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Quantum instruments describe both the classical outcome and the updated quantum state in a measurement
process. To do this in a nontrivial way, instruments must have the capability to interact coherently with the state
that they measure. Here we develop a resource theory for instruments. We consider a relevant quantifier of the
separation between interactive and noninteractive instruments and show that it admits three distinct operational
interpretations in terms of quantum information tasks. These concern (i) the preservation of maximally entangled
states after a local measurement, (ii) the average ability to preserve random states after measurement, and
(iii) the ability to recover the classical information generated from measuring half of a maximally entangled
state. We also introduce a natural set of allowed operations and show that the third task fully characterizes the
resource content of instruments. Our general framework reproduces as special cases established resource theories
for channels and measurements.
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I. INTRODUCTION

Measurements, formally known as positive operator-
valued measures (POVMs), are used to extract classical
information from quantum systems. In quantum information
science, they are often viewed as resources [1], that can have
different capabilities depending on their specific features. For
example, one may view as a resource measurements that can-
not be simulated with projections [2], sets of measurements
that cannot be implemented jointly or without superposition
[3–16], and measurements that require some type of coherent
interaction with the state [17].

However, measurement processes can be more complex
than just producing classical information: fundamentally, they
are also associated with a postmeasurement state. Describ-
ing both the classical outcome and the quantum output
in a measurement process requires a more general no-
tion than POVMs called a quantum instrument. This richer
and more complex structure has motivated many investiga-
tions into the capabilities of quantum instruments; see, e.g.,
Refs. [8,18–22].

The perhaps most basic feature needed to make a quantum
instrument genuinely useful is that it is able to interact
coherently with the state that it operates on. In other words,
the generation of the classical outcome and the associated
quantum output in the measurement process cannot be
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separated from the incoming state. In view of this, it is natural
to ask whether these nontrivial instruments, which we refer to
as interactive, can be characterized, quantified, and compared
in operationally meaningful ways. While some progress has
been made towards quantifying the interactive capabilities
of instruments [19], a complete operational framework is
missing.

Here we develop a complete operational resource theory
[1] of interactive quantum instruments. We introduce a ro-
bustness measure to quantify the interactivity of instruments
and then prove that this abstract quantity admits three differ-
ent operational interpretations. Specifically, we show that it
benchmarks the performance of instruments in three different
quantum information tasks. These tasks are simple and non-
contrived, and they all concern the recovery of different types
of (quantum) information. Importantly, we show that one of
them can further fully characterize whether one instrument is
more resourceful than another under a natural set of allowed
operations. In addition, by recognizing quantum channels and
POVMs as types of instruments, our resource theory can, in
these special cases, be reduced to established resource theories
for these two concepts, thereby also reproducing key results in
these frameworks.

II. PRELIMINARIES

A quantum state, ρ̂, is a positive semidefinite unit-trace
operator: ρ̂ � 0 and tr(ρ̂) = 1. A POVM is given by {Ea}a

with Ea � 0 and
∑

a Ea = 1. For any initial state ρ̂, mea-
suring the POVM {Ea}a yields the classical outcome a with
probability p(a) = tr(Eaρ̂). After measurement, the state is
updated into a postmeasurement state conditioned on the out-
come. To also describe this updated state, we need to go
beyond POVMs and utilize quantum instruments. Formally,
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an instrument E := {Ea}a is a set of completely positive trace-
non-increasing linear maps with the property that

∑
a Ea is a

channel (namely, a completely positive trace-preserving linear
map). For clarity, we use objects with “hat” (such as ρ̂ and Ê)
to denote normalized states or channels and leave off hats for
unnormalized objects. For any initial state ρ̂, the instrument
E describes the process that generates the classical outcome a
and the quantum output Ea(ρ̂ )/tr[Ea(ρ̂)] with the probability
p(a) = tr[Ea(ρ̂ )].

Quantum instruments encompass channels, measurements
and states as special cases. Consider an instrument mapping
a quantum state on system A to a (subnormalized) quantum
state on system B. We write it as EA→B := {EA→B

a }|A|
a=1 with

|A| possible classical outcome (when necessary, we use super-
scripts to clarify which systems the object is transforming to
and from). When |A| = 1 (trivial classical outcome), EA→B is
identical to a channel. When dB := dim(B) = 1 (trivial quan-
tum output), each EA→B

a is equivalent to a mapping (·)A �→
tr[EA

a (·)A] for some POVM {EA
a }a acting on A. Finally, when

dA := dim(A) = 1 (trivial quantum input), EA→B becomes an
(|A| element) ensemble of states on B. Hence, as we will also
later encounter, general findings for instruments can provide
insights also into channels, POVMs and states.

It is worth noting again that moving from POVMs and
channels to instruments enables us to model the whole mea-
surement process, as the formalism of instruments naturally
includes both the classical outcome as well as the quantum
output. At the level of POVMs, one can only extract the clas-
sical outcome and the associated probabilities, without any
knowledge of the updated quantum state. On the other hand,
one can write the average performance of a measurement pro-
cess as a channel. For instance, for a POVM {EA

a }|A|
a=1 acting on

the system A, the channel (·)A �→ ∑
a

√
EA

a (·)A
√

EA
a outputs

the quantum state averaged for individual measurement out-
comes. Still, it cannot tell us the postmeasurement state after
each measurement round with a specified classical outcome.
It turns out that the simplest possible way to model the full
measurement process is through the notion of instruments.

III. INTERACTIVE INSTRUMENTS AND THEIR
QUANTIFICATION

A. Defining interactive instruments

We are interested in characterizing the extent to which an
instrument is able to coherently interact with the state that it is
applied to. To this end, we begin with defining instruments
that cannot interact with the state. A noninteractive instru-
ment must generate both the classical and quantum output
independently of the state. Hence, the measurement process
first discards the state. Then, it selects the classical outcome
a based on sampling from an internal random variable λ

via a distribution qλ and a probabilistic rule p(a|λ). Finally,
based on the sample λ, a new quantum state σ̂λ is internally
prepared and emitted in the role of the quantum output. We
label noninteractive instrument by L = {La}a and formally
write them as

La(·) =
∑

λ

qλ p(a|λ)σ̂λtr(·) ∀ a, (1)

FIG. 1. A noninteractive instrument that discards the input and
prepares both the classical outcome a and updated state τ̂a based on
a prefixed distribution r(a).

where we denote by “(·)” the arbitrary input of the instrument.
Notably, by defining the probability r(a) := ∑

λ qλ p(a|λ) and
the state τ̂a := ∑

λ qλ p(a|λ)σ̂λ/r(a), noninteractive instru-
ments can be equivalently expressed as

La(·) = r(a)τ̂atr(·) ∀ a. (2)

See Fig. 1 for the schematic illustration. We label by NI the
set of noninteractive instruments and therefore consider any
instrument E /∈ NI to be interactive.

B. Quantifying interactive instruments

We now define a quantifier of the interactivity of instru-
ments. Since the set NI is convex, one can construct this
measure following a standard recipe for convex resource
theories [1]. Specifically, interactiveness can be faithfully
quantified by the interactive instrument robustness (see also
Ref. [19]),

R(E ) := min

{
t � 0

∣∣∣∣ E + tN
1 + t

∈ NI
}
, (3)

where we define (E + tN )/(1 + t ) := {(Ea + tNa)/(1 +
t )}a, and the minimization runs over all instruments N and
scalars t � 0. We can immediately see that R(E ) = 0 if
and only if E ∈ NI. Moreover, the larger is R(E ), the more
“noise” (represented by N ) one needs to add to make E
noninteractive.

Due to the structure of noninteractive instruments, we
can represent R(E ) as semidefinite program (SDP) (see, e.g.,
Refs. [23,24]). This makes it efficiently computable. Through
the duality theory of SDPs, we arrive at the following charac-
terization (we discuss the SDP formulation and give the full
proof in Appendix A):

Result 1. For any instrument EA→B, the interactive instru-
ment robustness is given by the SDP

R(EA→B) = max
{ωAB

a }a

dA

∑
a

tr
(
ωAB

a

(
idA ⊗ EA→B

a

)
(�AA

+ )
) − 1

s.t. trA
(
ωAB

a

) = 1B, ωAB
a � 0, (4)

where idX is the identity channel acting on a system X and
�AA

+ := |�AA
+ 〉〈�AA

+ | with |�AA
+ 〉 := (1/

√
dA)

∑dA−1
i=0 |i〉A ⊗

|i〉A is a maximally entangled state shared by two copies of A.
By using this SDP representation, we will show that R(E )

is not just an abstract quantifier of interactive instruments but
that it admits relevant operational interpretations.
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FIG. 2. Schematic representations of the tasks for (a) measuring maximally entangled fraction, (b) benchmarking average quantum
communication fidelity, and (c) entanglement-assisted unambiguous discrimination. Through the interactive instrument robustness, these three
tasks are shown equivalent.

C. Interpretation 1: Maximally entangled fraction

The SDP in Eq. (4) enables a simple operational interpre-
tation for the interactive instrument robustness. It corresponds
to the largest average maximally entangled fraction that can be
recovered after applying the instrument to one share of |�AA

+ 〉.
To see this, consider that we are given |�AA

+ 〉 and measure
half of it using the instrument EA→B. The classical outcome
is used to select a channel �̂B→A

a whose job is to restore the
state as close to |�AA

+ 〉 as possible. The average fidelity of this
restoration is

F+(EA→B) := max
{�̂B→A

a }a

∑
a

〈�AA
+ |[idA ⊗ (�̂a ◦ Ea)A](�AA

+ )|�AA
+ 〉,
(5)

which maximizes over all channels �̂B→A
a . See also Fig. 2(a).

Below, we show the relation between F+(EA→B) and the in-
teractive instrument robustness.

Result 2. For any instrument EA→B it holds that

1 + R(EA→B) = d2
A F+(EA→B). (6)

Proof. To see how Eq. (5) is related to the dual prob-
lem Eq. (4), note that we can interpret ωAB

a as the Choi
operator of the adjoint of a channel. More precisely, each
ωAB

a � 0 with trA(ωAB
a ) = 1B can be written as ωAB

a = (idB ⊗
	A→B)(dA�AA

+ ) for some completely positive unital linear
map 	A→B from A to B. This can be seen by tracing out the
first copy of A and noticing that 	A→B(1A) = 1B. As (	A→B)†

is trace preserving, we can thus write 	A→B = (�̂B→A
a )† for

some channel �̂B→A
a mapping from B to A. Substituting this

into Eq. (4) and using the definition of the adjoint map thus
completes the proof. �

Hence, the more interactive an instrument is, the better it
allows for the maximally entangled state to be locally restored
after measurement. Moreover, noninteractive instruments can-
not exceed F+(LA→B) = 1/d2

A. One can therefore interpret
1 + R(EA→B) as the task performance ratio between a given
instrument and arbitrary noninteractive ones. Finally, Result 2
implies

R(EA→B) � d2
A − 1, (7)

and the maximum can be achieved when EA→B
a = paUA→B

a
for some probability pa and reversible channels UA→B

a . These
maximally interactive instruments are those that can be un-
done conditioned on classical outcomes.

D. Interpretation 2: Fidelity of quantum communication

We now present a second operational interpretation of the
interactive instrument robustness. This time, it does not rely

on entangled states but only on randomly selected single sys-
tems. Consider that we sample a random pure state ψA :=
|ψA〉〈ψA| and measure it using the instrument EA→B. The
classical outcome, a, is used to select a channel �̂B→A

a whose
job is to minimize the disturbance in the quantum state caused
by the instrument. Specifically, we want to maximize the
fidelity between the pre- and postmeasurement quantum state.
On average, this fidelity corresponds to [see also Fig. 2(b)]

Fave(EA→B) := max
{�̂B→A

a }a

∫
dψ 〈ψA|

∑
a

(�̂a ◦ Ea)A(ψA)|ψA〉,
(8)

where the maximization is over the channels �̂B→A
a . In

Appendix B we prove that this is in one-to-one correspon-
dence with the interactive instrument robustness through the
following result.

Result 3. For any instrument EA→B, it holds that

Fave(EA→B) = 1

dA

(
1 + R(EA→B)

dA + 1

)
. (9)

Note that for noninteractive instruments, we obtain the triv-
ial fidelity Fave(EA→B) = 1/dA. Furthermore, by combining
Results 2 and 3, we obtain

Fave(EA→B) = 1 + dAF+(EA→B)

dA + 1
. (10)

This shows that while the two tasks are operationally distinct,
their performance metrics are in one-to-one correspondence.

E. Interpretation 3: Entanglement-assisted
unambiguous discrimination

We now discuss a third operational interpretation, which
we will afterwards extend further into the complete resource
theory of interactive instruments.

Consider that a sender and a receiver share the maximally
entangled state |�AA

+ 〉. The sender measures using a given
instrument EA→B = {EA→B

a }|A|
a=1, with |A| possible classical

outcomes. She keeps the classical outcome while relaying
the quantum output to the receiver. Conditioned on the out-
come a, which is not accessible to the receiver, the bipartite
state is ρ̂AB

a := (idA ⊗ EA→B
a )(�AA

+ )/q(a) with the probabil-
ity q(a) := tr[(idA ⊗ EA→B

a )(�AA
+ )]. The receiver’s goal is to

learn the value of a with the largest possible probability,
without ever declaring a wrong value. In other words, the
classical outcome must be unambiguously discriminated by
the receiver with a probability as high as possible. To that end,
the receiver jointly measures system AB with a POVM QAB :=
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{QAB
m } with m = 1, . . . , |A|,∅ that has |A| + 1 possible out-

comes. The extra outcome (∅) corresponds to an inconclusive
round, which the receiver simply discards. See Fig. 2(c) for
illustration. Hence, the probability of success is given by the
standard figure-of-merit for unambiguous discrimination,

Psucc(EA→B, QAB) =
|A|∑
a=1

tr
[
QAB

a

(
idA ⊗ EA→B

a

)
(�AA

+ )
]
, (11)

while the unambiguity means tr[QAB
m (idA ⊗ EA→B

a )(�AA
+ )] =

0 for any a 
= m ∈ {1, . . . , |A|}. Then, as detailed in
Appendix C, Psucc is related to the interactive instrument ro-
bustness as follows.

Result 4. For every instrument EA→B it holds that

1 + R(EA→B) = max
QAB

Psucc(EA→B, QAB)

maxLA→B Psucc(LA→B, QAB)
, (12)

where maxQ is over all POVMs and maxL is over all non-
interactive instruments with the same number of classical
outcomes.

Hence, the above result has uncovered a third operational
meaning of R(E ), but in contrast to the previous two, as the
task is now focused on the recovery of classical informa-
tion. We remark that for a given POVM QAB, the success
probability for noninteractive instruments can be explicitly
evaluated by

Psucc(LA→B, QAB) = max
a∈{1,...,|A|}

∥∥trA
(
QAB

a

)∥∥
∞

dA
. (13)

IV. RESOURCE CHARACTERIZATION

A. Defining allowed operations

So far, we have solved the membership problem of the
set of noninteractive instruments and uncovered several op-
erational meanings of the interactive instrument robustness. A
natural next step is to introduce a reasonable set of allowed op-
erations that can be performed on instruments. By identifying
the conditions under which one instrument can be converted to
another under these operations, we obtain a complete resource
theory.

We first motivate the selection of allowed operations. It
consists in quantum preprocessing, classical postprocessing
and quantum postprocessing of a given instrument. Specifi-
cally, consider a generic input state ρ̂in. For a given instrument
E , the agent can sample λ from a probability distribution
q(λ) and then apply some channel P̂λ. This can be viewed
as quantum preprocessing. Then the agent may apply the
given instrument, generating a classical outcome k and a
quantum output ρ̂k|λ := (Ek ◦ P̂λ)(ρ̂in )/Q(k|λ) with the prob-
ability Q(k|λ) := tr[(Ek ◦ P̂λ)(ρ̂in )]. At this stage, the agent is
allowed to classically process k to generate the final classical
outcome. This means employing some probability distribution
P(a|k, λ). Finally, the agent is allowed to perform quantum
postprocessing by applying to ρ̂k|λ some channel D̂k|λ condi-
tioned on k and λ. In summary, the allowed operations, when
conditioned on outcome a, correspond to transformations

FIG. 3. An allowed operation � acting on E . Solid and dashed
lines represent quantum and classical processing.

ρ̂in → Na(ρ̂in ) where (see Fig. 3 for illustration)

Na(ρ̂in ) =
∑
λ,k

q(λ)P(a|k, λ)(D̂k|λ ◦ Ek ◦ P̂λ)(ρin ). (14)

For a given E , if the above transformation is possible for
arbitrary input states, we write N = �(E ), where � is the
appropriate supermap for the conversion. We label the set of
all allowed operations by AO.

We now discuss the mathematical property of the set AO.
First, as one can directly observe, AO is by definition convex.
In fact, by considering fixed input and output dimensions, it
is also compact (in a topology induced by operator norm; see
Lemma 2 in Appendix D for details). Physically, this means
that if a transformation can be approximated by allowed oper-
ations to arbitrary precision, then such a manipulation is also
allowed.

To examine the relation between noninteractive instru-
ments NI and allowed operations AO, it is straightforward to
see that

�(L) ∈ NI ∀L ∈ NI & � ∈ AO. (15)

Thus, the allowed operations cannot convert resourceless ob-
jects to resourceful objects. If there is some � ∈ AO such that
�(E ) = N , then we say that one can simulate the instrument
N with the instrument E , i.e., one can view E as not less
resourceful than N . A rather expected consequence of this is
that the interactive instrument robustness is nonincreasing un-
der allowed operations (see also Ref. [19] for a more complete
treatment on quantifying instrument-based resources):

R[�(E )] � R(E ) ∀ E & � ∈ AO. (16)

Proof of Eq. (16). Throughout the proof, we ignore the
superscripts, and we use the notation “�(E )a” to denote the
ath element of the instrument �(E ), and we define pE + (1 −
p)N := {pEa + (1 − p)Na}a. From Eq. (3), we have

R(E ) := min t

s.t.
Ea(·) + tNa(·)

1 + t
= r(a)τ̂atr(·) ∀ a. (17)

Write topt = R(E ). By applying the allowed operation � to the
above constraint and using the fact that � must map a non-
interactive instrument to some noninteractive instrument, we
conclude that �[(E + toptN )/(1 + topt )] again form a nonin-
teractive instrument. Hence, topt is a feasible (not necessarily
optimal) solution to the following minimization, meaning that
topt is lower bounded by it:

min t

s.t. �

(E + tN
1 + t

)
a

(·) = r′(a)τ̂ ′
atr(·) ∀ a. (18)
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Since � is linear, we can write

�

(E + tN
1 + t

)
= �(E ) + t�(N )

1 + t
, (19)

and �(N ) is still a valid instrument. By enlarging the opti-
mization range, the above minimization is suboptimal to (and
hence lower bounded by) the following minimization, which
is exactly R[�(E )]:

R[�(E )] := min t

s.t.
�(E )a(·) + tN ′

a(·)
1 + t

= r′(a)τ̂ ′
atr(·) ∀ a,

(20)

where the above minimization allows all possible instruments
N ′

a rather than ones of the form �(N )a. Combining ev-
erything, we have thus proved that R(E ) = topt � R[�(E )],
which completes the proof. �

B. Characterizing instrument conversions

We are now ready to give a full characterization of in-
strument conversions under the allowed operations. To this
end, we return to the third interpretation of the interac-
tive instrument robustness and the quantity in Eq. (11). For
a given instrument EA→B = {EA→B

a }|A|
a=1 and POVM QAB :=

{QAB
m } with m = 1, . . . , |A|,∅, the largest achievable success

probability under the allowed operations is

Pmax(EA→B, QAB) := max
�∈AOA→B

Psucc[�(EA→B), QAB], (21)

which maximizes over allowed operations that will map EA→B

to some instrument that is again from A to B (denoted by
AOA→B). In Appendix D, we prove that this quantity char-
acterizes instrument conversions as follows.

Result 5. For instruments EA→B and N A→B, there is an al-
lowed operation � ∈ AOA→B achieving �(EA→B) = N A→B

if and only if

Pmax(EA→B, QAB) � Pmax(N A→B, QAB) ∀ QAB. (22)

In other words, EA→B can simulate N A→B if and only if the
former outperforms the latter for any choice of POVM QAB in
the unambiguous discrimination task associated with Eq. (11).

V. EXAMPLES AND SPECIAL CASES

A. Special case: Channels

Since quantum instruments generalize both channels and
POVMs, we discuss how our resource theory applies to these
special cases. Beginning with the former, consider that our in-
strument only has one possible classical outcome (i.e., |A| =
1), which reduces it to a channel. Then, the noninteractive
instrument defined in Eq. (1) becomes a state-preparation
channel, namely (·) �→ ρ̂tr(·), for some fixed state ρ̂. The
set of noninteractive instruments NI becomes the set of all
state-preparation channels, and the interactive instrument ro-
bustness simplifies to have no dependency on the classical
outcome. This is precisely what is encountered in the so-called
resource theory of communication developed in Ref. [25].

Furthermore, the quantity F+(ÊA→B) in Eq. (5) becomes
the maximally entangled fraction of the channel’s Choi state

[26,27]. This is also related to the min-entropy of this Choi
state. To see this, recall from Definition 1 in Ref. [27] that the
min-entropy (of A conditioned on B) of ρ̂AB reads

Hmin(A|B)ρ̂AB := − min
σ̂ B

Dmax(ρ̂AB ‖ 1A ⊗ σ̂ B), (23)

which minimizes over generic states σ̂ B in B. Moreover, for
two states ρ, η, their max-relative entropy [28] reads

Dmax(ρ ‖ η) := log2 min{λ � 0 | ρ � λη}. (24)

This thus implies, for ρ̂AB = (idA ⊗ ÊA→B)(�AA
+ ),

2−Hmin (A|B)
ρ̂AB = 1

dA
min

{
λ � 0

∣∣∣∣ ρ̂AB � λ
1A

dA
⊗ σ̂ B, σ̂ : state

}
= 1 + R(ÊA→B)

dA
= dA F+(EA→B), (25)

where we have used Result 2 in the last line. This is a well-
known relation for establishing the operational meaning of
min-entropy [27]. Moreover, using Eq. (10), we further see
that the maximally entangled fraction of the Choi state (F+) is
determined by the quantity

Fave(ÊA→B) := max
�̂B→A

∫
dψ〈ψA|(�̂ ◦ Ê )A(ψA)|ψA〉, (26)

which is the optimal average fidelity of ÊA→B′s ability to send
quantum information. When dA = dB, this is exactly the well-
known relation between Choi state’s fully entangled fraction
and average fidelity reported in Refs. [26,29,30].

B. Special case: POVMs

Instruments reduce to POVMs if we discard the quantum
output, i.e., select dB = 1. This is expressed as EA→B

a (·) :=
tr[EA

a (·)A] for some POVM EA = {EA
a }a. Then, a non-

interactive instrument takes the form
∑

λ qλP(a|λ)tr(·) =
tr[(

∑
λ qλP(a|λ)1)(·)] ∀ a, which means that the system is

discarded and the outcome selected by an internal random
process. This is precisely the type of POVMs considered in the
resource theory of measurements introduced in Ref. [17]. The
interactive instrument robustness reduces to the robustness of
measurements (denoted by RPOVM), which, for any POVM
M = {Ma}a, is defined as [17]

RPOVM(M) := min t

s.t.
Ma + tNa

1 + t
= r(a)1 ∀ a, (27)

which minimizes over the scalar t � 0 and generic POVM
N acting on the same system. Now, for a given instrument
EA→B with a trivial output space (i.e., dB = 1), suppose it is
expressed by a POVM EA = {EA

a }a as EA→B
a (·) = tr[EA

a (·)A]
∀ a. Then, we aim to prove that

R(EA→B) = RPOVM(EA). (28)

Proof of Eq. (28). Using Eq. (3), the interactive instrument
robustness R(EA→B) is the following optimization:

min t

s.t.
tr
[
EA

a (·)] + tN A→B
a (·)

1 + t
= tr[r(a)1A(·)] ∀ a, (29)
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which miminizes over probability distribution {r(a)}a, scalar
t � 0, and generic instrument {N A→B

a }a. Now, we note that
the above constraint implies

N A→B
a (·) = tr

[(
(1 + t )r(a)1A − EA

a

t

)
(·)

]
∀ a. (30)

We further note that [(1 + t )r(a)1A − EA
a ]/t � 0 ∀ a since

N A→B
a is completely positive. Also, since EA

a
′s form a POVM,

we have that
∑

a[(1 + t )r(a)1A − EA
a ]/t = 1A. This means we

can write N A→B
a (·) = tr[NA

a (·)] for some POVM {NA
a }a, and

Eq. (29) becomes

min t

s.t. tr

[(
EA

a + tNA
a

1 + t
− r(a)1A

)
(·)

]
= 0 ∀ a. (31)

For an operator 
, the condition that tr[
(·)] = 0 (i.e., it is
the zero map for all states) implies 
 = 0. Consequently, we
obtain

R(EA→B) = min t

s.t.
EA

a + tNA
a

1 + t
= r(a)1A ∀ a, (32)

which is exactly RPOVM(EA). This concludes the proof. �
As a corollary, using Result 2 and Eq. (28), we obtain

1 + RPOVM(EA) = d2
AF+(EA→B)

= dA max
{ρ̂A

a }a

∑
a

〈�AA
+ |(Et

a ⊗ ρ̂A
a

)|�AA
+ 〉

= max
{ρ̂a}a

∑
a

tr(ρ̂aEa) =
∑

a

‖Ea‖∞, (33)

where ‖Ea‖∞ is the operator norm of Ea. This thus reproduces
Eq. (7) in Ref. [17]. Also, together with Result 3, we obtain

1

dA(dA + 1)

(∑
a

‖Ea‖∞ + dA

)
= Fave(E (E ) )

= max
{ρ̂a}a

∫
dψ

∑
a

〈ψ |ρ̂B
a |ψ〉〈ψ |Ea|ψ〉

= max
{|φ〉a}a

∫
dψ

∑
a

〈ψ |φa〉〈φa|ψ〉〈ψ |Ea|ψ〉, (34)

suggesting another operational way to characterize RPOVM.
Finally, to find a complete set of criteria for resource con-

versions, Ref. [17] introduces an infinitely large family of
state discrimination tasks. This can indeed be reproduced by
setting dB = 1 in Result 5.

VI. DISCUSSION

We have introduced a complete resource theory of in-
struments capable of coherent interactions. We showed that
a natural quantifier of the resource admits three different
relevant interpretations in terms of noncontrived quantum
information tasks, all focused on restoring some type of infor-
mation after applying the instrument. We further also showed

how one of these tasks paves the way for a complete character-
ization of resource conversions under a natural set of allowed
operations. Our findings are thus complementary to the recent
work Ref. [19], which provides a general treatment of com-
paring and quantifying different instrument-based quantum
resources. A natural open question is then whether one can
further extend our operational interpretations and the com-
plete set of monotones to other instrument-based resources.

The strong nature of the results derived here is largely
thanks to the fact that the resourceless instruments are es-
sentially trivial from a physical point of view, because they
cannot at all interact with the state to which they are applied.
One might expect similarly strong relations to be rarer when
considering less basic notions of resource in instruments.
Nevertheless, since adopting this type of basic resource is
not uncommon in resource theories, and instruments represent
a generalization of other important quantum operations, we
have found that our results return as special cases several
well-known results in the literature.

We conclude with a few open questions. First, can our
resource theory be related to other notions of instrument
resources, such as incompatible instruments [8,18–21] or pro-
jective simulable instruments [2]? A direct observation is that
our resource theory is defined for a single instrument, while,
for instance, incompatibility of instruments is by definition
a property of at least a pair of instruments. Consequently, it
is nontrivial to relate our notion of interactive instruments di-
rectly to incompatible instruments, and we leave this for future
research. Second, we focused on exact instrument simula-
tions, but there may be some interest in studying approximate
simulations as well. Third, this work focus on the opera-
tional interpretations as well as the existence of a complete
set of monotone in the present resource theory, leaving a
complete understanding of interactive instruments’ mathemat-
ical structures an open question. Finally, a natural follow-up,
which is left for future work, is to consider the weight-based
measure in our resource theory and explore its operational
significance.
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APPENDIX A: SDP FOR INTERACTIVE
INSTRUMENT ROBUSTNESS

We first notice that for a trivial instrument LA→B with
LA→B

a (·) = r(a)τ̂B
a tr(·) for some probability r(a) and state τ̂B

a ,
by letting τB

a := r(a)τ̂B
a , its Choi representation [31,32] reads

(
idA ⊗ LA→B

a

)
(�AA

+ ) = 1A

dA
⊗ τB

a (A1)

with τB
a � 0 and

∑
a tr(τB

a ) = 1. For a generic instrument
N A→B used in Eq. (3), define the new variables μAB

a :=
t (idA ⊗ N A→B

a )(�AA
+ ) and κB

a := (1 + t )r(a)τ̂B
a . Then the

nontrivial instrument robustness R(EA→B) [Eq. (3)] can be
rewritten into

min
∑

a

tr
(
κB

a

) − 1

s.t.
(
idA ⊗ EA→B

a

)
(�AA

+ ) + μAB
a = 1A

dA
⊗ κB

a ,

t � 0, μAB
a � 0, κB

a � 0 ∀ a,∑
a

tr
(
κB

a

) = 1 + t . (A2)

Note that the constraint
∑

a tr(μAB
a ) = t (which is the condi-

tion ensuring μAB
a

′s are Choi operators of a valid instrument)
is guaranteed by

∑
a tr(κB

a ) = 1 + t and is thus redun-
dant. Hence, as (idA ⊗ EA→B

a )(�AA
+ ) + μAB

a = (1A/dA) ⊗ κB
a

for some μAB
a � 0 if and only if (idA ⊗ EA→B

a )(�AA
+ ) �

(1A/dA) ⊗ κB
a , Eq. (A2) is equal to

min
∑

a

tr
(
κB

a

) − 1

s.t.
(
idA ⊗ EA→B

a

)
(�AA

+ ) � 1A

dA
⊗ κB

a ,

t � 0, κB
a � 0 ∀ a,∑

a

tr
(
κB

a

) = 1 + t . (A3)

Then, the constraint
∑

a tr(κB
a ) = 1 + t becomes redundant,

and hence we can simplify it into

R(EA→B) = min
∑

a

tr
(
κB

a

) − 1

s.t. J (Ea)AB � 1A

dA
⊗ κB

a ,

κB
a � 0 ∀ a, (A4)

where we write EA→B′s Choi operators [31,32] as

J (Ea)AB := (
idA ⊗ EA→B

a

)
(�AA

+ ). (A5)

This is then an SDP formulation, and we call it the primal
problem for the interactive instrument robustness. The theory
of duality can then be applied, leading to Eq. (4). To see this,

we can now compute its dual problem. The Lagrangian is

L
({

ωAB
a

}
a,

{
Y B

a

}
a

) =
∑

a

tr
(
κB

a

) − 1

−
∑

a

tr

[
ωAB

a

(
1A

dA
⊗ κB

a − J (Ea)AB

)]
−

∑
a

tr
(
Y B

a κB
a

)
=

∑
a

tr

[
κB

a

(
1B − 1

dA
trA

(
ωAB

a

) − Y B
a

)]
− 1 +

∑
a

tr
(
ωAB

a J (Ea)AB
)
. (A6)

We can then write the primal problem Eq. (A4) into

R(EA→B) = min
κa=κ

†
a

max
ωAB

a �0,

Y B
a �0

L
({

ωAB
a

}
a,

{
Y B

a

}
a

)
. (A7)

Switching the order of minimization and maximization, we
obtain the dual problem as

R(EA→B) = max
ωAB

a �0,

Y B
a �0

min
κa=κ

†
a

L
({

ωAB
a

}
a
,
{
Y B

a

}
a

)
. (A8)

This is equal to R(EA→B) since the strong duality holds, as
there exists a strictly feasible solution to the primal prob-
lem, e.g., take κB

a = 1B � 0 ∀ a, which gives J (Ea)AB ≺
(1A/dA) ⊗ κB

a ∀ a (known as Slater’s condition [33]; see
also, e.g., Refs. [34,35]). To solve the dual problem, note
that minκa=κ

†
a
L({ωAB

a }a, {Y B
a }a) (which minimizes over Her-

mitian κB
a

′s) equals −∞ unless 0 = 1B − (1/dA)trA(ωAB
a ) −

Y B
a , which implies trA(ωAB

a ) � dA1B since Y B
a � 0. Thus, the

dual problem becomes

R(EA→B) = max
∑

a

tr
(
ωAB

a J (Ea)AB
) − 1

s.t. trA
(
ωAB

a

) � dA1
B,

ωAB
a � 0 ∀ a. (A9)

Next, we can replace the inequality constraint with an equal-
ity, namely

R(E ) = max
∑

a

tr
(
ωAB

a J (Ea)AB
) − 1

s.t. trA
(
ωAB

a

) = dA1
B,

ωAB
a � 0 ∀ a. (A10)

To justify this, note first that Eq. (A10)’s solution is also a
solution for Eq. (A9). For the converse, consider an opti-
mal solution {ω̃AB

a }a to Eq. (A9). Then there exists RB
a � 0

such that trA(ω̃AB
a ) + RB

a = dA1B. The new solution {ω̃AB
a +

(1A/dA) ⊗ RB
a }a satisfies the constraints in both formula-

tions, but it leads to Eq. (A9)’s objective picking up the
contribution

∑
a tr[((1A/dA) ⊗ RB

a )J (Ea)AB] � 0. Hence, the
objective cannot decrease, which contradicts the optimality of
Eq. (A9)’s solution unless

∑
a tr[((1A/dA) ⊗ RB

a )J (Ea)AB] =
0 is precisely zero. This then implies that the new solution
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{ω̃AB
a + (1A/dA) ⊗ RB

a }a must also give the same, optimal ob-
jective value for Eq. (A9) as the one achieved by {ω̃AB

a }a—the
former formulation’s optimality can indeed be achieve by a
solution of the latter formulation. Hence, the two formulations
are equivalent.

Finally, we obtain the desired dual problem as given in
Eq. (4) by rescaling ωAB

a → ωAB
a /dA. As mentioned in the

main text, this dual problem is useful because it lets us inter-
pret ωAB

a as the (un-normalized) Choi operator of a completely
positive unital linear map 	A→B

a from A to B (i.e., it maps 1A

to 1B). More precisely, we can write (note the dA dependence)

ωAB
a = (

idA ⊗ 	A→B
a

)
(dA�AA

+ ) ∀ a, (A11)

which ensures that 1A is mapped to 1B. Since �̂B→A
a :=

(	A→B
a )† is a channel (i.e., trace preserving) from B to A,

this means that we can write 1 + R(EA→B) as the following
maximization:

max d2
A

∑
a

tr
[
(idA ⊗ (

�̂B→A
a

)†
)(�AA

+ )J (Ea)AB
]

s.t. each �̂B→A
a is a channel from B to A. (A12)

Taking the adjoint map can thus prove Result 2.

APPENDIX B: PROOF OF RESULT 3

Proof. Recall from the main text Eq. (6) that the average fidelity of an instrument EA→B = {EA→B
a }a from A to B reads

Fave(EA→B) = max
{�̂B→A

a }a

∫
dψ〈ψA|

∑
a

(�̂a ◦ Ea)A(ψA)|ψA〉. (B1)

To compute this quantity, we use the inverse Choi map [31,32]. More precisely, for the trace-non-increasing linear map EA→B
a

from A to B and the unital linear map 	A→B
a := (�̂B→A

a )† from A to B (since �̂B→A
a is from B to A), we can write, for every ρ̂A

in A,

EA→B
a (ρ̂A) = dAtrA[((ρ̂A)t ⊗ 1B)J (Ea)AB]; (B2)

	A→B
a (ρ̂A) = dAtrA[((ρ̂A)t ⊗ 1B)J (	a)AB], (B3)

with the Choi operators [31,32] as defined in Eq. (A5), namely J (Ea)AB := (idA ⊗ EA→B
a )(�AA

+ ) and J (	a)AB := (idA ⊗
	A→B

a )(�AA
+ ), and (·)t denotes the transpose map. Then, we have (below, A′ denotes an identical copy of the system A; also,

recall that ψ := |ψ〉〈ψ |)
〈ψA|(�̂a ◦ Ea)A(ψA)|ψA〉 = tr

[
EA→B

a (ψA)
(
�̂B→A

a

)†
(ψA)

] =: tr
[
EA→B

a (ψA)	A→B
a (ψA)

]
= d2

Atr(trA[((ψA)t ⊗ 1B)J (Ea)AB]trA′[((ψA′
)t ⊗ 1B)J (	a)A′B])

= d2
Atr([(ψA)t ⊗ (ψA′

)t ⊗ 1B](1A′ ⊗ J (Ea)AB)(1A ⊗ J (	a)A′B)). (B4)

This further implies

Fave(EA→B) = max
{	A→B

a }a

d2
A

∫
dψ

∑
a

tr([(ψA)t ⊗ (ψA′
)t ⊗ 1B](1A′ ⊗ J (Ea)AB)(1A ⊗ J (	a)A′B)), (B5)

which now maximizes over unital maps 	A→B
a from A to B. Since trace is invariant under partial transpose, we can apply the

partial transpose to systems AA′ and obtain

Fave(EA→B) = max
{	A→B

a }a

d2
A

∑
a

tr([
∫

dψ (ψA ⊗ ψA′
) ⊗ 1B][1A′ ⊗ (J (Ea)AB)tA ][1A ⊗ (J (	a)A′B)tA′ ]), (B6)

where (·)tA and (·)tA′ are the partial transpose in A and A′, respectively. The integral is a Haar average over all two-copy states,
which equals the normalized projector onto the symmetric subspace (e.g., set n = 2 in Proposition 6 in Ref. [36]):∫

dψψA ⊗ ψA′ = 2

dA(dA + 1)
�AA′

sym, (B7)

where �AA′
sym is the projector onto the symmetric subspace that satisfies �AA′

sym(|ψ〉A ⊗ |ψ〉A′
) = |ψ〉A ⊗ |ψ〉A′

for any |ψ〉, and
dA(dA + 1)/2 is the dimension of the symmetric subspace (see, e.g., Proposition 6 and Table 1 in Ref. [36]). Now recall that
�AA′

sym can be expressed as a combination of 1AA′
and the swap operator SWAPAA′

: ρA ⊗ σ A′ �→ σ A ⊗ ρA′ ∀ ρ, σ (see, e.g.,
Proposition 7.1 with n = 2 in Ref. [34]):

�AA′
sym = 1

2 (1AA′ + SWAPAA′
) = 1

2 (1AA′ + dA(�AA′
+ )tA ), (B8)
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where note that SWAPAA′ = dA(�AA′
+ )tA , which follows directly from definition. Returning to the fidelity expression, we now

have

Fave(EA→B) = max
{	A→B

a }a

dA

dA + 1

∑
a

tr(([1AA′ + dA(�AA′
+ )tA ] ⊗ 1B)[1A′ ⊗ (J (Ea)AB)tA ][1A ⊗ (J (	a)A′B)tA′ ]). (B9)

Again, use the fact that trace is invariant under partial transpose on A, we obtain

Fave(EA→B) = max
{	A→B

a }a

dA

dA + 1

∑
a

tr([(1AA′ + dA�AA′
+ ) ⊗ 1B][1A′ ⊗ J (Ea)AB][1A ⊗ (J (	a)A′B)tA′ ])

= max
{	A→B

a }a

{
dA

dA + 1

∑
a

tr([1A′ ⊗ J (Ea)AB][1A ⊗ (J (	a)A′B)tA′ ])

+ d2
A

dA + 1

∑
a

tr((�AA′
+ ⊗ 1B)[1A′ ⊗ J (Ea)AB][1A ⊗ (J (	a)A′B)tA′ ])

}
. (B10)

For the term in the second line, we apply a partial transpose on A′, which preserves the trace. For the term in the last line, we
apply the formula (RA ⊗ 1A′

)|�AA′
+ 〉 = (1A ⊗ (RA′

)t )|�AA′
+ 〉 that holds for every normal operator R. Then, we obtain

Fave(EA→B) = max
{	A→B

a }a

{
dA

dA + 1

∑
a

tr([1A′ ⊗ J (Ea)AB][1A ⊗ J (	a)A′B])

+ d2
A

dA + 1

∑
a

tr((�AA′
+ ⊗ 1B)[1A ⊗ (J (Ea)A′B)tA′ ][1A ⊗ (J (	a)A′B)tA′ ])

}
. (B11)

Recall that 	A→B
a is a unital linear map from A to B, meaning that it maps 1A to 1B. This means that

trA(J (	a)AB) = trA
[(

idA ⊗ 	A→B
a

)
(�AA

+ )
] = 	A→B

a (1A)

dA
= 1

dA
1B. (B12)

Hence, by tracing out A′ in the first term inside the maximization in Eq. (B11), it becomes (note that dA′ = dA)

dA

dA + 1

∑
a

tr([1A′ ⊗ J (Ea)AB][1A ⊗ J (	a)A′B]) = 1

dA + 1

∑
a

tr(J (Ea)AB) = 1

dA + 1
, (B13)

where note that that EA→B
a

′s form an instrument and hence
∑

a Ea is a channel, thereby
∑

a tr(J (Ea)AB) = tr(J (
∑

a Ea)AB) = 1.
Next, for the second term inside the maximization in Eq. (B11), tracing out A and then applying a partial transpose to A′ gives

d2
A

dA + 1

∑
a

tr((�AA′
+ ⊗ 1B)[1A ⊗ (J (Ea)A′B)tA′ ][1A ⊗ (J (	a)A′B)tA′ ]) = dA

dA + 1

∑
a

tr(J (Ea)A′BJ (	a)A′B). (B14)

Putting everything together and use Eq. (A12) (as 	A→B
a

′s are unital linear maps), we obtain

Fave(EA→B) = 1

dA + 1

(
1 + dA max

{	A→B
a }a

∑
a

tr[J (Ea)A′BJ (	a)A′B]

)
= 1

dA + 1

(
1 + R(EA→B) + 1

dA

)
= 1

dA

(
1 + R(EA→B)

dA + 1

)
.

(B15)

This then concludes the proof. �
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APPENDIX C: PROOF OF RESULT 4

First, we need to establish the following lemma (recall that
NI is the set of all noninteractive isntruments):

Lemma 1. trA(ωAB
a ) � dA1B ∀ a if and only if

max
LA→B∈NI

∑
a

tr
[
ωAB

a

(
idA ⊗ LA→B

a

)
(�AA

+ )
]

� 1. (C1)

Proof of Lemma 1. We first prove that trA(ωAB
a ) � dA1B ∀ a

if and only if ∑
a

tr

[
ωAB

a

(
1A

dA
⊗ τB

a

)]
� 1

∀ τB
a � 0 with

∑
a

tr
(
τB

a

) = 1. (C2)

If trA(ωAB
a ) � dA1B ∀ a, then we have, for every τB

a � 0 with∑
a tr(τB

a ) = 1,∑
a

tr

[
ωAB

a

(
1A

dA
⊗ τB

a

)]
=

∑
a

tr
[
trA

(
ωAB

a

)
τB

a

]
dA

�
∑

a

tr
(
1BτB

a

) = 1. (C3)

On the other hand, if Eq. (C2) holds, then we have that, for
every fixed a, by setting τB

b = δa,bρ̂
B with some state ρ̂B,

tr
[
trA

(
ωAB

a

)
ρ̂B

]
� dA ∀ state ρ̂B. (C4)

This means that tr[(dA1B − trA(ωAB
a ))ρ̂B] � 0 for every state

ρ̂B, which is equivalent to dA1B − trA(ωAB
a ) � 0 (note that the

argument holds for every a).
Now, note that an instrument LA→B from A to B is

noninteractive if and only if its Choi representations read
[from Eq. (15) in the main text] (idA ⊗ LA→B

a )(�AA
+ ) =

(1A/dA) ⊗ τB
a for some τB

a � 0 with
∑

a tr(τB
a ) = 1. Hence,

Eq. (C2) holds if and only if∑
a

tr
[
ωAB

a

(
idA ⊗ LA→B

a

)
(�AA

+ )
]

� 1 ∀LA→B ∈ NI, (C5)

which is true if and only if Eq. (C1) holds. This concludes the
proof of the lemma. �

Before the proof of Result 4, let us define a notation. For a
given set {ωAB

a }a, let us write

β
({

ωAB
a

}
a

)
:= max

LA→B∈NI

∑
a

tr
[
ωAB

a

(
idA ⊗ LA→B

a

)
(�AA

+ )
]
.

(C6)

Then, from Eqs. (C2) and (C3), one can observe that

β
({

ωAB
a

}
a

) = max
τB

a �0,∑
a tr(τB

a )=1

∑
a

tr
[
trA

(
ωAB

a

)
τB

a

]
dA

� 1

dA

∥∥trA
(
ωAB

b

)∥∥
∞ ∀ b, (C7)

where the last inequality follows by considering a suboptimal
maximization over τB

a = δa,bρ̂
B with state ρ̂B, which will then

return ‖trA(ωAB
b )‖∞/dA. Since ‖trA(ωAB

b )‖∞ = 0 if and only if
trA(ωAB

b ) = 0, which can be true if and only if ωAB
b = 0, we

thus conclude that

β
({

ωAB
a

}
a

) = 0 if and only if ωAB
a = 0 ∀ a. (C8)

Now, we can proceed to prove Result 4.
Proof of Result 4. Recall from Eq. (A5) that, for an in-

strument EA→B = {EA→B
a }a from A to B, we write its Choi

operator [31,32] as J (Ea)AB := (idA ⊗ EA→B
a )(�AA

+ ). Then,
from Eq. (A9), we have

1 + R(EA→B) = max
∑

a

tr
(
ωAB

a J (Ea)AB
)

s.t. trA
(
ωAB

a

) � dA1
B,

ωAB
a � 0 ∀ a. (C9)

Using Lemma 1, the above optimization can be rewritten into

1 + R(EA→B) = max
∑

a

tr
(
ωAB

a J (Ea)AB
)

s.t. β
({

ωAB
a

}
a

)
� 1,

ωAB
a � 0 ∀ a. (C10)

Now, from Eq. (C8), we note that β({ωAB
a }a) = 0 if and only if

ωAB
a = 0 ∀ a. On the other hand, 1 + R(EA→B) � 1, meaning

that the optimality must be achieved by some nonvanish-
ing ωAB

a
′s. Hence, without loss of generality, we can assume

β({ωAB
a }a) > 0, meaning that 1 � β({ωAB

a }a)−1. Namely, we
have

1 + R(EA→B) � max
ωAB

a �0

∑
a tr

(
ωAB

a J (Ea)AB
)

β
({

ωAB
a

}
a

) . (C11)

To see how this upper bound is saturated, suppose ωAB
a

′s are
feasible solutions to the above maximization. Then, define

ω̃AB
a := ωAB

a

β
({

ωAB
b

}
b

) ∀ a. (C12)

Then one can directly check that β({ω̃AB
a }a) = 1 and hence

ω̃AB
a

′s form a feasible solution to Eq. (C10). This thus means
that

1 + R(EA→B) �
∑

a

tr
(
ω̃AB

a J (Ea)AB
)

=
∑

a tr
(
ωAB

a J (Ea)AB
)

β
({

ωAB
a

}
a

) . (C13)

Since this argument holds for all feasible solutions ωAB
a

′s to
the maximization in Eq. (C11), we conclude that

1 + R(EA→B) = max
ωAB

a �0

∑
a tr

(
ωAB

a J (Ea)AB
)

β
({

ωAB
a

}
a

) . (C14)

062445-10



RESOURCE THEORY OF INTERACTIVE QUANTUM … PHYSICAL REVIEW A 113, 062445 (2026)

Dividing both the numerator and denominator by ‖∑
a ωAB

a ‖∞
and defining QAB = {QAB

a }a with a = 1, . . . , |A|,∅ as

QAB
a := ωAB

a∥∥∑
b ωAB

b

∥∥
∞

∀ a = 1, . . . , |A|; (C15)

QAB
∅ := 1AB −

|A|∑
a=1

QAB
a , (C16)

which satisfies QAB
a � 0 ∀ a = 1, . . . , |A| and

∑|A|
a=1 QAB

a �
1AB, meaning that 0 � QAB

∅ � 1AB and hence QAB is a
valid POVM. Using Eq. (9) in the main text to write
Psucc(EA→B, QAB) = ∑|A|

a=1 tr[QAB
a J (Ea)AB], we obtain

1 + R(EA→B) = max
QAB

∑|A|
a=1 tr

[
QAB

a J (Ea)AB
]

maxLA→B∈NI

∑|A|
a=1 tr

[
QAB

a J (La)AB
]

= max
QAB

Psucc(EA→B, QAB)

maxLA→B∈NI Psucc(LA→B, QAB)
.

(C17)

This thus completes the proof. �
As a remark, recall from Eq. (A1) that a noninterac-

tive instrument LA→B has its Choi representations as (idA ⊗
LA→B

a )(�AA
+ ) = r(a)(1A/dA) ⊗ τ̂B

a for some states τ̂B
a and a

probability r(a). We then note that

max
LA→B∈NI

Psucc(LA→B, QAB)

= max
{r(a)}a,

{τ̂B
a }a

|A|∑
a=1

r(a)tr

[(
trA

(
QAB

a

)
dA

)
τ̂B

a

]

= max
{r(a)}a

|A|∑
a=1

r(a)

∥∥∥∥∥ trA
(
QAB

a

)
dA

∥∥∥∥∥
∞

= max
a∈{1,...,|A|}

∥∥trA
(
QAB

a

)∥∥
∞

dA
. (C18)

APPENDIX D: PROOF OF RESULT 5

Before the proof, let us detail some necessary tools. Recall
from Eq. (14) that the set of allowed operation can be written
as AO = conv(pre-AO) (where “conv” denotes the convex
hull), where pre-AO is the set of all transformations of the
form:

�(E )a =
∑

k

P(a|k)(D̂k ◦ Ek ◦ P̂ )(·) ∀ a,E, (D1)

where P̂ and D̂k
′s are all channels and {P(a|k)}a,k are con-

ditional probability distributions. Similarly, for fixed input
and output dimensions, the set AOA→B = conv(pre-AOA→B),
where pre-AOA→B is the set of transformations of the form
Eq. (D1) but maps any EA→B again to some instrument from
A to B:

�(EA→B)a =
∑

k

P(a|k)
(
D̂B

k ◦ EA→B
k ◦ P̂A

)
(·) ∀ a,EA→B.

(D2)

It turns out that AOA→B is compact. To formally make
sense of this, we need to specify the topology. Let us con-

sider the following distance between two supermaps �,�′
[suppose their output instruments map from A to B; also,
we again use “�(E )a” to denote the ath element of the
instrument �(E )]:

D(�,�′) := max
E

∑
a

‖[idA ⊗ (�(E )a − �′(E )a)A→B](�AA
+ )‖∞,

(D3)

which maximizes over all valid input instruments. Due to
Choi representation [31,32], one can check that D is a met-
ric, namely, for every supermaps �,�′,�′′, we have that
(1) D(�,�′) � 0 and equality holds if and only if � =
�′, (2) D(�,�′) = D(�′,�), and (3) (triangle inequality)
D(�,�′′) � D(�,�′) + D(�′,�′′). This metric can induce
a metric topology. Then, we have the following.

Lemma 2. Both pre-AOA→B and AOA→B are compact in
the metric topology induced by D.

Proof of Lemma 2. Since the convex hull of a compact set is
again compact, it suffices to show pre-AOA→B′s compactness.
Consider a = 1, . . . , |A| < ∞ & k = 1, . . . , |K| < ∞. We
also write the inverse Choi map as [31,32]

J −1(ρ̂AB) := dAtrA[(((·)A)t ⊗ 1B)ρ̂AB], (D4)

where, as one can directly check,

(idA ⊗ J −1(ρ̂AB))(�AA
+ ) = ρ̂AB ∀ ρ̂AB : state. (D5)

Let Choi(X ) be the set of all Choi states for channels acting on
a finite-dimensional system X and ProbA|K ⊂ [0, 1]|A||K| be
the set of all conditional probability distributions {P(a|k)}a,k .
In our current setting, these sets are all compact in the or-
dinary Euclidean topology (as they are bounded and closed
sets of finite-dimensional matrices). Hence, their Cartesian
product, denoted as DomainA→B

A,K := ProbA|K × Choi(B)|K| ×
Choi(A), is again a compact set in the product topology,
which is again the ordinary Euclidean topology. Now, define a
function f that maps from DomainA→B

A,K (equipped with the or-
dinary Euclidean topology) to the set of supermaps [equipped
with the metric topology induced by D defined in Eq. (D3)] as
follows:

f ({P(a|k)}, {ρ̂k}, σ̂ ) := �, (D6)

where � is a supermap that takes the form

�(E )a :=
∑

k

P(a|k)[J −1(ρ̂k ) ◦ Ek ◦ J −1(σ̂ )](·) ∀ a.

(D7)

Then, by comparing with Eq. (D2), we have that

f
(
DomainA→B

A,K
) = pre-AOA→B. (D8)

Since DomainA→B
A,K is compact in the ordinary Euclidean

topology, it remains to show that f is continuous in
D to conclude the compactness of pre-AOA→B in D′s
metric topology. To this end, consider two given tuples
({P(a|k)}, {ρ̂k}, σ̂ ) and ({P′(a|k)}, {ρ̂ ′

k}, σ̂ ′). We estimate the
distance between the supermaps � = f ({P(a|k)}, {ρ̂k}, σ̂ )
and �′ = f ({P′(a|k)}, {ρ̂ ′

k}, σ̂ ′) as follows (note that the max-
imization for D is now taken over instruments EA→B from
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A to B):

D(�,�′) := max
EA→B

∑
a

‖[idA ⊗ (�(Ea) − �′(Ea))A→B](�AA
+ )‖∞

= max
EA→B

∑
a

∥∥∥∥∥∑
k

[idA ⊗ (P(a|k)[J −1(ρ̂k ) ◦ Ek ◦ J −1(σ̂ )] − P′(a|k)[J −1(ρ̂ ′
k ) ◦ Ek ◦ J −1(σ̂ ′)])A→B](�AA

+ )

∥∥∥∥∥
∞

� max
EA→B

∑
a,k

{|P(a|k) − P′(a|k)|‖[idA ⊗ [J −1(ρ̂k ) ◦ Ek ◦ J −1(σ̂ )]A→B](�AA
+ )‖∞

+ P′(a|k)‖[idA ⊗ [(J −1(ρ̂k ) − J −1(ρ̂ ′
k )) ◦ Ek ◦ J −1(σ̂ )]A→B](�AA

+ )‖∞

+ P′(a|k)‖[idA ⊗ [J −1(ρ̂ ′
k ) ◦ Ek ◦ (J −1(σ̂ ) − J −1(σ̂ ′))]A→B](�AA

+ )‖∞}

� max
EA→B

{ ∑
a,k

|P(a|k) − P′(a|k)| +
∑

k

‖[idA ⊗ [(J −1(ρ̂k ) − J −1(ρ̂ ′
k )) ◦ Ek ◦ J −1(σ̂ )]A→B](�AA

+ )‖∞

+
∑

k

‖[idA ⊗ [J −1(ρ̂ ′
k ) ◦ Ek ◦ (J −1(σ̂ ) − J −1(σ̂ ′))]A→B](�AA

+ )‖∞

}
, (D9)

where we have used the triangle inequality and
∑

a P(a|k) =
1 = ∑

a P′(a|k) ∀ k. Now, we note that, for any linear map 


and completely positive trace-non-increasing linear map with
operator sum L(·) = ∑

i Li(·)L†
i , we have (we drop the system

dependence here for simplicity)

‖[id ⊗ (
 ◦ L)](�+)‖∞

= ‖(Lt ⊗ 
)(�+)‖∞

:= max
η̂

|tr[(Lt,† ⊗ id)(η̂)(id ⊗ 
)(�+)]|

� ‖(id ⊗ 
)(�+)‖∞, (D10)

where Lt (·) := ∑
i Lt

i (·)Lt,†
i and hence Lt,† is again trace-non-

increasing, and

‖[id ⊗ (L ◦ 
)](�+)‖∞

:= max
η̂

|tr[(id ⊗ L†)(η̂)(id ⊗ 
)(�+)]|

� max
η̂

‖(id ⊗ L†)(η̂)(id ⊗ 
)(�+)‖1

� max
η̂

‖(id ⊗ L†)(η̂)‖∞‖(id ⊗ 
)(�+)‖1

= max
η̂,η̂′

|tr[(id ⊗ L)(η̂′)η̂]|‖(id ⊗ 
)(�+)‖1

� ‖(id ⊗ 
)(�+)‖1, (D11)

where we have used |tr(P)| � tr|P| =: ‖P‖1 and the Hölder’s
inequality ‖PQ‖1 � ‖P‖∞‖Q‖1 for every (linear bounded)
operators P, Q. Consequently, Eq. (D9) can be further upper
bounded as

D(�,�′) �
∑
a,k

|P(a|k) − P′(a|k)|

+
∑

k

‖[idB ⊗ (J −1(ρ̂k ) − J −1(ρ̂ ′
k ))B](�BB

+ )‖∞

+ |K|‖[idA ⊗ (J −1(σ̂ ) − J −1(σ̂ ′))A](�AA
+ )‖1

�
∑
a,k

|P(a|k) − P′(a|k)|

+
∑

k

‖ρ̂k − ρ̂ ′
k‖1 + |K|‖σ̂ − σ̂ ′‖1, (D12)

where Eq. (D5) has been used. Hence, the function f from
DomainA→B

A,K (equipped with the ordinary Euclidean topology)
to f (DomainA→B

A,K ) (equipped with topology induced by D) is
indeed continuous, which concludes the proof. �

Finally, let us recall the following theorem from Sion [37]
(see also Ref. [38]):

Theorem 3 (Sion’s minimax theorem [37]). Suppose X is
a compact convex subset of a linear topological space and Y
is a convex subset of a (possibly different) linear topological
space. Let f : X × Y → R be a real-valued function such that

(1) For every x, the function f (x, ·) is upper semicontinu-
ous and quasiconcave on Y .

(2) For every y, the function f (·, y) is lower semicontinu-
ous and quasiconvex on X .

Then we have

min
x∈X

sup
y∈Y

f (x, y) = sup
y∈Y

min
x∈X

f (x, y). (D13)

Now, we can detail the proof of Result 5.
Proof of Result 5. First, if �(EA→B) = N A→B for some

� ∈ AOA→B, then Eq. (22) holds by definition. Hence, it suf-
fices to prove the opposite direction. Suppose Eq. (22) holds.
Then we have, for every POVM QAB,

max
�∈AOA→B

Psucc[�(EA→B), QAB]

� max
�∈AOA→B

Psucc[�(N A→B), QAB]

� Psucc(N A→B, QAB). (D14)
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Moving everyting to the left-hand side and minimizing over
QAB, we obtain

min
QAB

(
max

�∈AOA→B
Psucc[�(EA→B), QAB] − Psucc(N A→B, QAB)

)
� 0. (D15)

Using the definition of Psucc [as given in Eq. (11)], this can be
rewritten as

min
QAB

max
�∈AOA→B

f (QAB,�)

:= min
QAB

max
�∈AOA→B

|A|∑
a=1

tr
(
QAB

a [idA ⊗ (�(E )a−Na)A→B](�AA
+ )

)
� 0, (D16)

where we define the function

f (QAB,�) :=
|A|∑
a=1

tr
(
QAB

a [idA ⊗ (�(E )a − Na)A→B](�AA
+ )

)
.

(D17)

Then one can check that f (QAB, ·) and f (·,�) are both lin-
ear, meaning that it satisfies all the conditions required by
Sion’s minimax theorem (Thoerem 3). Moreover, AOA→B =
conv(pre-AOA→B) is convex, and the set of all strategies QAB

is compact and convex. This means that Sion’s minimax the-
orem (Thoerem 3) can be applied, resulting in

max
�∈AOA→B

min
QAB

f (QAB,�) � 0. (D18)

Now, we define another function on supermaps

g(�) := min
QAB

f (QAB,�). (D19)

One can further check that g(·) is a continuous function in the
metric topology induced by the metric D defined in Eq. (D3).
Formally, this can be seen by the following calculation for
any two supermaps �,�′ [without loss of generality, we can
assume g(�) � g(�′)]:

|g(�) − g(�′)|
= g(�) − g(�′)

= min
QAB

f (QAB,�) − min
Q̃AB

f (Q̃AB,�′)

= min
QAB

f (QAB,�) + max
Q̃AB

[− f (Q̃AB,�′)]

= max
Q̃AB

[
min
QAB

f (QAB,�) − f (Q̃AB,�′)
]

� max
Q̃AB

[ f (Q̃AB,�) − f (Q̃AB,�′)]

= max
Q̃AB

|A|∑
a=1

tr
(
Q̃AB

a [idA ⊗ (�(E )a − �′(E )a)A→B](�AA
+ )

)
� dAdB max

Q̃AB

|A|∑
a=1

tr

(
Q̃AB

a

tr(Q̃AB
a )

[idA ⊗ (�(E )a

− �′(E )a)A→B](�AA
+ )

)

� dAdB

|A|∑
a=1

‖[idA ⊗ (�(E )a − �′(E )a)A→B](�AA
+ )‖∞

� dAdBD(�,�′), (D20)

meaning that g is (Lipschitz) continuous in the metric D de-
fined in Eq. (D3). Note that, in the fifth line, we use the fact
that minQAB f (QAB,�) is a constant for the maximization over
Q̃AB. In the eighth line, we use the fact that tr(Q̃AB

a ) � dAdB.
Now, in the same metric topology induced by Eq. (D3), g

is a continuous function on the compact set AOA→B (whose
compactness is from Lemma 2), meaning that there is at least
one �∗ ∈ AOA→B achieving the maximum, namely, g(�∗) =
max�∈AOA→B g(�). Hence, Eq. (D18) becomes

min
QAB

|A|∑
a=1

tr
(
QAB

a [idA ⊗ (�∗(E )a − Na)A→B](�AA
+ )

)
� 0.

(D21)

One can observe that, for each fixed index a and an arbitrary
operator 0 � PAB � 1AB, the set QAB = {QAB

m }m with QAB
m =

δamPAB and QAB
∅ = 1AB − PAB is a valid POVM. Hence, the

above inequality implies that, for every a and every operator
0 � PAB � 1AB,

tr(PAB[idA ⊗ (�∗(E )a − Na)A→B](�AA
+ )) � 0. (D22)

The above is equivalent to

[idA ⊗ (�∗(E )a − Na)A→B](�AA
+ ) � 0 ∀ a. (D23)

In particular, this also means its trace is non-negative; namely,

tr([idA ⊗ (�∗(E )a − Na)A→B](�AA
+ )) � 0 ∀ a. (D24)

Now we argue that the above needs to be an equal-
ity for every a. Suppose this was not the case, mean-
ing that there is an index a� such that the trace is
strictly positive, tr([idA ⊗ (�∗(E )a�

− Na�
)A→B](�AA

+ )) > 0.
But then we recall that

∑
a tr([idA ⊗ �∗(EA→B)a](�AA

+ )) =
1 = ∑

a tr([idA ⊗ N A→B
a ](�AA

+ )) since both �(EA→B) and
N A→B are instruments. Namely, we must have

∑
a tr([idA ⊗

(�∗(E )a − Na)A→B](�AA
+ )) = 0. The existence of a� thus im-

plies the existence of another index b such that tr([idA ⊗
(�∗(E )b − Nb)A→B](�AA

+ )) < 0, leading to a contradiction
with Eq. (D24). From here, we conclude that, for every a,

tr([idA ⊗ �∗(EA→B)a](�AA
+ )) = tr

([
idA ⊗ N A→B

a

]
(�AA

+ )
)
.

(D25)

Together with Eq. (D23), we further conclude that, for every
a, the operator [idA ⊗ (�∗(E )a − Na)A→B](�AA

+ ) is traceless
and semidefinite positive—the only such operator is the zero
operator. Finally, since this is a Choi operator [31,32], this
means that [�∗(E )a − Na]A→B(·) is the zero map, thereby
implying that �∗(EA→B)a(·) = N A→B

a (·) for every a and com-
pleting the proof. �
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