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We consider excitations of a spin-1 Bose-Einstein-condensate in the vicinity of different mean-field configura-
tions and derive mappings to emergent relativistic quantum field theories minimally coupled to curved acoustic
spacetimes. The quantum fields are typically identified with Nambu-Goldstone bosons, such that the structure
of the analog quantum field theories on curved spacetimes depends on the (spontaneous) symmetry breaking
pattern of the respective ground state. The emergent spacetime geometries are independent of each other and
exhibit bimetricity in the polar and antiferromagnetic phase, whereas one has trimetricity in the ferromagnetic
phase. Compared to scalar BECs, the spinor degrees of freedom allow us to investigate massive vector and
scalar fields where the former is a spin-nematic rotation mode in the polar phase, which can be cast into a Proca
field that is minimally coupled to a curved spacetime that emerges on length scales larger than the spin-healing
length. Finally, we specify the Zeeman couplings and the condensate trap to be spacetime-dependent such that
a cosmological Friedmann-Lemaitre-Robertson-Walker metric can be achieved. This work enables a pathway
towards quantum-simulating cosmological particle production of Proca quanta via quenching the quadratic
Zeeman coefficient or via magnetic field ramps, which both result in the creation of spin-nematic squeezed states.
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I. INTRODUCTION

Quantum field theory in curved spacetime (QFTCS) [1-4]
is a salient area of research that deals with the interaction of
quantized matter with gravitational fields, resulting in phe-
nomena such as cosmological particle production [5] and
Hawking radiation [6]. In recent years, analog simulators that
mimic these effects of QFTCS have seen significant interest
and development following the original work of Unruh [7,8].
Typically, the simulation platforms are optical or condensed
matter systems [9-24] in which a relativistic quantum field
theory in curved spacetime emerges as an effective description
for linearized field perturbations around a background that
in turn shapes the curved geometry [25-28]. This interdis-
ciplinary pursuit of analog systems potentially sparks new
questions and concepts for the model system [29].

Owing to technological advances, quantum simulation of
QFTCS with ultracold atoms has seen rapid development from
Gedanken experiments [30-38] to modern table-top exper-
iments [39-48], that exhibit precise control, high tunability
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and accurate readout. A prime example is the successive de-
velopment of analog FLRW-cosmology simulators [49-59]
based on the technology of an optical or magnetic Feshbach
resonance [60-63], which allows to imprint a temporal profile
on the interatomic coupling to ultimately realize cosmologi-
cal particle production experimentally in (single-component)
Bose-Einstein condensates (BECs) [39-42].

Compared to the scalar case, spinor BECs (extensively
reviewed in [64,65]) provide additional degrees of freedom
that interact via spin-exchange collisions and are sensitive
to an external magnetic field via the first- and second-order
Zeeman effect. In particular in the analog gravity context, their
multiple degrees of freedom overcome conditions that lead to
a universal emergence of a unimetric scalar QFTCS [66,67]
similar to two-component mixtures [68—76].

Structure formation experiments with spinor BECs can be
conducted via quenches, resulting in correlations that can be
probed and analyzed in terms of spin density and nematicity,
i.e., the vector and quadrupolar magnetic moments [77,78].
Prominent phenomena such as phase transitions [79-81],
universality [82-85], thermalization [86], formation of
spin-domains [87] and spin textures [79], spin squeezing
[88-92], spin-nematic order [93], and quantum entanglement
[88,90,92] were observed in that context. This abundance of
processes relevant for fundamental physics and cosmology
combined with the possibility to extract a rich collection of
observables [88,90-92,94] render spinor BECs formidable
quantum simulation platforms. They have been proposed to
simulate Bianchi-type spacetimes [72], false vacuum decay
[95], and recently, as simulators for bimetric cosmological
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spacetimes [76]. In Ref. [96] pseudospin-1/2 condensates
have been shown to host Goldstone bosons with quadratic
dispersion which were described in terms of a Newton-Cartan
spacetime (a nonrelativistic limit of general-relativistic
spacetimes). Furthermore, an analogy between spin-nematic
excitations of the spinor BEC and linearized gravity has been
suggested in reference [97] (based on earlier work [98]).

We consider fluctuations around various mean-field ground
states of a f = 1 spinor BEC [99,100] and show that certain
low-energy fluctuations obey effective field theories that as-
sume the form of relativistic quantum field theories of real
scalar and vector field theories, which are each minimally
coupled to curved, acoustic geometries as it is summarized in
Table 1. The specific details that lead to this table are worked
out in the main part of this paper. Our findings are consistent
with Bogoliubov theory [64,100-103], hydrodynamical the-
ory [104-106], and the nonlinear ¢ models found in [107].
Moreover, we shall in particular connect to the linearized
gravity proposal [97]. Furthermore, our work can be consid-
ered as an extension of investigations concerning a scalar BEC
[41,42,57-59].

The remainder of this paper is organized as follows: In
Sec. II a suitable effective action for the spin-1 BEC is
expanded up to second order in terms of density, spin-density,
and spin-nematic fluctuations. Sections III and IV constitute
the main part of this work with derivations of low-energy
effective field theories for excitations around the polar, fer-
romagnetic and antiferromagnetic case. Section III considers
the SU(2)-symmetric phases in absence of a magnetic field,
whereas a finite magnetic field is considered in Sec. IV. In
Sec. V we discuss experimental feasibility with an emphasis
on the emergent Proca theory and particularize to emergent
Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetimes
that are specified via suitable constraints on the linear and
quadratic Zeeman coefficients. Section VI concludes the
paper with a summary and an outlook on future research
directions.

Notation. Emergent spacetime indices are denoted in
Greek letters, and spatial indices are denoted in Roman let-
ters. Furthermore, we choose the spacetime metric signature
(—,+,+, +). Lie-algebra indices are denoted by capital-
ized Latin letters in the symmetric tensor representation and
lowercase fracture letters in the spinor representation. We
use Einstein’s sum convention where repeated indices are
summed over. Vectors are written in bold letters, and we
denote the scalar product in R3 by (-, -), the cross-product by
A, and the tensor product by ®. We abbreviate [, = [ dr d’r

as well as where we abbreviate [ , = [dw/(27) d*k/(27).

II. EFFECTIVE THEORY FOR FLUCTUATIONS
A. Effective action

We consider a weakly interacting Bose gas with hyperfine
spin f =1 and neglect magnetic dipole-dipole interactions
which is appropriate for alkali atoms like ’Rb, >*Na or "Li
[65]. We shall be interested in Bose-Einstein condensed states,
formed by macroscopic occupation of modes. Furthermore,
we treat the BEC in two spatial dimensions although our
calculations allow for lower dimensionality through suitably
chosen trapping potentials. In particular, we shall also con-

sider an external magnetic field B(z, r) oriented parallel to the
z axis, and investigate its influence onto the two-dimensional
orthogonal subspace.

It is convenient for us to work with (the expectation value
of) the bosonic field in the symmetric tensor representation of
the SU(2) hyperfine spin group [with x = (¢, r)],

Qi (x)  Po(x)/V2
P(x) = + .
) <<I>o(X)/«/§ P_(x)
Here the components are identical to the often employed rep-

resentation ®(x) = (D4 (x), Po(x), P_(x)). Our ansatz for
the effective action then reads

B hz 2
I'e] = /M {tr|:d> (ma, + ﬁv - Vext>d>:| - U(CD)},

2

(D

with the effective potential

U(®) = (~p + 3q)n + yeon® + 301F? — pF, + 5qQz.

3)
where we introduced the scalar density
n = tr(®*P), 4)
the vector spin density (or dipole moment)
F; = tw(®%0;P), ®)

as well as the symmetric and traceless spin-nematic (or
quadrupolar) tensor

Q,’j = tr(@*a,-CDGjT) — %I’Z(Sij, (6)

which has five linearly independent degrees of freedom [98].
Here the index i € {x, y, z} represents the three spatial direc-
tions and o; are the corresponding Pauli matrices. The nematic
tensor (6) is a useful tool to describe order and correlations in
spinor BECs. In particular the spin-nematically ordered phase
has been observed experimentally [93] and its topolocical
defects like m disclinations (which are eponymous for the
nematic phase [108]) and half-quantum vortices have been
studied theoretically [107,109] and experimentally [110]. Fur-
thermore, its excitations can be categorized in rotation and
deformation modes that admit a hydrodynamical formulation
[106]. The quantum evolution of these modes can be analyzed
from a quantum-informational perspective in terms of spin-
nematic squeezing [89,91,92].

The collection of the quantities defined in Egs. (4)—(6)
will be referred to as the (spin) multipole moments in the
following.

The action (2) and the spin multipoles [Egs. (4)—(6)]
are invariant under U(1) transformations, & — e'X ®, ¢* —
e~ X ®* related to particle number conservation. Moreover,
s-wave contact interactions and spin-exchange-collisions,
parametrized via the coupling constants ¢y and c; (that de-
pend on the scattering lengths of spin-zero and spin-two
atoms [64,65]), respectively, are invariant under spin ro-
tations which act as SU(2) transformations on the spinor
S — U ACUBD ®cp. However, the Zeeman energy shifts,
parametrized in terms of p and g, explicitly break this spin
rotation symmetry down to SO(2) (if p # 0) or down to
SO2) x Z, (f g # 0), respectively [64]. Hence, the action
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(2) is only SU(2)-invariant in abscence of a magnetic field
(p = q = 0). In particular, under general SU(2) spin rotations,
one finds that F transforms as a vector,

F — Ri;F;, (N
and Q as a tensor,
Qi = RuRjiQu, ®)

in the defining representation of SO(3) (sometimes called
Cartesian representation [106]) where

Rij = str(oUo;U") 9)

is the two-to-one homomorphism between SU(2) and SO(3)
[111] (further details are collected in Appendix A). In sum-
mary, the effective action exhibits a U(1) x SU(2) symmetry
in absence of an external magnetic field. At finite values of ¢
and p, SU(2) invariance is explicitly broken while U(1) invari-
ance is still maintained, since the spin multipole moments are
U(1)-invariant, but SU(2)-covariant.

For our purposes, it is also interesting to analyze the trans-
formation behavior of the spin-one system in presence of
a linear and quadratic Zeeman effect under time reversal.
Time reversal acts on the spinor components as (TP =
(—=1)™®* _ [112], which is equivalent to ® — —7 &7 ! in
the symmetric tensor representation, as it is inherited from
time-reversal behavior of the Pauli matrices, o; — 70,7 ! =
—o; [113]. Here we introduced the antiunitary operator 7 =
(ioy)K where K realizes complex conjugation of the spinor
K®K~! = ®* and is also antiunitary, KKT = —1 [114]. As
a direct consequence, one finds that the spin density is in-
verted by time reversal, F; — —F; whereas the nematic tensor
is time-reversal invariant [115]. Therefore, an external mag-
netic field (p # 0) explicitly breaks time-reversal symmetry
of the effective action (2), as one expects. If, however, only a
quadratic Zeeman shift is present (¢ # 0, p = 0), the action is
time-reversal symmetric.

The linear Zeeman coefficient p = —gugB is composed of
the Landé hyperfine g factor, the Bohr magneton pp and the
external magnetic field B; whereas the quadratic Zeeman coef-
ficient g has contributions from an external magnetic field (¢gg,
dc Zeeman effect) and from an off-resonant microwave dress-
ing field (gmw, ac Zeeman effect), resulting in ¢ = ¢ + gmw-
The former is given by

_ (gusB)’
g = SBBT)

) 10
Tieonr (10)

where wps denotes the hyperfine frequency splitting. The latter
has the form [116]

hQ?
dmw = TR an

for a linearly polarized microwave transition; here 2 is the
Rabi frequency and the microwave detuning § = wpny — @hr
allows to change the sign of ¢ [116,117]. Circularly polarized
fields are possible as well, but these lead to a different expres-
sion than in Eq. (11).

Note that we allow for a space- and time-dependent exter-
nal trap potential that we assume to be isotropic,

Vext(t, 1) = M () f (), (12)

where w(t) acts as a (possibly time-dependent) trapping fre-
quency and f(r) parametrizes the spatial profile, where for
example f(r) = r? represents a harmonic trap.

In this work we furthermore assume that the linear
and quadratic Zeeman coefficients p and g can be var-
ied independently (as has been for example realized in
[87]). The latter can be tuned in modern ultracold atom
experiments by ramping the external magnetic field (gp
[81]), or through an off-resonant microwave dressing field
that can quench the quadratic Zeeman coefficient (gmw
[80,89,91,92,116,118,119]).

In the following we shall investigate effective theories
around different ground-state configurations of the spinor
BEC. Finding a mean-field ground state can be understood as
a minimization problem for the magnetic part of the effective
potential,

Unag(®) = $c1F? — pF. + 1q(0.. + 37),  (13)

which leads to the rich quantum phase diagram of spin-
1 BECs [64,65,87,99,100,120] which is depicted in Fig. 1:
Clearly, ferromagnetic interactions (c¢; < 0) and the linear
Zeeman shift p favor a maximization of F (blue regions)
whereas antiferromagnetic interactions (c¢; > 0) and a posi-
tive quadratic Zeeman shift g prefer a magnetically neutral
state (red regions). The latter may still break spin isotropy
through a nematic director d that can be analyzed similar
to the magnetization F. For example, both quantities may
orient themselves longitudinal or transversal to the external
magnetic field, which leads to easy-plane or easy-axis phases,
respectively. The green and yellow regions can be understood
as an intermediate trade-off between both agendas in the sense
that a weak longitudinal alignment is present (established by a
finite p # 0) at the expense of a finite transversal component.
Interestingly, the described competition may also be such
that an antiferromagnetic BEC enters a ferromagnetic state
(or vice versa). The former occurs if the energy scale of the
positive linear (p > 0), or negative quadratic (¢ < 0) Zeeman
shift is stronger than the interaction energy 7ic;. The broken
axisymmetric ferromagnetic phase and its excitations are not
investigated in this work (consider [102] for a Bogoliubov
analysis).

B. Background field expansion

We split the field ®(¢,x) according to ® = ® + 5§
where the background configurations of interest are sta-
tionary, radially symmetric solutions of the multicomponent
Gross-Pitaevskii equation

or

8D%,

=0, (14)

=P

with the effective action (2). Here we parametrize the ground-

state manifold by
€0/ ﬁ) (15)

oo e (&
d(r) = V() § = ‘/”(”(so s e

where &+ o, with 78, +&*&_ + £7&, = 1, indicate the type
of ground state and are determined by the algebraic set of
Egs. (B4)-(B6), which was obtained from the extremal con-
dition (14) under the Thomas-Fermi approximation, where
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Antiferromagnetic (¢; > 0) Ferromagnetic (¢; < 0)

= g . nematic 3 ¥ Easy-Plane Polar (d, = 0) 3 ¥ Easy-Plane Ferrom. (f, =0)
o o O Easy-Axis Polar (|d.| = 1) O Easy-Axis Ferrom. (|f.| =1) ,,’
g by o \4‘_/ ¢_\I/ 5 p
‘ % ’ 2 ’ 2 ,
ﬁ Remi, (154 =1 Ferrom. (|€,]>=1) // v
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> z 2 2 _ S \
=4 density spin nematic g &1+ 1€ =1 S fr#0
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: Yy ( | %o ~ ! Ferrom. (|6_|*>=1) N .
g ‘ ‘ Ferrom. (|€-|*>=1) > N
25 -1 0 1 2 3 % -1 0 1 2 3

Quadratic Zeeman shift g/nc Quadratic Zeeman shift ¢/n|c|

FIG. 1. Emergent quantum field theories in curved spacetime (left image) associated to various mean-field ground states of a spin-one BEC
with antiferromagnetic (center image) and ferromagnetic (right image) interactions. The insets show the dispersion relations in the infrared
regime, leading either to Lorentz-invariant hyperbola or Galilei-invariant parabola (in an analog sense), depending on whether the dispersion
relation is quadratic or linear in the infrared regime. We notably find that transversal spin-nematic excitations of the polar state lead to an
analog vector QFTCS and a massive scalar QFTCS. Further details on the structure of the emergent are summarized in Table I. Solid (dashed)
lines in the phase diagram indicate first- (second)-order quantum phase transitions where the derivative of Uy,,, with respect to (p, g) changes
continously (discontinously) [64]. Perceptually uniform colormaps designed by [121] are used.

nent Gross-Pitaevskii equation (14) and its solutions can be
found in Appendix B.

The fluctuations around the background configuration (15)
are parametrized by six real fields,

1 [ ¢F+igl
2\ Kl + o]
To investigate the dynamics of the fluctuations the effective

action (2) is expanded around the background solution up to
quadratic order in the fluctuating fields

F[®] = I'[®] + [ [8P; P] + 05D,

terms of the form A2V2/fi(r)/2m are neglected by assuming
sufficiently smooth density profiles. In Eq. (15) we make the
single-mode approximation for the background state (i.e., we
assume a single spatial background profile for all spin com-
ponents) which is typically valid for system sizes below the
spin-healing length. However, in the Thomas-Fermi approx-
imation (sometimes also called local density approximation)
the single-mode approximation gains validity on length scales
above the healing length [65], which is crucial for this work.
Therefore, we assume that the Thomas-Fermi relation, which
will be derived for each mean-field ground state, holds at all
times. More details on the specific form of the multicompo-

1 [ are s pim
5b — fz[% + i¢g ]) (16)

P +ip"

a7

TABLE I. Summary of the emergent relativistic field theories of the mean-field ground states considered in this work. This table provides
further information for the visualization in Fig. 1. The dispersion relations of the modes are collected in Table II.

Symmetry Physical Conjugate
Phase Multimetric ~ breaking® NGB characterization” quantity momentum
Polar Bimetric u) —lf full Massless scalar (linear disp. ) Phase fluc. Density fluc.
SU(2) %0 SO2) % Z, Massive vector 4 scalar (linear disp. w;) Nematic rot. Spin rot.
g=p=
; .
U@) — full Massless scalar (linear disp. ) ,l;?:segﬂlif'ﬂuc ?;r:ltgy Slugﬁc
Ferrom. Trimetric SUR2) — SO(2) Massive scalar (quadratic disp. wp)© -SP ’ <SP '
g=p=0 Massive scalar (quadratic disp. w_ ) Nematic defor.  Nematic defor.
no association X q p- @~ (diag.) (off-diag.)
U(1) = full ) ] p )
SOM) % Zr S 7 —0 Massless scalar (linear dispers. wp ) Phase fluc. Density fluc.
Antiferrom.  Trimetric ) NS 2> 2, (p=0) Massless scalar (linear dispers. s )% Phase fluc. Long. spin fluc.
S02) > Z, (p#0) Massive scalar (quadratic dispers. ) Spin-nem. rot.  Spin-nem. rot.

no association X

“The s above the arrow indicates spontaneous symmetry breaking, which occurs for the parameter values given below the arrow.

The mass refers to the case of explicit symmetry breaking.

“Note that this QFTCS does not emerge if p = g = 0. For modes with quadratic dispersion relation in the infrared, the emergent theories have

to be considered in the nonrelativistic limit.

4The exact eigenmodes are superpositions of the spin and density modes with a dispersion relation given by the avoided crossing of @}, @2,

which is explicitly shown in Table II.
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TABLE II. Dispersion relations of collective excitations in the
considered phases. Here we introduced atomic kinetic energy E; =
k*/2M and g. = fic, (1 + /T — f2). The dispersion relations are
derived in Appendix D and agree with the literature [64,106].

Phase Dispersion relations

hza)ﬁ(k) = Ey(Ey + 2iicy)
1o} (k) = Ex(E; + 2iic; + q)

R w? (k) = ElEx + (co + ¢1)]
F R w}(k) = (Ex + p—q)°
Hw? (k) = (B + 2p — 2iic; )?

Rl (k) = 2 (w0l (k) + wd(k))

AF :b\/§ (a)lz)(k) - Lz)é(k))2 + 4Ek2fZZﬁ2CQC1
where i°w s (k) = E(Ey + 2iico ;)
Radk) = (Ex + q- — ¢)(Ex + 4+ — q)

where we already used that linear terms do not contribute due
to the extremal condition (14). The effective theory for the
fluctuations generally has the form

hz
I, = f {tr[é@*(ih&, + %W - vm>5q>} - SU},
t,r

(18)
where the potential energy fluctuations are
SU=U(®+8P)—U(D)
= (= + fico)sn® + %O(Sn(l)(Sn(l) + o) (F, SF®)
C1
¢

+ 5 (SF(I), (SF(l)) _ p(gFZ(Z)

4
+ %’(5 Qe + §an<2>). (19)

Here the first- and second-order multipole fluctuations are
given by

sn'V = tr(§®* D) + tr(P*5D), (20)
5n® = tr(§d*5P), (21)

SEV = r(50%0;®) + tr(D*0;8 D), (22)
SF? = tr(80*0;8D), (23)

SQEJI-) = tr((S(D*G,-(T)ajT) + tl’(‘i)*O'iSCDO'jT) — %8}1(1)8[/', 24)

897 = (80 0i8®0] ) — 15n?s;;, (25)

with explicit expressions for each phase being given in Ap-
pendix C. These multipole fluctuations are invariant under
U(1) transformations of the full effective spinor field, (& +
8D) — e 4(D 4 5P). Considering a SU(2) transformation
of the background and the fluctuations,

Dup + 8DPap — U, “Up®(@cp + §cp), (26)

one finds that density fluctuations [Eqgs. (20) and (21)] trans-
form as scalars, spin-density fluctuations [Eqgs. 22 and (23)]
as vectors, and the nematic fluctuations [Egs. (24) and (25)]
as tensors, due to their dependence on the vector of Pauli
matrices.

Note that the second-order fluctuations and thus also the ki-
nesial fluctuations are independent of the specific mean-field
state as opposed to the potential fluctuations. The former are
given explicitly in Eq. (C42), and the latter, after integrating
by parts, can be written as

hz
tr| §@*([ih0, + — V2 |5

_ im re hz rey72 jre imy72 4im
= /m [M)m 0P + m(%v O T P V by )} (27

up to total derivatives. Note that we sum overm € {+1, 0, —1}
in the last line.

The results of our investigations are visualized in Fig. 1 and
summarized in Table I for the reader’s convenience.

III. EMERGENT SPACETIME GEOMETRIES
IN SPONTANEOUSLY BROKEN PHASES

The case of a vanishing linear and quadratic Zeeman co-
efficient shall be treated first, as it leads to SU(2) invariance
of the effective action (2) and ground-state configurations that
spontaneously break this symmetry. This particularly interest-
ing behavior motivated pioneering experimental efforts to trap
f = 1 atoms by purely optical means [87,122] which sparked
multiple theoretical investigations [99—101,107,123].

A. Polar (or spin-nematic) phase

A beyond-mean-field analysis [123] reveals the ground-
state of an antiferromagnetic (c¢; > 0) spin-1-BEC in absence
of an external magnetic field to be a strongly correlated state
with super-Poissonian number fluctuations (consider [65] for
a concise summary). It can be considered as a fragmented
condensate of spin-singlet pairs in the sense that there exist
multiple macroscopic eigenvalues of the single-particle den-
sity matrix [101,124] based on the definition of Bose-Einstein
condensation by Penrose and Onsager [125]. The strict spin-
isotropy and angular momentum conservation restrict the state
to be a uniform superposition of mean-field ground states
over the entire Bloch sphere [124]. However, small symmetry-
violating perturbations, such as a positive quadratic Zeeman
coefficient ¢ > 0, localize this state on the Bloch sphere [126]
and a mean-field description becomes applicable at low mag-
netic fields [101,124]. Due to its fragility against (ambient)
magnetic fields and long dynamical timescales [127], the ex-
actly symmetric state is hard to construct experimentally [80].
However, the vicinity of small magnetic fields can be stud-
ied via quantum quenching the quadratic Zeeman coefficient
[80,126].

1. Spin-nematic background and its fluctuations

In the following, we will nevertheless apply mean-field
theory to the background state (which captures experimen-
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tally relevant situations already at small magnetic fields
[101,122,126]). For antiferromagnetic interactions, ¢; > 0,
the effective potential is minimized by a nonmagnetized state,
F = 0, such that the background is determined by

(Ve = +71c0)bm =0, for me{+1,0, -1}, (28)

which only has nontrivial solutions if the Thomas-Fermi rela-
tion

Vext — 0 +1icg =0 (29)

is fulfilled. Without loss of generality, any magnetically neu-
tral background state can be parametrized by

£ & U 30)
= ——=U0x )

V2
where U € SU(2) and the global phase x are arbitrary. De-
spite the absence of magnetic order, the state at hand exhibits
so-called uniaxial nematic order [108], i.e., the spin-nematic
(or quadrupololar) tensor takes the form

O=-2(d®d—113). (31)

Note that the polar ground state is time-reversal-invariant,
which is a necessary condition for a quantum spin-nematic
[97]. By analogy to ferromagnetism, the state at hand is also
known as a ferroquadrupolar ground state in spin nematics
[97,98,128,129]. The nematic tensor (31) is an orthogonal
projector onto the plane perpendicular to the so-called nematic
directord = Re. [where again the SO(3) element R is related
to the SU(2) element U in Eq. (30) through Eq. (9)]. Note that
the nematic tensor Q is invariant under the Z, inversion d —
—d, which needs to be combined with the U(1) transformation
to realize a symmetry of the order parameter £ [64]. There-
fore, the state at hand spontaneously breaks the U(1) x SU(2)
symmetry group down to the semidirect product SO(2) x Z,
[130] and the order parameter manifold is given by the coset
space [64,107]

U(1) x SUQ2)/(SO(2) x Z,) = U(1) x §%/Z,, (32)

where S? is the three-sphere. It is possible to show that the
spontaneous symmetry breaking pattern (32) leads to 1 42
Nambu-Goldstone bosons (NGBs) which all have a linear
dispersion relation [131]. The former is the phonon (as for a
scalar BEC), whereas the latter are two independent magnon
modes that stem from spin-exchange collisions and induce a
rotation of nematic order, as we shall show in the following.

For the effective theory of fluctuations around the ground
state (30) we find

5V + 8U = %OSn(I)Sn(l) + Cz—‘<3F<1>, SFU),  (33)

where we replaced the external potential according to the
Thomas-Fermi relation (29). In the polar (or spin-nematic)
phase, the density fluctuations are scalar projections on the
nematic director,

sn'V = /271 (d, Reg), (34)

where we reordered the fluctuating fields in the complex vec-
tor field

i

- ¢+)ex - ﬁ

1
0= E(qﬁf (- +didey + doe.,  (35)

which is of convenient use since it transforms as a Cartesian
vector under internal SU(2) rotations and its projections onto
the Cartesian vectors corresponds to field-theoretic versions
of the corresponding time-reversal-invariant Cartesian states
(i.e., the eigenstates of the spin operators (F, Fy, E.) with
vanishing eigenvalue [132]) The spin-density fluctuations

SFV = /2iid A 1me = +/2iiIme | (36)

always occur in the plane perpendicular to the background
nematic director d, which we parametrize with the projected
field vector

9 = d,p)d. 37

The perturbations to the spin-nematic tensor read

=09

snD

8500 =" 0 —V2ii(d®Rep, +Rep, ®d), (38)

and can be combined with the background nematic tensor in
the uniaxial form

Q+8Q" = —2(7 + ")
x [d+8d")® @d+8d") — 115],  (39)

where we identify the leading-order fluctuation of the nematic
director as

sd V) — Rep Ad  Reg, (40)
20 V2

indicating its rotational motion. As has been characterized
in [106], the magnonic modes separate into a rotational
mode of the nematic tensor (given by Reg, in the present
parametrization) and an amplitude oscillation of the spin-
density (described by Im¢ , here). In particular, the presence
of anisotropic, transversal spin fluctuations—despite the ab-
sence of a mean magnetization—is a characteristic feature of a
spin-nematic state [97,98,128,129,133]. Complementary, the
phonons correspond to @ and are thus longitudinal to nematic
order.
In terms of the introduced fields one now finds

r /{ih<*a>+f’2<*v2>
2 = — (@9, 00 — @, (4
ol 2 ! aM

— coii(Reg)* — clﬁamm)Z} 1)

as an effective action that governs the dynamics of the fluc-
tuating fields. To derive a low-energy effective field theory
for the three NGBs, we integrate out the densityfluctuation
Reg and the spin-amplitude oscillation Img, in the regime
where their kinetic energy E; = h*k?/2M is neglible com-
pared to the contact- and spin-exchange interaction energies,
E; < con, cini. This amounts to evaluate the action (41) on the
corresponding field equations, which read

—ho,Ime, = 2iicoReg,,
ho,Rep, = 2nc;Img (42)

in the low-energy regime.
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2. Phonon sector: Massless, relativistic scalar field
on curved spacetime

As a result, one finds that the effective theory for the U(1)-
NGB can be written as

hZ
r)= —7/1 V3808, 0,90,, (43)

where we rescaled the field to have a relativistic mass dimen-
sion,i.e., ¢ = Imgon /~/2M, and introduced the acoustic metric

-1 0
(gO);w = < 0

ii(r)co(t)
C;S(Sij) ’ CE’O(L = T’ 4

with the abbreviation

Vg =[— det(go),w]l/2 = l/cg.o'

This emergent relativistic theory is equivalent to the one for
the U(1) NGB of a scalar BEC which was extensively studied
theoretically [57,59] and experimentally [41,42].

3. Magnon sector: Massless, relativistic vector field
on curved spacetime

For the two SU(2) NGBs we find the low-energy effective
field theory

2
ry = I —ﬂ(atRefh)er(VRem)z . (45)
aM Lr flC]

which generates the field equation

2 9;Cs.1 2 2
—0,Rep, +2 Rep | +c;(t)VRep, =0, (46)
Cs,1

which agrees with the spin-wave equation discussed in [99].
Here we introduced the propagation speed for spin waves,

2\ (t) = iici (t)/M (47)

The effective field theories for the phonon sector (41) and
the magnon sector (45) have been previously derived in [107]
where the latter was already described as an O(3) nonlinear
sigma model for a quantum spin-nematic state which was
expressed in covariant notation. In presence of a magnetic
field (which also will be studied in this work) the reference
identified an O(2) nonlinear sigma model.

To bring Eq. (46) into a relativistic covariant form we
concentrate on situations where fic; is spatially constant. We
decompose

1 0;
R ) =) +A; 48
\/2— e((pL)j(t7 X) /7312 822 X(tv X) j(tv X)v ( )

where 9;A;(¢,x) = 0, and the square root of the Laplacian
can be defined with appropriate boundary conditions through
a Fourier expansion. The longitudinal magnonic degree of
freedom satisfies the Klein-Gordon equation

9 (v818"dux) =0, (49)
where the metric has the same form as in Eq. (44),
-1 0
&) = ( - ), (50)
Eu 0 cs,%ai./

but with the spin-wave speed ¢ | (¢) defined in Eq. (47). A rel-
ativistic form for the transverse magnonic degree of freedom
can be obtained by introducing the augmented vector field

0
(A") = <A> (51)
such that the field equation reads
1
—9,(/21£""0,A%) =0, (52)
@ l"( glgjl )

where the vector field satisfies both the Weyl gauge condition
Ay =0 and the Coulomb gauge condition V-A =0. As a
consequence of 9;,/g; = 0, the covariant gauge constraint

0/

VAR = g0+ Y84 g (53)
V81

is fulfilled. With this, the equation of motion can be written in

the form

1
VuF" = J=t(JaiF) =0, (54)

where we introduced the field strength tensor
F, =0,A, —0,A,. (55)

Given that the equations of motion are as for a Abelian gauge
field [134] one might expect that also the action be expressied
in the corresponding form. We plan to investigate this point
further in future work. When considering a finite magnetic
field in Sec. IV, the spin nematic rotation mode (and thus the
emergent vector field theory) will gain a mass such that the
subsidiarity constraint (53) will be automatically fulfilled.

4. Transformation of spin-nematic fluctuations under
broken symmetry

Before we conclude this section, we would like to briefly
comment on the lattice approach [97,98] where the antifer-
romagnetic Heisenberg model augmented by spin-exchange
interactions [128,129,133] is used to model the spin-nematic
phase at hand. The study concluded in the emergence of a rel-
ativistic spin-two field given by the spin-nematic fluctuations
which in the present work are formulated via

§0 =680 —sn'VQ/n (56)

where §Q is given in Eq. (38). Our calculations reveal the
nonlinear sigma model used there, which is plausible since
the spin-1-BEC is a member of the Heisenberg universality
class [135], such that quantum rotor models [126] or nonlinear
sigma models [107,129] are applicable. However, we disagree
with the interpretation as a tensor field. The equations of
motion of the spin-nematic fluctuations indeed take the form

3780, + 2 V380, =0, i=x,y, (57)

if we choose the background nematic director to be d = e,
without loss of generality. The field equations seem to agree
with those of linearized gravity with propagation speed c; |
and propagation direction d (if we keep 7ic| constant in space
and time). Moreover, the transversal, traceless nature of §Q;;
is superficially analogous to tensor metric perturbations in
general relativity [136].

053321-7



SCHMIDT, BRUNNER, AND FLOERCHINGER

PHYSICAL REVIEW A 112, 053321 (2025)

However, according to Eq. (38), the spin-nematic pertur-
bations decompose into the tensor product of a background
part d and a two-dimensional vector fluctuation Reg, . More
concretely, §Q from Eq. (56) has the explicit form

80i; = —V/8id; (Re gy, (58)

where the background nematic director d is fixed up to Z,
inversion, which would correspond to a reversal of the propa-
gation direction. According to the guiding principle of Wigner
[137], the particle content of the theory is classified according
to the transformation behavior of the quantum field under the
little group (or stabilizer subgroup) associated to the parti-
cles four-momentum. In an analog system, we identify this
group with the little group of the order parameter which is
SO(2) % Z; in the polar phase. Considering a general element
R € SO(2) x Z,, the nematic fluctuations in the transversal
plane transform in the cartesian (or defining) representation
of the spin group according to

5Qiz - Rinzm(SQjm~ (59)

Now, any element of SO(2) x Z, can decomposed into a (n7)
rotation around the x axis (where n = 0, 1), followed by a ro-
tation by an angle « € [0, 27 ) around the z axis [64]. For such
elements one finds R, = (—1)"§,,, and that the Z,-induced
group element R | in the transversal plane is either a reflection
along an origin-line tilted from the x axis by an angle o/2,

©) _ [cos(x)
Ry = <sin(a)

sin(o)
—cos(a)

) (ifn=0), (60)
or a rotation by «,

Rﬁ) _ <cos(a)

sin(a)

—sin(a)
cos(a)

) Gfn=1). (61

Consequently we have that the nematic fluctuations of the
polar phase (and thus the analog Maxwell or Proca field)
transform as vectors in the cartesian representation of the little
group SO(2) x Z, according to

80i — (=1Y"(R1),;80;.. (62)

In contrast, a gravitational wave with helicity two would
rotate with a phase e”'” around its direction of propagation.

B. Ferromagnetic phase

At vanishing external fields, the ferromagnetic phase can
only occur for ferromagnetic interactions (¢; < 0) that favor a
magnetized state. The state at hand was accessed experimen-
tally in the quantum-degenerate regime [117]. Without loss
of generality we model the ferromagnetic background by the
spin-rotated positively polarized state

1X

€ T
§= TU(ﬂz +o)U", (63)

where U € SU(2) and the global phase x is arbitrary. The
mean magnetization is F = iid, where we chose d as the
unit vector pointing into z direction. Note that the oppositely
polarized case can be investigated analogously with a few
reparametrizations [138]. In contrast to the polar state, the
ferromagnetic state is not time-reversal-invariant as can be

deduced from its finite magnetization. The nematic tensor is
again a projector on the xy plane,

O=n(ded- 113), (64)

but the Z-inversion symmetry is spontaneously broken in the
ferromagnetic state through the finite background magneti-
zation, such that its little group is only SO(2) [64]. Hence,
the spontaneous symmetry breaking is described by the coset
space

U(1) x SU(2)/SO(2) = U(1) x 52, (65)

which differs from the polar coset space (32) by the absence
of Z,-equivalent configurations. This affects the NGBs such
that there is only one with linear dispersion (i.e., the phonon)
and another single one with quadratic dispersion [131], As
we shall show, the latter corresponds to a rotation of the
nematic tensor which is accompanied by the rotation of the
magnetization [106]. In the following it will be convenient to
introduce

9= Lz((¢+ —¢_)ex + i@ +¢-)ey), @y = doe:,
(66)
such that
sn'V = /iiRe (¢ — @y, ex — iey) = «/ﬁqﬁf (67)

In contrast to the polar phase, the nematic director is projected
out in the density fluctuation (67). For the spin-density fluctu-
ations, we find

SFD = VAIm[(p + @y) A (e — iey)]
= Vi(¢Fe. + pie, + V2¢"e,). (68)

Hence, the real and imaginary part of the perturbation ¢
lead to spin-density fluctuations in the plane orthogonal to F,
inducing a rotational motion, whereas ¢ is the longitudinal
spin excitation, which is known to be identical with the den-
sity excitation of the ferromagnetic state since the system is
fully magnetized [64,100]. The spin-nematic fluctuations are
again obtained via symmetrized tensor products of two vectors
whose overlap gives the density fluctuation (67),

) n' - )
§Q :Tg—i—(?n (ex®e.+e,Qey)

+ ViiRe[(p — @p) ®e_ +e_ @ (9 — @y, (69)

where e_ = e, —ie,. Combining the fluctuation with the
background, we find the manifestly traceless expression

Q+0M i+ s 1
= (dn ®d) - 513>

V27 V27
+ 9™ (e, ® e, +e ®ey)
+ (e ®er —e, ®ey), (70)
where we introduced the rotated background director
dy=a - m@oe) g 1)
2V

Consequently, the perturbation ¢, induces a rotation of the
nematic director as for the polar phase. However, there is also
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a deformation mode (¢_) which leads to the less-symmetrical
biaxial shape in contrast to the polar phase (where uniaxial
order is preserved by the perturbations). For the effective
potential of the fluctuations, we find

8U + Vo 8n®
= 1co(8n")? + Le | (SF V) + fic) (F P F 5n®)
= fi(co + c1 (@) — fici (™) + (#™)), (72)

where we used that the Thomas-Fermi relation in the ferro-
magnetic phase reads

ii(co + 1) + Vexe = . (73)

1. Phonon sector: Massless, relativistic scalar field
on curved spacetime

Integrating out the density fluctuation @%° in the acoustic
limit E;, < 7ii(co + ¢1), we find an effective action for the
U(1)-NGB of the ferromagnetic phase,

" y
ry =" f N (74)
t,r

where we introduced the analog relativistic field ¢, =
@' /~/2M and the acoustic metric

(8w = (‘01 : ) (15)

-2
¢ 5 0ij

with the sound speed

2 . i(r)
coy(t,r)= V(Co(t)‘i‘cl(t))- (76)

In contrast to the polar phase, where each type of interaction
leads to a separate NGB with linear dispersion, here both
the s-wave contact interaction energy as well as the spin
interaction energy contribute to the propagation of the single
NGB with linear dispersion because the background is fully
magnetized [64].

2. Magnon sector

The rotational modes of the spin density are identical to the
rotational modes of the nematic director, i.e., F") = § Q)
and 8Fy“) = SQ;L), and read

SFX(I) =ﬁ¢(r)e, SF;(I):\/ﬁqsé)m, (77)

in terms of the fluctuations of the order parameter. The equa-
tions of motion are those of the real and imaginary parts of a
free Schrodinger field

n’ n
T 2 ,im im 2 41
hopy = ﬂv ¢y, —hopy" = wv OIS (78)
The presence of an external field (to be analyzed in Sec. IV)
will induce a potential fluctuation thereby providing an energy
scale relative to which an effective theory can be defined.

3. Nematic sector: Nonrelativistic limit

Integrating out the diagonal nematic deformation mode ¢™
[cf. Eq. (70)] in the low-energy regime E; < 2ii|c;|, we find

1 1 , .
- =—-= —(ho, ™ 2 2 A 2
+ Qic))* (9], (79)
where we introduced the characteristic speed

c2_ = |nci/M|. (80)
This can be written as a QFTCS described by the effective
action

hZ
h=-7 f VB (€800 000 —mie?). (8

in terms of the relativistic field ¢_ = ¢'™/+/2M, the acoustic
metric

1 0
(g—);LV = <O C;ESU)’ (82)
and the relativistic mass
AM? 4
my, = FC;{_ = Fﬁz(r)c%(t). (83)

However, consistency with the appromation E; < 27i|c]| re-
quires the consider the dispersion relation #*w? (k) = (Ej +
2ii|cy])* for small momenta where it depends quadratically
on k. Consequently, the emergent theory is valid only in the
nonrelativistic limit. To see this explicitly, let us express I';
in Fourier space,

2 2 2
r = Fz_ w” — w” (k)

11 " (—w, —k)p™(w, k),  (84)

2 w.k

where we identify

272
ho_ (k) = /(kc_)? 4+ (2ac))? ~ m_c* + % (85)
at leading order in /ik/m_c_ and introduced the rest-mass
term m_c2 = 2ii|c;|, which is consistent with the field mass
(83) up to a choice of units, my = m_c2 /h*. The relativistic
limit of the real Klein-Gordon field on a FLRW spacetime was
studied in detail in [139] by generalizing a transformation to a
nonrelativistic Schrodinger field [140] to curved spacetimes.
The developed methods could also be applied in the present
case, which we consider beyond the scope of this work.

IV. EMERGENT SPACETIME GEOMETRIES
IN EXPLICITLY BROKEN PHASES

In this section we shall discuss the implications of a finite
magnetic field (p # 0, g # 0) which conventionally shall be
pointing into the z direction. The remaining symmetry of
the ground state will be the same as for the spontaneously
broken phases; however, the spin rotation group SU(2) is
explicitly broken by the external magnetic field such that the
SU(2) NGBs acquire a mass, whereas the U(l) symmetry
is still spontaneously broken, resulting in the presence of a
massless phonon. More detailed calculations can be found in
Appendix D.
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A. Polar (or spin-nematic) phase

In the presence of an external magnetic field, the po-
lar phase can be maintained if g > O for antiferromagnetic
interactions (c; > 0) as positive values of both couplings nat-
urally favour a magnetically neutral state. However, even for
ferromagnetic interactions (c; < 0) the polar phase can be
maintained if the quadratic Zeeman-shift is large compared
to the ferromagnetic interaction energy, g > iic;. Then the
ground state is explicitly given by & = o,/+/2 and the back-
ground nematic director aligns with the external magnetic
field, d = e.. Therefore, the phase at hand is still symmet-
ric under O(2) transformations in the plane perpendicular to
d| B.

The effective theory for the phonon is not affected by
the external magnetic field and therefore still described by
the relativistic scalar field theory (43). The rotation mode of
the nematic director is now massive due to the explicit SU(2)
symmetry breaking and written as the relativistic vector field

hZ

r£—=—_-— _L
2T am tr ncy +q/2

(3Reg, )

2M
+ (VReg,)* + all (Rem)z] (86)

We decompose the vector field Reg | into a longitudinal and
a transversal part as in Eq. (48) and obtain the massive Klein-
Gordon equation

1

9,( Vo, x) =m’x, (87)
N (V818" dvx X
with the acoustic metric (50) and the mass
2M ) .
M) = g0 = L2120 + ). (88)

Note that the finite magnetic field dresses the spin-exchange
collisions with the quadratic Zeeman coefficient g, such that
the spin waves now propagate with

2y = FAO+ a0

For the transversal degree of freedom, we find the Proca
equation

(89)

1

@BM(@g’fUGUAU) = m3A°, (90)

with the mass

2M
mi(t) = Fq(t)cf,l(n = %[mm +q®]. O

The Proca field can be defined as a massive, relativistic, spin-
one field [134], which is also known as the dark photon [141]
(with its mass and thus its propagating degrees of freedom
distinguishing it from the Maxwell field). It has relevance in
dark matter physics [142,143] and modified gravity [134]. An
introduction to the Proca field on a flat spacetime can be found
in [144]. In Eq. (90) the Proca field is minimally coupled to
a curved spacetime described by the metric g; in the sense
that its coupling to geometrical quantities only occurs via its
Lagrangian density

L=—LF,F" —imig"A,A, (92)

being multiplied to the canonical volume form in the ef-
fective action I' = [dP*lx,/gL. A derivation of the field
equation from the Lagrangian density (92) can be found in
Appendix E. Nonminimal coupling terms, on the other hand,
would appear directly in the Lagrangian density (92) and be
of the form & RA A" or §R,,,A*A”, where R,,, is the Ricci
tensor, R = g’]‘ l’RW its trace, and &; and &, are coupling con-
stants.

The massive, relativistic form of the magnon dispersion
relation has been found previously by Lamacraft [145]; how-
ever, the formulation as a Proca theory minimally coupled to
a curved background is not present there.

In summary, the transversal degrees of freedom of the
magnons [i.e., the NGBs of SU(2) symmetry breaking] are
analog to a relativistic spin-one field A, which acquires a
mass through the explicit SU(2) symmetry breaking for g # 0.
A time-dependent quadratic Zeeman coefficient ¢ can then
be utilized to simulate a dynamic spacetime for the spin-one
field.

B. Ferromagnetic phase

The ferromagnetic phase is naturally favoured by p # 0
and a small enough quadratic Zeeman coupling g < #icy. It
can even occur for antiferromagnetic interactions (c; > 0) if
p > ficy. For sufficiently positive g > #icy, the linear Zeeman
shift needs to surpass p > ¢/2 in order to maintain this phase.
In the following, we again consider only the positively polar-
ized case where now then ground-state parameter is explicitly
given by & = 1(1, + 0.). The U(1) NGB is still described
by the massless relativistic scalar field theory (74) with the
acoustic metric (75).

Since the external magnetic field leads to explicit SU(2)
symmetry breaking, the rotational modes of the spin density
(or equivalently the nematic director) (77) now induce fluctu-
ations of the effective potential of the form

%[(dﬁ)z +(4)] € U + Veusn®  (93)

such that integrating out ¢;° for small momenta £y < (p — q),
leads to

hz LV
) = -5 f V80 (84" 0udodvbo + mygy).  (94)
where ¢y = ¢(i)m /+/2M with the acoustic metric

(-1 0 2 . Pt)—q(t)
(gO)u.v - ( 0 C;(% 8ij>’ Cs,O(t) - T’ (95)
and the relativistic field mass
2 4m? 4 1 2
my (1) = 76&0(0 = ;[p(t) —q®)]". (96)
Similarly to Sec. III B 3, we find that this theory must be
considered in the nonrelativistic limit where

27,2

hk
fwo(k) = /(Tkeo 2 + (p — q) ~ mocl + e OD

with the heavy mass term mocio = p — ¢q which is consistent
with mg = moc? o/ B>

053321-10



EMERGENT QUANTUM FIELD THEORIES ON CURVED...

PHYSICAL REVIEW A 112, 053321 (2025)

For the nematic deformation mode (¢_), we find the same
form of the effective action as in Eq. (79), but with the mass
m_ = 2(p — ficy).

C. Antiferromagnetic phase

The antiferromagnetic phase is supported by ¢; > 0 and
g < 0 whereas the spin-exchange interactions compete with
the linear Zeeman effect 7ic; > |p|, and a positive quadratic
Zeeman coupling 7ic; > g. It is described by the order
parameter

£ =" /(1 £ £)/2, (98)

where f, = p/fic; € [—1, 1] and the phases are locked into
X+ + x— = m to minimize the effective potential (3) [81].
The background magnetization reads F' = iif,e., such that one
has magnetic order aligned with the external magnetic field
if f; # 0. In addition to this dipole moment, the background
also carries a quadrupole moment that is described by the
tensor

O/i=(—3+A)e,®e,+(—1—A)e, Ve,
+2e.®e., (99)

with the radial and azimutal unit vectors in the xy plane

e, =cos(8y/2)ex +sin(8x/2)e,, (100)
e, = —sin(dy/2)e; + cos(8x/2)ey, (101)
where we abbreviate the relative phase §x = x4+ — x— and

have introduced the alignment parameter 4 = ,/1 — f 2 that
quantifies the anisotropy of spin fluctuations in that plane
[93,108]. Note that the state at hand is not a biaxial ne-
matic state which would be characterized by two mutually
orthogonal, major and minor nematic directors associated
to a rectangular symmetry described by the Klein four-
group Dy [108,146,147]. Since quantum spin-nematic states
require time-reversal symmetry [97] one has to take f, =
0 in that case, resulting in maximal alignment between
the two axes (A = 1), such that the nematic tensor takes
the form

Q= (-2n)(ey ®e, — 113) (for f. =0)

which describes a uniaxial state with director e, that is con-
fined to the xy plane.

The symmetry-breaking pattern in the antiferromagnetic
phase is

(102)

expl. spont.

SUR) 25 502) x Z, 255 7,  (f, = 0),
su@) 2% so2) 2 7, (f. #0),  (103)

where the spontaneous symmetry breaking is associated to the
ground-state degeneracy parametrized by the two phases x4
in Eq. (98) that fix the orientation of the nematic director e,
in the xy plane [cf. Eq. (101)]. This results in the existence
of two massless Nambu-Goldstone bosons as we shall see.
In analogy to the easy-plane ferromagnetic state, the non-
magnetized state f, = 0 has been described as an easy-plane
polar state (EPP) [81]. We already discussed the opposite
case of a nematic director pointing into the z direction when

analyzing the polar phase that is accordingly also referred to
as the easy-axis polar phase (EAP) [148]. The second-order
quantum phase-transition between these two regimes has been
observed experimentally in [81].
One finds the effective potential for the fluctuations
SU + Veedn® =

5 (3 (1))2 5 (5F(1) SF(I))

<5 Q2 - i <2)> (104)
under use of the Thomas-Fermi relation
q+icy+ Ve = (105)
Integrating out ¢y’ results in the
Fz2
= dr d°r/30(gh" 0, Podupo + mydy).  (106)

as an effective action for ¢y = q&(i)m /~/2M where one has the

acoustic metric

_ —1 0 2 q- —¢q
(80)w = ( 0 05,35,',')’ 0= oap (107)
and the mass
2 ) 2M 2
my = (q+ —q)g- —q)/I° = ?(cn —q)c5,  (108)

which notably vanishes at g1 = 7ic; (1 = /1 — f2). In partic-
ular, ¢ = g_ (where also ¢ vanishes) defines the second-
order boundary between the antiferromagnetic (¢ < ¢g—) and
the easy-axis polar (q > q-) phase [81]. Considering the dis-
persion relation 2 on 2(k) = (Ex + q+ — q)(Ex +g- — q) one
again finds that a quadratic form in the infrared regime E; <
(g+ — g) such that the validity of the emergent theory is con-
fined to the nonrelativistic limit. More concretely, we have

"2 w? —
r, = —k k 109
2 2k2M60¢(w e (@, k) (109)
with
k>
fiwy = \/q — q- Ek+61+—q%mw§+2—mo7 (110)

at leading order. Here the rest-mass term is

Vg —9g-—q)

and related to the field mass up to a choice of units, my =

moci0 /1%, The scalar field of interest is related to spin-density
and spin-nematic fluctuations via

my CO

SEM £801 = /(1 £ £)27Re[e™ = (¢} +

(1 £ £)2aIm[e™" (¢ +

igg")].
igg")]. (111)

For the remaining ﬂuctuations, it is convenient to perform a
U(1) transformation, ¢4 = e~ '**¢,, and to integrate out @<,

1 1
SR 001 =
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FIG. 2. Dispersion relations (/iw )? of the exact eigenmodes formed by superpositions of phonons and magnons, resulting in an avoided
crossing of pure density and spin modes with Bogoliubov dispersion hza)]z),s for cy/c; = 32, which is representative of an antiferromagnetic
»Na-BEC (cf. Table III). Due to the high ratio cy/c, an external magnetic field f. # 0 only marginally influences the dispersion relations of

the eigenmodes. Perceptually uniform colormaps designed by [121] are used.

which results in

Flz co + ¢ . 1 .
F:t - a imy2 \V4 im\2
=72, |:4ﬁc0c1(1 — =) = (Ve
co+ci ima2 1 im2
a m _ V m
S (11 1y 0 ) = 53 (Vo)

Co — Cq
2iicoery/1 — f2

in the acoustic limit, h2v2/(2M) <K n(co + c1)(1 — f,). For a
homogeneous background density 7, and time-independent ¢
and c; we can diagonalize the effective action (112) in Fourier
space and find

R ?
ri== / ) [m(—w, —k)(c‘f— ~ k2> Vilw, k)

s, +

(™ )(B, 0 ] (112)

2

1Y (~w, —k)(:;— — kz) v (o, k)}, (113)

s, —

where we introduced the fields
1

Vi = om0 Waplh), (114)
+
with the mixing parameter
_ (co—c)y/1 = f? (115)
L=

(co+c)fz £/(co — c1)? + deoer f2
and normalization

Ci=1+ (o +c)fe (116)

\/(C() — Cl)2 —+ 4C()C1fz2 '

In absence of an external magnetic field (f, = 0), one has
Wi = %1 and C+ = 1 such that the eigenbasis of the inverse
propagator takes the form

1 . .

117
o 17

Vs =

which can be identified as phase fluctuations conjugate to

I A SFM
(@) = S (118

ﬁ(‘/’f —¢5) = P
and represent the NGBs associated to spontaneous symmetry
breaking of U(1) and SO(2), respectively. Consequently, in
presence of a magnetic field (f, # 0) the eigenmodes are
coupled phonon-magnon excitations [64] that obey the linear
dispersion relation /iwy = ¢, 1k with the sound speeds

n 1/2
Me, = Sla+a £ @—ar +4f2aa] . (119

where the discriminant is nonnegative since |f;| < 1. Note
that the magnon is represented by a single scalar degree of
freedom here, since its associated spin fluctuation needs to
be perpendicular to the entire xy plane to which the nematic
director is confined. This contrasts the vector properties of
the magnon in the easy-plane polar phase where the nematic
director possesses a two-dimensional orthogonal complement.
As shown in Appendix D, the dispersion relation beyond the
acoustic regime can be written as
hz

Pk (k) = [ o (k) + w5 o (k)]

h4
+ \/ Tlobot - W2 ()] + 4122 cocy,
(120)

which is an avoided crossing of unperturbed density and lon-
gitudinal spin modes (which occur for f; = 0) and obey the
Bogoliubov dispersion relations Fzzw]z)yo = Ev(Ex + 2icy) and
hzwéo = Ey(Ey + 2iicy) in terms of the atomic kinetic energy
E; = I*k?/2M (cf. Fig. 2 for a visualization).

V. EXPERIMENTAL PROSPECTS

In this final section we discuss the capability to observe
the nonequilibrium effects described in this work with an
emphasis on the emergent, curved Proca theory. We base our
analysis on common experimental values for the couplings of
the effective theory which are collected in Table III. Therein
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TABLE III. Realistic experimental values for the relevant
paramters of the effective theory in spin-one Bose-Einstein con-
densates of common atomic species. Values are rounded up to one
decimal, and their corresponding uncertainties can be obtained from
the references. The values of nc; correspond to three-dimensional ef-
fective couplings ¢, and densities n. The lower-dimensional versions
of ¢; can be computed in analogy to a scalar BEC [153].

Atom* ¢/l nlei|/h[Hz] & [um]  g/h[Hz]® Ref.
BNa (af) 32 130 1.3 [—18,2.5luw  [80]
100 1.5 [0,70]5¢ [87]
38 24 [4,34]s [93]
52,48 16 [—240, 240]yw [119]
8Rb (f) 216 10° 24  [0.2,280]g" [79]
7.5¢ 2.8 [0,26]5¢ [150]
5.4 3.3¢ 0.9 [151]
1.2 7.0°  [—4, 2]uwS [86]
TLi () 2 88 2.9¢  [29.5,610]g¢  [152]

4(af) indicates antiferromagnetic interactions, ¢; > 0, whereas (f)
indicates ferromagnetic interactions, ¢; < 0.

®The subscript indicates whether a magnetic field (B) or microwave
dressing (MW) is used to tune the quadratic Zeeman coefficient.
“This value was inferred from other quantities or figures given in
the reference. We use the convention &, = /i//2M|c n] for the spin
healing length.

we omit the linear Zeeman shift p since it is oftentimes not
given in experimental literature as it is fixed (for homogeneous
magnetic fields) by global spin conservation [149].

Furthermore, we particularize to an emergent FLRW
spacetime by specifying a corresponding profile of the back-
ground density and the first and second Zeeman couplings. To
preserve a certain stationary background density profile 7(r)
despite a variation of the interaction couplings co(t), c;(t)
or the Zeeman coefficients p(t), g(¢), one has to ensure that
the Thomas-Fermi relation holds at all times. For instance,
in the context of phononic particle production via the time-
dependent coupling c¢y(?), the external trapping potential Ve
has to be adjusted in time [41,57].

A. Simulation of cosmological Proca pair production

In the previous sections we derived an analogy between the
transversal spin fluctuations of the polar phase and a Proca
field subjected to a curved spacetime which emerges through
spin-exchange collisions that proceed along the channel

(121)

which is the only one allowed by total spin conservation. Typ-
ically antiferromagnetic interactions (c; > 0) and a positive
quadratic Zeeman energy g favor the left-hand side, whereas
ferromagnetic interactions (¢; < 0) and g < 0 favor the right-
hand side [154]. For instance, the state where all condensate
atoms occupy the mp = 0 component (polar ground state)
exhibits a dynamical unstable production of (mp = %1)-pairs
driven by ferromagnetic spin interactions whose energy 2n|c|
dominates the quadratic Zeeman energy g. This behavior initi-
ates a quantum phase transition to a transversally magnetized
state (easy-plane ferromagnetic phase; see lower green region

2|mp = 0) <— |mp = +1) + [mp = —1),

of Fig. 1) which spontaneously breaks the SO(2) symmetry
of the polar ground state. The instability was studied in many
experiments where spin textures and spin domains that contain
topolocical defects could be observed. Furthermore, it was
utilized to create spin-nematic (two-mode) squeezed vacuum
states.

At this point we would like to mention that quenching to
a region where the magnons become dynamically unstable
would be analog to a spacetime signature change towards
euclidean signature, which has been discussed for a scalar
BEC that is quenched to the attractive regime and back to the
repulsive regime [54] and has been experimentally realized in
[40] upon witnessing quasiparticle entanglement. These inter-
esting aspects motivate to extend the present work to such an
Euclidean signature change. In the following we contextualize
guiding experimental studies with the Proca analogy.

1. Implementation of temporal curvature

a. Quench. An experimentally feasible way to realize tem-
poral curvature for the analog Proca bosons consists of the
well-known quantum quench of the quadratic Zeeman coeffi-
cient ¢ via off-resonant microwave pulses [as explained in the
context of Eq. (11)]. A quench of g can be modeled by the
Heaviside profile [155]

q(t) = ¢iOto — 1) + ¢ O — 10) (122)

which, at spatially and temporally constant background den-
sity 7 and spin-exchange coupling c;, corresponds to a
spatially flat FLRW spacetime with an abruptly changing
scale factor of the form

2M

2 _
a0 = S e

(123)

b. Ramp. Alternatively, if one aims at a temporal profile of
a; (t) that shall correspond to an expansion or contraction for
a finite amount of time, one could apply a magnetic field ramp
of the form

B(t) =

AEn ( oM 124)

12
oy
gns \ai()? nc1>

to tune the quadratic Zeeman coefficient (10). Similar formu-
las could be derived by varying the spin-exchange coupling
c1(¢) and keeping g constant in time.

A speciality of magnonic particle production is that at
mean-field level the background state remains stationary de-
spite the dynamics of ¢ (¢) or g(¢), since the Thomas-Fermi
relation (29) does not depend on these parameters.

2. Relevant scales and Proca mass

As can be deduced from Table III, the typical energy scale
of spin-dependent interactions n|c| can be up to two orders of
magnitude smaller than the spin-independent one ncy. Thus,
the spin-mixing dynamics are relatively slow compared to
spin-independent contact interactions which is characterized
by the timescale h/n|c;| that may span over many millisec-
onds [65], such that in sifu observations of the system typically
proceed for hundreds of milliseconds [79,86]. As a second
consequence, the spin-healing length &; is large compared
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TABLE IV. Estimates of the emergent Proca field mass (91) for
various experimental realizations of spin-1 BECs in the polar ground
state (with g > 2|c;|n). Tuning the quadratic Zeeman-coefficient g
also changes the effective Proca mass.

Atom Proca mass [ Hz] Ref.
Na [141, 286] [119]
87Rb [28,290] [79]
[21,33] [150]
Li [249, 692] [152]

to the density-healing length &y, such that correlations are
observed on relatively large scales.

Finally, the effective mass generated by the temporal vari-
ation of either the spin coupling c¢; or the quadratic Zeeman
effect g needs to be sufficiently larger than the Proca mass
(cf. Table IV for realistic values). Typical effective masses
generated in scalar BECs can be estimated by the follow-
ing back-of-the-envelope calculation: In [59] analog particle
production was explained in terms of a scattering analogy
where an effective scattering potential V plays the role of
a cosmological effective mass. As can be deduced from the
considerations in [59], if the field carries a mass m?2, one has
to compare V2 to m* where ¢ is the speed of sound. The
companion experimental work [42] gave typical values for
hallmark scattering potentials to be of the order 1072 um—2.
If we multiply this with typical sound speeds in scalar BECs,
which are of the order ¢, >~ 1 um/ms, we get effective masses
of the order of 10kHz. If the spinor couplings can be varied
on similar timescales as in scalar BECs by similar orders of
magnitude, we can compare the value of 10 kHz to the values
in Table IV and conclude that the mass will play a relevant
role in the particle production process but will not dominate it
such that the signal should be strong enough.

3. Observability of modes and two-point correlations

The Heidelberg group [86] succesfully probed the prop-
agation of the three Bogoliubov modes of the easy-plane
ferromagnetic phase of ¥’Rb by tracking a locally applied
perturbation. The spinor Goldstone mode, which is associated
to the transversal spin orientation, was found to propagate at
approximately 0.1 um/ms whereas the density mode [U(1)
Goldstone boson] was ten times faster in accordance with
the ratio /co/c;. To characterize thermalization and quantify
the vacuum noise level, it was possible to extract the Fourier
spectrum of two-point correlations (structure factor) of both
the longitudinal and transverse spin components as well as all
density components by combining a Stern-Gerlach sequence
with time-of-flight measurements. Quantitative agreement
with theoretical continuum field-theory methods was found.
The spinor structure factors (which notably could be resolved
in the acoustic EFT regime k&, > 1) would be used as analog
particle spectra that are used to quantify pair production of
analog relativistic vector particles from a thermal or vacuum
state.

4. Structure formation via quenches

In a pioneering experiment, the Berkeley group [79]
quenched a two-dimensional ’Rb spinor gas from the polar
ground state at a high value of ¢; > 2n|ci| to g < 2n|cy|
to the easy-axis ferromagnetic phase (cf. Fig. 1). The dy-
namical instability associated to the quantum-phase transition
was characterized by an exponential growth of transverse
magnonic correlations at a rate of T = 15(4) ms, which is
in line with the spin-interaction energy n|c;|/h = 8 Hz. The
resulting structures were transversely magnetized spin do-
mains of typical size 10 um that contained spin vortices of size
3um as expected from the spin-healing length & = 2.4 um
(cf. [156-159] for a detailed analysis of the geometry and
topology of these structures).

This experiment motivated a theoretical study [145] that
analyzed the quantum-quench within pure quantum theory
where deep (gr < 2n|cy|) and shallow quenches (n|ci| <
gr < 2n|cy|) were distinguished. It was found that shallow
quenches, whose final point lies in proximity of the po-
lar phase, produce a characteristic light-cone propagation of
two-point correlations at spin-wave velocity cs; which is
in line with the literature on quasiparticle correlations and
its associated distribution of entanglement [160,161]. Since
the spin-exchange collisions are coherent [65,150,151], we
expect the produced magnon pair to exhibit posttransition
coherent interference effects at twice the magnon frequency
in correspondence to the coherent oscillations of phononic
quasiparticles that were observed in scalar BECs [39-42].

A quench from the polar to the easy-axis ferromagnetic
phase was also studied in a structure formation experiment by
the Heidelberg group [85] with a particular emphasis on the
predictive power of a double sine-Gordon model as an low-
energy effective field theory for the spinor phase. Although
the expansion point in field space as well as the expansion
scheme are different than from this work, it will be interest to
compare the found results. In particular the theory developed
in [85] could be a resummation of terms that occured in our
Bogoliubov approach.

While the two described experiments focused on ferromag-
netic systems, the dynamically unstable production of (mp =
+1)-pairs from the mp = 0 polar background has also been
investigated via quenching an antiferromagnetic system from
the polar to the antiferromagnetic phase [80]. The instability
rate was about 0.5/ms for a shallow quench, it was found
that a deep quench resulted in a pair-formation process that
terminated after already 30 ms. While the former (|g¢| < 1)
requires a beyond-mean-field analysis due to condensate frag-
mentation, the experimental results corresponding to more
negative values of gf could be explained within a quantum
rotor model (which can be derived from mean-field theory).

5. Spin-nematic (two-mode) squeezing

Quenching a ferromagnetic BEC prepared in the polar
ground state across the quantum critical point |g| = 2n|c| en-
abled the Atlanta group [89] to create a strongly spin-nematic
squeezed state. The conjugate variables whose quadratures
where measured to quantify the squeezing were F, and Q,.
(the conjugate variables F, and Q,, are equally valid as [89]).
In an Heidelberg experiment [92] these spin-nematic squeezed
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states were created and their entanglement structure was
spatially resolved via full-state tomography. Therein both con-
jugate variables were combined in a single complex quantum
field whose vacuum state was squeezed via off-resonant mi-
crowave dressing of g which resulted in the creation of (mp =
+1)-pairs. In the following we want to make the case that this
spin-nematic squeezing is related to two-mode squeezing in
the phase space spanned by the relativistic Proca field and
its conjugate momentum. Let us first recall that Proca field
A, was obtained as the divergence-free part of Reg  / V2M
which was introduced in Secs. III A and IV A (where the mass
factor establishes a relativistic mass dimension). The latter can
be related to the nematic fluctuations via

1 1

NG Tz
if we choose the nematic director aligned with the z axis, as
it can be shown by explicitly evaluating Eq. (48) in terms
of the spin-nematic fluctuations calculated in Appendix C.
The conjugate momentum of A, can be identified as the
divergence-free component of ilm ¢, / V2M . Indeed, consid-
ering the on-shell relation between both fields, which expliciy
derived in Appendix D, one finds

hlmo, /v2M = i*\/g10,Re ¢ | /V2M,

Regp, = — 809,.e, — (125)

(126)

in the acoustic limit where g; = cs’f is the determinant acous-
tic metric (50). Note that the right—hand side has the form of a
relativistic momentum field conjugate to Re ¢, / V2M which
is minimally coupled to a spacetime with metric g; (consider
[57] for the corresponding expression in case of a scalar field).
Now, the imaginary part can be expressed via the spin-density
fluctuations via

1 |
meg, = — — —_SF.e,.
L= Vo

Finally, we use that the commutator relations of the conjugate
spin-nematic variables read [89,92]

SFe, (127)

[6F, 8Qy,] = —2ifi, [8F,, § Q] = 2in, (128)
such that one finds
[Re (¢1)a, Alm (@1 )p] = 1:idap, (129)

and similarly for their divergence-free components, respec-
tively. As a consequence, we conclude that spin-nematic
squeezing between §F, and §Q,, (or §F, and §Q,,) stem-
ming from pair creation of mp = +1 states via quenching the
spin-dependent interactions that proceed along the collision
channel (121) is related to two-mode squeezing between the
relativistic Proca field Re ¢, and its conjugate momentum
hlm e, , where the two-modes are counterpropagating mo-
menta [stemming from the reality of Re (¢ ) and Im (¢ )]
that carry an opposite magnetic quantum number mp = +1.

B. Acoustic FLRW metric for scalar fields
1. Unimetric cases: Polar and ferromagnetic phase

The dynamics in the scalar sector of the magnonic fluc-
tuations of the polar phase was shown to be analoge to a
massive (or massless if ¢ = 0) Klein-Gordon equation (87).

The background metric can be tuned similar to the Proca case
as discussed in the context of Egs. (122)—(124).

The massless QFTCS for the phonons of the polar and the
ferromagnetic phase can be analyzed on similar grounds. For
instance, in the ferromagnetic phase, the analog line-element
reads

M 2

ds;? = —d* + dx. (130)
' A(eo(®) + 1 (1]
By choosing the density profile
2\’
ﬁ(r)=no<1¢ﬁ> ) (131)
one finds
2

ds? = —dr? +a1(r)<l —— u’ d92>, (132)

with the spatial curvature scalar k = F4/R? and the scale
factor

a’(t) = noleo(t) + e1(t)1/M.

Note that this acoustic metric is similar to that of a scalar BEC
[57] but with an additional spin-dependent interaction term
appearing (that is absent in the polar phase) since the density
fluctuations are degenerate with longitudinal spin fluctuations
as the background is fully magnetized.

(133)

2. Bimetric cases

The of the antiferromagnetic phase have a linear disper-
sion relation, one could map the effective action (113) to
relativistic quantum field theories on bimetric cosmological
spacetimes, that are each associated to the analog scale factors
ax(t) = 1/cs.+(t), where the sound speeds cy are defined in
Eq. (119) and could be made time-dependent via tuning co(t)
and ¢ (¢). If f, = 0, the phonons and magnons separate such
that one has the clear forms

a’(t) =noco()/M a> =noci(t)/M,  (134)

assuming a spatially constant density profile n = ny. Here the
phononic spacetime would expand much faster since typically
co > c1. As a further consequence of ¢y > ¢, the depen-
dence of cy on f; is rather weak (cf. Fig. 2) such that the
expressions (134) could be used as an approximation for
f: # 0. In [76] a coupled bimetric spacetime was found in
a pseudo-spin-1/2 system, where the coupling was such that
if one spacetime was expanding, the other one was contract-
ing. The situation here is different in the sense that the two
spacetimes are independent of each other.

VI. CONCLUSION AND OUTLOOK

We have shown the emergence of quantum field theories
on effective spacetime geometries in terms of low-energy ex-
citations of a spin-1 Bose-Einstein condensate. The additional
spin degrees of freedom can be utilized to investigate massive
bosonic vector and scalar fields which are minimally coupled
to curved acoustic spacetimes. In our analysis, we focused
on stationary, mean-field ground states in the polar phase,
the ferromagnetic phase and the antiferromagnetic phase and
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expanded in fluctuations in quadratic order. In each ground-
state, the phase-fluctuation conjugate to the density mode is a
Nambu-Goldstone boson with linear dispersion relation in the
infrared that is associated to the spontaneous symmetry break-
ing of U(1), and can be cast into massless, relativistic theory,
as for a scalar BEC [57]. The remaining fields of interest were
identified in terms of density, spin-density, and spin-nematic
fluctuations and classified according to their transformation
behavior under the little group of the corresponding ground
state, as summarized in Fig. 1 and Table I. For the NGBs with
a quadratic dispersion relation, the emergent theory represents
the nonrelativistic limit (consider Ref. [96] for a description of
these in terms of a Newton-Cartan geometry).

Perhaps most interestingly is the polar phase, which has
three Nambu-Goldstone bosons with linear dispersion as-
sociated to the spontaneous symmetry breaking of U(1) x
SU(2) — SO(2) x Z,. The NBGs associated with the spon-
taneous symmetry breaking of the spin group SU(2) are
spin-nematic excitations that rotate the nematic director. They
transform as a vector under the little group SO(2) x Z, and
are therefore described by a two-component vector field in the
plane orthogonal to the magnetic field. The transversal com-
ponent in that plane could be cast into a relativistic Proca field
that is minimally coupled to an acoustic geometry set by the
polar background. The remaining scalar component behaves
accordingly as a massive scalar field (which both becomes
massless if ¢ =0). In the current stage, the analogy only
holds to a specific gauge choice of the Proca field. In future
work we aim to investigate conditions for the description as
an (emergent) gauge theory. One motivation could be that the
Proca field, also referred to as the dark photon, is a dark matter
candidate [141-143].

In the antiferromagnetic phase, the gauge symmetry group
U(1) x SU(2) is explicitly broken down to SO(2) which is
spontaneously broken by the order parameter. This leads to
two scalar Nambu-Goldstone bosons with linear dispersion
whose superposition forms the exact eigenmodes of the sys-
tem where an avoided crossing occurs in presence of an
external magnetic field (f; # 0). Those NGBs are phase fluc-
tuations conjugate to density and longitudinal spin-density
fluctuations, respectively, and can be cast into massless,
relativistic field theories on bi-metric spacetimes that are in-
dependent of each other.

Finally, we propose to engineer the emergent acoustic
spacetimes to a cosmological FLRW-form through radially
symmetric trapping potentials and time-dependent magnetic
fields. However, other spacetime geometries that may for ex-
ample contain analog horizons for spin waves are interesting
configurations as well and warrant future study. For such
scenarios, the present work can be extended to nonstationary
ground states that carry a background current (like a super-
flowing spinor BEC). Indeed, linearly dispersing magnonic
excitations of a nonstationary background have already been
proposed in [162] to simulate analog Hawking radiation of
massless, relativistic vector particles via a coupling to a back-
ground spin current from which an analog event horizon
emerges.

A central future application of our results lies in the quan-
tum simulation of cosmological production for which proper
experimentally observable spin-nematic correlators shall be

defined. Starting in the polar phase, analog pair production
of Proca quanta could be produced via magnetic field ramps
that correspond to certain expansion or contraction scenarios
or in a quantum quench of the quadratic Zeeman-coefficient
via off-resonant microwave pulses resulting in spin-nematic
squeezed states [89,91,92]. A prime candidate would be a
quench from the polar to the easy-plane ferromagnetic phase
[84,85], realizing production of my = %1-pairs from mp = 0
quasiparticle states.

We are optimistic that the magnonic correlations spread
on time and length scales that can be observed with modern
experimental techniques at a relatively high temporal reso-
lution. The capability to perform spatially resolved full-state
tomography [92] provides a promising avenue to study quan-
tum entanglement of analog relativistic vector particles via
spin-nematic squeezing.

A final future avenue consists in analyzing the quantum
phase transitions of the spinor BEC in light of the constructed
cosmological analogs with regards to cosmological phase
transitions or the Kibble-Zurek mechanism. Studies regard-
ing the latter already exist in context of the spinor BECs
[156-159]. In total, we believe that spinor Bose-Einstein
condensates provide manifold possibilities to study analog
cosmology or gravity in more general terms.
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APPENDIX A: SU(2) TRANSFORMATION
OF SPIN MULTIPOLES

Let us consider an SU(2) group element U € SU(2), under
which the field transforms as ®43 — USUP ®cp. Then the
spin density (or dipole) transforms according to

F = @500 Dcp > Oy U (05U P2y, (A
where we used unitarity, (U*)3US = 8§. The more compact
form

F, — tr(®*U o,U ) (A2)

highlights that F transforms as a vector under spin rotations.
This expression can be further simplified under use of the
homomorphism between SO(3) and SU(2) [111]

UTO‘,’U = R,’jo‘j, (A3)

Rij = u(o;Uo;UD), (A4)

053321-16



EMERGENT QUANTUM FIELD THEORIES ON CURVED...

PHYSICAL REVIEW A 112, 053321 (2025)

resulting in
F, — RiFj, (AS)

i.e., internal spin rotations result in external space rotations of
F . Similarly, one finds

tr(CID*JiQDG_I.T)

= @40 Dcp (0; yAP

— Oy (UNE()SUERzwUY (0)F WUy, (A6)
which can be written as
tr(®*0;P0]) — tw[@* (U ;U)W o;U)], (A7)

such that it becomes apparent that the spin-nematic tensor (or
quadrupole moment) transforms as a tensor,

Qij = RiuRji Q- (A8)
APPENDIX B: MEAN-FIELD GROUND STATES
OF A SPIN-ONE BEC

In the following, we derive ground states which are investi-
gated in the main text in the context of mean-field theory. We
omit the broken-axisymmetric phase, which is for example
discussed in [64], as it is not relevant for the main text. A
necessary condition for the minima of the effective potential
(3) is given by the multicomponent Gross-Pitaevskii equation

_ar
8Dk,
"2 q
=(ird, + —V> -+ |
<1 [+2M 2+M> AB

+ c1F(01)cPca — p Pcalo3)pe
+ %(UB)BC(I)CD(U3)DA» (BD)

restricted to stationary background solutions, 9,®4p = 0.
Note that we introduced it = u — Ve — 7icy for the sake of
brevity. The stationary background solutions are parametrized
via

3 - &y
O(r) = n(r)(
£0/V2
and contrained by the normalization

Eol* + 11> + &4 1P = 1. (B3)

Assuming a sufficiently smooth background density profile
ii(r) (which is reasonable for long-wavelength effective theo-
ries), allows us to neglect quantum pressure terms and results
in the following set of algebraic equations:

(=i —p4q+icif)Ey +iic (£ +E)EE =0, (B4)

502 ﬁ) (B2)

[— i+ fict (|EL1* + [E-* + 26,.£.)]& = 0, (B3)

(=R +p+q—icif)E +aci(EF +E)E =0, (B6)

where we chose a global phase such that &, € R. Note that this
set is equivalent to the one presented in [64]. In the following,

it will be advantageous to introduce the specific magnetization
in the z direction:

o= (&P — 521 = Fy/n. (B7)

1. Polar phase
For & # 0, we require that

Vext — o+ iico = —ne (&4 > + [E_* +26,.6.),  (BY)

to fulfill Eq. (BS). Then, we must have Im(£,£_) = O since
the left-hand side of (B8) must be real.

Furthermore one can choose F, = 0 due to azimutal sym-
metry, such that Eqgs. (B6) and (B4) can be brought into the
form

0 = (Vexe — 1 + fico + q + 2fico£d) (E4 + &)
—(p—ncif)(E — &), (B9)

0= (Vext - M + ncy + 61)(54— - S—)
— (p—iic1 f) (& + E0).

The polar phase is then characterized by the parameter
configuration

&=1 & =0, with

and carries no background magnetization, F = 0. However, it
still carries the magnetic energy Upag = 7ig, due to quadrupo-
lar order Q., = 2ii/3. This phase occurs when the quadratic
Zeeman coefficient fulfills

(B10)

(Vext — 1 +7ico) =0, (BI1)

q > 2|ci|ln forc; <0,
q=0 for ¢y =0, B12)
qg>0 forc; > 0,

and p =0 can be taken without loss of generality due to
magnetization conservation.

2. Ferromagnetic and antiferromagnetic phase
a. Ferromagnetic phase

One possible solution to Eq. (BS) is given by & = 0, for
which the remaining equations can be solved by

£, =%, E_=0,

Vext — w0 +iico — p+ g +iic; =0, (B13)
i.e., the positively polarized case (f. = 1), or
£, =0, £ =er,
Vext — m +iico + p+ g —iic; =0, (B14)
i.e., the negatively polarized case (f. = —1). Here y. are

arbitrary global phases. These states are referred to as ferro-

magnetic, since they entail f, = 1. The minimized magnetic

energy per particle is
Uma

I 1
— =i Fp+gq,
il 2

(B15)

where the upper sign corresponds to the positively polarized

and the lower sign to the negatively polarized case.
Consequently, ferromagnetic interactions (c¢; < 0), which

tend to maximize the total magnetization, prefer this phase.
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The linear Zeeman term supports this cause, as it favors a
magnetization in the direction of the external magnetic field,
whereas the quadratic Zeeman term favors magnetized state if
q < 0, and a magnetically neutral state if ¢ > 0, which results
in a competition between p and g.

Hence, for ¢; < 0, the ferromagnetic phase is constrained
by the conditions

if ¢<0,

p>0
{ if ¢g=>0. (B16)

p=q

If the linear Zeeman term becomes to weak (in absolute
terms), a second-order phase transition into the broken-
axisymmetric phase occurs for positive g. For negative g,
the system remains in the ferromagnetic phase unless p = 0
where a first-order phase transition into the polar phase takes
place.

Interestingly, the ferromagnetic phase can also occur for
antiferromagnetic interactions (c; > 0) if the linear Zeeman
term is strong enough, i.e.,

if g < ficy/2,

if g > ncy /2. (B17)

p>cin

p>q+cn/2
If the linear Zeeman shift becomes weaker than the anti-
ferrogmagnetic interactions, p <= #cy, a second-order phase
transition into the antiferromagnetic phase occurs, for small
enough g < fic; /2. If g > nc;/2, the ferromagnetic phase
transitions into the polar phase with a first-order boundary.

b. Antiferromagnetic phase

The other solution for the case & = 0 can be found by
casting Egs. (B4) and (B6) into the form

0= Vext — n+7ico + q)(Ex — E-)

—(p—ncif)E +60), (B18)
0= (Vext — MK + flCO + 6])(5+ + E—)
—(p—ncif) s —§0). (B19)

To fulfill the coherent normalization constraint (B3), we
search for nontrivial solutions of Eqs. (B18) and (B19).
Hence, we require that

Vet = +ico +q)* = (p—fie1 f)* =0, (B20)
where the first equality follows from squaring both equations.

The spin components of interest follow from the normaliza-
tion condition (B3) and read

1+f
2 )

£, =o' (B21)

where f. = p/iic; and x. are relative phases which are con-
strained by x4 + x— = 7 to minimize the effective potential
[81]. This solution is called the antiferromagnetic phase as
both the mp = +1 and mr = —1 components are occupied.
The ground-state degeneracy stemming from the phases xi

can be captured by the gauge transformation

(07 o)

0 V1=
= e_%(X++X7)Z e+ /1 +fz ) 0 ZT, (B22)
0 et JT— .

where Z = exp[—}li()@r — X—)0o.] is a spin rotation by (x4 —
Xx—)/2 around the z axis.

Notably, for f, = 0, one finds a so-called easy-plane polar
state that can be written as &gap = 0,/ /2 without loss of gen-
erality (as discussed in the main text). Interestingly it lies on
the orbit of the (easy-axis) polar phase &gpp = 1,/ /2 under
actions of the latter’s little group SO(2). More concretely,
applying a m /2-spin rotation around the x axis followed by
a U(1) transformation, one finds

prp = Cin/z exp (—%inox) fEAp eXp (—%inax)T. (B23)
Since the magnetic energy per particle is
U 2
Tme P4, (B24)
nl 27cy
one has the phase boundaries
< cn forg <0
Ipl < a1 q (B25)

2ciig < |pl < it

As a consequence, the antiferromagnetic phase can only occur
for ¢; > 0, and only if the linear Zeeman shift is small enough
(otherwise the system tends to the ferromagnetic state with
a second-order boundary). Similarly, if ¢ becomes too large,
the system transitions into the polar phase with a first-order
boundary.

for 0 < g < c17/2.

APPENDIX C: PERTURBATIVE SCHEME AND
IDENTIFICATION OF FLUCTUATING FIELDS

In the following, we identify fluctuations in the density via
n(®+8d)=n+dn, (C1)
the spin density via
F(® +68®)=F, + 8F, (C2)
and the spin-nematic tensor via
Qii(d+8D)=Q;; +89;;. (C3)

To that end we insert ® = ® + §® into Eqs. (4)-(6) and
expand up to second order. This yields

i = (), on=osn"+sn?, (C4)
where
sn = tr(§d*®) + tr(d*5D)
sn® = tr(§d*5 D). (C5)
Furthermore we have

F = tw(®*0;®), 8F =5F" 4+ 5F?, (C6)
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where

SFV = r(80%0;®) + tr(P*0;6 D),

SF® = tr(89*0;6D). (C7)
Finally, one finds

9y = r(®*0; 0] ) — A8, 8Qi; =80 + 80,

(C8)
where
(SQE;) = tr(80%0;P0] ) + tr(®*0:6 P ) — 16nVs;;,
897 = tr(80*0i8®a] ) — ;6n?s;;. (C9)

The linear fluctuations depend on the specific ground state
configuration and shall be collected in the following. The
quadratic fluctuations are given thereafter. To evaluate the
projections it is most convenient to represent the fluctuations
in the basis of Pauli matrices, i.e.,

1 1 1
80 = —=(ps + ¢ )la + —= (b1 — ¢-)o: + o0y

NG V3
(C10)
1. Polar phase
Here the density fluctuation reads
sn' = V27 ¢, (C11)
whereas the spin-density fluctuations are
SED = V(g™ + o), (C12)
SF = V(g™ — ¢l (C13)
SFV =0. (C14)
For the diagonal spin-nematic fluctuations we have
8Q)) = — (for i = ), (C15)
where
Q = —2ndiag(1/3,1/3, —-2/3) (C106)

is the nematic tensor of the polar background. The off-
diagonal fluctuations read

5Q1) =0, (C17)
8O0 = —VA (" — ¢7), (C18)
§QY = -V (™ + ¢ (C19)
2. Ferromagnetic phase
Similar to the polar phase, the density fluctuation is
sn) = V2m . (C20)
For the spin-density fluctuations, one finds
SEM = Vi gr, (C21)
SFV = Vg, (C22)

SFV = V20 ¢ (C23)
For the diagonal spin-nematic fluctuations we have
8Qf) = ———Qyj + V21 (¢"8i — $"°8,)  (C24)
with the nematic tensor of the ferromagnetic background
Q = ndiag(1/3,1/3, —2/3). (C25)
The off-diagonal terms are
3QY =V2ig, sQ =iy, Q) = Vigy"
(C26)
3. Antiferromagnetic phase
Abbreviating
by =@ +igl", (C27)
B0 = BF +idy", (C28)
¢ =¢* +ip™, (C29)
we find
8n(1)
= V14 fRe(e™ " ¢y) + /1 — fiRe(e™ ¢_)
(C30)
for the density fluctuation. The spin-density fluctuations are
k) F(l)
A =/1+ f:Re(e " **¢) + /1 — f-Re(e " ¢y),
(C31)
§ F( 1)
= V1 + fim(e % ¢g) — /1 — fIm(e™* ¢y),
(C32)
3F<1>
= /1 + fiRe(e ™ ¢y) — /1 — fiRe(e ™ ¢).
(C33)
For the spin-nematic fluctuations we find
59/ 1+ f.R [ ¢ 1¢ - (C34)
= ele "o — =
Vi ! 37
; 1
+41- sze[e‘X <¢+ — §¢):| (C35)
$% T+ ke[ e (9 + Lo, )] (C36)
Vi L 3 )]
—-vi- Re[ S (¢+ + 29— )} (C37)
)] 2 sn
29 ‘ (C38)
Vi 3R
5Q0) ‘ ‘
Y — T+ filme 7 ¢_) — /1= flm(e *¢,),
(C39)
sQW : :
—— = /1 + f:Re(e” ") — /1 — f:Re(e™* ¢y),
V)2
(C40)
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1
QE)

=1+ fIm(e " ¢) + /1 — fiIm(e - ¢y).

(C41)

4. Quadratic fluctuations

The background-independent quadratic fluctuations read
explicitly

1
8n® = 5(|¢+|2 + lgpol* + lp—1%),
8F(2) — L re(¢re+¢re)+ L¢1m(¢1m +¢1m)
X ﬁ 0 \¥+ - [ 0 + -0
1 .
(SF),(Z)ZE(ﬁ(l)m((ﬁ ¢re)+f (P — i),

1
SF? = 5(|¢+|2 — -1,

1
892 = —(2lgol* — lp4]* —

G 6-1*) + ($"¢™™ + 954,

1
8Qy) = ~Qldol* — 194> — 19-I*) — (B! + 9™,

6
50 = Zon® — gy
44 3 ’

5QY = ¢itp™ — g,

8Q§§>=— )+ m,
fqb (@ — ")+ Hp" (@ — ™)

8QY = — ¢ (¢l +omy— g @ + ¢™).

E NoS

APPENDIX D: EXCITATIONS OF EXPLICIT
SYMMETRY-BREAKING MEAN-FIELD STATES

(C42)

1. Polar phase
At finite magnetic field, p # 0 and g # 0, the potential
terms evaluate to

8U + Vext8n® = iico(Regy ) + ficy (Imgp, )?

+ Lot (g — pioy)e, ). (D1)
Hence,
I & 2
r =/ [{ﬁ(lmfﬂ , %Rep)) + — (9}, Vo)
2=, 1 OrRe@y) + 7509 I

— coi(Reg, )ﬂ : (D2)

whereas
2

action in the form

1
I R .

(and similarly for Fj‘). One finds the inverse phonon propaga-
tor

1 _ E, +2ncy —ihw
and the inverse magnon propagator
—1 _ Ek —ihw
Gy (w.k) = <iha) Ei + 2iic; + q)’ (D6)

where we introduced the atomic kinetic energy Ej =
1?k? /2M . From their poles we find the dispersion relations

12w} (k) = Ex(Ex + 2ico), (D7)

Rl (k) = Ex(Ex + 2fic; + q), (D8)
where we introduce the atomic kinetic energy E; = k2 /2M.
Hence, both the phonon and the magnon carry the Bogoliubov
dispersion relation, as is well known [64].

To derive the emergent spacetime in the magnonic sector
one needs to integrate out Im¢ , via evaluation of (D3) on the
field equations

B
i, Rep, = <2ﬁ01 +q—pe— ﬂW)Im%, (D9)

(D10)

—hoImg, = (q M

h
pe— =V |Req,,

in the regime where the dispersion relation is linear,
12V2/2M < (2fic; + ¢). One finds

? M
S—— -

9,Reg , )?
aMm J,, Zfzcl—l—q(t e.)

oM
+ (VReg | )* + o (Rem)z}. (D11)

2. Ferromagnetic phase

For the positively polarized case, f. = 1, the effective po-
tential for the fluctuations reads

U(D +8D) — U(P) + Viy5n?
= ii(co+ @) + Lo — D[ (85) +
+ (p — Ac)[(@™)* + (9™,

in the ferromagnetic phase. Here the quadratic action for the
fluctuating fields can be written as

(@")]

(D12)

h
1 * 20\ 2 ‘
" _f [E(Im‘“’a’Re‘“)HM“”i’v eu) —emtme s, [ [ ROTOG — RSEAGT — R0,
tr

L7, m)} (D3)

14 * .
5oL Goy)e,) -3

At this point it is instructive to derive the dispersion relations
of the phonon and the magnon. To that end we introduce
the inverse propagators Gii(a), k) by expressing the effective

R? . .
——(<V¢lm)2+(V¢> ») — ¢™(p — fic) )™

1 im h 2
- - —V
2¢o < —dq M
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Fz2
— ¢ (”(Co +e)— ooV ) J (DI13)
Let us also here derive the dispersion relations of the

modes. To that end we again introduce the inverse propagator
G~ '(w, k) by expressing the effective action in the form

1

L=y / (850 O 0 0 (95 8 (D14)

Since the modes do not interact we have the block-diagonal
form

G '(w,k) = diag(G;' (v, k), G; ' (w, k), GZ' (0, k)) (D15)

with the density block
1 _ (Ex+i(co+c) —ihow
Gl (w,k) = ( i E ) (D16)
the spin block
1 _(Ex+p—q —ihw
and the nematic block
_ _ (Ex+2(p—iicy) —ihw
G (oK)= < ihw E.+2(p—rncy))’
(D18)
From the poles of the propagator, det G,.! (wm, k) = 0, we can
read off the dispersion relations
1wl (k) = E[E; +iilco + 1) (D19)
Rwyk) = (B + p — ) (D20)
R? (k) = (E + 2p — 2iic, ), (D21)

which can also be found in [64]. The density modes (¢, )
follow a Bogoliubov dispersion relations whereas the spin
(¢0) and nematic (¢_) modes have gapped, quadratic disper-
sion relations. Let us proceed by deriving the field equations.
Functional differentiation of Eq. (D13) yields

K2

nd,¢y = (p — Q" — —V " (D22)
) h2
—hd " = (p — QPy — —v2¢ (D23)
and
) 1?2 )

79,9 = 2(p — fic) )p™ — wvzw, (D24)

2
™ = 2(p — fic) )P™ — wvzqsff, (D25)

as well as
B
ho ¢ = =5 VL, (D26)
h2
—hd, ¢ = 2#i(co + )P V3T (D27)

To arrive at an effective FLRW spacetime, it is now crucial to
integrate out ¢;° and ¢¥ in the low-momentum regimes E; <
p — q for the spin modes (¢g) and E; < 2(p — iicy) for the
nematic modes (¢_). This leads to
BT @ (Veiny?
2 Jir 2n(co + ¢1) 2M
im)2 im)2
_ (atd’o ) + (V¢0 ) 4 (p_q)(¢im)2
pP—q 2M K2 0
B (B, ™) (Vo™)? n 2(p — ncy)
2(p — nicy) 2M n?
_ 0 -
=Ty +T5+T;.

Iy =-

(¢im>2]
(D28)

3. Antiferromagnetic phase

In the antiferromagnetic phase, one finds

U@ +8D) — U(D) + Veydn®
1 1 A
= 3@ — (@) + 5@ — (o)’

+ @(\/1 + fRe[e % ¢, 1+ /1= £ Refe " ¢_1)

I’lCl

+ 5 W+ f. Re[e %+ ¢, 1—/1 — f,Re[e % ¢_]),

(D29)
where we replaced the external potential by Eq. (105). The

nematic sector contains the field ¢y which is described by the
effective action

o= / dr dzr[—hqb{fa, 0"

B .
+ m%mvz 0

2
—m( ) - ¢(6]——‘1)¢
1 . .
- §¢6m(4+ - q)d’ém], (D30)
which generates the field equations
i i
s = (g4 — 90" — 5, Ve (D3D)
im "2
—hddy" = (- — )¢y — V by s (D32)
and can be described by the inverse propagator
—1 _ Ek + q— — —ihw
G, (w, k) = < e Ec+qi—q) (D33)
which has a pole at the dispersion relation
Py = (Ex +q- — QEx + g+ — @) (D34)
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Integrating out ¢ in the low-momentum regime E; < g_ —
q, we find

im)2 im)2
oo [ [ e
g 2 il a-—g 2M

+ (¢2;“)2}. (D33)

For the phonon-magnon sector, it is convenient to introduce

1 . .

pr = —=(py e ¢),

+ NG +

which represents phonons (+) and magnons (—) if f, = 0 [cf.

Egs. (C30) and (C33)]. The case of f, # 0 will be treated as

a perturbation in the following. For the effective action in the
phonon-magnon sector we find

(D36)

ry = / {wimh&w” + @10,
tr

52 ) )
— quﬁ“)z + (V™) + (Vo) + (V)]

— fico(¢'S)* — fic1 (@) + fui(co + 1)@’ 9™

1
+ 57lco - ey 1= f2 = 1)@k - (wm)z]},

(D37)
which generates the field equations
2v2 .
ho, s = — M i (D38)
—hd, " = 2iico, 19T £ 2ii(co — c1)(1 — /1 — f2)p
292
+ fiieo + 1) — ot (D39)
and is associated to the inverse propagator
Gpb  Gps
G (k) = < b DS) (D40)
—1 G71
DS ss
with the Bogoliubov blocks
Ep +pd  —ihw
Gonss@ k)= "PS . 4D
ihw E;
where we introduced effective chemical potentials
us = 2iico + ii(co — e)(1 — /1 — f2), (D42)
us" = 2#c; —ii(co — c)(1 — /1 — £2). (D43)

In absence of an external magnetic field (f, = 0) we have
uf's = 2ico,; and the eigenmodes of the sytem are given by
Eq. (D36). The effect of an external magnetic field (f; # 0)
on the phonons and magnons is captured by the effective

chemical potentials. However, one also has the mixing terms

Golo, k) = (fzﬁ(co +c1) o>7 D44)

0 0

such that the exact eigenmodes are given by a superposition
of the phonon and magnon modes [64]. More concretely, the
exact eigenmodes have the dispersion relation

w} (k) + w3 (k)

Wi (k) = 5

1 > 2 2 fzz 217 2
) 7[ep(0) - o3O] + s Eclateo + el
(D45)

which is the avoided crossing of the perturbed phonon and
magnon branches,

WP} s (k) = Ex(Ex + pp.s). (D46)

Equivalently, we can write

03,0 (K) + 0 (k)

Wi (k) = 5

I 2
+ / Z[@hoto - o2 (0] + %E,f(zﬁco)(zﬁcl),
(D47)

as an avoided crossing of the unperturbed phonon and
magnon branches,

R o (k) = Ex(Ex + 2iicy),

12wd o (k) = Ex(Ey + 2iicy). (D48)

APPENDIX E: PROCA FIELDS MINIMALLY COUPLED
TO HOMOGENEOUS AND ISOTROPIC SPACETIMES

We consider a Proca field which is minimally coupled
to a curved spacetime in terms of the effective action I' =
[ dP*1x /gL, with the Lagrangian density [134,142]

L=-1F,F" — Imig""AA,, (E1)
where we introduced the field strength tensor

F;/.v = V/LA\) - VUA/L = a;LAv - avA/u (E2)

and V, as the covariant derivative. The equations of motion
take the form

V, F" =miA", (E3)

where we used that
1
V. F* = —03,(/gF"") (E4)
13 «/g 123 \/_
since F},, is antisymmetric. More explicitly, we have

1 Oy
VP! = 78u<¢§a“A”> —9"0,A" — ’7*@3”/4“. (E5)
4 8
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In a gauge where Ag =0 and 9;,A’ =0 is realized on the
solution to the equations of motion, one has

i 1 va aiv_ 0i/8 j
VuF" = —2tu(Jgg A - %gkakm. (E6)

For homegeneous and isotropic spacetimes, one has 9;,/g =
0, such that the field equation becomes

. 1 . .
vV, F" = ﬁaﬂ(@ gva,A") = miA'. (E7)
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