, 233003 (2008).

[61] M. Lein, E. K. U. Gross, and V. Engel, Intense-field double
ionization of helium: Identifying the mechanism, Phys. Rev.
Lett. 85, 4707 (2000).

[62] S. Baier, C. Ruiz, L. Plaja, and A. Becker, Nonsequential double
ionization of the hydrogen molecule in a few-cycle laser pulse,
Phys. Rev. A 74, 033405 (2006).

[63] S. Baier, C. Ruiz, L. Plaja, and A. Becker, Single and double
ionization of the hydrogen molecule in an intense few-cycle
laser pulse, Laser Phys. 17, 358 (2007).

[64] C. Figueira de Morisson Faria, H. Schomerus, X. Liu, and
W. Becker, Electron-electron dynamics in laser-induced non-
sequential double ionization, Phys. Rev. A 69, 043405 (2004).

[65] C. Figueira de Morisson Faria, X. Liu, A. Sanpera, and M.
Lewenstein, Classical and quantum-mechanical treatments of
nonsequential double ionization with few-cycle laser pulses,
Phys. Rev. A 70, 043406 (2004).

[66] C. Figueira de Morisson Faria and M. Lewenstein, Bound-state
corrections in laser-induced nonsequential double ionization,
J. Phys. B: At. Mol. Opt. Phys. 38, 3251 (2005).

[67] C. Figueira de Morisson Faria, T. Shaaran, X. Liu, and W. Yang,
Quantum interference in laser-induced nonsequential double
ionization in diatomic molecules: Role of alignment and orbital
symmetry, Phys. Rev. A 78, 043407 (2008).

[68] Z. Chen, Y. Liang, and C. D. Lin, Quantitative rescattering
theory of correlated two-electron momentum spectra for strong-
field nonsequential double ionization of helium, Phys. Rev. A
82, 063417 (2010).

[69] Z. Chen, Y. Wang, T. Morishita, X. Hao, J. Chen, O.
Zatsarinny, and K. Bartschat, Revisiting the recollisional
excitation-tunneling process in strong-field nonsequential
double ionization of helium, Phys. Rev. A 100, 023405
(2019).

[70] Z. Chen, A. Zhou, T. Morishita, Y. Bai, X. Hao, O.
Zatsarinny, and K. Bartschat, Anticorrelation in nonsequen-
tial double ionization of helium, Phys. Rev. A 103, 053102
(2021).

[71] Z. Chen, S. Li, H. Kang, T. Morishita, and K. Bartschat, Ellip-
ticity dependence of anticorrelation in the nonsequential double
ionization of ar, Opt. Express 30, 44039 (2022).

[72] X. L. Hao, J. Chen, W. D. Li, B. Wang, X. Wang, and W.
Becker, Quantum effects in double ionization of argon below
the threshold intensity, Phys. Rev. Lett. 112, 073002 (2014).

[73] T. Rook and C. Figueira de Morisson Faria, Exploring sym-
metries in photoelectron holography with two-color linearly
polarized fields, J. Phys. B: At. Mol. Opt. Phys. 55, 165601
(2022).

023119-27

https://doi.org/10.1103/RevModPhys.84.1011
https://doi.org/10.1103/PhysRevLett.92.133006
https://doi.org/10.1038/ncomms1807
https://doi.org/10.1103/PhysRevA.93.013416
https://doi.org/10.1103/PhysRevA.93.053422
https://doi.org/10.1038/s41598-017-07635-5
https://doi.org/10.1103/PhysRevLett.108.103601
https://doi.org/10.1038/s41598-018-27120-x
https://doi.org/10.1103/PhysRevLett.103.093001
https://doi.org/10.1103/PhysRevA.90.061401
https://doi.org/10.1103/PhysRevA.93.053406
https://doi.org/10.1088/1361-6455/aab198
https://doi.org/10.1142/S021797922050304X
https://doi.org/10.1515/phys-2023-0114
https://doi.org/10.1039/D3CP05536A
https://doi.org/10.1103/PhysRevLett.96.133001
https://doi.org/10.1103/PhysRevLett.101.233003
https://doi.org/10.1103/PhysRevLett.85.4707
https://doi.org/10.1103/PhysRevA.74.033405
https://doi.org/10.1134/S1054660X07040111
https://doi.org/10.1103/PhysRevA.69.043405
https://doi.org/10.1103/PhysRevA.70.043406
https://doi.org/10.1088/0953-4075/38/17/014
https://doi.org/10.1103/PhysRevA.78.043407
https://doi.org/10.1103/PhysRevA.82.063417
https://doi.org/10.1103/PhysRevA.100.023405
https://doi.org/10.1103/PhysRevA.103.053102
https://doi.org/10.1364/OE.475497
https://doi.org/10.1103/PhysRevLett.112.073002
https://doi.org/10.1088/1361-6455/ac7bbf
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