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Floquet engineering offers powerful tools to manipulate quantum states by periodically driving physical
parameters. In this work, we investigate the quantum transport through two periodically driven impurities
in a mesoscopic one-dimensional channel. By mapping the time-dependent Hamiltonian into an effective
multichannel scattering problem, we unveil a rich landscape of transport phenomena arising from the interplay
between Fabry-Pérot cavity modes and Fano interference. We demonstrate that the inter-impurity distance acts
as a critical control parameter, allowing for the formation of bound states in the continuum (BICs). Furthermore,
we identify quasi-BICs—extremely narrow resonances with finite lifetimes—that can be dynamically tuned
by the drive amplitude. We show that these states enable a robust coherent trapping mechanism, allowing the
system to switch from perfect transparency or reflection to strong localization with giant Wigner time delays. Our
results suggest possible applications for tunable delay lines and quantum memories, with feasible experimental
realizations in the context of cold atoms.
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I. INTRODUCTION

Floquet engineering, which refers to the manipulation of
quantum systems using periodic drives, has attracted consid-
erable attention in recent years due to its ability to coherently
control quantum states [1–7]. The introduction of local pe-
riodic drives in quantum systems has attracted significant
interest recently, as it allows for the control of transport
properties. Transport through a single oscillating impurity
has been studied in both discrete lattices [8–13] and contin-
uum systems [14–16]. The latter are particularly relevant for
describing transport in mesoscopic systems, such as ballis-
tic one-dimensional semiconductors [17], ballistic wires for
electron optics [18], and ultracold atoms in ballistic chan-
nels [19–21].

A particularly intriguing aspect of periodically driven sys-
tems is that one can engineer bound states in the continuum
(BICs) [22]. These are peculiar states that remain localized
despite being embedded in the continuum spectrum, yet are
completely decoupled from it [23,24]. The theoretical exis-
tence of such states was first demonstrated by von Neumann
and Wigner [25], and they can be described as resonant states
with zero width [26]. Experimental detection of these states
typically requires a perturbation to the system configuration,
allowing them to couple weakly to the continuum and mani-
fest as narrow resonances [27,28]. In such cases, these states
partially coupled to the continuum spectrum are referred to as
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quasi-BICs [29]. Quasi-BICs are closely related to Fano reso-
nances [30], which arise from the Fano interference between
discrete and continuum scattering pathways [31]. Floquet
engineering provides a powerful means to induce such res-
onances, making it a promising route to realize quasi-BICs in
novel platforms. In systems with local periodic drives, differ-
ent Floquet sidebands at positive and negative energies can
act as effective discrete and continuum spectra. The coherent
exchange of energy quanta with the drives allows an incident
particle to dynamically couple these pathways, and the result-
ing Fano interference between the propagating continuum and
the localized sidebands manifests as Fano resonances in the
transport properties.

In this work, we investigate the transport of a quantum
particle in a one-dimensional continuum system containing
two periodically driven impurities, oscillating at the same
frequency and in-phase. Previous analyses of this config-
uration focused primarily on the regime of small driving
amplitudes [32,33]. In this weak-driving limit, a perturbative
calculation in the drive amplitude within a model employ-
ing three Floquet sidebands was used to demonstrate how
Fano resonances can be controlled. These findings were then
applied to explain the transport properties of ballistic semi-
conductors, particularly GaAs mesoscopic channels. Our first
objective is to revisit and extend this weak-driving analysis.
We show that the transport properties of the system in this
regime can be accurately described using a minimal two-
channel model, with one channel in the continuum and one
in the discrete spectrum, thereby making the underlying Fano
interference mechanism transparent. Furthermore, we demon-
strate that in this regime the system supports the formation
of BICs, and we identify their signatures in the transmission
spectrum. Moreover, we show that this two-impurity system
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FIG. 1. Sketch of the one-dimensional system with two impu-
rities. The arrow indicates the incoming particle with momentum
k0, while the two vertical red dashed lines represent the localized,
periodically driven impurities.

acts as a dynamical Fabry-Pérot cavity, where cavity effects
play a prominent role in determining its overall transport prop-
erties. To investigate the interplay between Fano interference
and cavity modes, we extend our analysis to the strong-driving
regime. Here, the system’s behavior cannot be approximated
using only a few Floquet channels, and a full numerical
treatment of the multichannel Floquet scattering problem is
required. We reveal that novel transport phenomena emerge
in this regime. In particular, we identify a coherent trapping
mechanism that allows the system to act as a dynamical
switch, transitioning between perfect transmission, perfect
reflection, and a strongly localized regime, and we discuss
the experimental realization of these effects in the context of
ultracold atoms.

The paper is organized as follows. In Sec. II, we in-
troduce the model and apply Floquet theory to derive a
time-independent effective Hamiltonian. In Sec. III, we calcu-
late the transmission probability for an incoming free particle
transmitted beyond the second impurity. In Sec. IV, we briefly
review the simpler case of a single oscillating impurity to
introduce the basic mechanism of Fano interference in locally
periodically driven systems before adding the complexity
of the second impurity. Section V provides an overview of
the results, highlighting the different regimes and physical
phenomena discussed in the following sections. Section VI
presents the analysis of the weak-coupling regime, where we
demonstrate coherent control of Fano resonances by tuning
the driving parameters and impurity separation, and engi-
neer BICs. Section VII addresses the physics beyond the
weak-coupling regime, in particular how most of the features
of the transmission spectrum can be explained in terms of
the interplay between Fano interference and cavity effects.
Section VIII discusses the coherent control of the system’s
transport properties. Specifically, we show that by changing
the drive amplitude, the system can be tuned between regimes
of perfect transmission, perfect reflection and localization.
Finally, we give conclusions in Sec. IX.

II. MODEL AND FLOQUET ANALYSIS

The system consists of a one-dimensional wire with two
driven impurities as sketched in Fig. 1. The impurities are rep-
resented by two Dirac δ functions located at x = 0 and x = l ,
and the amplitude of these functions is modulated in time.
To probe the transport properties of the system, an incoming

free particle with mass m and energy E = h̄2k2
0

2m is prepared and

scatters off this two-impurity system. The Hamiltonian of the
system is

Ĥ (t ) = − h̄2

2m

d2

dx2
+ V (x, t ), (1)

where the potential takes the form

V (x, t ) = −[ν1 + γ1 cos(ωt )]δ(x)

− [ν2 + γ2 cos(ωt )]δ(x − l ). (2)

Here, the impurities have static potential contributions −ν1

and −ν2, and a driven part with amplitudes γ1 and γ2, which
are modulated in time by two cosine terms with the same
frequency ω. If we consider the static limit (γ1 = γ2 = 0),
the system reduces to the well-known double-δ problem in
quantum mechanics [34,35]. This configuration admits up to
two bound states depending on the system parameters. The
lowest bound state, which is the ground state, exists for any
attractive potential strength ν1,2 > 0, regardless of how weak
it is. In contrast, the other bound state, which is the first
excited state, exists only when l > h̄2

2m ( 1
ν1

+ 1
ν2

); specifically,
this state disappears below a critical distance (at fixed ν1,2)
or below critical potential strengths (at fixed l). As shown in
Fig. 1, we can identify three distinct spatial regions: region
I (x < 0), from which the particle is incident and to where
it can be reflected; region II (0 < x < l), between the two
impurities, which acts as a cavity where the particle can be re-
flected and transmitted multiple times and may resonate; and
region III (x > l), into which the particle can be transmitted
and propagate away from the second impurity.

This quantum transport problem involving a periodic drive
can be effectively tackled using Floquet theory. Originally
introduced in quantum mechanics to describe two-level sys-
tems [36], and in analogy with Bloch’s theorem for spatially
periodic potentials, this formalism exploits the temporal pe-
riodicity of the system to map the original time-dependent
Hamiltonian, acting on the physical Hilbert space H, onto a
time-independent effective Hamiltonian acting on an extended
Hilbert space F [37,38]. This enlarged space is constructed as
the tensor product F = H ⊗ T , where T is the space of pe-
riodic functions spanned by the orthonormal basis of Fourier
harmonics {einωt | n ∈ Z}. In this framework, the time variable
is treated as an additional coordinate, and the Floquet index
n ∈ Z labels the discrete sites of a synthetic frequency lattice,
allowing the dynamical problem to be solved as a stationary
multichannel scattering problem.

According to the Floquet theorem [39], the solution to the
time-dependent Schrödinger equation,

ih̄
∂ |ψ (t )〉

∂t
= Ĥ (t ) |ψ (t )〉 , (3)

has the form

|ψ (t )〉 = e−i E
h̄ t |φ(t )〉 =

∑
n∈Z

e−i (E+nh̄ω)
h̄ t |ψn〉 . (4)

The Floquet mode |φ(t )〉 is periodic in time with period 2π
ω

and can be written as a Fourier series, whose nth coefficient
is |ψn〉, with n ∈ Z. The Fourier components of the Floquet
mode |ψn〉 satisfy the Floquet equation

ĤF |ψn〉 = En |ψn〉 , (5)
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FIG. 2. Sketch of the multichannel setup arising from the Floquet
mapping of the time-dependent Hamiltonian H (t ) onto the extended
Hilbert space. The couplings γ1 = γ2 = γ correspond to the drive
amplitudes of the time-dependent model, and ν1 = ν2 = ν are the
amplitudes of the static potential. The incoming plane wave eik0x ,
along with the possible reflection and transmission pathways, is
depicted by arrows. The reflection and transmission amplitudes are
denoted by r (′)

n and t (′)
n , respectively.

where ĤF = Ĥ (t ) − ih̄ ∂
∂t is the Floquet operator (or

quasienergy operator) and En = E + nh̄ω are the quasiener-
gies. In the extended Hilbert space F , the Floquet operator
ĤF is characterized by a block structure [38], explained in
Appendix A, defined by the matrix elements:

(ĤF )n,n′ = Ĥn−n′ + δn,n′nh̄ω, (6)

where Ĥj is the jth coefficient of the Fourier expansion of
the time-periodic Hamiltonian H (t ), with n, n′ ∈ Z, and j =
n − n′. Crucially, while the operator ĤF acts on the extended
space F , the Fourier components Ĥj , the state vectors |ψn〉,
and the block components (ĤF )n,n′ are all defined on the phys-
ical Hilbert space H. Consequently, the eigenvalue problem in
F , given by Eq. (5), decomposes into an infinite set of coupled
time-independent equations in H:

Ĥ0 |ψn〉 + Ĥ−1 |ψn−1〉 + Ĥ1 |ψn+1〉 = En |ψn〉 , (7)

where

Ĥ0 = − h̄2

2m

d2

dx2
− ν1δ(x) − ν2δ(x − l ), (8)

and

Ĥ1 = Ĥ−1 = −γ1

2
δ(x) − γ2

2
δ(x − l ). (9)

In this framework, we have mapped the original time-
dependent problem of two periodically driven impurities in a
single channel onto an equivalent time-independent problem
involving an infinite number of coupled channels, each corre-
sponding to a Fourier component of the Floquet mode |ψn〉.
This results in a stationary multichannel scattering problem,
as depicted in Fig. 2. At the impurity locations x = 0 and x =
l , the channels are locally coupled by the external drive. This
coupling is governed by the off-diagonal terms Ĥ±1 in Eq. (7),
which connect the nth channel |ψn〉 to its nearest neighbors
|ψn±1〉. Physically, this implies that the oscillating potential
induces transitions between Floquet sidebands, allowing the

particle to exchange energy quanta h̄ω with the drive at the
impurity sites. The strength of this inter-channel coupling is
directly controlled by the driving amplitudes γ1,2, as the terms
Ĥ±1 are proportional to them.

We can describe the scattering process in this multichannel
picture. An incoming particle from region I in the channel
(n = 0), with energy E = h̄2k2

0/2m, impinges onto the first
impurity at x = 0. Here, the wave function can split: it can
be reflected back to region I in a generic nth channel with
amplitude rn, or transmitted into the nth channel of the central
region II with amplitude t ′

n. Inside region II, the particle prop-
agates as a superposition of channel states until it encounters
the second impurity at x = l . At this second interface, the
particle undergoes further scattering, being either reflected
back into any channel in region II (with amplitudes r′

n for
all n ∈ Z) or transmitted into any channel in region III with
amplitude tn, for all n ∈ Z. This mapping reveals that instead
of a single dynamical cavity, the system behaves as an infinite
set of static cavities coupled at the boundaries, where the parti-
cle undergoes multiple reflections and transmissions involving
different energy sidebands. In this multichannel framework,
the quasienergy En corresponds to the physical energy of the
particle propagating in the nth channel. Therefore, throughout
this paper, we will refer to En simply as the channel energy,
implying that a particle scattered into the nth sideband carries
a total energy En = E + nh̄ω. This extended-space construc-
tion is closely related to the (t, t ′) formalism, which recasts
the explicit time dependence as an auxiliary coordinate in an
enlarged Hilbert space [40]. A closely related formulation has
also been employed to calculate channel-resolved transmis-
sion probabilities for a wave packet in a periodically driven
scattering problem [41].

III. TRANSPORT PROPERTIES

Let ψn(x) = 〈x|ψn〉 denote the nth Fourier component of
the Floquet mode in the position representation [34]. This
function represents the spatial wave function associated with
the particle in the nth channel. For the multichannel scattering
problem depicted in Fig. 2, we adopt the following piecewise
ansatz:

ψn(x) =

⎧⎪⎨
⎪⎩

δ0neiknx + rne−iknx if x < 0,

t ′
neiknx + r′

ne−iknx if 0 � x � l,

tneiknx if x > l,

(10)

where kn is the wave vector associated with the energy En.
In the same representation, the time-dependent wave func-
tion, ψ (x, t ) = 〈x|ψ (t )〉, is given by the Floquet expansion in
Eq. (4):


(x, t ) =
+∞∑

n=−∞
e− i

h̄ Entψn(x). (11)

The wave number kn for each channel can be derived from the
free particle dispersion relation En = h̄2k2

n
2m as

kn = 1

h̄

√
2m(E + nh̄ω). (12)

The propagation behavior of the wave function depends fun-
damentally on whether the wave vector kn is real or imaginary.
When the channel energy is positive (E + nh̄ω > 0), kn is
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real, and the mode ψn(x) behaves as a propagating plane
wave in regions I and III. Such a channel is referred to as
an open channel and contributes to the transport. Conversely,
if the energy is negative (E + nh̄ω < 0), kn becomes purely
imaginary. In this scenario, the mode ψn(x) corresponds to an
exponentially decaying wave in regions I and III. These are
known as closed or evanescent channels, as they do not carry
any current away from the scattering region.

To determine the unknown scattering amplitudes, we ap-
ply the boundary conditions to the wave-function ansatz in
Eq. (10). These conditions require the continuity of the wave
function at the impurity locations (x = 0 and x = l) and a
discontinuity in its first derivative. Due to the properties of the
Dirac δ potential, the latter is derived explicitly by integrating
Eq. (7) in small intervals around the two impurities. At x = 0,
the boundary conditions impose, for each channel n ∈ Z:

ψn(0+) = ψn(0−), (13a)

dψn

dx

∣∣∣∣
0+

− dψn

dx

∣∣∣∣
0−

= −2m

h̄2

{
ν1ψn(0) + γ1

2
[ψn−1(0) + ψn+1(0)]

}
. (13b)

Similarly, at x = l , the boundary conditions for each channel n ∈ Z read

ψn(l+) = ψn(l−), (14a)

dψn

dx

∣∣∣∣
l+

− dψn

dx

∣∣∣∣
l−

= −2m

h̄2

{
ν2ψn(l ) + γ2

2
[ψn−1(l ) + ψn+1(l )]

}
. (14b)

In the preceding equations, we adopted the notation limx→x±
0

f (x) = f (x±
0 ) and limx→x±

0

df (x)
dx = df

dx

∣∣
x±

0
. Substituting the piecewise

ansatz from Eq. (10) into these boundary conditions yields the following system of coupled linear equations for the scattering
amplitudes in each channel n:

δ0n + rn = t ′
n + r′

n, (15a)

ikn(t ′
n − r′

n − δ0n + rn) = −2m

h̄2

[
ν1(t ′

n + r′
n) + γ1

2

∑
σ=±1

(t ′
n+σ + r′

n+σ )

]
, (15b)

t ′
neiknl + r′

ne−iknl = tneiknl , (15c)

ikn
[
tneiknl − (

t ′
neiknl − r′

ne−iknl
)] = −2m

h̄2

[
ν2tneiknl + γ2

2

∑
σ=±1

tn+σ eikn+σ l

]
. (15d)

Equations (15a)–(15d) constitute an infinite set of coupled
linear equations for the unknown amplitudes (as n ∈ Z), re-
flecting the infinite dimensions of the extended Hilbert space.
To obtain information about the transport properties of the
system, one has to consider the total transmission probability
T . This is defined as the probability that a particle, incident
from the fundamental channel (n = 0), is transmitted into any
open channel in region III. Based on the conservation of the
probability current, T is calculated as the sum of transmitted
fluxes over all open channels:

T =
∑

n∈Sopen

|tn|2 kn

k0
. (16)

The sum runs over the set of open channels Sopen = {n ∈ Z|
kn ∈ R}, since evanescent modes do not contribute to the
net current. Further details on this derivation are provided in
Appendix B.

Before discussing the numerical solution of this system, it
is convenient to render the equations dimensionless. We define
the dimensionless energy Ẽ as

Ẽ = E

h̄ω
(17)

and the dimensionless wave number as

k̃ = k

√
h̄

2mω
. (18)

The other dimensionless physical quantities used in this work
are

l̃ = l

√
2mω

h̄
, t̃ = tω, γ̃1,2 = γ1,2

√
2m

h̄3ω
,

ν̃1,2 = ν1,2

√
2m

h̄3ω
. (19)

All subsequent numerical results in the plots, as well as the
equations from Sec. IV B, are presented using these dimen-
sionless variables. To obtain a tractable numerical problem,
the infinite number of equations must be truncated. Unless
stated otherwise, we introduce a cutoff nmax ∈ N and retain
only the channels with index |n| � nmax. This approximation
reduces the problem to a finite system of equations involving
N = 2nmax + 1 coupled channels. Since there are four un-
known amplitudes (rn, tn, t ′

n, r′
n) for each channel, this results

in a closed linear algebraic system of dimension 4N × 4N ,
which is inverted numerically. The choice of the cutoff nmax

is crucial for the accuracy of the results. We determine the
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necessary cutoff by checking for convergence, increasing nmax

until the calculated quantities stabilize. We show that different
channel coupling regimes (corresponding to different values
of γ1,2) require different cutoffs nmax. In general, the stronger
the coupling between the channels, the larger the required
nmax. For sufficiently low values of the coupling, an approxi-
mate analytical solution can also be derived. This allows us to
introduce a weak-coupling regime, where the physics of the
system is accurately described by retaining only two channels
(n = 0 and n = −1).

IV. SINGLE IMPURITY

In this section, we review the transport properties of a sys-
tem featuring a periodically driven single impurity, obtained
from the general model in Eq. (2) by setting γ2 = 0 and ν2 = 0
(γ1 = γ 	= 0 and ν1 = ν 	= 0). In previous works [14,15], it
has been shown that transport through a periodically driven
impurity leads to the formation of a Fano resonance, making
it possible to engineer a Fano mirror that reflects particles with
specific energy or momentum. We extend previous works by
deriving approximate analytical expressions for the transmis-
sion poles and zeros associated with the Fano resonance in
the weak-coupling regime, relying on a minimal two-channel
model (n = 0,−1). Remarkably, in this regime, we recover
the results of Ref. [14], which were originally obtained using a
three-channel truncation (n = 0,±1). Furthermore, we extend
the analysis to the case of a vanishing static potential (ν = 0).
This specific limit requires a distinct theoretical treatment:
while it can be addressed using a continued fraction ap-
proach [15], we employ an asymptotic expansion in the drive
amplitude γ , which yields explicit analytical expressions de-
scribing the weak-coupling physics. This analysis serves as
a benchmark for understanding the fundamental mechanisms
underlying Fano resonances, BICs, and quasi-BICs, while
establishing the scattering formalism that will be extended
to the two-impurity system. Finally, we provide insights into
relevant experimental platforms, focusing specifically on ul-
tracold atoms. By analyzing the typical localization times
associated with Fano resonances in these systems, we intro-
duce the concept of quasi-BICs.

A. General properties of Fano resonances and bound
states in the continuum

A Fano resonance arises from the quantum interference
between two scattering pathways [31,42,43]: (i) a direct, non-
resonant path through a continuum, and (ii) a resonant path
involving a discrete quasibound state coupled to the contin-
uum. Due to this interference, the transmission probability can
vary drastically, potentially leading to complete suppression.
The transmission profile is described by the Fano resonance
formula [43]:

T (ε) = (ε + q)2

ε2 + 1
. (20)

Here, we introduce the reduced energy ε = (E − Er )/(
/2),
where Er is the energy of the resonant state and 
 represents
its spectral width arising from the coupling to the contin-
uum. Physically, the resonant state acts as a quasibound state

FIG. 3. Normalized Fano profile, F (ε) = T (ε)/(1 + q2), with T
given by Eq. (20). For q > 0, the profile exhibits a dip-peak structure,
while for q < 0, it shows a peak-dip structure. The Lorentzian limits
correspond to q → ±∞ (peak) and q = 0 (dip).

with energy Er and a lifetime τ = h̄/
. The Fano asymme-
try parameter q quantifies the interference; its modulus |q|
measures the relative weight between the resonant and direct
channels, while its sign determines their phase relationship.
From Eq. (20), several key spectral characteristics of the Fano
resonance can be identified.

By imposing the condition T = 0 in Eq. (20), we find that
the transmission zero occurs at the energy

Ezt = Er − 


2
q. (21)

Regarding the resonance pole, the vanishing denominator of
the Fano profile mathematically yields two solutions, ε = ±i.
However, the solution corresponding to ε = +i is unphysical,
as it would imply a resonance with a probability amplitude
that diverges in time. Consequently, the physical pole is given
by the root with the negative imaginary part:

Ep = Er − i



2
. (22)

Finally, by analyzing Eq. (20), one finds that the maximum
transmission probability occurs at

Em = Er + 


2q
. (23)

The width 
 determines the spectral distance between the
zero and the maximum of the Fano profile. Depending on
the sign of q, distinct spectral shapes emerge. For q > 0, the
energies follow the order Ezt < Er < Em, which corresponds
to a “dip-peak” structure. Conversely, for q < 0, the ordering
is inverted (Em < Er < Ezt ), resulting in a “peak-dip” struc-
ture, as shown in Fig. 3. Considering the limiting cases, for
q = 0, Eqs. (21) and (22) imply that the zero coincides with
the resonance energy (Ezt = Er). This manifests as a sym-
metric, dip-like resonance where the transmission vanishes
exactly at Er . However, in the limit |q| → ∞, the transmis-
sion profile T evolves into a Lorentzian resonance where
Er ≈ Em = �{Ep}, and the zero is pushed to Ezt → ±∞. In
this limit, 
 corresponds to the full width at half maximum of
the Lorentzian peak. Finally, if the coupling to the continuum
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FIG. 4. Transport properties of a single periodically driven impurity. Transmission probability as a function of incident energy Ẽ and
driving amplitude γ̃ is displayed for (a) the case ν̃ = 0 and (b) with an additional static potential (ν̃ = 0.7). For both numerical solutions, 41
channels have been taken into account. Panel (c) shows the energy profiles of the transmission probability at a fixed drive amplitude (γ̃ = 0.5).
The solid curves represent the results obtained within the two-channel approximation, while the dotted curves correspond to the 41-channel
case. For both ν̃ = 0 and ν̃ = 0.7, the vertical dotted lines mark the theoretical predictions derived from Eq. (25) for ν̃ = 0 and Eq. (27) for
ν̃ = 0.7. The values of the zeros obtained via a fit using Eq. (20) are close to the theoretical values indicated in the plots. In particular, defining
δε as the absolute difference between the fitted and theoretical values of the zero, we obtain δε = 1.8×10−4 for ν̃ = 0, and δε = 9.0×10−5 for
ν̃ = 0.7.

vanishes (
 → 0) for a state at energy Er embedded in the con-
tinuous spectrum, the complex pole becomes real (Ep → Er).
Such a state, known as a BIC, is completely decoupled from
the scattering states and becomes invisible in the transmission
spectrum (T → 1). A BIC, therefore, manifests as the com-
plete disappearance of the Fano resonance linewidth.

B. Driven single impurity analysis

We apply this framework to the setup described in Fig. 1,
considering only the impurity at x = 0 (i.e., γ2 = 0, ν2 = 0,
γ1 = γ , and ν1 = ν). In the weak-coupling regime (γ̃ � 0.7),
the transmission probability is well-described by a two-
channel approximation involving only the open channel n = 0
(continuum) and the first closed channel n = −1 (discrete).
The channel n = −1 remains closed as long as its wave
number k−1 is imaginary, a condition that holds for incident
energies Ẽ < 1. An analytical expression for the transmission
amplitude t0 in the two-channel approximation can be derived
as

t0 = 2ik̃0

2ik̃0 + γ̃ 2

4
1

2i|k̃−1|−ν̃

. (24)

This expression for t0 was previously obtained in Ref. [14]
using a three-channel truncation (n = −1, 0, 1). The total
transmission probability for a single impurity is given by
T = |t0|2, and an example of its numerical determination is
shown in Fig. 4. In the following, we distinguish between the
cases with and without the static potential ν̃. In both cases, a
Fano resonance is found at low driving amplitudes.

In the absence of a static potential, as shown in Fig. 4(a),
the Fano resonance originates purely from the driving field.
For small drive amplitudes, the resonance occurs at Ẽ � 1. As
the drive strength γ̃ increases, the resonance shifts. We extend
previous works by employing an asymptotic expansion. The

asymptotic expansion of Eq. (24) is performed around the
singularity Ẽ = 1, up to the fourth order in γ̃ , following the
procedure detailed in Appendix C for the general case of two
driven impurities without a static potential (ν̃ = 0). In the case
of a single driven impurity, this leads to the zero-transmission
energy:

Ẽzt � 1 − γ̃ 4

256
, (25)

and the complex pole:

Ẽp � Ẽzt − i
γ̃ 4

256
. (26)

Comparing the real part of the pole with the zero, we observe
that Ẽr = �(Ẽp) = Ẽzt . According to Eq. (21), this implies
q = 0. Consequently, the transmission spectrum is expected to
exhibit a symmetric antiresonance, mirroring the ideal profile
in Fig. 3. The numerical result, plotted as the solid red curve in
Fig. 4(c), confirms a dip located near Ẽ = 1 with a small shift
scaling as γ̃ 4. However, the observed profile deviates slightly
from perfect symmetry. This arises from two main factors.
First, q is only approximately zero (q ≈ 0) due to higher-order
corrections in γ̃ neglected in the asymptotic expansion. Sec-
ond, the n = −1 channel becomes an open channel at Ẽ = 1,
leading to a discontinuity in the transmission slope at that
energy. This effect, known as a threshold anomaly, has been
discussed for the single impurity in Ref. [15].

When a static potential is present (ν̃ 	= 0), as shown in
Fig. 4(b), the physics is fundamentally modified by the ex-
istence of a bound state inherent to the static potential well.
This state is located at energy Ẽb = −ν̃2/4 [35]. In the Flo-
quet picture, this bound state appears in the closed channel
with n = −1, Ẽ−1 = Ẽ − 1 = − 1

4 ν̃2. Thus, the zero of the
resonance appears when the energy of the incoming particle
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meets the condition:

Ẽzt,ν = 1 − 1
4 ν̃2. (27)

This condition can be extracted directly from Eq. (24) by
setting 2i|k̃−1| − ν̃ = 0, which yields t0 = 0. To determine the
complex pole, we apply a second-order perturbative approach
in γ̃ around the static bound state energy Ẽb. The details of
this derivation for the general two-impurity system with ν̃ 	= 0
are provided in Appendix C. For the single impurity case, the
expansion yields the real part of the resonance energy:

Ẽr,ν � Ẽzt,ν + 1

64

γ̃ 2ν̃2

ν̃2

4 + Ẽzt,ν

, (28)

and the resonance width:


̃ � γ̃ 2ν̃
√

Ẽzt,ν

16
(

ν̃2

4 + Ẽzt,ν
) . (29)

Crucially, unlike the case ν̃ = 0, here the real part of the
pole differs from the energy zero (Ẽr,ν 	= Ẽzt,ν). According to
Eq. (21), this implies a nonzero Fano asymmetry parameter
(q 	= 0), resulting in the asymmetric profile observed in the
solid blue curve in Fig. 4(c).

C. Quasi-BICs and experimental realization

Equation (29) demonstrates that the resonance width 
̃

scales with γ̃ 2 and remains finite for any nonzero coupling
(γ̃ 	= 0). Consequently, since 
̃ 	= 0, a single driven im-
purity cannot support a BIC. The formation of true BICs
requires destructive interference mechanisms, typically pro-
vided by spatially separated impurities or multifrequency
driving schemes. However, even in the absence of perfect
BICs, the narrow Fano resonances detected in this system
[see Fig. 4(c)] manifest as quasi-BICs. These are quasibound
states weakly coupled to the continuum, characterized by a
small resonance width 
 and, consequently, a long lifetime
τ = h̄/
. Physically, this corresponds to a scattering process
with a significant time delay: the incoming particle interacts
with the oscillating impurity and remains localized in its vicin-
ity for a duration τ before escaping. Using the parameters
corresponding to the red curve in Fig. 4(c), we evaluate the
width of the Fano resonance via Eq. (26). In dimensionless
units, this yields 
̃ � 4.9×10−4, resulting in a dimensionless
time delay τ̃ = 1/
̃ � 2000.

To contextualize this result, we consider possible exper-
imental platforms based on ultracold atoms in mesoscopic
channels. Over the last decade, several experiments have in-
vestigated transport in such systems in the ballistic regime,
specifically in channels without an underlying optical lat-
tice [19,20]. Localized impurities can be introduced into
these one-dimensional channels using projected optical bar-
riers [21]. By introducing one of these optical barriers and
modulating it periodically with frequency ω, one can realize
the system described by the Hamiltonian in Eq. (1) with ν2 =
0 = γ2. Considering typical drive frequencies used in these
experiments in the range ω/2π ∈ [1, 20] kHz [21], the calcu-
lated dimensionless delay translates into physical localization
times τ � 35–680 ms. These timescales are well within the
duration of typical transport experiments, which can extend

up to 4 s [21], avoiding detrimental heating effects due to the
driving. Consequently, the single impurity system acts as a
perfect energy filter: atoms with an energy matching the Fano
resonance (E = Er = Ezt ) are delayed for a time τ before
being reflected. This time is macroscopic but shorter than the
experimental observation window.

V. OVERVIEW OF TRANSPORT PROPERTIES
OF THE TWO-IMPURITY SYSTEM

While the previous section summarized and detailed the
single-impurity case, in this section we present an overview
of our results regarding the transport properties for the two-
impurity system and highlight our novel contributions with
respect to previous studies [32,33]. We restrict our analysis to
the symmetric case (γ1 = γ2 = γ , ν1 = ν2 = ν). Introducing
a weak asymmetry in the drive amplitudes acts as a small per-
turbation to the symmetric case, whereas strongly asymmetric
drive amplitudes result in a behavior converging toward the
single-impurity limit.

Figure 5 displays a typical transmission probability
T (Ẽ , γ̃ ) for two symmetric impurities, calculated numeri-
cally using 41 Floquet channels (nmax = 20). We distinguish
between the case without a static potential (ν̃ = 0) and the
case with a static potential (ν̃ > 0) in Figs. 5(a) and 5(b),
respectively.

Comparing these with the single-impurity results in Fig. 4,
it is evident that the two-impurity system exhibits a signifi-
cantly more complex transmission structure. The spectrum is
characterized by a rich pattern of resonance features, showing
rapid variations between regions of high transmission and
complete reflection. Intuitively, this complexity can be under-
stood by considering that the transport phenomenology is no
longer determined solely by Fano interference between dis-
crete and continuum channels, but also by the system acting
as a one-dimensional dynamical Fabry-Pérot cavity, where the
two oscillating impurities serve as semitransparent mirrors.
Indeed, a significant portion of the structures observed in
Fig. 5 emerges from the interplay between Fano interference
and cavity effects, which is completely absent in the single-
impurity case. In the following, we highlight some of the most
interesting regimes, which will be discussed in greater detail
in subsequent sections.

Case without static potential [ν̃1 = ν̃2 = ν̃ = 0, Fig. 5(a)].
At low drive amplitudes (γ̃ � 0.7) and low energies (Ẽ < 2),
highlighted in Fig. 5(a) by the red dashed box labeled I (the
weak-coupling regime), the spectrum is dominated by a single
Fano resonance structure at Ẽ � 1. This Fano resonance arises
from the interference between the open channel (n = 0) and
the first closed channel (n = −1). In Sec. VI, we detail how
these two channels are sufficient to explain the transmission
structure in this weak-coupling regime.

As the drive amplitude increases beyond the weak-
coupling limit, the transmission structure becomes richer.
An intermediate-coupling regime (1.8 � γ̃ � 2.5, region II)
emerges, where a second Fano structure appears due to the
involvement of the n = −2 channel (Sec. VII). At even
stronger couplings (γ̃ � 2.5), we identify two persistent verti-
cal features around Ẽ � 0.78 and Ẽ � 1.78. At these energies,
Fabry-Pérot cavity modes form within the open channels
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FIG. 5. Transmission probability T for the symmetric two-impurity system as a function of the incoming particle energy Ẽ and driving
amplitude γ̃ , with an inter-impurity distance l̃ = 7.07. (a) Case without a static potential (ν̃ = 0). The solid vertical lines indicate the theoretical
positions of the Fabry-Pérot cavity modes [Eq. (30)], as indicated in the legend of panel (b). The dashed rectangular boxes mark regions I, II,
III, and IV, which are characterized by different transmission regimes. (b) Case with a static potential (ν̃ = 0.7).

between the impurities, as indicated by the vertical dashed
lines in Fig. 5(a) [labels are given in the legend of Fig. 5(b)].
The resonance condition for the pth cavity mode in the nth
channel is given by k̃nl̃ = pπ , which predicts specific resonant
energies:

Ẽn,p = π2

l̃2
p2 − n. (30)

The solid vertical lines in Fig. 5(a) correspond to these pre-
dicted energies. They accurately mark the emergence of novel
complex structures: in particular, the region labeled III shows
the formation of nodes, while region IV shows alternating
areas of almost perfect transmission and almost perfect reflec-
tion. These structures, caused by an interplay between cavity
modes and Fano interference, will be analyzed in Secs. VII
and VIII.

Case with static potential [ν̃1 = ν̃2 = ν̃ > 0, Fig. 5(b)].
When a static potential is active (ν̃ = 0.7), the most signif-
icant change with respect to the ν̃ = 0 case occurs in the
weak-coupling regime. Instead of a single Fano resonance,
we observe a double Fano structure. This splitting indicates
that the static potential introduces new bound states within
the closed channel n = −1, each generating its own inter-
ference path with the continuum spectrum (channel n = 0).
This mechanism will be the focus of Sec. VI. The structures
at higher driving amplitudes or energies (regions III and IV)
appear similar to the ν̃ = 0 case and will be analyzed in
Secs. VII and VIII.

VI. WEAK-COUPLING REGIME

In this section, we consider the weak-coupling regime.
First, in Sec. VI A, we examine the system without a static po-
tential (ν̃ = 0), where the coupling between channels is purely
dynamical. Second, in Sec. VI B, we consider the case with a
static potential (ν̃ > 0), implying the existence of preexisting

bound states arising from the static double-δ potential prob-
lem, as known from standard quantum mechanics [34,35].
Figure 6 illustrates the key differences between these two
scenarios. For ν̃ = 0 (green curve), the spectrum exhibits a
single Fano resonance with q ≈ 0, qualitatively similar to the
single-impurity result shown in Fig. 4(c) and discussed in the
previous section. Conversely, activating the static potential

FIG. 6. Transmission probability T as a function of the incident
particle energy Ẽ for a system with two impurities separated by a
distance l̃ = 4.24. The green curves correspond to the case without
a static potential (ν̃ = 0 and γ̃ = 0.35), exhibiting a single dip. The
blue curves correspond to the case with a static potential (ν̃ = 0.7
and γ̃ = 0.15), revealing a double Fano resonance structure. Solid
curves represent the results obtained within the two-channel approx-
imation, while dashed curves correspond to the 41-channel numerical
simulation. The vertical lines indicate the theoretical predictions of
the zeros, given by Eqs. (31), (37), and (38). The main features of
the transmission probability are well described by the two-channel
approximation.
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FIG. 7. Transmission probability as a function of the incident
energy Ẽ and drive amplitude γ̃ , calculated in the two-channel
approximation for l̃ = 4.24 and ν̃ = 0. The green dashed line indi-
cates γ̃ = 0.35, corresponding to the drive amplitude of the green
curve shown in Fig. 6. The numerical solution is obtained using two
channels (n = 0 and n = −1). The black dash-dotted line represents
the analytical prediction of the transmission zero obtained through
Eq. (31).

(ν̃ > 0, blue curve) drastically alters the spectral response:
a structure characterized by two distinct Fano profiles with
asymmetry parameters of opposite signs arises (q < 0 cor-
responding to a peak-dip shape, and q > 0 to a dip-peak
shape). To analyze the behavior of the Fano resonances in
detail, we find that the essential features of the weak-coupling
regime can be accurately described by reducing the multi-
channel framework to a two-channel model, involving one
open channel (n = 0) and the first closed channel (n = −1).
This approximation allows us to derive analytical insights and
to identify the Fano resonances unambiguously. We verified
that the two-channel model describes very well the structures
seen in the transmission probability for driving amplitudes
0 � γ̃ � 0.7 (weak-coupling regime) within the energy win-
dow 0 � Ẽ < 2. This is demonstrated in Fig. 6, where the
solid curves represent the results of the 2-channel model,
while the dashed curves correspond to the 41-channel model.
Both agree very well. Within the two-channel approximation,
which holds for small driving amplitudes, one can carry out
an asymptotic expansion in the driving amplitude γ̃ to obtain
approximate expressions for the zeros of the Fano resonances
and compare them to the numerical solution. In the following,
we utilize the two-channel approximation to derive analyti-
cal insights into the system’s transport properties within the
weak-coupling regime. We then validate these predictions by
comparing them to full numerical simulations performed with
41 Floquet channels. A discussion of the agreement between
the two models, as well as of the observed deviations, is
provided below.

A. Two impurities in the absence of a static potential

In this subsection, we analyze the transport properties in
the absence of a static potential (ν̃ = 0). Figure 7 displays

a plot of the transmission probability as a function of the
drive amplitude γ̃ and the energy Ẽ of the incoming particle,
calculated within the two-channel approximation. We observe
a single sharp dip in the transmission, which we identify as a
Fano resonance. The position and width of the Fano resonance
evolve with the driving amplitude.

To understand the origin of the dip in the transmission,
we use the two-channel model to obtain analytical insights.
The dip originates from the interference between the Floquet
modes in the two relevant channels: the continuum spec-
trum (n = 0) and the discrete spectrum (n = −1), where the
coupling is purely dynamical and controlled by the drive am-
plitude γ̃ . In this weak-coupling regime (see, e.g., γ̃ = 0.35
in Fig. 7), a two-channel model is sufficient to capture this
phenomenon. This is evident from the comparison between
the green solid and dashed curves in Fig. 6, representing the
2-channel and 41-channel simulations, respectively: the ob-
served deviations are negligible, confirming that in this regime
the physics is dominated by the Fano interference between
the open channel n = 0 and the closed channel n = −1. The
resulting resonance is almost symmetric with a single dip and
no peak (q ≈ 0), similar to the behavior of the single impurity
case without a static potential shown in Fig. 4.

Analytical expressions for the transmission zeros and poles
can be derived using an asymptotic expansion near the channel
threshold Ẽ � 1, as detailed in Appendix C. The position of
the transmission zero is given by

Ẽzt � 1 −
[
γ̃ 2 sin(l̃ )

8

]2

. (31)

This equation indicates that the zero always lies in the energy
interval Ẽ < 1 and approaches its upper bound quartically in
γ̃ as long as the coupling strength γ̃ is small. The expression
differs from the single impurity case, given by Eq. (25), by the
factor sin(l̃ ) in which the distance of the impurities becomes
important. From Fig. 7, it is evident that the analytical results
for the transmission zeros, obtained within the perturbation
approach, are in good agreement with the numerical results
across the entire weak-coupling regime.

For the resonance pole, a closed-form expression cannot be
achieved; instead, the complex energy Ẽp is determined by the
transcendental equation:

k̃0(1 + e−ik̃0 l̃ ) = γ̃ 2 l̃

8
sin(k̃0 l̃ ), (32)

where k̃0 =
√

Ẽp represents the complex wave vector in
the open channel. A crucial difference compared to the
single-impurity case is the dependence of Eq. (32) on the
inter-impurity distance l̃ . This distance acts as a control pa-
rameter. As previously discussed, the system behaves as a
dynamical Fabry-Pérot cavity; in the Floquet picture, this cor-
responds to an infinite set of coupled static cavities of length
l̃ . These cavities support modes at energies given by condi-
tion (30). Consequently, one expects an interplay between the
cavity effects and the Fano interference, which allows for a
control of the Fano resonance that would not be possible with
a single impurity.

In this regard, from Eq. (32), we can identify critical dis-
tances l̃c,p′ at which the resonance width vanishes (
̃ → 0).
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FIG. 8. Transmission probability T as a function of the incoming particle energy Ẽ and inter-impurity distance l̃ for the case ν̃ = 0 and
γ̃ = 0.424. (a), (b) Results obtained within the two-channel approximation. (c), (d) Numerical solution with 41 channels. The right column
(b), (d) provides cuts around the resonance region for γ̃ = 0.424. Note that the analytical prediction of the critical distances, represented by
the horizontal red dashed lines and derived within the two-channel approximation given by Eq. (33), is in excellent agreement with the full
41-channel numerical solution. The cuts at fixed l̃ in panels (b), (d) clearly show the complete disappearance of the Fano resonance at these
critical distances (red flat curves), which correspond to the formation of bound states in the continuum (BICs).

As we have explained in Sec. IV, a resonance with 
̃ = 0 is
characterized by the fact that the pole is real and coincides
with the zero, Ẽp = Ẽzt = Ẽr . From Eq. (32), one finds that
this occurs if and only if cos(k̃0 l̃ ) = −1. This condition leads
to the critical lengths:

l̃c,p′ = (2p′ + 1)π, (33)

with p′ ∈ N.
The critical lengths l̃c,p′ correspond to the geometric con-

ditions under which the open channel (n = 0) supports cavity
modes, as follows directly from Eq. (30). For odd inte-
gers p, the incident particle fails to couple to these cavity
modes. Since such a mode is completely decoupled from the
continuum, it remains inaccessible in a standard scattering
experiment, where the particle is, by definition, prepared in
a continuum state. As will be discussed in detail in Sec. VI C,
this condition implies that the scattering state is degenerate
with a BIC. Consequently, in the scattering problem, the
BIC appears effectively transparent, leaving no signature in

the transmission spectrum due to its complete decoupling
from the open channel. This mechanism is unique to the
two-impurity configuration, as it strictly requires a spatial
separation l̃ to allow for the phase cancellation between the
two scattering events.

At the critical values, Eqs. (31) and (32) predict that both
the zero Ẽzt and the real part of the pole Ẽr collapse onto
the energy Ẽ = 1. Consequently, the pole and zero coincide,
leading to a cancellation of the resonant features in the trans-
mission spectrum. Away from these critical points, the zero
and the pole remain close but distinct, resulting in a Fano dip
(q ≈ 0), as observed in the green solid curve of Fig. 6.

The analytical predictions about the zeros and the poles are
confirmed by the numerical simulations presented in Fig. 8.
Figures 8(a) and 8(b) show the transmission spectrum in the
two-channel approximation and a cut for γ̃ = 0.424. The
Fano dip vanishes completely at the predicted critical dis-
tances given by Eq. (33), restoring perfect transmission. To
validate the two-channel approximation, we compare these
results with the 41-channel Floquet solution, shown in
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Figs. 8(c) and 8(d). The main features of the transmission
probability, including the location of the BICs, are well pre-
served, confirming that the two-channel model captures the
essential physics in the weak-coupling regime. The primary
deviation is an underestimation of the resonance width in
the approximate model; as a result, the Fano resonance re-
emerges more gradually in the 41-channel numerical solution
as the distance deviates from l̃c,p′ .

B. Two impurities with static potential

In this section, we extend our analysis to the case where a
static potential is present (ν̃ > 0). To understand the structure
of the transmission probability of this system, it is instructive
to first consider the static limit (γ̃ = 0). In this regime, the
Hamiltonian describes a particle interacting with a double po-
tential well formed by two attractive Dirac δ functions. Such
a configuration supports up to two bound states [35,44,45]: a
ground state with a symmetric wave function and a first ex-
cited state with an antisymmetric wave function (with respect
to the center of the cavity l̃/2). The symmetric bound state
exists for any nonvanishing attractive potential ν̃. In contrast,
the antisymmetric bound state exists only if the impurities are
sufficiently separated or the potential is sufficiently strong.
The condition for the existence of the antisymmetric state is
given by

l̃ ν̃ � 2. (34)

When the periodic drive is activated (γ̃ 	= 0), in the two-
channel approximation the discrete bound states associated
with the closed channel (n = −1) become quasibound states
coupled to the continuum of the open channel (n = 0). Since
the channel n = −1 supports two static bound states, the reso-
nant scattering pathway in energy splits into two, resulting in
a transmission spectrum characterized by a double resonance
structure with distinct Fano profiles. This feature is accurately
captured by the two-channel approximation, as illustrated in
Fig. 9(a). A comparison of transmission cuts at a fixed driving
amplitude against the full 41-channel solution in Fig. 9(f)
confirms the robustness of the two-channel approximation in
this regime. Thus, the physics in the weak-coupling regime
is dominated by the Fano interference between the channels
n = 0 and n = −1.

The condition given by Eq. (34) defines a sharp boundary
in the parameter space between the single- and double-
resonance regimes. At a fixed distance l̃ , we identify a
critical potential strength ν̃c = 2/l̃; for ν̃ � ν̃c, the resonance
associated with the antisymmetric state vanishes, and only
the symmetric Fano resonance is observed [see Figs. 9(b)
and 9(c)]. Equivalently, for a fixed potential ν̃, this condi-
tion defines a lower critical distance l̃c1 = 2/ν̃, below which
only the symmetric resonance exists, as shown in Figs. 9(d)
and 9(e). We define an upper critical distance scale l̃c2 , above
which the two Fano resonances effectively merge. Physically,
this merging occurs because, at large separations, the two
potential wells act as independent scatterers, each supporting a
single bound state at the same energy. It is important to distin-
guish the nature of these thresholds: while ν̃c and l̃c1 are exact
bounds derived from the existence of the static bound states
(which persist in the weak-coupling driven limit), l̃c2 is an

asymptotic scale defined where the energy splitting becomes
negligible:

l̃c2 = 2

ν̃
ln

(
ν̃2

ε̃

)
. (35)

Here, ε̃ represents the energy splitting between the two Fano
resonances arising from the symmetric and antisymmetric
states. Here, we set this separation equal to the width of
the single Fano resonance that emerges from their merging,
namely, ε̃ = �Ẽ = ẼA − ẼS . This quantity is evaluated nu-
merically.

More information about the Fano resonances observed in
Fig. 9 can be analytically obtained within the two-channel
approximation by treating the drive as a perturbation on the
static bound states, as detailed in Appendix C. The energies
of the static bound states are ẼS,A = −κ2

S,A. In the two-channel
approximation, as a starting point for the perturbation theory
in γ̃ , the zeros, corresponding also to the resonance energies,
and to the real part of the pole, Ẽ0

zt,α = Ẽ0
r,α with α = S, A,

can be written as the energies corresponding to the static
bound states shifted in the channel n = −1; using the fact that
Ẽ−1 = Ẽ − 1, one obtains

Ẽ0
r,α = 1 − κ2

α (α = S, A). (36)

It is worth noting that, as explained in Appendix C, κ2
α de-

pends on the inter-impurity distance, and so does Ẽ0
r,α . This

dependence of the energy on the distance l̃ explains the curved
trajectories of the Fano resonances in the (Ẽ , l̃ ) plane.

As explained in Appendix C, at the second order in γ̃ , one
obtains

Ẽzt,S = Ẽ0
r,S − γ̃ 2AS

k̃0
sin(k̃0 l̃ ), (37)

Ẽzt,A = Ẽ0
r,A + γ̃ 2|AA|

k̃0
sin(k̃0 l̃ ), (38)

where AS and AA are positive amplitude factors related to
the static wave functions and depending on l̃ , whose explicit
form is given in Appendix C. These analytical results cor-
roborate the numerical observations: the first Fano resonance
(symmetric state) exhibits a dip-peak structure (q > 0), since
Ẽzt,S < Ẽ0

r,S , while the second (antisymmetric state) exhibits a
peak-dip structure (q < 0), since Ẽzt,A > Ẽ0

r,A. From Fig. 9(a),
one can notice that the results obtained within the perturbation
approach hold only for small values of the drive amplitude
γ̃ . In particular, the analytical predictions of the Fano reso-
nance zeros are in good agreement with the numerical solution
only for γ̃ � 0.12; beyond this limit, a deviation emerges, as
shown in Fig. 9. Unlike the case without a static potential
in Sec. VI A, one does not have an agreement between the
analytical and numerical results across all the weak-coupling
regime, since here the first nonzero term of the perturbation is
the one with the second power of γ̃ , while in the case without
a static potential, it scales with the fourth power. Here we
expect to have a better agreement by considering higher-order
corrections in the perturbation theory.

The lifetime of these resonances is governed by the in-
terference between the decay channels. We derive, using
a perturbation approach in γ̃ within the two-channel ap-
proximation, compact expressions for the coefficients of the
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FIG. 9. Numerical solution for the system with a static potential (ν̃ > 0) in the weak-coupling regime. The solutions in panels (a)–(e) are
obtained within the two-channel approximation. In panel (f) the main results are compared to the solution with 41 channels, showing that in
the regime considered the two-channel approximation describes well the main properties of transport. The dashed red and cyan lines indicate
the analytical prediction for the Fano resonance zeros, obtained with Eqs. (37) and (38), respectively. Panel (a) represents the transmission
probability T as a function of drive amplitude γ̃ and energy Ẽ of the incoming particle with l̃ = 4.24 and ν̃ = 0.7. Horizontal green and black
dash-dotted lines indicate selected drive amplitudes representing two distinct regimes: one showing a discrepancy between numerical and
analytical results (green) and another where they exhibit good agreement (black). Panels (b), (c) represent the transmission probability T as a
function of static potential ν̃ and energy of the incoming particle Ẽ for a fixed distance l̃ = 4.24 and drive amplitudes γ̃ = 0.35 for panel (b)
and γ̃ = 0.1 for panel (c). The black horizontal dash-dotted line represents the critical value under which the channel n = −1 hosts only one
bound state, obtained from Eq. (34) as ν̃c = 2/l̃ . This value of the static potential marks the disappearance of the Fano resonance associated
with the vanishing bound state. Panels (d), (e) represent the transmission probability as a function of the distance between the impurities l̃ and
energy of the incoming particle Ẽ , at fixed static potential ν̃ = 0.7 and drive amplitude γ̃ = 0.35 (d) and γ̃ = 0.1 (e). The dotted horizontal
lines represent the lower and upper critical distances. The lower bound is given by Eq. (34) as l̃c1 = 2/ν̃, and the upper bound is given by
Eq. (35) with ε̃ = 0.025 for panel (d) and ε̃ = 0.005 for panel (e). The black horizontal dash-dotted lines represent the distances l̃c,S = 3.478
and l̃c,A = 6.592 at which the Fano resonances disappear and the BICs form. Panel (f) shows some cuts of the transmission probability at fixed
γ̃ , ν̃, and l̃ .

imaginary part of the poles (more details are provided in
Appendix C):


̃S = 4γ̃ 2 |ψS (0)|2
k̃0

cos2

(
k̃0 l̃

2

)
, (39)


̃A = 4γ̃ 2 |ψA(0)|2
k̃0

sin2

(
k̃0 l̃

2

)
, (40)

where k̃0 =
√

Ẽ0 is the wave vector in the open channel
(n = 0). The derived expressions for 
̃S,A directly determine

the existence conditions for BICs, defined by a vanishing
decay width. As previously discussed, these are nondecaying
states with infinite lifetimes: their complete decoupling from
the continuum ensures that the escape probability is zero,
effectively trapping the particle within the system. One can
find the conditions for these critical distances at which the
Fano resonances disappear, for the symmetric state l̃c,S and
the antisymmetric one l̃c,A.

For the symmetric state, the condition 
̃S = 0 im-
plies k̃0 l̃c,S = (2p′ + 1)π with p′ ∈ N. Conversely, for the
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antisymmetric state, the condition 
̃A = 0 requires k̃0 l̃c,A =
2p′π with p′ ∈ N. These conditions correspond precisely to
the points in Figs. 9(d) and 9(e) where the Fano resonances
disappear on the two branches originating from the symmetric
and antisymmetric states. In Fig. 9, cuts of the transmission
probability at these critical distances show that one Fano res-
onance disappears (see the black and green curves in Fig. 9(f),
where only one Fano structure is present). We will give more
details on the BICs in the next subsection.

C. Bound states in the continuum

While the existence of BICs is well-established in the
literature [22,25,26,46,47], their direct visualization remains
challenging [23,27,28]. These are states that are embedded
within the continuum spectrum but remain completely de-
coupled from it and are spatially localized. In a scattering
problem, one must look for these states at energies where
the system admits a resonance with a purely real pole. This
implies that the decay rate 
 of the resonant state into the
continuum is zero, and thus the state acquires an infinite life-
time τ . When such a state with an infinite lifetime is strictly
localized (i.e., its wave function is square-integrable), it is
classified as a BIC.

Looking at the Fano resonance formulas in Eqs. (21)
and (22), one can see that when 
 = 0, the pole and the zero
of the Fano resonance exactly coincide; they both occur at
the energy Er . As a result, the resonance profile completely
disappears from the transmission spectrum in the scattering
problem. As shown in Figs. 8 and 9, we have identified spe-
cific conditions for the distance between the two impurities
in the weak-coupling regime, both numerically and via the
perturbative approach, that lead to the complete disappearance
of the Fano line shape. These states are therefore strong candi-
dates to be BICs. The crucial next step is to confirm that they
are indeed spatially localized. Since states perfectly decoupled
from the continuum are inherently invisible in the scattering
framework studied previously, one must proceed by solv-
ing the Schrödinger equation, without an incoming scattered
particle. For the Floquet channels, this requires adopting an
ansatz containing exclusively outgoing waves in the external
regions, with no incident term:

ψn(x) =
⎧⎨
⎩

rne−iknx x < 0,

Aneiknx + Bne−iknx 0 � x � l,
tneiknx x > l.

(41)

By imposing the boundary conditions at the impurity sites
x = 0 and x = l , as for the scattering problem in Sec. III,
one obtains the same equations [Eqs. (15a)–(15d)] without
the term related to the incoming particle δn,0eiknx. This leads
to a linear homogeneous system for the unknown coefficients
x = [{rn}, {An}, {Bn}, {tn}]T for n ∈ [−nmax, nmax], where
nmax ∈ N is the cutoff for the Floquet channels included in
the numerical solution. This can be written in a matrix formu-
lation:

M(E )x = 0. (42)

This system admits nontrivial solutions as long as the deter-
minant of M(E ) is zero. Crucially, this matrix is structurally
identical to the coefficient matrix of the scattering problem.

The poles of the transmission probability for the problem with
an incoming particle (Sec. II), as explained in Appendix C, are
solutions to the equation

det[M(Ep)] = 0. (43)

As discussed in Sec. VI B, for the system with a static poten-
tial, the two Fano resonances originate from the preexisting
bound states of the undriven problem. We demonstrated the
disappearance of these Fano resonances at specific critical dis-
tances within the weak-coupling regime [shown in Figs. 9(d)
and 9(e)]. Interestingly, at these critical distances, the scatter-
ing and homogeneous problems exhibit different solutions to
the Schrödinger equation. Specifically, at the critical length
l̃c,S , the scattering problem yields a running wave with a
transmission probability T � 0.57, as depicted in Fig. 10(a).
Conversely, solving the problem without an incoming particle
for the exact same energy, drive parameters, and distance
reveals a symmetric localized state. This perfectly confined
state, representing a BIC, is shown in the inset of Fig. 10(a).
Similarly, at the critical length l̃c,A, the scattering problem
exhibits a running wave with a transmission probability T �
0.77 [Fig. 10(b)], whereas removing the incoming particle
reveals a localized state with an antisymmetric profile, which
again corresponds to a BIC. Although these states are invis-
ible in the transport spectrum, the disappearance of the Fano
resonance provides an important scattering signature of their
decoupling from the continuum. Their identification as gen-
uine BICs is completed by the existence of square-integrable
solutions of the corresponding homogeneous problem. These
BICs, inheriting the parity of the underlying static bound
states, must not be confounded with the residual probability
density observed in the Floquet channel (n = −1). To under-
stand why this channel exhibits a nonzero probability density
even when the Fano resonance is completely suppressed, as
shown in Fig. 10, it is crucial to distinguish between two
concurrent physical mechanisms: resonant capture and direct
scattering. The mechanism of resonant capture takes place
when the energy of the incoming particle matches the energy
of the bound states of the static problem, Ẽr,α . It leads to the
Fano resonance, which is characterized by a zero and a pole
related to the resonant energy. Since the pole is generally com-
plex, its imaginary part, 
, represents the decay rate of these
bound states into the continuum. As long as this coupling 
 is
nonzero, the capture can take place and is temporary, because
the state eventually decays back into the continuum. How-
ever, at the critical distances, these bound states completely
decouple from the continuum (
 = 0), meaning the resonant
capture cannot take place. Consequently, the Fano resonance
vanishes entirely from the scattering problem. Together with
the real pole and the square-integrable solution of the homo-
geneous problem, the disappearance of the Fano resonance
identifies the BIC as a spectral dark state fully decoupled from
the continuum [23]. However, when an incident wave in the
continuous channel (n = 0) impinges on the oscillating impu-
rities, a fraction of the probability amplitude is scattered into
the n = −1 channel directly upon impact. This generates the
probability density associated with ψ−1(x) seen in Figs. 10(a)
and 10(b), which exists simply because the time-dependent
potential is continuously acting on the particle. Therefore, the
residual, low-level probability density observed in the n = −1
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FIG. 10. Probability density |ψ (x)|2 computed within the two-channel approximation. The solid black lines represent the time-averaged
probability density for the scattering problem, obtained from the solution to the Schrödinger equation given by Eq. (4). The blue and orange
solid lines denote the probability densities associated with the individual Floquet modes in channels n = −1 and n = 0, respectively. The insets
display the probability density of the solutions for the problem without an incoming particle. The static potential strength is set to ν̃ = 0.7, and
the system is evaluated at the critical parameters corresponding to the emergence of bound states in the continuum (BICs). (a) Profiles evaluated
at the critical distance l̃c,S � 3.48 and energy Ẽc,S � 0.82. At these specific parameters, the Fano resonance originating from the symmetric
bound state of the static potential completely disappears. The inset illustrates the corresponding perfectly symmetric BIC. (b) Profiles evaluated
at the critical distance l̃c,A � 6.59 and energy Ẽc,A � 0.91. At this configuration, the Fano resonance associated with the antisymmetric static
bound state vanishes. The inset shows the corresponding purely antisymmetric BIC. In the scattering problem, the solutions at these critical
distances are running waves with transmission probabilities T � 0.57 (symmetric case) and T � 0.77 (antisymmetric case). The transmission
zeros vanish with the Fano resonances because the bound states in the n = −1 channel become completely decoupled from the continuum
(
 = 0), preventing the resonant capture of the wave in channel n = 0.

channel during scattering is not the BIC itself, but merely
the unavoidable footprint of the direct scattering process. Fi-
nally, we note that the study in this weak-coupling regime
has been carried out using the two-channel approximation.
As established earlier, this truncation guarantees numerical
convergence, a robustness that extends to the evaluation of the
BICs.

For the system without a static potential, we similarly find
conditions leading to the disappearance of the Fano resonance
at specific critical distances, specifically when l̃ is an odd
multiple of π , as shown in Fig. 8. However, the nature of the
underlying state in this regime differs fundamentally from the
static potential case. Here, the collapse of the imaginary part
of the Fano pole (
 → 0) occurs exactly at the energy Ẽ = 1.
This corresponds to the threshold at which the n = −1 chan-
nel opens up, meaning its wave number vanishes (k−1 = 0).
Consequently, this channel does not contribute to the probabil-
ity current but yields a constant probability density in regions
I and III, as seen in Fig. 11. In the equivalent homogeneous
problem (without an incoming particle), shown in the inset of
Fig. 11, the system supports a state with an infinite lifetime.
Unlike the previously discussed BICs, this state is not spatially
localized; rather, it is a half-bound state [48] embedded in the
continuum, yet completely decoupled from it like a standard
BIC—therefore acting as a “half-BIC.”

According to standard one-dimensional scattering theory,
total reflection (R = 1) is expected for incident quantum par-
ticles with energies approaching a channel threshold, where
the momentum vanishes [49]. However, this paradigm breaks
down in the presence of half-bound states: zero-energy reso-
nances characterized by a nonvanishing, constant asymptotic
probability amplitude and a zero spatial derivative. Rather

than reflecting, an incident wave can perfectly couple to these
flat, non-square-integrable states, which induces macroscopic
transport anomalies and gives rise to the so-called “zero-
reflection paradox” (R = 0) [50,51]. While these states are
typically studied through the ad hoc engineering of static
potentials [48,52,53], we demonstrate here that they can be
dynamically generated using local periodic drives.

Similar to the static potential scenario, the constant prob-
ability density observed in the n = −1 channel during the
scattering process (Fig. 11) is merely the footprint of the
direct scattering mechanism. Because the Fano resonance is
suppressed, the half-BIC remains completely decoupled from
the continuum. The incident wave is not captured by the half-
bound state since its coupling to the continuum spectrum is
zero (
 = 0), which leads to an almost perfect transmission
(T � 0.995) at the threshold in the scattering problem.

D. Relation between Fano resonances, poles, and bound states

To summarize, the scattering problem and the one with-
out an incoming particle provide complementary signatures
of the same resonant states. Away from the critical parame-
ters, the bound state is coupled to the open channel and is
associated with a pole Ep = Er − i
/2 in the lower half of
the complex-energy plane. Its finite decay width produces a
Fano resonance in the transmission spectrum; when 
 is small
but nonzero, the corresponding state is a quasi-BIC with a
long but finite lifetime. As the critical distance is approached,
the width 
 vanishes, the pole reaches the real-energy axis,
and the transmission zero merges with the resonance en-
ergy, causing the resonant contribution to disappear from the
scattering spectrum. The disappearance of the Fano line shape
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FIG. 11. Probability density |ψ (x)|2 computed within the two-
channel approximation. The solid black lines represent the time-
averaged probability density for the scattering problem, obtained
from the solution to the Schrödinger equation given by Eq. (4).
The blue and orange solid lines denote the probability densities
associated with the individual Floquet modes in channels n = −1
and n = 0, respectively. The insets display the probability density
of the solutions for the problem without an incoming particle. The
static potential strength is set to ν̃ = 0, and the system is evaluated
at the critical parameters Ẽ = 1 and l̃ = l̃c,1 = π at which the Fano
resonance disappears in the problem with no static potential, being
pushed to the threshold. In the scattering problem, there is a running
wave that is almost perfectly transmitted into region III (T � 1). In
channel n = −1 (light blue curve), there is a zero-energy state or
half-bound state (due to the threshold k−1 = 0) completely decoupled
from the channel n = 0 (
 = 0), while in the problem without an
incoming particle, one finds the half-BIC.

alone, however, is not sufficient to establish the existence of a
BIC. This identification additionally requires a nontrivial real-
energy solution of the problem without an incoming particle,
det M(Er ) = 0, whose amplitudes in all open channels vanish.
For ν̃ > 0, the remaining closed-channel components decay
exponentially outside the two impurities, and the solution to
the Schrödinger equation is square-integrable; it is therefore
a genuine BIC. By contrast, for ν̃ = 0, the pole reaches the
threshold Ẽ = 1, where k−1 = 0. The corresponding homoge-
neous solution approaches a nonzero constant asymptotically
and is not square-integrable. It must therefore be classified as
a threshold half-bound state, rather than as an ordinary BIC;
in the following, we refer to it as a “half-BIC” to emphasize
its complete decoupling from the propagating channel.

VII. FANO RESONANCES BEYOND THE
WEAK-COUPLING REGIME

Beyond the weak-coupling regime (γ̃ > 0.7), the two-
channel approximation proves insufficient to fully capture the
complexity of the transmission spectrum. As the drive ampli-
tude increases, the enhanced coupling between Floquet modes
brings higher-order channels into play, giving rise to richer
spectral features. Due to the complexity of the multichannel
coupling, an analytical treatment is no longer feasible. Here,

FIG. 12. Transmission probability in the intermediate-coupling
regime. The system is evaluated for an inter-impurity distance l̃ =
3.54 in the absence of a static potential (ν̃ = 0). (a) Transmission
probability T as a function of the incident particle energy Ẽ and
the drive amplitude γ̃ . The horizontal dashed lines indicate the
specific drive amplitudes extracted for the cuts in panel (b). The ma-
genta dashed contours, numerically obtained by tracing the boundary
where T � 0.15, explicitly highlight the regions of probability drop
associated with the two Fano resonances. (b) Transmission probabil-
ity cuts extracted at γ̃ = 1.84 (green lines) and γ̃ = 1.98 (orange
lines). The panel compares the minimal model restricted to three
nonsymmetric channels (n = −2, −1, 0, dashed lines), the seven-
channel approximation (dotted lines), and the 41-channel solution
(solid lines). The good agreement validates the robustness of the
seven-channel approximation.

we focus our attention on regions II and III of the transmission
spectrum indicated in Fig. 5.

A. Intermediate-coupling regime

A double resonance structure emerges in the absence of
a static potential (ν̃ = 0), as shown in Fig. 12, which corre-
sponds to region II of the transmission spectrum highlighted
in Fig. 5(a) of Sec. V. This behavior marks a qualitative
difference from the single-impurity case, where only sin-
gle resonances are present, even beyond the weak-coupling
regime.

The origin of this double structure lies in the specific
Floquet channels participating in the scattering process. In
this intermediate-coupling regime (1.8 � γ̃ � 2.5), the con-
tinuum of the open channel (n = 0) couples significantly not
only to the first closed channel (n = −1) but also to the second
closed channel (n = −2). Consequently, the incoming particle
interacts simultaneously with two distinct bound states, corre-
sponding to the two Floquet modes in the channels n = −1
and n = −2.

From a physical perspective, the inclusion of these three
channels (n = 0,−1,−2) is sufficient to qualitatively capture
the double resonance, as shown in Fig. 12(b). However, in
this regime, the numerical convergence of the solution is
achieved by increasing the number of Floquet channels to
seven (from n = −3 to n = 3), as shown in Fig. 12(b). This
stands in contrast to the single-impurity problem, where the
transmission spectrum in the same region is characterized by
a single Fano resonance and is still physically described by the
two-channel approximation (n = 0,−1), with higher-order
channels contributing only to numerical refinement rather than
new physical features.
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This scenario, for the two-impurity problem without a
static potential, is analogous to the case with a static potential
offset (ν̃ 	= 0), where the system supported two preexisting
bound states (symmetric and antisymmetric). Here, however,
the two discrete states are dynamically generated by dif-
ferent Floquet modes. The Fano interference between the
single continuum pathway (n = 0) and these two discrete
pathways (n = −1,−2) leads to a double Fano resonance
profile. A notable difference from the weak-coupling limit
is that the transmission minima do not reach exactly zero,
which indicates that higher-order coupling effects generate
a nonnegligible background that prevents perfect destructive
interference.

B. Cavity-enhanced Fano regime

An important aspect emerging beyond the weak-coupling
regime, particularly within region III of the transmission spec-
trum in Fig. 5(a), is the onset of cavity effects. These effects
compete with the Fano interference, leading to novel fea-
tures in the transmission profile. Region III is characterized
by the condition that cavity modes, given by Eq. (30), are
supported by two different propagating channels, specifically
n = 0 and n = −1. The energies of these cavity modes are
Ẽ0,3 � 1.774 and Ẽ−1,2 � 1.788. As shown in Fig. 13(a),
an interesting interplay occurs when a cavity mode overlaps
with the Fano interference pattern. Large Fano resonances
arise in this area of the transmission spectrum, far from the
energy of the cavity modes. However, as the incident par-
ticle energy approaches the energy of the cavity modes, in
particular of the channel n = −1, the spectral profile of the
Fano resonances is heavily affected. Notably, exactly at the
cavity mode energy (highlighted by the green dashed line at
Ẽ ≈ 1.788), the Fano resonances undergo a drastic narrowing,
becoming remarkably sharp. Figure 13(b) presents three cuts
of the transmission probability as a function of the drive am-
plitude. The transmission profile is governed by two combined
effects: a slow background decay of T with increasing γ̃ ,
upon which several sharp Fano resonances are superimposed.
As previously observed, the sharpest resonances emerge pre-
cisely at the energy of the cavity mode associated with the
n = −1 Floquet channel. To quantitatively analyze this be-
havior, we isolate a single Fano resonance for each energy
cut—specifically, one that consistently falls within the drive
amplitude interval γ̃ ∈ [4.5, 4.9]. We perform a nonlinear
fit of these isolated resonances, shown in Figs. 13(c)–13(e),
using a superposition of a Fano profile and a second-order
polynomial function:

TFano(γ̃ ) = A
(q
̃/2 + γ̃ − γ̃r )2

(
̃/2)2 + (γ̃ − γ̃r )2

+ a0 + a1(γ̃ − γ̃r ) + a2(γ̃ − γ̃r )2. (44)

This specific functional form is employed to cleanly decouple
the intrinsic resonance features from the transmission base-
line. While the first term captures the pure Fano lineshape, the
polynomial tail acts as a local Taylor expansion of the back-
ground around the resonance point. This procedure ensures
a highly accurate extraction of the key physical parameters:
the asymmetry parameter q, the resonance position γ̃r , and

the width 
̃. The results of the fit are detailed in the caption
of Fig. 13. Notably, the asymmetry parameter q is negative
for all the analyzed Fano resonances, resulting in a charac-
teristic peak-dip lineshape. The resonance corresponding to
the cavity mode energy (Ẽ−1,2) exhibits the narrowest width,

̃ � 1.1×10−4. This value is two orders of magnitude smaller
than the widths extracted at the other two energies, which
are detuned respectively below and above the cavity mode.
Consequently, the associated time delay at this specific energy
is remarkably enhanced (τ̃ � 9200), being roughly two orders
of magnitude larger than the time delays observed at the other
energies (τ̃ � 20 for Ẽ = 1.75, and τ̃ � 14 for Ẽ = 1.83).
The physical mechanism underlying the difference in reso-
nance width of two orders of magnitude (and consequently the
time delay) is the effect of the cavity modes in the open Flo-
quet channels in capturing and delaying the particle, together
with the bound states in the closed Floquet channels. An in-
coming particle in the n = 0 Floquet channel can be scattered
into all the other Floquet channels, since these are coupled at
the impurity sites. Fano interference typically arises from the
capture of the particle into bound states hosted within chan-
nels with n � −2. However, in the specific energy interval
considered, the trapping mechanism is enhanced by coupling
to cavity modes lying within the open channels n = −1 and
n = 0. This is visually demonstrated in Figs. 13(f)–13(h),
which display the spatial probability densities associated with
dominant individual Floquet modes |ψn(x)|2. They also show
the time-averaged total probability density, 〈|ψ (x, t )|2〉T , of
the full scattering solution derived from Eq. (11). This aver-
age, calculated over one driving period T , is mathematically
equivalent to the sum of the individual mode densities:

〈|ψ (x, t )|2〉T = 1

T

∫ T

0
|ψ (x, t )|2dt =

∑
n

|ψn(x)|2. (45)

Across all three energy cases falling near the cavity-mode
supporting ranges for channels n = 0 and n = −1, the
plots reveal clear cavity-mode structures—specifically, a
second-order cavity mode (p = 2) in channel n = −1 and a
third-order mode (p = 3) in n = 0. Crucially, we observe that
the peak probability density in channel n = −1 is substan-
tially higher than in other channels, including the contributing
discrete channel (n = −2). This high modal density enhance-
ment indicates that channel n = −1 plays the dominant role
in particle trapping.

While the numerical simulation incorporates a large num-
ber of channels (41) to describe the general shape of the
transmission probability (with all the channels giving a
nonnegligible contribution), the spatial profile of the time-
averaged total wave-function density at the Fano resonance
energy is governed almost exclusively by the spatial struc-
ture of these three key channels (n = −1, n = 0, and the
contributing n � −2). We have explicitly included the bound
state in channel n = −2 in the plots, as it generally exhibits
the highest density enhancement among channels belonging
to the discrete spectrum. Alongside it, we plot the two open
channels supporting cavity modes (n = −1 and n = 0). Den-
sity enhancement is most pronounced in channel n = −1 and
less so in n = 0, yet both display the characteristic cavity-
mode signature: strong localization in the region between
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FIG. 13. Numerical solution with 41 Floquet channels in region III of the transmission spectrum [Fig. 5(a)], calculated for an inter-impurity
distance l̃ = 7.07 without a static potential (ν̃ = 0). (a) Transmission probability as a function of the incoming particle energy Ẽ and the drive
amplitude γ̃ . The vertical dashed lines indicate the energies Ẽ = 1.75, Ẽ = 1.83, and the cavity mode energy Ẽ−1,2 = 1.788. (b) Cuts of the
transmission probability as a function of the drive amplitude γ̃ , evaluated at the energies indicated by the vertical lines in panel (a). (c)–(e) Fits
of the Fano resonances for the transmission probability as a function of γ̃ at the three selected energies of panel (a), using Eq. (44). (f)–(h)
Corresponding probability densities and time-averaged total probability density for the same energies.

the two impurities, decaying outside that region to constant
asymptotic values. Contribution from the remaining channels
at the Fano resonance energies and drive amplitudes, both
discrete and within the continuum, only becomes significant
at substantially higher values of the drive amplitude.

The main result here is that at the specific energy matching
the cavity mode Ẽ−1,2, shown in Fig. 13(g), we observe the
highest values of total density enhancement, much greater
than the cases of the energies in Figs. 13(f) and 13(h).
This means that the intrinsic Fano interference (capture into

discrete bound states) is locally assisted and enhanced by cou-
pling to the cavity mode supported within the open channel
n = −1. This resonant cooperative effect drastically increases
the effective time delay, leading directly to the corresponding
sharp narrowing observed in the spectral width of the Fano
resonance. The interplay of Fano interference with the cavity
modes enables the engineering of states with significantly en-
hanced lifetimes, which manifest as remarkably narrow Fano
resonances even at high drive amplitudes. As discussed in
Sec. IV for the single-impurity case, these long-lived states
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FIG. 14. Transmission probability as a function of drive ampli-
tude γ̃ for fixed energy Ẽ = 1.774 and distance l̃ = 7.07. The green
curve represents the case without a static potential (ν̃ = 0), while the
blue curve shows the case with a static potential ν̃ = 0.7, and the
brown curve represents the case with ν̃ = 1.3.

act as quasi-BICs. However, a fundamental limitation of
the single-impurity system is that such quasi-BICs—yielding
time delays on the order of τ̃ � 103—are strictly confined to
the weak-coupling regime. As shown in Fig. 4(a), increasing
the drive amplitude for a single impurity inevitably broadens
the Fano resonances, leading to a drastic reduction in the time
delay. In contrast, the two-impurity configuration leverages
cavity-enhanced Fano interference to overcome this limita-
tion. This system provides a robust mechanism to engineer
even longer-lived states at significantly larger drive ampli-
tudes and across a broader range of incident energies.

Finally, in Fig. 14, we investigate the interplay between a
static potential and the periodic drive by comparing the case
without a static potential (ν̃ = 0) with the cases including a
static potential (ν̃ = 0.7 and ν̃ = 1.3).

For the case without a static potential (ν̃ = 0), the system
exhibits two main features. First, the background transmission
monotonically decreases starting from T = 1 at zero drive
amplitude. This occurs because, as the drive amplitude in-
creases, the incident particle is scattered into different Floquet
channels. These include closed channels, where the particle
can only be reflected, and open channels, which allow both
transmission and reflection. The participation of more Flo-
quet channels at higher drive amplitudes inevitably leads to
a decrease in the transmission probability. Second, on top of
this decreasing background, sharp Fano resonances appear. At
fixed incident energies, these dips occur exactly at the drive
amplitudes for which the system admits quasibound states.
When the static potential is nonzero (ν̃ = 0.7 and ν̃ = 1.3),
we observe a clear breakdown of the background monotonic-
ity and a shift in the position of the Fano resonances. The shift
of the resonances occurs because the static potential acts as
an attractive well that modifies the positions of the underly-
ing quasibound states. Furthermore, at zero drive amplitude
(γ̃ = 0), the static potential reduces the initial transmission
probability from T = 1 to T < 1. As the drive is activated,
the transmission is initially assisted by the oscillation of the
two impurities. In this intermediate window, the scattering
into the Floquet channels effectively helps the particle over-
come the static obstacle, leading to a temporary increase in T .

FIG. 15. (a) Transmission probability as a function of the energy
of the incoming particle Ẽ and drive amplitude γ̃ , numerical solution
with 41 Floquet channels in region III of the transmission spectrum,
calculated for an inter-impurity distance l̃ = 7.07 without a static
potential (ν̃ = 0). The dashed vertical lines represent the energies
of the third cavity mode of the channel n = 1, Ẽ1,3 = 0.774 and the
energy of the second cavity mode of the channel n = 0, Ẽ0,2 = 0.788.
(b) Cuts of the transmission probability T as a function of drive
amplitude γ̃ at the two specific cavity mode energies identified in
panel (a). The profiles reveal a recurring pattern of narrow Fano
resonances and broad quasi-Lorentzian peaks of (almost) perfect
transmission.

However, for higher values of the drive amplitude relative to
the static potential, the scattering into other channels becomes
dominant, and the transmission exhibits a decreasing behavior
again. As clearly shown in Fig. 14, as ν̃ increases, the initial
transmission at zero drive is lower, and a larger drive ampli-
tude is required to reach the transmission maximum before the
decreasing behavior eventually takes over.

VIII. DYNAMICAL SWITCHING BETWEEN
LOCALIZATION AND PERFECT TRANSPARENCY

In this final section, we explore an application of co-
herent control over transport properties, arising from the
interplay between dynamical cavity effects and Fano interfer-
ence. Specifically, we demonstrate that the system can operate
as a tunable quantum switch. By varying the drive amplitude
at a fixed energy, it is possible to drive the system from
localization, with the incoming particle trapped between the
two impurities for a giant time delay, to perfect transparency,
where the particle is fully transmitted.

A. Localization and transparency

We focus our analysis on the transmission spectrum region
labeled IV in Fig. 5. Figure 15(a) displays a zoomed-in view
of this area. This region is characterized by the close prox-
imity in energy of two distinct cavity modes belonging to
different propagating channels: the third cavity mode of the
n = 1 channel (Ẽ1,3 = 0.774) and the second cavity mode of
the n = 0 channel (Ẽ0,2 = 0.788). In Fig. 15(b), we plot the
transmission probability T as a function of the drive amplitude
γ̃ at these two specific energies. These cuts reveal a recurring
pattern consisting of an alternating sequence of narrow Fano
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FIG. 16. Probability density of the Floquet modes and time-averaged probability density for l̃ = 7.07 at the energy Ẽ = Ẽ0,2 = 0.788: (a)
at the zero of the narrow Fano resonance (γ̃ � 2.39). The system is in a state of perfect reflection (R � 1, T � 0); (b) at the narrow Fano
resonance drive amplitude (γ̃ � 2.47). Here the particle is trapped mainly in the region between the two impurities for a long time; (c) at the
quasi-Lorentzian peak of perfect transmission (γ̃ � 3.74). Here the particle is transmitted with T � 1.

resonances and quasi-Lorentzian peaks of perfect or almost
perfect transmission. A difference compared to the regime an-
alyzed in Sec. VII B concerns the behavior of the background
transmission. In that section, for ν̃ = 0, the transmission de-
creased monotonically as the drive amplitude increased, with
the Fano resonances on top of this background. Here, one
observes a slow suppression of the transmission peaks with in-
creasing drive amplitude. In particular, within the investigated
range (γ̃ ∈ [0, 8]), the first two Lorentzian peaks reach perfect
transmission, while the subsequent ones decrease slightly but
maintain values close to unity. Observing the decay of the
transmission probability in this region would require explor-
ing much higher values of γ̃ , which implies the need for a
significantly larger number of Floquet channels (N > 41) to
ensure numerical convergence. In fact, we have verified that
N = 41 retained Floquet channels provide converged trans-
mission for γ̃ � 8. The corresponding convergence tests and
an explicit verification of probability-flux conservation are
presented in Appendix E.

We now focus our analysis on the energy Ẽ = Ẽ0,2, al-
though analogous behavior is observed for Ẽ = Ẽ1,3, as shown
in Fig. 15(b). By keeping the inter-impurity distance and
the incident energy fixed, we tune the drive amplitude γ̃ to
coherently control the transport characteristics of the system.
Figure 16 illustrates the behavior of the Floquet modes in
three distinct transport regimes. At the Fano resonance zero
[see Fig. 16(a)], we observe a condition of strong reflection
(R � 1). Among the propagating channels, only the one with
n = 0—which hosts the second cavity mode—exhibits a non-
negligible probability density. Conversely, the closed channels
belonging to the discrete spectrum are populated, with a
probability that decreases as |n| increases. The time-averaged
probability density, 〈|ψ (x, t )|2〉T given by Eq. (45), reveals a
localized structure between the two impurities. This localiza-
tion mimics the profile of the second cavity mode of the n = 0
channel but is enhanced at the boundaries due to the contribu-
tion of the bound states in the closed channels. In region I
(for x < 0), the wave function corresponds to a running wave
resulting from total reflection. This implies that at the specific
drive amplitude corresponding to the zero of the Fano reso-
nance, the particle is completely reflected after a short time

delay. At the peak of perfect transmission [see Fig. 16(c)], we
observe that two propagating channels are active. Crucially,
the n = 1 channel exhibits a cavity mode profile, while the
mode in the n = 0 channel appears deformed. This config-
uration results in a propagating wave emerging beyond the
second impurity, signaling perfect transparency. Therefore, by
tuning the drive amplitude between the Fano zero and the
perfect transmission peak, the system operates as an efficient
energy filter, capable of fully reflecting or transmitting the
particle based only on the driving amplitude. At the Fano reso-
nance drive amplitude γ̃ = γ̃r � 2.474 indicated in Fig. 16(b),
the system exhibits a different behavior: the particle is lo-
calized in the region between the two impurities for a long
time, since the time-averaged probability density reaches very
high values, as shown in Fig. 16. Thus, in this regime the
two impurities act as a cavity, localizing the particle in the
region between them for a long time. However, since these
Fano resonances are extremely narrow, performing a reliable
numerical fit (as done in Sec. VII B) proves difficult. To ad-
dress this, a more robust approach based on the Wigner time
delay will be employed, as shown in Sec. VIII B. However, for
the broad quasi-Lorentzian peaks, the lifetime is significantly
shorter than that of the narrow Fano resonances and can be
straightforwardly estimated from the width of the resonance
itself. As evident in Fig. 17, the introduction of a static
potential does not significantly alter the underlying physics.
The characteristic spectral structure, featuring alternating
narrow Fano resonances and quasi-Lorentzian peaks, is quali-
tatively preserved. The primary effect of the static potential is
to shift the resonance positions and modify their linewidths,
without disrupting the overall transport mechanism.

B. Quantifying localization: Giant Wigner time delay

By tuning the drive amplitude γ̃ , one can coherently
control the transport properties of the system, switching
among strong reflection, long-lived localization, and perfect
transparency. To quantitatively evaluate the duration of the in-
teraction with the scattering center, and hence the localization
time of the quasibound states associated with the narrow Fano
resonances, we employ the Wigner time delay τW [54,55].
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FIG. 17. Transmission probability as a function of drive ampli-
tude γ̃ for fixed energy Ẽ = 0.788 and distance l̃ = 7.07. The green
curve represents the case without static potential (ν̃ = 0), while the
blue curve shows the case with a static potential ν̃ = 0.7.

In its original formulation for single-channel scattering, the
Wigner time delay is defined as the energy derivative of the
scattering phase shift η(E ):

τW (E ) = h̄
dη

dE
. (46)

Physically, τW measures the time lag accumulated by a par-
ticle interacting with the scattering potential relative to free
propagation [56]. In the present system, this quantity mea-
sures the excess time spent by the particle within the scattering
region. The latter is not strictly restricted to the interval
between the two impurities, since the evanescent Floquet
modes extend exponentially outside this region, as shown in
Fig. 16(b). Moreover, because the periodic driving couples
several propagating Floquet channels, the scattering problem
is intrinsically multichannel.

The transport properties of the system are described by the
multichannel scattering matrix S [57]. At a given energy, let
No be the number of open Floquet channels, namely those
satisfying

E + nh̄ω > 0. (47)

The complete scattering matrix has dimension 2No × 2No and
is organized in the block form

S =
(

r t ′
t r′

)
, (48)

where r and t are the No × No reflection and transmission
submatrices for incidence from the left, whereas r′ and t ′
describe the corresponding processes for incidence from the
right. The explicit construction of the scattering matrix for the
multichannel problem is shown in Appendix F.

The phase convention is fixed using the same asymptotic
plane-wave convention adopted in the preceding scattering
analysis. The coefficients associated with incidence from the
left are referred to the position of the first impurity, x = 0,
whereas those associated with incidence from the right are
referred to the position of the second impurity, x = l . The
same spatial reference points and the same ordering of the
open Floquet channels are used when constructing S(E ) and
S(E + δE ). This fixes the otherwise arbitrary propagation

phases and makes the numerical energy derivative of the
scattering matrix unambiguous. From the probability-flux
conservation it follows that

|det S| = 1, (49)

and the determinant can therefore be written as

det S(E ) = ei�tot (E ), (50)

where �tot (E ) is the total scattering phase associated with the
chosen phase convention.

To analyze the temporal properties of the scattering pro-
cess, we use the lifetime matrix Q, introduced by Smith to
generalize Wigner’s delay time to multichannel systems [56]:

Q = −ih̄S† dS

dE
. (51)

For a unitary scattering matrix, Q is Hermitian, and its
eigenvalues are the proper time delays associated with the
scattering eigenchannels [57].

The global quantity considered here is the total Wigner-
Smith time delay, defined as the trace of Q:

τW (E ) = Tr[Q] = −ih̄ Tr

[
S† dS

dE

]
. (52)

Using the unitarity relation S† = S−1 and the identity

Tr[S−1dS] = d ln det S, (53)

the total Wigner-Smith time delay can be expressed as the
energy derivative of the total scattering phase:

τW (E ) = h̄
d

dE
Im [ln det S(E )]. (54)

This quantity represents the sum of the proper time delays of
all open scattering channels and provides a measure of the
total excess time spent by the particle within the scattering
region.

The numerical evaluation of Eq. (54) becomes particularly
challenging near the extremely narrow resonances associated
with the quasi-BICs in Fig. 15(b). A direct finite-difference
calculation of the total phase �tot (E ) is affected by the fact
that the numerical phase is defined on the principal branch
(−π, π ]. Artificial jumps of 2π can therefore appear and
generate nonphysical singularities upon differentiation. Fur-
thermore, if the resonance linewidth is comparable to or
smaller than the energy step, the rapid phase variation can
be undersampled, resulting in an inaccurate estimate of the
time delay. To avoid separately unwrapping the total phase,
we evaluate the phase increment directly from the ratio of
the determinants. For each value of γ̃ , the complete scattering
matrix is calculated at the target energy E and at the shifted
energy E + δE . The time delay is then approximated as

τW (E ) � h̄
Im

[
ln

( det S(E+δE )
det S(E )

)]
δE

. (55)

For a sufficiently small energy step, the ratio of the two
determinants remains close to unity, and Eq. (55) evaluates
the small phase increment without introducing artificial 2π

jumps. To resolve the ultra-narrow quasi-BIC resonances, we
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FIG. 18. Transmission probability T (blue solid line, left axis)
and total Wigner-Smith time delay τ̃W (red dashed line, right axis)
as functions of the drive amplitude γ̃ . The parameters are l̃ = 7.07,
ν̃ = 0, and Ẽ = 0.788. The large time-delay peaks are associated
with the narrow Fano resonances and reach values of the order of 105,
demonstrating the extreme temporal localization of the correspond-
ing quasi-BIC states. The Floquet expansion is truncated to N = 41
channels. At the chosen energy, No = 21 channels are asymptotically
open, so that the complete scattering matrix has dimension 42×42.

sample the interval

0 � γ̃ � 8 (56)

using a dense grid of Nγ = 5×105 points, corresponding to
�γ̃ � 1.6×10−5. For each value of the drive amplitude, the
scattering matrices are evaluated at Ẽ = 0.788 and Ẽ + δẼ ,
with δẼ = 10−9. This value is sufficiently small to approxi-
mate the energy derivative while remaining above the scale at
which floating-point roundoff errors dominate.

As shown in Fig. 18, the Wigner-Smith time delay develops
large positive peaks at the drive amplitudes associated with
the narrow Fano resonances. The peaks of the time delay
identify the resonant quasibound states and occur close to the
corresponding transmission minima. Their magnitude reaches
values of the order of 105, confirming the extremely long
lifetime of the quasi-BIC states. The particle therefore remains
within the scattering region for a time several orders of mag-
nitude larger than the characteristic delay associated with the
broad quasi-Lorentzian transmission resonances.

The convergence of the transmission spectrum and of
the Wigner-Smith time-delay peaks with respect to the Flo-
quet truncation, together with an explicit verification of
probability-flux conservation, is presented in Appendix E.
Within the interval 0 � γ̃ � 8, the positions of the time-delay
peaks obtained with N = 41 and N = 51 channels differ by at
most 3.84×10−4, while their heights differ by at most 0.064%.
Moreover, the probability-flux deviation satisfies

|1 − T − R| < 10−12 (57)

throughout the investigated interval. The giant time delays are
therefore numerically stable and are not artifacts of either the
Floquet truncation or a loss of probability flux. For compar-
ison, the lifetime associated with the broad quasi-Lorentzian
transmission peaks can be estimated directly from their spec-
tral linewidth. Figure 19 shows a fit of the broad resonance
centered near γ̃ � 3.74.

FIG. 19. Fano fit of the numerical transmission data at Ẽ =
0.788 from Fig. 15(b). The dashed red line represents the best fit
using Eq. (58), yielding a resonance center γ̃0 � 3.74, a linewidth

̃ � 0.65, and an asymmetry parameter q � −10.1. The fitted back-
ground offset is Tbg � −0.112.

The fitting function is based on an asymmetric Fano pro-
file:

T (γ̃ ) = A

(
1 + ε

q

)2

1 + ε2
+ Tbg, (58)

where

ε = 2(γ̃ − γ̃0)


̃
. (59)

Here, A is the resonance amplitude, γ̃0 is the resonance center,

̃ is its linewidth, q is the Fano asymmetry parameter, and Tbg

accounts for the nonresonant background transmission.
The comparison demonstrates the strong dynamical

tunability of the two-impurity system. The broad quasi-
Lorentzian resonances permit rapid and nearly perfect trans-
mission, whereas the narrow Fano resonances associated with
the quasi-BICs produce extremely long trapping times. By
varying only the drive amplitude, the system can therefore be
switched between fast transport and long-lived localization.

C. Experimental realization

To appreciate the coherent trapping mechanism that we
have described in this section and the experimental relevance
of these timescales, we map our dimensionless results onto
physical parameters for the specific platform that we have
introduced in Sec. IV C, consisting of ultracold atoms in
mesoscopic ballistic channels, engineered with two oscillating
impurities with frequencies in the range ω/2π ∈ [1, 20] kHz.
For the dimensionless time delay of 1.5×105, one obtains
localization times τ � 1.2–23.9 s. These are of the same order
of magnitude, or up to one order of magnitude larger, than the
duration of a typical transport experiment, which can last up
to about 4 s, and are much larger than the typical time delay of
a single-impurity system discussed in Sec. IV C. Beyond the
observation of long time delays, our results suggest a protocol
for the active engineering of quantum devices. The extreme
sensitivity of the time delay to the drive parameters (γ̃ and Ẽ )
allows for the implementation of a tunable mechanism for
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trapping and detrapping the particle. One can even engineer
the system to achieve perfect reflection or perfect transmis-
sion, allowing it to act as a trap or as an energy filter. By
tuning the drive amplitude γ̃ toward the resonance condition
of a quasi-BIC, an incoming particle can be effectively cap-
tured and localized mainly within the regions between the two
impurities for a duration τW . Conversely, a slight detuning of
γ̃ can lead to perfect reflection or perfect transmission of the
particle. The quasi-BIC states represent protected islands in
the parameter space where leakage to the continuum is heav-
ily suppressed. This isolation makes them ideal candidates
for quantum memory applications, as information encoded
in the localized state is protected from the environment for
timescales τ � ttransit.

The extremely narrow quasi-BIC resonances impose strin-
gent requirements on the energy resolution of the incident
wave packet. Since a finite wave packet has a nonzero energy
spread σE , resolving a resonance of width 
E requires

σE � 
E .

For a wave packet narrowly peaked around the resonant mo-
mentum pr , the energy spread is approximately

σE � vgσp,

where σp is the standard deviation of the momentum distri-
bution and vg = ∂E/∂ p|pr is the group velocity. Therefore,
resolving fully very narrow resonances requires an incident
wave packet with a sufficiently narrow momentum distribu-
tion and, correspondingly, a large spatial extent. The condition
σE � 
E can also be expressed in the time domain. An inci-
dent wave packet with temporal duration τwp has an energy
resolution of order h̄/τwp. Resolving the resonance therefore
requires

τwp � h̄


E
,

up to numerical factors that depend on the precise shape of the
wave packet. However, even if the resonance cannot be fully
resolved we expect that by the deformation of the wavepacket,
the main features of the resonances can be observed exper-
imentally. A separate requirement concerns the stability of
the driving amplitude. At fixed incident energy, the resonance
extends over a finite interval 
γ of the drive amplitude γ .
Shot-to-shot fluctuations with standard deviation σγ should
therefore satisfy

σγ � 
γ ,

so that averaging over drive fluctuations does not wash out
the resonance. Noise in the driving frequency or phase, as
well as fluctuations of the impurity separation, would av-
erage over slightly different resonance conditions, thereby
broadening the observed feature and reducing the maximum
time delay. The very largest delays predicted here therefore
require precise stabilization of both the incident energy and
the driving parameters. Heating and particle loss provide addi-
tional limitations. In the single-particle description employed
here, population transfer among Floquet sidebands is coher-
ent and does not by itself represent thermodynamic heating.
In an experimental gas, however, interactions, drive-induced
transverse excitations, spontaneous photon scattering, and

technical noise can produce heating, decoherence, and atom
loss. The observable trapping time is consequently limited by
the shortest among the coherence time τcoh, the heating time
τheat, and the particle-loss time τloss,

τobs � min (τW , τcoh, τheat, τloss ). (60)

In conclusion, this tunable storage capability marks a qualita-
tive departure from the single-impurity case. While a single
driven impurity functions primarily as an energy filter via
Fano resonance transmission zeros and peaks, the double-
impurity system exploits cavity effects and their interplay
with Fano interference to engineer robust particle traps. Con-
sequently, it acts as a programmable delay line where the
storage time can be dynamically tuned over several orders of
magnitude simply by adjusting the drive amplitude.

IX. CONCLUSION AND OUTLOOK

In this work, we have investigated the quantum transport
properties of a one-dimensional ballistic channel engineered
with two periodically driven impurities. By employing the
Floquet formalism, we mapped this time-dependent problem
into an equivalent stationary multichannel scattering problem.
Our analysis highlights the rich physics emerging from the
introduction of a second impurity compared to the widely
studied single-impurity case. Crucially, the inter-impurity dis-
tance l acts as an additional control parameter. The rich
physics arises from the interplay between the cavity effects in
the Floquet sidebands and the Fano interference. Working in
the weak-coupling regime we have shown that the properties
of the system can be explained considering only two Floquet
channels, and in this regime we have carried out an analytical
calculation to determine the Fano resonances parameters.

We show how one can engineer BICs in the two-impurity
system, and their signature is the disappearance of the Fnao
resonance. In the scattering picture, these states are invisible
to the incident flux due to the lack of coupling; however,
in the associated eigenvalue problem, without the incoming
particle, they appear as localized eigenstates degenerate with
the continuum. We provided an analytical description of these
phenomena within the two-channel approximation, discussing
its range of validity and its limitations, particularly concerning
the physics at higher drive amplitudes and the inability to cap-
ture threshold anomalies associated with higher-order channel
openings. To overcome these limitations, we performed a
numerical analysis beyond the weak-coupling regime. We
emphasized the role of the region between the oscillating
impurities as a dynamical Fabry-Pérot cavity. The interference
between the continuum pathways and the discrete quasibound
states gives rise to a complex landscape of Fano resonances.

Unlike true BICs, which are perfectly decoupled, we
focused on quasi-BICs, representing long-lived states that re-
main weakly coupled to the continuum. We showed that these
states play a crucial role in coherent transport control. Specif-
ically, we demonstrated a coherent trapping mechanism based
on the tunable switching between narrow Fano resonances
(localization) and Lorentzian peaks of perfect transmission.
By tuning the drive amplitude when cavity effects are predom-
inant, one can switch the system from a highly transmissive
state to a regime of strong localization to one of perfect
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reflection. We connected these theoretical findings to rel-
evant experimental platforms, such as ultracold atoms in
mesoscopic channels. Through the calculation of the Wigner
time delay, we provided a quantitative analysis of the trapping
efficiency, finding time delays orders of magnitude larger than
the natural transit time. This suggests concrete applications in
quantum technologies, such as tunable delay lines, quantum
memories, or dynamical switches.

These results can be placed in the broader context of the
coherent control of tunneling by periodic driving. In the sem-
inal work of Grossmann et al. [58], a monochromatically
driven symmetric double-well potential was shown to exhibit
coherent destruction of tunneling. At an exact crossing of
the two Floquet quasienergies originating from the ground-
state doublet, the characteristic tunneling time diverges and
a wave packet can remain localized in the initially populated
well. From this perspective, the appearance of long-lived lo-
calization in the present periodically driven system is not
entirely unexpected. Indeed, the minimal single-impurity con-
figuration already supports Fano resonances associated with
quasibound states and finite localization times. The introduc-
tion of a second impurity strongly enhances and enriches
this phenomenology. The region between the two impurities
acts as a dynamical cavity, whose modes compete with the
Floquet-induced Fano interference. This interplay produces a
much richer transmission spectrum and allows the resonance
linewidth, and hence the localization time, to be controlled
over a substantially wider range.

An interesting further direction is to examine the present
effective multiscattering problem within geometric Floquet
theory [59], and assess whether its separation of average-
energy and geometric contributions provides further insight
into the quasi-BIC resonances and associated Wigner time
delays.

Additionally, future investigations can expand in several
promising directions, exploiting the versatility of this two-
impurity setup. First, introducing a phase difference between
the two driven impurities would add a further degree of co-
herent control. This could be employed to study coherent
caloritronics effects, such as generating heat currents in the
absence of a thermal gradient (quantum pumping) or, con-
versely, applying a thermal gradient to investigate enhanced
Seebeck effects driven by the threshold anomalies discussed
in this work. Having a second impurity, and more coherent
parameters can lead to thermoelectric effects better to control.
A second direction involves extending this model to discrete
lattice systems, such as the tight-binding or Bose-Hubbard
models, which are directly relevant to optical lattice exper-
iments. Finally, a natural and necessary step forward is to
include particle-particle interactions. Investigating how strong
correlations modify the Fano resonances and the stability of
the Floquet states would allow probing the interplay between
many-body physics and coherent driving, potentially leading
to novel phenomena.
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APPENDIX A: QUASIENERGY OPERATOR

In this Appendix, we explicitly derive the Fourier com-
ponents of the Hamiltonian and the matrix structure of the
Floquet operator ĤF . The time-dependent Hamiltonian of the
system is given by:

Ĥ (t ) = − h̄2

2m

∂2

∂x2
+ V (x, t ), (A1)

where the potential term describes the two driven impurities:

V (x, t ) = −
∑
j=1,2

[ν j + γ j cos(ωt )]δ(x − x j ), (A2)

with x1 = 0 and x2 = l . Using the Euler relation cos(ωt ) =
1
2 (eiωt + e−iωt ), we can expand the Hamiltonian into
its Fourier series components Ĥn defined by Ĥ (t ) =∑

n e−inωt Ĥn.
The only nonvanishing terms are the ones with n = 0 and

n = ±1. The diagonal component (n = 0) contains the kinetic
energy and the static part of the potential:

Ĥ0 = − h̄2

2m

∂2

∂x2
−

∑
j=1,2

ν jδ(x − x j ). (A3)

The off-diagonal components (n = ±1) are determined solely
by the driving amplitude γ :

Ĥ1 = Ĥ−1 = −
∑
j=1,2

γ j

2
δ(x − x j ). (A4)

All other components Ĥn for |n| > 1 are zero. These ex-
plicit forms highlight that the static potential ν governs the
intrachannel scattering (within the same n), while the drive
amplitude γ is responsible for the inter-channel coupling,
connecting channel n with n ± 1.

Substituting these components into the definition of the
Floquet operator matrix elements (ĤF )n,m=Ĥn−m+nh̄ωδn,m,
we obtain a block-tridiagonal structure for the quasienergy
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operator ĤF in the extended Hilbert space F :

ĤF =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

. . .
...

...
...

... . .
.

. . . Ĥ0 + h̄ω Ĥ−1 0 0 . . .

. . . Ĥ1 Ĥ0 Ĥ−1 0 . . .

. . . 0 Ĥ1 Ĥ0 − h̄ω Ĥ−1 . . .

. . . 0 0 Ĥ1 Ĥ0 − 2h̄ω . . .

. .
. ...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (A5)

This matrix representation clearly demonstrates that the
problem is equivalent to a tight-binding-like model in the
frequency domain (Floquet lattice), where Ĥ0 represents the
on-site energy (shifted by the photon energy quanta nh̄ω) and
Ĥ±1 acts as the hopping term between adjacent sites.

APPENDIX B: TRANSMISSION PROBABILITY

In this Appendix, we provide more details about the cal-
culation of the transmission probability T . This probability
is derived from the conservation of the time-averaged prob-
ability current. The fundamental definition of the probability
current depends on the total, time-dependent wave function

(x, t ) [35]:

j(x, t ) = h̄

2mi

[

∗(x, t )

∂
(x, t )

∂x
− 
(x, t )

∂
∗(x, t )

∂x

]
. (B1)

Our total wave function is the Floquet expansion:


(x, t ) =
∑

n

ψn(x)e−iEnt/h̄, (B2)

where En = E + nh̄ω. When this sum is inserted into
Eq. (B1), we have the products of two sums, one over n and
the other over m. The resulting current j(x, t ) contains both
static terms (for n = m) and oscillating terms (for n 	= m).
For a stationary scattering problem, we are interested in the
time-averaged current,

j(x) = 〈 j(x, t )〉t . (B3)

When averaging over time, all oscillating cross-terms (n 	= m)
vanish. The total time-averaged current is thus simply the
sum of the currents from each Floquet channel calculated
independently:

j(x) =
∑

n

jn(x) =
∑

n

h̄

2mi
[ψ∗

n (x)ψ ′
n(x) − ψn(x)ψ∗

n
′(x)].

(B4)
By demanding current conservation, the time-averaged flux
must be equal in the asymptotic regions:

j(x < 0) = j(x > l ).

In region I, where x < 0, we have

ψn(x) = δn0eik0x + rne−iknx. (B5)

Plugging this into the formula for j(x) gives

jI = h̄k0

m︸︷︷︸
incident

−
∑

n

h̄kn

m
|rn|2︸ ︷︷ ︸

reflected

. (B6)

Here, the sum is only over open (propagating) channels, as
evanescent (closed) channels have an imaginary kn and carry
zero net current.

In region III, where x > l:

ψn(x) = tneiknx. (B7)

The flux is purely transmitted:

jIII =
∑

n

h̄kn

m
|tn|2︸ ︷︷ ︸

transmitted

. (B8)

The total transmission probability T is defined as the ratio
of the total transmitted flux jtrans = jIII to the incident flux
jin = h̄k0

m :

T = jtrans

jin
=

∑
n

h̄kn
m |tn|2

h̄k0
m

. (B9)

This simplifies to the final expression for the total transmis-
sion:

T =
∑

n

kn

k0
|tn|2. (B10)

APPENDIX C: DERIVATION OF ZEROS AND POLES

In this Appendix, we detail the analytical derivation of
the transmission zeros and poles discussed in the main text.
The mathematical treatment differs between the case without
a static potential (ν̃ = 0) and the case with a static potential
(ν̃ � 0). This distinction is necessary due to the different
physical origins of the resonances: For ν̃ = 0, the resonances
are dynamically induced by the driving field near the chan-
nel threshold opening (Ẽ � 1). Since the effective coupling
diverges at the threshold, we must employ an asymptotic
expansion of the exact scattering equations around the singu-
larity Ẽ = 1. For ν̃ � 0, the system already supports discrete
bound states in the static limit (γ̃ = 0). What one does in this
case is a perturbative expansion up to the second order in the
drive amplitude γ̃ to find corrections to the static bound states.

In the framework of the two-channel approximation, in
the energy interval 0 � Ẽ < 2, the system dynamics is char-
acterized by an open channel with wave vector k̃0 =

√
Ẽ

and a closed channel for 0 < Ẽ < 1 with wave vector k̃−1 =
i
√

1 − Ẽ = iκ . Equations (13a), (13b) and (14a), (14b) can be
written only for the channel n = 0 and include the coupling
between it and the channel n = −1 in the effective potential
given by V (Ẽ ) = γ̃ 2/8κ . Thus, one obtains only four equa-
tions for the wave function ψ0(x), and the effect of the closed
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Floquet channel (n = −1) is fully taken into account within
the effective potential V (Ẽ ).

The transmission zero occurs at a real energy Ẽzt where
the transmission amplitude t0 vanishes. This requires the wave
function in the open channel to vanish for x̃ > l̃ , and by
continuity, ψ0(l̃ ) = 0. Solving the Schrödinger equation in
the region 0 < x̃ < l̃ with the boundary condition ψ0(l̃ ) = 0
yields the standing wave:

ψ0(x) = A sin(k̃0(x̃ − l̃ )). (C1)

Applying the boundary condition on the derivative jump at
x̃ = l̃ induced by the effective potential:

ψ ′
0(l̃+) − ψ ′

0(l̃−) = −V (Ẽ )[ψ0(l̃ ) − e−κ l̃ψ0(0)]. (C2)

Since ψ0(l̃ ) = 0 and ψ ′
0(l̃+) = 0, this simplifies to

−k̃0 = −V (Ẽ )e−κ l̃ sin(−k̃0 l̃ ). (C3)

In the limit Ẽ → 1, one has κ → 0. One can approximate the
nonsingular terms k̃0 � 1 and e−κ l̃ ≈ 1, obtaining the equa-
tion

1 ≈ γ̃ 2

8κ
sin(l̃ ). (C4)

Solving for κ and using the relation Ẽ = 1 − κ2, we obtain
the explicit formula for the zero:

Ẽzt ≈ 1 −
[
γ̃ 2 sin(l̃ )

8

]2

. (C5)

The poles correspond to the complex energies Ẽp where the
system without an incoming particle admits nontrivial solu-
tions. The wave function in the open channel is written as an
outgoing wave ansatz:

ψ0(x) =

⎧⎪⎨
⎪⎩

r0e−ik̃0 x̃ x̃ < 0,

Aeik̃0 x̃ + Be−ik̃0 x̃ 0 < x̃ < l̃,
t0eik̃0 x̃ x̃ > l̃.

(C6)

Using the continuity conditions as well as the boundary condi-
tions on the derivative jumps at x̃ = 0 and x̃ = l̃ , the problem
can be recast as a matrix equation for the internal amplitudes
A and B:

M

(
A
B

)
= 0. (C7)

The matrix M governing the homogeneous system is explicitly
given by

M =
(

M11 M12

M21 M22

)
, (C8)

where the individual elements are defined as

M11 = 2ik̃0 + V (Ẽp) + V (Ẽp)e−κ l̃ eik̃0 l̃ ,

M12 = V (Ẽp)
(
1 + e−κ l̃ e−ik̃0 l̃

)
,

M21 = V (Ẽp)
(
1 + e−κ l̃ eik̃0 l̃

)
,

M22 = 2ik̃0 + V (Ẽp)e−ik̃0 l̃ + V (Ẽp)e−κ l̃ .

The condition for the existence of a pole is det(M ) =
0. Near the threshold (κ → 0), the terms proportional to

V 2(Ẽp) ∝ 1/κ2 cancel out in the determinant expansion. By
performing a Laurent expansion of det(M ) with respect to the
small parameter κ and imposing the vanishing of the dominant
remaining term (scaling as 1/κ), the exact condition reduces
to the following transcendental equation for the open channel
wave vector k̃0:

k̃0
(
1 + e−ik̃0 l̃

) = γ̃ 2 l̃

8
sin(k̃0 l̃ ). (C9)

This equation governs the physics of the resonances. Specifi-
cally, for odd multiples of the critical length (k̃0 l̃ = pπ , with p
odd), the left-hand side vanishes (1 + e−iπ = 0) and the right-
hand side vanishes (sin(pπ ) = 0), allowing for a solution with
a real wave vector, thus a real pole. For even multiples (p
even), the left-hand side is nonzero (1 + e−i2π = 2), while the
right-hand side vanishes, meaning that no real solution for k̃0

is found.
When a static potential is present, the resonance poles,

defined as Ep = Er − i
/2, are derived from the bound
states of the static double-well potential Vstat(x) = −ν[δ(x) +
δ(x − l̃ )]. In the weak-coupling regime (γ̃ � ν̃), we assume
that the resonance positions Er coincide with the energies
of these static bound states shifted into the n = −1 Floquet
channel. Subsequently, we determine the transmission zeros
and the imaginary parts of the poles (the resonance widths)
by applying perturbative corrections up to the second order in
the drive amplitude γ̃ . Let ẼS,A = −κ2

S,A be the energies of the
static bound states. The wave functions associated with them
are one symmetric (ψS) and the other antisymmetric (ψA)
with respect to the center of the cavity. Considering the static
problem without drive and imposing the boundary conditions
at the δ potentials, as explained beforehand in Sec. III, leads
to two transcendental equations for the decay constant κS,A:

2κS

ν̃
= 1 + e−κS l̃ (symmetric state), (C10)

2κA

ν̃
= 1 − e−κAl̃ (antisymmetric state). (C11)

The energies of the resonances, coinciding with the real part
of the poles, are given by the energies of the static bound states
in the channel n = −1:

Er,α � 1 − κ2
α (α = S, A). (C12)

The decay width 
̃ is determined by the coupling of these lo-
calized states to the outgoing continuum waves 1√

2π
e±ik̃0 x̃ via

the operator V̂ = − γ̃

2 [δ(x̃) + δ(x̃ − l̃ )]. Evaluating the transi-
tion rates according to Fermi’s golden rule [61], the amplitude
M from the bound state in the closed channel (n = −1) to
the open channel (n = 0) is given by the coherent sum of the
emissions from the two impurities:


̃ = γ̃ 2

k̃0

∣∣ψS,A(0) + eik̃0 l̃ψS,A(l̃ )
∣∣2, (C13)

where the phase factor eik̃0 l̃ accounts for the propagation dis-
tance between the impurities.

To fully understand the physical origin of the decay widths
and the positions of the transmission zeros, it is necessary
to explicitly calculate the probability amplitude of the static
bound states at the impurity locations. The ground state is
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symmetric with respect to the cavity center, characterized by
an unnormalized wave function of the form φS (x̃) = e−κ̃S |x̃| +
e−κ̃S |x̃−l̃|. The normalization constant NS is obtained by inte-
grating the square modulus over all space:

1

N2
S

=
∫ +∞

−∞
|φS (x̃)|2dx̃ = 2

κ̃S
[1 + e−κ̃S l̃ (1 + κ̃S l̃ )]. (C14)

The normalized wave function is ψS (x̃) = NSφS (x̃). Evaluated
at the impurity sites, it yields ψS (0) = ψS (l̃ ) = NS (1 + e−κ̃S l̃ ).
We define the strictly positive amplitude overlap factor AS as
the product of the wave function at the two interaction sites:

AS ≡ ψS (0)ψS (l̃ ) = κ̃S (1 + e−κ̃S l̃ )2

2[1 + e−κ̃S l̃ (1 + κ̃S l̃ )]
. (C15)

Conversely, the first excited state is antisymmetric, possessing
the functional form φA(x̃) = e−κ̃A|x̃| − e−κ̃A|x̃−l̃|. Following the
same spatial integration, its normalization constant NA is given
by

1

N2
A

=
∫ +∞

−∞
|φA(x̃)|2dx̃ = 2

κ̃A
[1 − e−κ̃Al̃ (1 + κ̃Al̃ )]. (C16)

Due to its odd parity, the normalized wave function at the two
impurity sites evaluates to opposite values: ψA(0) = NA(1 −
e−κ̃Al̃ ) and ψA(l̃ ) = −ψA(0). As a direct consequence, the
overlap factor for the antisymmetric state is strictly negative:

AA ≡ ψA(0)ψA(l̃ ) = − κ̃A(1 − e−κ̃Al̃ )2

2[1 − e−κ̃Al̃ (1 + κ̃Al̃ )]
. (C17)

It is simple to notice that AS = |ψS (0)|2 and AA = −|ψA(0)|2.
These exact spatial overlap factors govern the coupling be-
tween the bound states (in the channel n = −1) and the open
continuum (channel n = 0). For the symmetric state, using
the trigonometric identity |1 + eiφ|2 = 4 cos2(φ/2), the decay
width evaluates to


̃S = 4γ̃ 2AS

k̃0
cos2

(
k̃0 l̃

2

)
. (C18)

This width vanishes, signaling the formation of a BIC,
when the destructive interference condition k̃0 l̃ = (2n + 1)π
is met. Similarly, for the antisymmetric state, by factoring
out the absolute value |AA| = |ψA(0)|2 and using |1 − eiφ |2 =
4 sin2(φ/2), the decay width becomes


̃A = 4γ̃ 2|AA|
k̃0

sin2

(
k̃0 l̃

2

)
. (C19)

In this latter case, the BIC formation occurs at the comple-
mentary geometric condition k̃0 l̃ = 2nπ .

For the determination of the zero of the transmission
probability T , one can proceed as in the case ν̃ = 0, with
the difference that here we have preexisting bound states in
the channel n = −1. The equation for the closed channel
(n = −1) depends on the static Hamiltonian H0 = − d2

dx̃2 −
ν̃[δ(x̃) + δ(x̃ − l̃ )], reading:

(H0 − Ẽ )ψ−1(x̃) = −γ̃ [δ(x̃) + δ(x̃ − l̃ )]ψ0(x̃). (C20)

H0 possesses unperturbed eigenstates φα (x̃) (with α ∈ {S, A})
and corresponding resonance energies Ẽ0

r,α . Our goal is to

find the energies Ẽ = Ẽzt,α where the transmission is identi-
cally zero. If there is a transmission zero, by definition, the
wave cannot exist past the obstacle. Thus, for x̃ > l̃ , we have
ψ0(x̃) = 0. For the wave function to remain continuous, it
must vanish at the second impurity, namely, ψ0(l̃ ) = 0.

Between the two impurities (0 < x̃ < l̃), the wave obeys
the free-particle equation, since the δ potentials act only at
the boundaries. The general solution that vanishes at l̃ is
necessarily a standing wave:

ψ0(x̃) = C sin(k̃0(x̃ − l̃ )). (C21)

We then evaluate the boundary condition exactly at the
site x̃ = l̃ . We calculate the left (l̃−) and right (l̃+) spatial
derivatives as ψ ′

0(l̃−) = Ck̃0 cos(0) = Ck̃0 and ψ ′
0(l̃+) = 0.

The derivative jump is therefore �ψ ′
0(l̃ ) = 0 − Ck̃0 = −Ck̃0.

Physically, by integrating the open-channel equation, namely,
Eq. (15d), around l̃ , one obtains

�ψ ′
0(l̃ ) = −ν̃ψ0(l̃ ) − γ̃ ψ−1(l̃ ). (C22)

Since ψ0(l̃ ) = 0, the static potential term vanishes completely,
leading to −Ck̃0 = −γ̃ ψ−1(l̃ ). Isolating the amplitude con-
stant C, one obtains

C = γ̃

k̃0
ψ−1(l̃ ). (C23)

Now that the amplitude C is known, we can write the
open wave throughout the internal space and evaluate it
when it strikes the first impurity at x̃ = 0, which gives
ψ0(0) = C sin(−k̃0 l̃ ) = −C sin(k̃0 l̃ ). Substituting the newly
found value of C, one establishes the exact driving term at
x̃ = 0:

ψ0(0) = − γ̃

k̃0
ψ−1(l̃ ) sin(k̃0 l̃ ). (C24)

Near the resonance, one can approximate the internal wave
function ψ−1 at the transmission zero Ẽzt,α using the static
bound state φα . Due to the narrow width of the Fano res-
onance, ψ−1 is simply proportional to φα by an amplitude
factor a, such that ψ−1(x̃) ≈ aφα (x̃). Substituting this into the
closed-channel equation, and recalling that H0φα = Ẽ0

r,αφα ,
gives

a
(
Ẽ0

r,α − Ẽzt,α
)
φα (x̃) = −γ̃ [δ(x̃) + δ(x̃ − l̃ )]ψ0(x̃). (C25)

We project this relation by multiplying the entire equation by
φα (x̃) and integrating over space. On the left-hand side, the
static wave function is normalized to 1. On the right-hand side,
the δ functions sample the values at 0 and l̃:

a
(
Ẽ0

r,α − Ẽzt,α
) = −γ̃ [φα (0)ψ0(0) + φα (l̃ )ψ0(l̃ )]. (C26)

Once again, we apply the condition ψ0(l̃ ) = 0. The sec-
ond term on the right-hand side vanishes entirely, reducing
the projection to a(Ẽ0

r,α − Ẽzt,α ) = −γ̃ φα (0)ψ0(0). We now
assemble all the derived components. From the approxi-
mation ψ−1(l̃ ) � aφα (l̃ ), we extract the amplitude as a =
ψ−1(l̃ )/φα (l̃ ). We then insert the previously calculated ex-
pression for the entrance wave ψ0(0). The equation becomes(

ψ−1(l̃ )

φα (l̃ )

)(
Ẽ0

r,α − Ẽzt,α
) = −γ̃ φα (0)

[
− γ̃

k̃0
ψ−1(l̃ ) sin(k̃0 l̃ )

]
,

(C27)
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FIG. 20. Transmission probability T as a function of the incident particle energy Ẽ , computed for different numbers of Floquet channels
N at a fixed distance l̃ = 4.5. The panels display a zoom on the threshold anomalies: (a) the second threshold (Ẽ � 2.0) in the weak-coupling
regime (γ̃ = 0.4); (b) the second (Ẽ � 2.0); and (c) the third (Ẽ � 3.0) threshold beyond the weak-coupling regime (γ̃ = 1.1).

which can be simplified to

Ẽzt,α = Ẽ0
r,α − γ̃ 2

k̃0
[φα (0)φα (l̃ )] sin(k̃0 l̃ ). (C28)

Eventually, for the symmetric and antisymmetric bound states,
one obtains

Ẽzt,S = Ẽ0
r,S − γ̃ 2AS

k̃0
sin(k̃0 l̃ ) (C29)

and

Ẽzt,A = Ẽ0
r,A + γ̃ 2|AA|

k̃0
sin(k̃0 l̃ ). (C30)

APPENDIX D: THRESHOLD ANOMALIES

In Sec. VI, we analyzed the system’s transport proper-
ties within the two-channel approximation. As discussed, this
truncation is reliable only within a limited range of drive
amplitudes and, crucially, captures the essential physics only
for incident energies Ẽ < 2. The fundamental limitation of
this approximation becomes evident as the energy increases.
In the two-channel framework, the channel n = −1 is ini-
tially treated as a closed, evanescent mode (k̃−1 is imaginary).
As the energy reaches the threshold Ẽ = 1, the longitudi-
nal wave number vanishes (k̃−1 → 0), and for Ẽ > 1, the
channel becomes open and propagating (k̃−1 becomes real).
However, since the model restricts the spectrum to only two
channels (n = 0 and n = −1), it inherently fails to account
for subsequent channel openings at higher integer multiples
of the drive frequency (Ẽ = n with n � 2, n ∈ N). Con-
sequently, the two-channel approximation cannot reproduce
the threshold anomalies associated with higher-order closed
channels entering the continuum. This transition corresponds
to the opening of a new scattering pathway. In accordance
with Wigner’s threshold law [62], the abrupt availability of
phase space for transmission into the n = −1 channel in-
duces a nonanalytic behavior in the scattering amplitudes
of the fundamental channel (n = 0). This manifests as a
threshold anomaly—characteristically appearing as a cusp or
a derivative discontinuity—in the transmission spectrum T

precisely at Ẽ = 1. This feature is clearly resolved within
the two-channel approximation, as evidenced by the distinct
cusp at Ẽ = 1 visible in Figs. 8(b) and 9(b). However, for
higher energies (Ẽ > 1), the two-channel model fails to pre-
dict subsequent thresholds. Since the model is truncated, it
cannot account for the opening of higher-order channels at
integer multiples of n. Generally, at energy Ẽ = |n|, the Flo-
quet channel −|n| opens as a propagating mode, inducing a
threshold anomaly. To correctly capture these features and
the associated redistribution of probability flux, the theoret-
ical description must necessarily go beyond the two-channel
approximation.

To determine the effective number of Floquet channels
required to capture the system dynamics, Fig. 20 compares
approximations with different truncation orders against a
numerically converged benchmark. The reference solution
is computed using a basis of 41 channels (spanning the
indices n ∈ [−20, 20]), which ensures both numerical sta-
bility and precision. In Fig. 20(a), we focus on the second
threshold at Ẽ = 2 within the weak-coupling regime. The
5-channel approximation (restricted to n ∈ [−2, 2]) is suf-
ficient to qualitatively resolve the anomaly, as it explicitly
includes the channel n = −2 responsible for the threshold
opening. However, achieving quantitative agreement with the
converged solution necessitates expanding the basis to at
least 7 channels (n ∈ [−3, 3]). This effect persists beyond
the weak-coupling regime. In Fig. 20(b), with a stronger
drive (γ̃ = 1.1), the anomaly at Ẽ = 2 remains visible with
5 channels, though 7 channels are needed for better accu-
racy. Crucially, the necessity of including the specific opening
channel is demonstrated in Fig. 20(c), which focuses on
the third threshold at Ẽ = 3. Here, the 5-channel approxi-
mation (n ∈ [−2,+2] ∩ Z) shows no sign of the anomaly
because the relevant channel, n = −3, is excluded from
the numerical simulation. The anomaly appears only when
we consider at least 7 channels. Nevertheless, due to the
stronger coupling, numerical stability at this higher energy
requires further channels to be taken into account, achieving
convergence only with 11 channels (n ∈ [−5,+5] ∩ Z). Fi-
nally, it is worth noting that while threshold anomalies are
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FIG. 21. Transmission at fixed energy Ẽ = 0.788 for N = 31,
41, and 51 Floquet channels. The vertical dashed line indicates
γ̃ = 8, the upper limit of the interval used in the quantitative anal-
ysis. The N = 31 result develops visible deviations before this limit,
whereas the N = 41 and N = 51 curves overlap throughout the rele-
vant interval.

a universal feature of multichannel scattering—present also
in the single-impurity case [15]—their manifestation in the
double-impurity setup offers unique opportunities for spec-
tral engineering. From a fundamental perspective, the correct
resolution of these cusps serves as a rigorous benchmark for
our numerical approach, confirming the validity of the multi-
channel expansion in capturing nonanalytic behaviors. From
a practical standpoint, the interplay between these threshold
singularities and the cavity-induced resonances provides a
distinct advantage over the single-impurity case. A recent
study on the single periodically driven impurity [63] suggests
that the diverging derivative of the transmission probabil-
ity (∂T/∂E ) at the threshold can be exploited to generate
enhanced thermoelectric effects. The double-impurity geom-
etry introduces the inter-impurity distance l̃ as an additional
control parameter, potentially amplifying the thermoelectric
response.

APPENDIX E: NUMERICAL CONVERGENCE
AND FLUX CONSERVATION

The numerical calculations are performed by truncating the
Floquet expansion to N = 2nmax + 1 channels. The number
of channels required for convergence generally increases with
the drive amplitude, since stronger driving populates Floquet
sidebands farther from the incident channel. We therefore as-
sess the convergence over the parameter range 0 � γ̃ � 8. We
consider the fixed incident energy Ẽ = 0.788, which is also
used in the Wigner-Smith time-delay analysis in Sec. VIII,
with l̃ = 7.07 and ν̃ = 0. Figure 21 compares the transmis-
sion obtained with N = 31, 41, and 51 Floquet channels.
The result for N = 31 starts to deviate from those obtained
with the larger truncations before the upper limit γ̃ = 8 is
reached, showing that 31 channels are not sufficient over
the full interval considered here. By contrast, the curves for
N = 41 and N = 51 overlap throughout 0 � γ̃ � 8, including
the narrowest resonant structures. At larger driving am-
plitudes, truncation-dependent shifts progressively appear,
confirming that the required number of Floquet channels de-
pends on the drive strength. These results establish that N =

FIG. 22. Wigner-Smith time delay at fixed energy Ẽ = 0.788,
calculated using N = 41 and N = 51 Floquet channels. The two
curves overlap throughout 0 � γ̃ � 8, including at the very narrow
time-delay peaks.

41 provides a converged description over the parameter inter-
val used, while N = 51 serves as a convergence benchmark.

We additionally repeated the Wigner time-delay calcula-
tion with N = 41 and N = 51 channels. As shown in Fig. 22,
the corresponding curves overlap over the entire interval 0 �
γ̃ � 8. The positions of the time-delay peaks differ by at
most 10−4, corresponding to a relative displacement of ap-
proximately 0.005%. Thus, the large time-delay peaks are
already converged for N = 41 and are not artifacts of the
Floquet truncation. As an independent numerical check, we
verified probability-flux conservation. The total transmission
and reflection probabilities are obtained by summing over all
asymptotically open Floquet channels, including the corre-
sponding velocity factors. Figure 23 shows T , R, and their
sum for N = 41. The deviation

�flux = |1 − T − R| (E1)

remains below 10−12 throughout the investigated interval and
is typically close to machine precision. In particular, flux

FIG. 23. Probability-flux conservation at fixed energy Ẽ=0.788,
calculated with N = 41 Floquet channels. The upper panel shows the
total transmission T , reflection R, and their sum T + R. The lower
panel shows the deviation |1 − T − R| on a logarithmic scale. Flux is
conserved to approximately machine precision over the full interval
0 � γ̃ � 8.
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conservation is preserved in the vicinity of the narrow res-
onances. This demonstrates that the sharp transmission and
time-delay structures are numerically stable.

APPENDIX F: MULTICHANNEL SCATTERING MATRIX

To make the construction explicit, we order the open
incoming channels as m1, . . . , mNo and the open outgoing
channels as n1, . . . , nNo . Both sets contain the same asymptot-
ically open Floquet channels, but different symbols are used
to distinguish the incoming and outgoing indices. The four
flux-normalized blocks entering Eq. (48) are

r =
[

rnimj

√
kni

kmj

]No

i, j=1

, t =
[

tnimj

√
kni

kmj

]No

i, j=1

,

t ′ =
[

t ′
nimj

√
kni

kmj

]No

i, j=1

, r′ =
[

r′
nimj

√
kni

kmj

]No

i, j=1

. (F1)

Thus, for example, the reflection block for incidence from the
left has the explicit form

r =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

rn1m1

√
kn1

km1

· · · rn1mNo

√
kn1

kmNo

...
. . .

...

rnNo m1

√
knNo

km1

· · · rnNo mNo

√
knNo

kmNo

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (F2)

and the other three blocks have the same structure, with rnm

replaced by tnm, t ′
nm, or r′

nm. The notation used in the preceding
sections corresponds to a particle incident from the left in
the fundamental Floquet channel m = 0. Consequently, the
amplitudes rn and tn calculated there are the particular coef-
ficients

rn = rn0, tn = tn0, (F3)

and determine only the column of S associated with incidence
in m = 0. To construct the complete matrix, the matching
problem is solved independently for every open incoming
Floquet channel mj . For unit-amplitude incidence from the
left in channel mj , with all the other incoming amplitudes set

to zero, the corresponding column of S is

S(L,mj ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

rn1mj

√
kn1

kmj

...

rnNo mj

√
knNo

kmj

tn1mj

√
kn1

kmj

...

tnNo mj

√
knNo

kmj

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (F4)

The calculation is then repeated for unit-amplitude incidence
from the right in the same channel mj , yielding

S(R,mj ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

t ′
n1mj

√
kn1

kmj

...

t ′
nNo mj

√
knNo

kmj

r′
n1mj

√
kn1

kmj

...

r′
nNo mj

√
knNo

kmj

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (F5)

The first No columns of S are therefore obtained from in-
cidence from the left in each open channel, whereas the
remaining No columns are obtained from incidence from
the right. The closed Floquet channels are retained in every
matching problem, since they affect the scattering amplitudes
through evanescent and virtual processes. They do not, how-
ever, appear among the rows and columns of S, because they
carry no asymptotic probability flux. The factors

√
kn/km in

Eqs. (F1)–(F5) convert the wave amplitudes obtained from
the matching equations into flux-normalized scattering am-
plitudes. Indeed, since all Floquet channels correspond to the
same particle mass, the ratio between the outgoing and incom-
ing group velocities is equal to kn/km. With this normalization,
probability-flux conservation implies

S†S = I, (F6)

up to the numerical accuracy associated with the Floquet
truncation.

[1] L. D’Alessio, Y. Kafri, A. Polkovnikov, and M. Rigol, From
quantum chaos and eigenstate thermalization to statistical me-
chanics and thermodynamics, Adv. Phys. 65, 239 (2016).

[2] R. Mankowsky, M. Först, and A. Cavalleri, Non-equilibrium
control of complex solids by nonlinear phononics, Rep. Prog.
Phys. 79, 064503 (2016).

[3] S.-L. Zhang and Q. Zhou, Manipulating novel quantum phe-
nomena using synthetic gauge fields, J. Phys. B: At. Mol. Opt.
Phys. 50, 222001 (2017).

[4] A. Eckardt, Colloquium: Atomic quantum gases in period-
ically driven optical lattices, Rev. Mod. Phys. 89, 011004
(2017).

023313-29

https://doi.org/10.1080/00018732.2016.1198134
https://doi.org/10.1088/0034-4885/79/6/064503
https://doi.org/10.1088/1361-6455/aa8c5a
https://doi.org/10.1103/RevModPhys.89.011004


BRUNO, KOLLATH, CITRO, AND SHEIKHAN PHYSICAL REVIEW A 114, 023313 (2026)

[5] M. Aidelsburger, S. Nascimbene, and N. Goldman, Artificial
gauge fields in materials and engineered systems, C. R. Phys.
19, 394 (2018).

[6] T. Oka and S. Kitamura, Floquet engineering of quantum mate-
rials, Annu. Rev. Condens. Matter Phys. 10, 387 (2019).

[7] S. Zhou, C. Bao, B. Fan, H. Zhou, Q. Gao, H. Zhong, T. Lin,
H. Liu, P. Yu, P. Tang, et al., Pseudospin-selective Floquet
band engineering in black phosphorus, Nature (London) 614,
75 (2023).

[8] D. Thuberg, S. A. Reyes, and S. Eggert, Quantum resonance
catastrophe for conductance through a periodically driven bar-
rier, Phys. Rev. B 93, 180301(R) (2016).

[9] S. A. Reyes, D. Thuberg, D. Pérez, C. Dauer, and S. Eggert,
Transport through an AC-driven impurity: Fano interference
and bound states in the continuum, New J. Phys. 19, 043029
(2017).

[10] F. Hübner, C. Dauer, S. Eggert, C. Kollath, and A. Sheikhan,
Floquet-engineered pair and single-particle filters in the Fermi-
Hubbard model, Phys. Rev. A 106, 043303 (2022).

[11] F. Hübner, C. Dauer, S. Eggert, C. Kollath, and A.
Sheikhan, Momentum-resolved Floquet-engineered pair and
single-particle filter in the Fermi-Hubbard model, Phys. Rev.
A 108, 023307 (2023).

[12] V. Bruno and R. Citro, Transport and Fano resonance in a one-
dimensional weakly-interacting periodically driven fermionic
system, Chaos, Solitons Fractals 199, 116688 (2025).

[13] N. Ahmadi, A. Sheikhan, and C. Kollath, Pair scattering
from time-modulated impurity in the Bose-Hubbard model,
arXiv:2511.17032.

[14] C. S. Kim and A. M. Satanin, Coherent resonant transmission in
temporally periodically driven potential wells: The Fano mirror,
J. Phys.: Condens. Matter 10, 10587 (1998).

[15] D. F. Martinez and L. E. Reichl, Transmission properties of
the oscillating δ-function potential, Phys. Rev. B 64, 245315
(2001).

[16] R. Citro, E. Demler, T. Giamarchi, M. Knap, and E. Orignac,
Lattice modulation spectroscopy of one-dimensional quantum
gases: Universal scaling of the absorbed energy, Phys. Rev. Res.
2, 033187 (2020).

[17] S. Datta, Electronic Transport in Mesoscopic Systems
(Cambridge University Press, Cambridge, UK, 1995).

[18] E. Bocquillon, V. Freulon, F. D. Parmentier, J.-M. Berroir, B.
Plaçais, C. Wahl, J. Rech, T. Jonckheere, T. Martin, C. Grenier,
et al., Electron quantum optics in ballistic chiral conductors,
Ann. Phys. 526, 1 (2014).

[19] J.-P. Brantut, J. Meineke, D. Stadler, S. Krinner, and T.
Esslinger, Conduction of ultracold fermions through a meso-
scopic channel, Science 337, 1069 (2012).

[20] S. Krinner, D. Stadler, D. Husmann, J.-P. Brantut, and T.
Esslinger, Observation of quantized conductance in neutral mat-
ter, Nature (London) 517, 64 (2015).

[21] M. Lebrat, P. Grišins, D. Husmann, S. Häusler, L. Corman, T.
Giamarchi, J.-P. Brantut, and T. Esslinger, Band and correlated
insulators of cold fermions in a mesoscopic lattice, Phys. Rev.
X 8, 011053 (2018).

[22] S. Longhi and G. D. Valle, Floquet bound states in the contin-
uum, Sci. Rep. 3, 2219 (2013).

[23] C. W. Hsu, B. Zhen, A. D. Stone, J. D. Joannopoulos, and M.
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