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Exploring vibronic dynamics near a sloped conical intersection with trapped Rydberg ions
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We study spin-phonon coupled dynamics in the vicinity of a sloped conical intersection created by laser
coupling the electronic (spin) and vibrational degrees of freedom of a pair of trapped Rydberg ions. We show that
the shape of the potential energy surfaces can be engineered and controlled by exploiting the sideband transitions
of the crystal vibration and dipole-dipole interactions between Rydberg ions in the Lamb-Dicke regime. Using
the sideband transition, we realize a sloped conical intersection whose cone axis is only tilted along one spatial
axis. When the phonon wave packet is located in the minimum of the lower potential surface, the spin and
phonon dynamics are largely frozen owing to the geometric phase effect. When starting from the upper potential
surface, the electronic and phonon states tunnel to the lower potential surface, leading to a partial revival of
the initial state. In contrast, the dynamics drastically change when the initial wave packets are away from the
conical intersection. The initial state is revived, and it is almost entirely irrelevant whether it is from the lower
or upper potential surface. Complete Rabi oscillations of the adiabatic states are found when the wave packet
is initialized on the upper potential surface. The dynamics occur on the microsecond and nanometer scales,
implying that Rydberg ions provide a platform for simulating nonadiabatic processes in the vicinity of a sloped

conical intersection.
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I. INTRODUCTION

A conical intersection (CI) is a point in the nuclear coordi-
nate space where two or more Born-Oppenheimer potential
energy surfaces (PESs) are degenerate [1-3]. CIs are char-
acterized by a linear dependence on the nuclear coordinates
and associated geometric effects, which are absent in other
forms of degeneracy, such as glancing intersections, which
depend quadratically on the coordinates and do not exhibit
geometric effects [4,5]. The electronic and nuclear wave func-
tions accumulate a phase factor of 7 during their motion
around a path that encircles a CI [6-12]. CIs appear in many
photochemical processes in molecules [13,14]. Due to this
degeneracy, they enable ultrafast and radiationless decay of
intramolecular excited states which grants, for example, the
stability of DNA [15], vision mechanism [16—18], and pho-
tosynthesis processes [19]. CIs and geometric (Berry) phases
are also important in solid-state systems [20].

Molecular dynamics near Cls typically occur on fem-
tosecond timescales, and thermal effects are vital during
these dynamics [21,22]. Detecting and observing features
associated with a CI therefore require temporal and broad
spectral resolutions, as well as the control of the nuclear
wave function [16,23-26]. Numerical simulations of the CI
dynamics of real molecules are challenging because of the
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extremely high dimensions of the associated Hilbert spaces
[27]. The Born-Oppenheimer (BO) approximation, where the
nuclei are supposed to move only on a single PES, rather
than moving on all PESs, fails to study the dynamics of
the nuclei near a CI, for example, the geometric effects
[28].

In recent years, highly controllable quantum systems have
been developed to investigate CI dynamics. Direct observation
of CIs has been realized with single trapped ions [29,30],
and wave packet branching near a CI has been reported in
circuit QED [31]. These experiments created CIs by cou-
pling vibrational (phonon) and electronic (spin) states in the
sideband-resolved regime. In a recent work [32], it was shown
that a CI can be created between a pair of trapped Rydberg
ions. Rydberg ions have strong dipolar exchange interactions
[33-35], high Rydberg state polarizabilities [36,37], and long
lifetimes [38,39]. Owing to these properties, ion crystal vibra-
tions and electronic states strongly interact in a Paul trap, as
demonstrated in a recent experiment [40]. To create a CI, the
minimal requirement is that two phonon modes are coupled
to two different spin operators. In Ref. [32] a pair of Rydberg
ions, where one is in a Rydberg nP state and the other in the
nS state (n is the principal quantum number), were prepared.
The two Rydberg states couple the crystal vibration along
the trap axis through spatial gradients of dipolar exchange
interactions. To induce the second coupling between a dif-
ferent spin operator and vibration along a different direction,
an electric field is applied to shift the ion crystal off the trap
axis. Using the state-dependent trap potential [41], this creates
a state-dependent coupling with phonons perpendicular to
the trap axis. Using the engineered symmetric (peaked) CI,
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FIG. 1. (a) CI in a system of two trapped Rydberg ions using
the sideband-resolved laser excitation. (b) Each Rydberg ion is mod-
eled as a two-level system, laser excited from the ground state |g)
to the Rydberg state |r). The two ions are coupled to a standing
wave laser E(£2p, A) with Rabi frequency €2y and detuning A. The
dipole-dipole interaction Vpp couples the vibration to the Rydberg
state. (c) Sloped ClIs. (d) Peaked CI, where the upper PES is entirely
above the lower PES in the vicinity of the CI. In (c,d), the profiles
of the CI along Q, =0 are shown. Here we consider Sr* ions
with mass m = 87.9 x 1.66 x 107> kg, @, = 27 MHz, o, = 27 x
1.6 MHz, Fy/h = —1441.99 MHz/um, Gy/h = 88.8572 MHz/um,
and A/h = —12.29 MHz. The position of the Cl is (95, ¢7) =(0,0).

dynamics and geometric effects are explored in the nanometer
and microsecond scales [32].

In this work, we investigate the diabatic spin-phonon cou-
pled dynamics around a sloped CI with the trapped Rydberg
ion quantum simulator. Our setting is a pair of Rydberg ions
trapped in a linear Paul trap, as depicted in Fig. 1(a). The main
difference between the present scheme and the previous one
[32] is that, here, the electronically low-lying state |g) and
the Rydberg state |r) constitute the spin degrees of freedom,
with ions in the Rydberg state |r) interacting strongly via
a density-density interaction [33]. One type of spin-phonon
coupling is induced through the slope of the Rydberg ion in-
teraction along the trap x axis, leading to two-ion spin-phonon
coupling. A laser induced spin-dependent force [42,43] is
applied along the y axis. Under the antiblockade condition and
in the Lamb-Dicke regime [44—46], this leads to the required
two-ion spin-phonon coupling perpendicular to the previous
one. Since the static electric field [32] is not used in this
scheme, we avoid the additional spin-phonon coupling that
would otherwise be induced by the field. In this setting, we
create a CI whose slopes differ along one of the two axes
[Fig. 1(c)]. In contrast, in a peaked (symmetric) CI, the slopes
are identical in all directions [Fig. 1(d)]. We then investigate
the diabatic and adiabatic dynamics and the nuclear densities
in the neighborhood of the constructed sloped CI. When the
system is initially prepared at the minimum of the lower PES,
we observe freezing of the system wave packet. This can be
explained by the geometric phase effect. However, when the
phonon wave packet is initially prepared on the upper PES, the
phonon and electronic states tunnel to the other PES, leading
to a partial revival of the initial wave packet. A complete
revival of the initial wave packet is observed when the system

is prepared away from the CI, and this does not depend on
whether we prepare the system on the lower PES or the upper
PES.

This paper is organized as follows. In Sec. II, we present
the physical setup and introduce the model that generates a
sloped CI using two trapped Rydberg ions. We also derive
the effective Hamiltonian, discuss the resulting PESs, and
characterize the topography of the CIL. In Sec. III, we study
the dynamics of the diabatic and adiabatic states, as well
as the evolution of the nuclear densities, for different initial
conditions. Finally, Sec. IV summarizes our main findings and
outlines possible future directions.

II. SPIN-PHONON MODEL OF TWO TRAPPED IONS

A. System and Hamiltonian

We consider two Rydberg ions of mass m in a linear
Paul trap that applies an effective time-independent harmonic
potential with trapping frequencies ws (§ = x,,z). In the
following we assume that @, > wy, w,, ensuring that the two
ions are confined in the x-y plane. The trapping frequencies
are determined by the electric-field gradients of both the os-
cillating and static quadrupole fields, as well as by the radio
frequency of the Paul trap [44,47-49]. The effective trapping
potential of the two ions is given by

Vi = 5 [02 (067 +X3) + ol (v + )+ K/ (1)
where R; = (X3, Y1) and R, = (X5, Y>) stand for the nuclear
coordinates of the two ions. Coefficient /C is the Coulomb’s
constant, e is the elementary charge, and r = |r| = |R; — Ry
is the interion separation. For concreteness, we consider Sr*
ions, although the scheme is equally applicable to Ca* ions
with appropriate choices of the laser and trap parameters.
Experimental realizations of Rydberg excitation in both Ca™
[50,51] and Sr* ions [52,53] have been demonstrated.

The two ions are confined along the x axis. Each ion is
modeled as a two-level system, driven by a laser that couples
the ground state |g;) to the Rydberg state |r;) with Rabi
frequency €2 and detuning A (j = 1, 2). The excitation laser
forms a standing wave with wave number k along the y axis.
The ions are located at the nodes of the standing wave laser.
In the rotating frame and using /i = 1, the interaction Hamil-
tonian is

Q
Hg = ARy + p) + TO[Sin(le)af‘ +sin(k¥y) 03], ()

where oj‘ = |g;)(r;jl + |rj){(gjl and it = |r;)(r;| [45,54].

We work in the Lamb-Dicke regime at low temperatures.
Hence, by expanding sin (kY;) to the first order of the cor-
responding Lamb-Dicke parameters, the ion-laser interaction
becomes

Hg ~ A(71 +ﬁ2)+G0(8Y1 O'IY+8Y2U;), 3)

where Gy = % [45,54] characterizes the coupling strength
between an ion and the laser, and §Y; =Y; — on denotes the

deviation from the equilibrium position ¥ 1‘0' The dipole-dipole
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interaction in the Rydberg state is
Hpp = Vpp x A1 @ iz, 4)

where Vpp = Co/1X> — X113, with Cy being the dispersion
constant. In the present model we retain only the dipole-dipole
interaction between ions in the Rydberg state, which is a well
established approximation. Details of the long-range interac-
tion for ions in a linear Paul trap can be found in Ref. [38].
Furthermore, interactions involving one ion in the electronic
ground state and the other in a Rydberg state do not lead to
sizable interaction, as the dipole moment in the ground state
is negligible.
The full Hamiltonian is given by

H=(T +Vtrap)+HR + Hpp, )
V3 \%:
where T = —5- — 52 is the kinetic operator. We analyze

the dynamics in both the center of mass (CoM) and relative
frames, where the c.m. coordinate is R = (X,Y) = @
and the relative coordinate is r = (x, y) = Ry — Rj. In these
coordinates, the kinetic energy operator becomes

Va V2
=R __x (©6)
2M 2
and the dipole-dipole interaction is
G
Hpp = ﬁ n ® fy, (7N

where M = 2m and p = m/2. In terms of the c.m. and relative
coordinates, the trapping potential can be written as
M iz
Vieap = ?(a)sz + a)}z,Yz) + E(wﬁxz + wiyz)

Ke?
.

From the potential energy Vi.p, the equilibrium posi-
tions Ryp = (Xo, Yp) = (0,0) and ry = (xp, 0) are obtained
by numerically solving a;/i;“p |[R=r, = 0 and lr=r, = O, re-
spectively [55].

As the ions oscillate around their equilibrium separation,
we expand the dipole-dipole interaction Hpp about the equi-
librium distance xy, yielding

trap

ar

Hpp = Vo ity @ iy — Fogx 1) @ iy, ¥

where V) = % denotes the interaction strength at equilibrium.

Spatial deviations from equilibrium, g, = x — xo, couple the
Rydberg excitation to the vibrational motion through the slope
of the interaction potential,
0

Spin-phonon coupling is essential for generating CI. In
the following, we obtain the second spin-phonon coupling
through the laser-ion interaction, which acts along different
spin and spatial directions. We choose the detuning such
that A +Vy =0, and consider a weak laser field satisfy-
ing |GoéY1|, |GoéY»| < |Al. Under these conditions, the pair
states {|rr), |+) = (|rg) + |gr))/«/§} are resonantly coupled

by the laser field, whereas the pair state |gg) is far detuned
and can be adiabatically eliminated from the dynamics of the
system. The antisymmetric state |—) = (|rg) — |gr))/ V2 is
decoupled due to parity symmetry. We therefore restrict the
dynamics to the pair-state subspace {|rr), |4+)}, which can
be prepared, for example, by initializing the ions in the state
|[+). The pair {|rr), |[+)} forms a diabatic basis. Combining
the laser-ion coupling with the dipole-dipole interaction, we
obtain the Hamiltonian,

Hgr + Hpp = A(|+) (+] + [rr)(rr])
+V2Go(8Y + SY2)(|4) (rr| + rr) (+])
— Fogx [rr){rr|. &)

The second line of Eq. (9) shows that two different types of
spin-phonon coupling are obtained. In the first term, the c.m.
mode along the y axis couples the pair flipping |[+) — |rr) and
vice versa. In the second term, the breathing mode (relative
motion) along the x axis couples to the pair Rydberg state |rr)
[55]. These two couplings are used to create a sloped CI.

Introducing the following Pauli matrices,

So = |rr){rr| + |+){(+], (10)
Sy = [+H){rrl + [rr){(+, (1T)
Sy = [rr){rr| — |+H){+], (12)

which follows that |rr) (rr| = 545

Taking into account only the c.m. mode along the y axis
and the breathing mode along the x axis, we obtain the desired
form of the Hamiltonian H = Hy + H.. with

2
Hy = Vo _ Yo, ®S (13)
0 2 oM 0s

and
Heje =S(Q, q)®SO+W(Q)®Sx+G(Q)®SZ‘ (14)
The scalar term S(Q, ¢) has the form

Fo s M
_fo4x | ﬁaﬂqz + —w20? (15)

2 2 T YRy
with @2 = w? + i"iog; We have also defined W(Q) =

V2GyQ, with Q, = (8Y; +8Y>)/v/2 and G(g) = k.
This Hamiltonian is one of the important results of this work.
We will use H to study the properties and dynamics of the
CIL In Ref. [32], the Hamiltonian was engineered through
the interplay between the polarizabilities and their strong
dipolar exchange interactions, with an external electric field
applied to facilitate the coupling. In the present work, we
identify a minimal model that contains a CI using only the
dipole-dipole interaction and sideband transitions. The poten-
tial advantage is that the Rydberg ions are not perturbed by
the electric field, and unwanted spin-phonon coupling can be
avoided.

Here, the theoretical model relies on a harmonic expansion
of the trapping potential and a linearization of the dipole-
dipole interaction around the equilibrium separation xy. For
typical trap frequencies in the MHz range, the motional wave

S(Q.q)=A
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packet extent is on the order of a few tens of nanome-
ters, while the equilibrium ion separation is on the order of
several micrometers. Consequently, the ratio |{(g,)|/xo < 1,
ensuring that the harmonic and linear approximations are
well justified over the relevant dynamical range. The dipole-
dipole interaction coefficient Cy, typically satisfies Cy/h ~
10?-10* MHz um? [32] for the principal quantum numbers
considered. The resulting interaction is much smaller than
the Coulomb interaction and does not change the equilibrium
position significantly. Here, using the the microwave modu-
lation scheme [32], we tune the dipole-dipole interaction to
be zero at xy, such that only its linear gradient contributes
to the spin-phonon coupling. The excitation laser operates
at optical wavelengths (200-300 nm) [40], and the ion mo-
tion is well within the Lamb-Dicke regime. This justifies the
first-order expansion of the laser field and the resulting linear
spin-phonon coupling used in the Hamiltonian H [45,54].

B. Sloped CI

In the spirit of the Born-Huang approach [56], the nuclear
motion of the ions is governed by the PESs, which are ob-
tained as the eigenvalues of the electronic Hamiltonian Hyje,

Ey =8(0.9) %
The corresponding eigenvectors are

l91(Q. q)) = cos(A(Q, @))|rr) + sin(A(Q, ¢)[+), (17)

and

lp—(Q. q)) = —sin(A(Q, g))Irr) 4 cos(A(Q, g))|+), (18)

where A(Q,q) 1is determined by tan(2A(Q,q)) =
W(Q)/G(q). These states form the adiabatic basis of the
system [32]. In Fig. 1(c), we show the upper and lower PESs,
E, and E_, respectively, for the 3Sr* Rydberg ions. A CI
occurs when E; = E_, where the two potential energies cross
directly. In the following section, we investigate the nuclear
and electronic dynamics and study their influence on the
presence of CI.

G(g)* + W(Q)*. (16)

C. Topological properties of the CI

Near a CI, the topology of the PESs is governed by their
linear behavior in the branching plane, spanned by the gra-
dient difference and derivative coupling directions [13,57].
The structure of the CI—whether it is symmetric (peaked) or
asymmetric and tilted (sloped)—is determined by the mag-
nitudes and relative orientation of these directions, together
with their projections onto seam coordinates. The type of the
intersection of the PESs depends on the derivatives of the
functions G(q) and W (Q). If

8(q:. 0) = VG(q)

w0 70 (19)
and

h(q;, Q7)) = VW(Q)

g7 O (20)

the intersection is conical [13,57], where (g7, Q;‘) denotes the
position of the CI. If g = h = 0 while second derivatives are

nonzero, the intersection is of higher order (nonconical) and
does not form a CI in the usual linear vibronic coupling sense.
In order to characterize the neighborhood of the CI, let us
define the following unit vectors,

g(qy. OF)
X=—"-—

, 21
4
and
h(g:. 0F)
= (22)

where g = [|g(gy, O})I| and h = ||h(g}, O})||. The vectors
x and y are the normalized vectors of the branching plane
vectors g and h, respectively [13,57]. It is also convenient to
define

sx = VS(Q,9) - X, (23)

75,05

and

sy =VS8(Q.9)

a0 Y @4
which are nothing but the projection of the seam coordinates
VS(Q, @)lg:.0r onto the branching plane vectors. The clas-
sification of CIs as “peaked” or “sloped” is based on the
projections s, and sy. In addition to these projections, we
introduce the following parameters,

_g-r

_&-" 25
gZ +h2 ( )

Agp

and

dg = /& + h2. (26)

The parameter Ay, measures the ellipticity, i.e., the asymme-
try, of the intersection and d,, is a distance metric for the
branching space. Steeper pitched (narrower) Cls are associ-
ated with large values of d,,. When the upper PES and the
lower PES are positioned entirely above and below the energy
of the CI, respectively, the branching plane vectors have zero
projection onto the seam coordinate; i.e., s, = s, = 0. We say
that the CI is peaked as it is described by vertical cones.
This topographical structure closely resembles the classical
image of a funnel, indicating that the population in the upper
state is efficiently directed toward and through the intersec-
tion positioned at the apex of the cone [13,57]. However, the
intersection with a nonzero projection on the seam coordinate
is called a tilted or sloped CI. In this scenario, the axis of the
cone can be tilted to a significant degree, causing sections of
the upper surface to fall below the energy of the CI, while
sections of the lower surface rise above it. The symmetry and
pitch of the CI can be determined by Agz,. A nonzero Ag,
indicates a difference in the slopes of the PESs. Using the
parameters provided in Fig. 1, we find that

Sy/dg, = 0.002 692 16, 27)
5y/dg = 0, (28)

and
Agn = 0.941036. (29)
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This means that our CI is a nonsymmetric sloped CI and that
the cone axis is only tilted along the x axis and nontilted along
the y axis. In the absence of the linear term —Fyq, /2 in S(Q, q)
provided in Eq. (15), we find that s, = s, = 0, which means
that the CI, in that case, is peaked. In general, real CIs exhibit
some degree of both tilt and asymmetry.

III. WAVE PACKET AND ELECTRONIC DYNAMICS

In this section, we investigate the vibronic dynamics in the
vicinity of the sloped (tilted) CI engineered in the previous
section. In particular, we focus on how the asymmetry and
tilt of the CI affect the diabatic and adiabatic dynamics of the
nuclear wave packet.

A. Initial state on the lower PES

We first introduce the initial nuclear wave function, which
is a Gaussian wave packet centered at (¢7, 09),

=0\ 2 Q—0V\2
eXp[_%(ngq) _%( 2 )]

A/ T[ZQ‘ qu ’
where [% = /ML@X and /9 = /M#w.v are the width of the Gaus-

sian. The Gaussian wave packet in Eq. (30) has zero mean
momentum along both nuclear coordinates g, and Qy, as no
additional phase factor is included. The widths [, and Iy, cor-
respond to the ground-state widths of the respective harmonic
modes, such that the initial kinetic energy is given solely by
the zero-point motion. Consequently, the total initial energy
of the wave packet is determined by the potential energy
at the initial wave packet center plus the zero-point energy
contributions.

In addition, we prepare the electronic state in the eigenvec-
tor |¢_(Q, q)) given in Eq. (18). The total wave function of
the initial state reads

[V0(qx: Q))) = [V (gx, Oy, 1 = 0)) = ¢(qx, Q)9 (g, Q).
€29

¢(gx, Qy) = (30)

The time-dependent state [/ (g, Qy,?)) is determined by
solving the Schrodinger equation,

a
i, Vs Oy, 1)) = HIY (qx, Oy, 1), (32)

starting from the initial condition [Yo(gy, Oy)). State
[V (qx, Oy, 1)) can be expanded in terms of the diabatic states
|v) and adiabatic states |¢, (g, Qy)) as

V(@e QD) = Y u(gr, Oy, V)
v=rr,+
=Y $u(qe Oy, Dlgu(ae. Q)).  (33)
n==%

where ¢,(qy, Qy,t) and qsﬂ(qx, Q,,t) are complex valued
functions. The populations of the diabatic and adiabatic states
can be computed using 1, 4 (¢) = f |py (g, Oy, t)|2dedqx
and =+ (t) = [ 19, (qr. Oy, 1)1*dQydq,, respectively. To
identify the effects of the tilted CI, we shall solve the
Schrodinger equation in the adiabatic representation and

I50F == E /7 [MHz]
— E./h [MHz]

100

50

-40 -20 0 20 40
gx [nm]

FIG. 2. One-dimensional cuts of the adiabatic PESs E. (g, Q, =
0) using the same parameters as in Fig. 1. For Q, = 0, the minimum
of the lower PES is located at ¢, >~ —17.5 nm, while the minimum
of the upper PES is located at g, >~ —4 nm. The red star indicates the
position of the CL.

then the diabatic populations can be computed. The diabatic
populations can be deduced using the relation

$v =Y $u(qr: Oy )(V|0u(gr. O))). (34)

p==%

where v = {rr, +}. To monitor the nuclear motion, we eval-
uate the expectation value of the position operator g, defined
by

(ge(t)) = / / @ [V (g, Oy, 1)|* dq, dQ,, (35)

and its projection on the lower and upper adiabatic surfaces,

_ JJ 451924, Q. I dg. dQ,
ff|¢§ﬂ:(61x, stt)|2dqdey ’

These quantities provide a compact measure of the geometric
centers of the nuclear wave packet that evolves and distributes
across the two PESs during the dynamics. We first consider
a case where ¢? and QY coincide with one of the minima of

the lower PES, E_, ie., ¢ = —17.5nm and Q% = Onm, as
illustrated in Fig. 2. Figure 3(a) shows the time evolution of
the populations of the diabatic and adiabatic states. We find
that the diabatic populations are almost constant around their
initial values, mainly for two reasons. On the one hand, the
PES is not symmetric along the g, axis, and the initial state is
in the potential well on the lower PES. It would cost extra
energy to tunnel to the other side of the potential. During
the tunneling process, on the other hand, the wave packet
encircles the tilted CI evenly, generating a 7w phase shift. This
geometric phase leads to destructive interference, such that
the tunneling of the wave packet is strongly suppressed. We
find that there are few oscillations of the adiabatic populations.
In particular, the population of the |¢_(Q, g)) state oscillates
between 0.92 and 1 and the population of the |¢4(Q, q)) state
oscillates between 0 and 0.08. The oscillation results from the
fact that the initial state is not an eigenstate of the adiabatic
basis. The data show that the probability of finding the nuclei

(qx(1))+ (36)
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FIG. 3. (a) Time evolution of the diabatic and adiabatic state populations. The blue and orange dotted curves show the populations of the
diabatic states |rr) and |+), respectively. The green and red curves show the populations of the adiabatic states |¢,(Q, ¢)) and |¢_(Q, q)),
respectively. (b) Time evolution of the average position (g,(¢)) (red curve), together with its projections on the lower PES (g, (¢))_ (dotted
blue curve) and upper PES (g,(¢))+ (solid blue curve). Here the initial state is [Yo(qy, Oy)) = ¢(gx, Oy)l@—(gx, Oy)), where qg = —17.5nm,

Q;? = O nm, and all other parameters are the same as in Fig. 1.

in the lower PES, where they are initially prepared, is higher.
To further quantify the spatial dynamics of the wave packet,
Fig. 3(b) shows the time evolution of the average position
(gx(1)), defined in Eq. (35), together with its components on
the lower and upper PESs, (g,(¢))_ and (g,(?))+, respectively.
The quantity (g,(¢))_ exhibits small oscillations around the
initial value of —17.5nm, indicating that the nuclear wave
packet remains localized near the minimum of the lower PES.
In contrast, (g,(t))+ changes slightly, ranging between —0.05
and 0.399 nm, reflecting the weak and transient population of
the upper PES. This behavior confirms that the wave packet
stays predominantly on the lower surface, with only a mi-
nor component undergoing nonadiabatic transfer to the upper
PES.

We now show the time slices of the wave packet dynamics
in Fig. 4. The nuclear density on the lower PES changes only
slightly over time, indicating that the nuclei remain localized
near their initial position and do not leave the lower PES,
as shown in the top (lower PES) and bottom (total) panels
in Fig. 4. The freezing of the wave function in the exact
dynamics is due to the intervention of the two PESs in the
evolution of the system, i.e., the presence of the CI. The
oscillations of 71y are related to the excitation of the upper
PES (the middle panel), where the wave packet is weakly
populated in the upper PES of the adiabatic basis during the
evolution.

Let us now consider a case in which the initial wave
function is far from the minimum of the lower PES. Specif-
ically, we place the wave packet centered around ¢° =
—42nm, Q) = Onm. Figure 5 shows the time evolution of
the diabatic and adiabatic populations, together with the full
evolution of the position coordinate (g.(t)) and its average
values on the upper and lower PESs (q,(7))+. We observe
pronounced oscillations of the adiabatic populations, indicat-
ing that the system undergoes transitions between the upper
and lower PESs. This behavior is also reflected in the expec-
tation values of the position operator for the different PESs.
In contrast to the case where the system is initially prepared
at the minimum of the lower PES (i.e., qu = —17.5nm),
the expectation values on both PESs now attain significant

amplitudes due to the transition of the wave packet between
the two PESs.

In this case, the initial state has a significantly large po-
tential energy, such that the wave packet can tunnel between
the two PESs. Figure 6 displays the corresponding nuclear
densities at the two selected times. The upper, middle, and
lower panels show the nuclear densities on the lower PES,
upper PES, and full nuclear density, respectively. At ¢ =

Qy [nm]

0.0025

0.0020

N
J 0.0015
0.0010

= 7

0.0005

Q, [nm]
N7

—40 0.0000

=) 22 Z N\ 0.03
1) @ (),
3 - — 0.02
S
-20 0.01
—40 0.0
—50 —25 0 25 50 —50 —25 0 25 50
¢y [nm] ¢, [nm]

FIG. 4. Dynamics of nuclear densities. From top to bottom: the
nuclear density on the lower PES, the nuclear density on the upper
PES, and the full nuclear density. Red contours indicate the shape
of E_ in the top and bottom panels, The middle panel indicates the
shape of E. . The red star marks the position of the CI. The left and
right column correspond to snapshots at t = 0.6 us and t = 1 us,
respectively.
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FIG. 5. (a) Time evolution of the diabatic and adiabatic state populations. The blue and orange dotted curves show the populations of the
diabatic states |rr) and |+), respectively. The green and red curves show the populations of the adiabatic states |¢,(Q, ¢)) and |¢_(Q, q)),
respectively. (b) Time evolution of the average position (g.(¢)) (red curve), together with its projections on the lower PES (g, (?))_ (dotted
blue curve) and the upper PES (g, (7)) (solid blue curve). Here we have taken [/o(qy, O))) = ¢(qr, Oy)l9—(qy, O,)) where ¢° = —42nm,

Q;? = O nm, and all other parameters are as in Fig. 1.

0.2 us, the nuclear density is clearly displaced toward the
upper PES, with the distribution concentrated largely on the
right-hand side of the CI (middle and bottom panels). In con-
trast, at = 0.4 us the density has mostly returned to the lower
PES, as can be seen in both the upper PES distribution (top
panel) and the total density distribution (bottom panel). This
demonstrates that, unlike the situation where the system starts
at the minimum of the lower PES, the nuclei are not frozen on

40

20

Qy [nm]
)

N\

Qy [nm]
-
*

Qy [nm]
-

—50 —25 0 25 50 —50 —25 0 25 50
¢y [nm] ¢, [nm]

FIG. 6. Dynamics of the nuclear densities on the lower PES,
upper PES, and the full nuclear density (top to bottom). Initially the
system is prepared on the lower PES. The red contours indicate the
shape of E_ in the top and bottom panels, while in the middle panel,
they indicate the shape of E. . The red star marks the position of the
CI. The left and right columns correspond to snapshots at r = 0.2 us
and 1 = 0.4 ys, respectively. Initially g} = —42nm, Q) = 0nm, and
all other parameters are as in Fig. 1.

a single energy surface but instead move and oscillate between
both PESs.

B. Initial state on the upper PES

In this section, we investigate the dynamics of the two
Rydberg ions in the vicinity of the CI when the system is
initially prepared on the upper PES. Therefore, the initial state
is given by

[V (gx, Oy, 1 = 0)) = ¢(qx, Q)@+ (qx, Oy)),  (37)

where ¢(g., Qy) is provided in Eq. (30) and the electronic
state is prepared in the adiabatic state |p4(Q, q)) provided
in Eq. (17). Let us consider the case where the Gaussian
state is centered near the minimum of the upper PES, as
illustrated in Fig. 2, ¢ = —4 nm. In Fig. 7, we show the time
evolution of the diabatic and adiabatic populations, together
with the full evolution of the position coordinate (g, (7)) and
its average values on the upper and lower PESs (g,(¢)+). As
shown in Fig. 7(a), the population in the diabatic basis remains
almost constant in the dynamical evolution. In the adiabatic
basis, on the other hand, the electronic state populations ex-
change between the two eigenstates. The figure also shows
that (g, (¢)) oscillates around the initial value. The correspond-
ing amplitude increases gradually as time passes, as the wave
packet oscillates. The projected (g.(¢))+ also oscillate, where
(g+(t))_ shows a phase delay with respect to {g.(¢)), which
is mostly due to the initial condition. The nuclear densities,
shown separately in Fig. 8, display the oscillatory character,
confirming that the nuclei repeatedly migrate between the two
surfaces during dynamics. The occupations of the upper and
lower PESs are largely out of phase. When the wave packet
is largely on the lower PES at r = 0.2 us (upper panel), the
population on the upper PES nearly vanishes. At ¢t = 0.4 s,
the density distributions of the two PESs swap.

Similar to the previous section, numerical simulations
show that the oscillation amplitude increases when the ini-
tial wave packet is moved away from the CI. This leads to
almost complete population transfer between the two PESs
coherently. It is worth comparing the dynamics with that of the
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FIG. 7. (a) Time evolution of the diabatic and adiabatic state populations. The blue and orange dotted curves show the populations of the
diabatic states |rr) and |+), respectively. The green and red curves show the populations of the adiabatic states |¢,(Q, ¢)) and |¢_(Q, q)),
respectively. (b) Time evolution of the average position (g,(¢)) (red curve), together with its projections on the lower PES (g, (¢))_ (dotted
blue curve) and on the upper PES (g,(¢)). (solid blue curve). Here we have taken [o(q., O,)) = ¢(qx, Oy)|9+(qx, Qy)) Where qi’ = —4nm,

Qg = O nm, and all other parameters are as in Fig. 1.

symmetric CI as investigated in Ref. [32]. In the current sys-
tem, the asymmetry originates from the linear term —Fyq,/2
provided in Eq. (15); by neglecting this term, one recovers the
peaked symmetric CI. To compare the properties of the two
configurations, Fig. 9 shows the time evolution of the relevant
dynamical observable for the symmetric (peaked) CI when
the system is initially prepared on the upper PES with ¢° =

0.030

0.025

\ b 0.020
>

X

0.015

Qy [nm]
=
o

0.010

0.005

—40 0.000

0.020

/ 0.015
@ J))\ 0.010
N

—20 0.005

Qy [nm]
*

—40 0.000

0.030

0.025

3 >
£ 8 0

Qy [nm]
=

0.010

0.005

—40 p - - r - 0.000

¢, [nm]

FIG. 8. Nuclear densities on the lower PES, upper PES, and the
full nuclear density (top to bottom). Initially, the system is prepared
on the upper PES of the adiabatic state. The red contours indicate
the shape of E_ in the top and bottom panels, while in the middle
panel, they indicate the shape of E . The red star marks the position
of the CLL Here we have taken [o(q.. Q) = $(¢x. )19+ (¢x. Q)
where qg = —4nm, Qg = Onm, and all other parameters are as in
Fig. 1. From left to right, the snapshots correspond to r = 0.2 us and
t =0.4 ps.

—4nm. The oscillations of the populations on the upper and
lower PESs are qualitatively similar in both cases. However,
the oscillations of the average position (g, (¢)) differ markedly
between the two cases. For the peaked CI, the oscillations are
regular and exhibit an almost constant amplitude. In contrast,
the oscillations associated with the sloped CI are irregular
and show a varying amplitude. For example, in the peaked
CI configuration, (g, (t)) oscillates over a range from —4.2 to
10.5 nm, while in the sloped CI configuration the oscillations
are confined between —11.3 and —0.17 nm. This reflects the
different vibrational responses associated with these two CI
geometries.

IV. CONCLUSIONS

In this paper we have proposed an approach to engineer a
sloped CI using two trapped Rydberg ions. The main particu-
larity of our scheme is that we have exploited the interaction
between the Rydberg ions and the sideband transition of the
collective oscillation modes of the ion crystal. Compared to
our previous approach [32], an electric field is not required
to push the ions away from the trap center. This could have
advantages in the experimental realization, i.e., without need
to changing the electric potential of the Paul trap, and avoiding
electric field induced effects (such as Stark effects and ioniza-
tion of the Rydberg states). We have simulated the dynamics
of the nuclear wave packets and electronic states around the
CI. It is found that the sloped CI affects both the adiabatic and
diabatic dynamics. Because the potential minimum is shifted
from the center of the system, the geometric effect is stronger
than that in the peaked CI case, where the population can be
almost completely frozen in the initial state when preparing
the initial wave function to be a Gaussian centered around the
minimum of the lower PES. When initially preparing the sys-
tem away from the minimum of the PES, this results in large
oscillation amplitudes of the adiabatic populations between
the two PESs. Furthermore, the effect of the intervention of
the two PESs is studied by preparing the initial wave function
on the upper PES. In this case, we find a clear swapping
of the nuclear densities between the two PESs during the
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FIG. 9. (a) Time evolution of the diabatic and adiabatic state populations around the peaked CI. The blue and orange dotted curves show the
populations of the diabatic states |rr) and |+), respectively. The green and red curves show the populations of the adiabatic states | (Q, q))
and |¢_(Q, q)), respectively. (b) Time evolution of the average position (g.(¢)) (red curve), together with its projections on the lower PES
(gx(t))- (dotted blue curve) and on the upper PES (g.(t)); (solid blue curve). Here we have taken [y(q., Oy)) = ¢(qx, Oy)|0+(q., Oy))
where qf = —4nm, QS = Onm, and all other parameters are as in Fig. 1. Here we ignore the linear term —Fyq,/2 in Eq. (15); i.e., the Cl is

peaked and symmetric.

dynamics. In the future, it would be interesting to investigate
how the CI interacts with the dissipation in a controlled man-
ner [31,58-60].
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