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Role of quantum dynamics in coherent and incoherent radiation during tunneling ionization
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Radiation during strong-field tunneling ionization is investigated. The spontaneous as well as the coherent
components of the radiation are calculated describing the ionization dynamics via the strong-field approximation,
and the role of the quantum dynamics at tunneling is analyzed. The competition between different mechanisms in
different spectral regions is examined. Transitionlike radiation (Brunel radiation) is dominant at low frequencies,
Thomson scattering at the laser frequency, and radiative recombination via the three-step process at high-order
harmonics. To distinguish the role of the quantum dynamics, simple man Drude models are developed for
coherent as well as for spontaneous radiation; the models are based on the electron trajectory out of the tunneling
barrier. The quantum dynamics is shown to modify the coherent Brunel radiation for near-zero frequencies in
asymmetric laser pulses. The significant role of free-free transitions is demonstrated for spontaneous radiation
in the low-frequency region.
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I. INTRODUCTION

It is well known that tunneling ionization is accompanied
by high-order harmonic generation (HHG) via the three-step
model [1], when the recombination of the ionized electron
wave packet to the bound state at the recollision after the
excursion in the laser field and gaining energy results in the
emission of a high-energy photon [2–4]. At the recollision,
radiation may emerge also due to electron scattering, rather
than recombination, yielding free-free HHG [5]. In the macro-
scopic picture, the ionization of a gas target results in the
creation of an electron current after the interaction with a laser
pulse, which can be a source of low-frequency THz radiation,
with the emitted frequency determined by the interaction time
[6–19]. The same mechanism can work also in the case of
a single atom producing THz radiation in asymmetric laser
pulses, e.g., in a two-color laser field [20,21]. The origin of
this radiation is similar to the transition radiation, when the
electron velocity [22] (or dielectric constant of a medium
where the electron propagates [23]) abruptly changes. A sim-
ilar effect exists in plasma physics—Brunel radiation [24,25],
when an electron in the plasma is dragged out of the plasma.
In the case of tunneling ionization, the electron is initially in
a stationary bound state, while abruptly starting to move after
tunneling.

In the tunneling regime of strong-field ionization, the
bound electron tunnels through the barrier created by the laser
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and the Coulomb field of the atomic core. However, this com-
mon simple dynamics can continue to evolve in a nontrivial
way. The electron traversing the classically forbidden region
may reflect from the potential barrier surface, propagate back
and scatter off the core, and then finally tunnel out of the
barrier. Although this nontrivial path has no large probabil-
ity, it has consequences, inducing the tunneling time delay
when interfering with the direct ionization path [26,27], and
it can be responsible for driving Freeman resonances in the
strong-field regime [28], which has recently been confirmed
experimentally [29]. The question arises whether the signa-
tures of the quantum dynamics at tunneling, in particular,
those of the under-the-barrier recollisions, can be observed in
the radiation accompanying tunneling ionization.

In contrast to the coherent radiation discussed above, emis-
sion of spontaneous low-order harmonic radiation during the
bound-continuum transition with the origin similar to Brunel
radiation has been recently shown in [30], with the typical
frequency determined by the Keldysh tunneling time [31].
Finally, harmonic radiation at tunneling ionization arises also
from Thomson scattering of the laser wave off the ionized
free electron wave packet, with higher harmonics than the
fundamental one suppressed in the nonrelativistic regime.

Coherent radiation should be distinguished from incoher-
ent radiation of the same origin. For instance, the spontaneous
recombination of a high-energy electron to an atomic bound
state results in a photon emission of a random phase, which is
an incoherent process [32]. However, when the recombining
electron is released from the bound state and recombines into
the same bound state driven by a laser field, the HHG is coher-
ent with the phase determined by the coherent superposition of
the ground state wave function with the ionization continuum
wave packet. Similarly, the coherent part of radiation due to
Compton scattering of a strong laser wave from an ionized
electron wave packet [33,34] is phase matched in the forward
direction, while the incoherent radiation has a broad angular
distribution [35–39]. For the incoherent process, in contrast
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to the coherent one, the final state of the electron does not
exist initially. The coherent radiation intensity scales as ∼N2

with the number of emitters N , due to the phase matching of
the radiation, while for the incoherent radiation interference
is suppressed and the total intensity scaling is ∼N [40]. The
coherent radiation can be calculated using the quantum me-
chanical expectation value of the current density within the
classical radiation theory [35].

In this paper we investigate the role of the under-the-
barrier dynamics for the spontaneous and coherent Brunel
radiation during tunneling ionization. The ionization quan-
tum dynamics is described by the strong-field approximation
(SFA) which implicitly includes the under-the-barrier path.
Additionally, we develop simple man Drude models for the
coherent as well as for spontaneous radiation, which include
only the electron trajectory out of the tunneling barrier. Com-
parison of the results of the Drude model with those of SFA
allows us to single out the contribution of the under-the-barrier
path in the radiation spectra. We analyze how the different
mechanisms of the radiation during the strong-field ionization
are scaled in different spectral regions of emission and the
feasibility of their observation in a coherent or incoherent
form.

The harmonics emitted from a gas target are the result
of a multiatom contribution, and therefore, are dominated by
the coherent radiation. For the observation of the incoherent
radiation either a single atom experiment should be carried
out (when each time a single atom existed in the interaction
region), or the emission should be measured at a stray direc-
tion far from the phase-matching one [38].

The structure of the paper is the following. In Sec. II the
coherent radiation during tunneling ionization is calculated
using the SFA. Spontaneous emission at the tunneling ioniza-
tion is discussed in Sec. III. Relation of our calculations to
an experiment is considered in Sec. IV. We give an order of
magnitude estimation of radiation intensities in Sec. V. Our
conclusions are given in Sec. VI.

II. COHERENT RADIATION DURING TUNNELING
IONIZATION

A. Radiation via SFA current

We calculate coherent radiation emitted during tunneling
ionization of a laser-driven hydrogenlike atom in the non-
relativistic regime. The dynamics of the tunneling ionization
is treated by the SFA, which provides the current density
of the ionizing electron. The latter is employed in Maxwell
equations to calculate the intensity of coherent radiation.

The strong-field ionization dynamics is described by the
Schrödinger equation,

i∂t |�(t )〉 = Ĥ |�(t )〉, (1)

with the Hamiltonian,

Ĥ = p̂2/2 + V̂ (r) + r · E(t ), (2)

where V̂ (r) = 2π/κδ(r)(1 + ∂r ) is the regularized atomic
zero-range potential, and E(t ) the laser electric field. The
interaction with the laser field is described in the length gauge
which is the most suitable physically in the SFA [41,42].
Atomic units are used throughout.

We seek the solution for the electron wave function � via
the iterative SFA expansion [43],

|�(t )〉 = |ψ (0)(t )〉 + |ψ (1)(t )〉 + |ψ (2)(t )〉, (3)

where the zeroth-order term |ψ (0)〉 coincides with the un-
perturbed bound state |ψ (a)〉 in the atomic potential, with
the ionization energy Ip = 0.5 a.u. The first-order SFA wave
function describes the direct tunneling path,

|ψ (1)(t )〉 = −i
∫ t

dt ′
∫

d3p
∣∣ψ ( f )

p (t )
〉

× 〈
ψ ( f )

p (t ′)
∣∣r · E(t ′)|ψ (a)(t ′)〉, (4)

with the continuum Volkov state |ψ ( f )
p (t )〉 in the laser field

[44], and in the second-order SFA [43],

|ψ (2)(t )〉 =

−
∫ t

dt ′′
∫ t ′

dt ′
∫

d3p
∫

d3q
∣∣ψ ( f )

p (t )
〉

× 〈
ψ ( f )

p (t ′′)
∣∣V ∣∣ψ ( f )

q (t ′′)
〉〈
ψ ( f )

q (t ′)
∣∣r · E(t ′)|ψ (a)(t ′)〉.

(5)

The states |ψ (1)〉 and |ψ (2)〉 describe the electron dynamics
in the continuum and at recollisions, including the under-the-
barrier dynamics, and the motion in the laser field after leaving
the barrier.

From previous studies it is known [35] that the coherent
radiation can be calculated interpreting the quantum current
density as a classical one within the classical radiation theory.
We calculate the quantum current density for the tunneling
electron j(r, t ) = 1

2 {�(r, t )∗p̂�(r, t ) + c.c.}, interpret it as a
classical current, and use it to calculate the emitted coherent
radiation [40] within the standard gauge invariant representa-
tion of Liénard-Wiechert radiation theory. From the latter the
photon emission probability reads [45]

dw = α

(2π )2

d3k
k3

∣∣∣∣
∫

dt
∫

d3r k × j(r, t )eiωt−ik·r
∣∣∣∣
2

, (6)

where α is the fine structure constant; ω and k are the emitted
photon energy and momentum, respectively; and k = |k|. In
the nonrelativistic regime the dipole approximation for the
emission is relevant, k · r � 1. Then the angular integration
of the emitted photon probability can be carried out, yielding

dw

dω
= 2αω

3πc2

∣∣∣∣
∫

dt J(t ) exp(iωt )

∣∣∣∣
2

, (7)

where J(t ) = ∫
d3r j(r, t ) = 〈�(t )|p̂|�(t )〉 is the expectation

value of the electron probability current, and c is the speed
of light. We can identify different probability currents J(t ) =
J01(t ) + J10(t ) + J11(t ), where

J01(t ) = 〈ψ (0)(t )|p̂|ψ (1)(t )〉,
J10(t ) = 〈ψ (1)(t )|p̂|ψ (0)(t )〉, (8)

J11(t ) = 〈ψ (1)(t )|p̂|ψ (1)(t )〉.
The radiation via the combination of J01 and J10 emerges
due to the recombination to the bound state and, therefore,
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describes three-step HHG, including below-threshold har-
monics. The radiation via J11 term includes the effect of
the electron transition to the continuum and the continuum
dynamics, which will be the main point of our study. The
second-order terms J02, J20 describe the contribution to the
radiation due to the under-the-barrier recollisions, which are
usually small in the net radiation, and the observation of its
signatures requires more subtle analysis; see Sec. III C.

The expression for the photon emission probability of
Eq. (7) can be equivalently derived via the quantum pertur-
bation theory, treating the interaction of the electron with the
photon field in the velocity gauge Hrad = Â(t ) · p̂ by pertur-
bation:

dw = |mk|2d3k,

mk = −i
∫

dt〈�(t ), 1k|Â(t ) · p̂|�(t ), 0k〉, (9)

where Â(r, t ) is the vector potential operator for
the emitted photon, and Ê(r, t ) = −∂t Â(r, t ) =∑

k
√

ω/(2π )ê(akeik·r−iωt + a+
k e−ik·r+iωt ) is the field of

the emitted photons in second quantization, with the creation
and annihilation operators a+

k and ak. As the classical
radiation theory is gauge invariant, we take its result as a
benchmark to choose the gauge of the quantum perturbation
theory with respect to the radiation Hamiltonian. Thus we
use different gauges in description of different interactions:
the length gauge to describe the electron interaction with the
laser field, justified by the SFA experience, and the velocity
gauge for the perturbative treatment of the interaction with
the emitted photon field, justified by the matching with the
Liénard-Wiechert theory.

B. Simple man Drude model for Brunel radiation

The radiation via the current J11 in Eq. (7) describes radi-
ation during tunneling ionization due to free-free transitions.
This includes, first of all, Brunel radiation, which arises due to
the bound electron abruptly starting to move after tunneling,
and, secondly, Thomson scattering of the laser wave on the
ionized free electron, which contributes mostly at the laser fre-
quency. The bremsstrahlung in the applied short-range atomic
potential is suppressed. We are mostly interested in Brunel ra-
diation. We will see that the current J11 contains contributions
from the continuum dynamics after the tunneling, as well as
from the under-the-barrier path. To clearly single out the effect
of the under-the-barrier dynamics for the Brunel radiation, we
introduce a simple man model dubbed as "Drude model" in
Ref. [20], and simulate the radiation only due to the contin-
uum dynamics excluding the under-the-barrier contribution.

In this model we evaluate the ionized electron probability
current in the continuum JD(t ) at the time instant t , consist-
ing of the tunnel ionized electron probability contribution at
previous times t ′ < t , multiplied by the laser-driven velocity
after the tunneling. We use the ionization probability via the
Perelomov-Popov-Terent’ev (PPT) theory [46,47], including
nonadiabatic corrections:

W (t ′) = κ2

2

|E(t ′)|
Ea

exp

[
−2Ea

(
1 − γ 2

10

)
3|E(t ′)|

]
, (10)

where Ea = κ3 is the atomic field, Ip is the atomic ionization
energy, and κ = √

2Ip, γ = κω0/E0 are the Keldysh parame-
ter. The laser driven velocity after the tunneling is

v(t, t ′) = A(t ) − A(t ′). (11)

Thus the ionized electron probability current in the continuum
reads

JD(t ) =
∫ t

dt ′ v(t, t ′)W (t ′). (12)

Using JD(t ), the radiation spectra with the Drude model is
calculated using classical radiation theory via Eq. (7).

Within this model, the radiation has a spike in the near-
zero-frequency domain in the case of an asymmetric pulse,
which has a simple explanation. Initially, the electron is at rest
at the core, then it tunnels out during the current formation
time τ , and it is accelerated in the continuum due to the laser
field up to its final velocity v. The current associated with this
motion can be parametrized as

J (t ) ∼ v [1 + erf(t/τ )], (13)

with the Fourier component of the current Jω ∼
v exp(−ω2τ 2/4)/ω. Thus, from Eq. (7),

dw

dω
∼ v2

ω
e−ω2τ 2/2, (14)

and the spectrum has a singularity at zero frequency. Note
that the Drude model exaggerates the singularity because it
does not account accurately for the formation time τ of the
current, because the error function of Eq. (13) is replaced by
a Heaviside-theta function.

C. Coherent Brunel radiation

1. Calculation of the current

We have carried out the calculation of the coherent radi-
ation spectra in the case of a symmetric and an asymmetric
few-cycle laser pulse defined by their displacement,

α(t ) = −êx
E0

ω2
0

[cos(ω0t ) +A sin(2ω0t )] cos(ω0t/N )4,

(15)

where α′′(t ) = A′(t ) = −E (t ); E0 and ω0 are the laser field
amplitude and frequency, respectively;N = 12;A is the asym-
metry parameter of the laser pulse; A = 0 for the symmetric
monochromatic pulse; and A = 0.1 for the asymmetric two-
color one. In the calculation of currents, the time integrations
are performed numerically, while all other integrals are
evaluated analytically in the applied three-dimensional (3D)
zero-range potential case.

The current component J01(t ) reads

J01(t ) = −i
∫ t

dt ′
∫

d3p
〈
ψ (0)(t )

∣∣p̂∣∣ψ ( f )
p (t )

〉
× 〈

ψ ( f )
p (t ′)

∣∣r · E(t ′)|ψ (a)(t ′)〉,

033110-3



KLAIBER, HATSAGORTSYAN, AND KEITEL PHYSICAL REVIEW A 113, 033110 (2026)

which after the saddle-point integration over the momentum
is expressed as follows:

J01(t ) = −i
∫ t

dt ′
(

2π i

t − t ′ − iε

)3/2

m∗
p(ps, t )mx (ps, t ′),

(16)

where ps = −[α(t ) − α(t ′)]/(t − t ′) is the saddle-point mo-
mentum, and the singularity is handled using ε = 0.4/κ2 [48].
Here, the matrix elements are defined as

mp(p, t ) =
∫

d3rψ ( f )
p (r, t )∗p̂ψ (a)(r, t )

=
√

κ (p + A(t ))

π [κ2 + (p + A(t ))2]2

× exp[ip2/2t + ip · α(t ) + iβ(t ) + iκ2/2t],

mx(p, t ) =
∫

d3rψ ( f )
p (r, t )∗r̂ · E(t )ψ (a)(r, t )

= −2i mp(p, t ) · E(t ), (17)

with β = ∫
dt A2(t )/2.

The current component J11(t ) reads

J11(t ) = −
∫ t

dt ′
∫ t

dt ′′
∫

d3p
∫

d3p′

× 〈
ψ (a)(t ′)

∣∣r · E(t ′)
∣∣ψ ( f )

p (t ′)
〉

× 〈
ψ ( f )

p (t )
∣∣p̂∣∣ψ ( f )

p′ (t )
〉〈
ψ ( f )

p (t ′′)
∣∣r · E(t ′′)|ψ (a)(t ′′)〉,

=
∫

d3p(p + A(t ))

∣∣∣∣
∫ t

dt ′mx(p, t ′)
∣∣∣∣
2

. (18)

The t integration in Eq. (16), the t and p integrations in
Eq. (18), and the Fourier transform in Eq. (7) are calculated
numerically.

Further, because of a finite duration of the laser pulse with
sharp time boundaries, unphysical contributions arise [49] in
the temporal Fourier transformation of the currents, which are
removed by the following procedure. In the interval (ti, t f )
the time integration for the Fourier transform is carried out
numerically, while the integrations in the intervals (−∞, ti )
and (t f ,∞) are calculated analytically,∫ ∞

−∞
dt f (t ) = f (ti )2

f ′(ti )
+

∫ t f

ti

dt f (t ) − f (t f )2

f ′(t f )
, (19)

where ti and t f are the switching-on and -off times of the laser
pulse, respectively, using∫ ti

−∞
dt f (t ) ≈

∫ ti

−∞
dt exp ( ln[ f (ti ) + f ′(ti )(t − ti )]) = f (ti )2

f ′(ti )
,

with the function f being the integrand of the Fourier transfor-
mation f (t ) = J (t ) exp[iωt − εt], where the parameter ε =
2.4 × 10−5 a.u. is introduced corresponding to the interaction
time of 1 ps (frequency resolution of 1 THz).

2. Radiation spectra

The spectra in symmetric and asymmetric few-cycle laser
pulses with E0 = 0.1, ω0 = 0.05, and the number of cy-
cles N = 12 in the 3D zero-range potential, with κ = 1, are

shown in Fig. 1. In both cases the three-step HHG domi-
nates after the third harmonic, ω > 3ω0 ≈ 4 eV, while the
continuum contribution via the J11 term dominates at low
frequencies ω < 4 eV; see zoom of spectra for the case of
the asymmetric laser pulse in Fig. 2. The first and sec-
ond harmonics are mostly due to Thomson scattering, and
the SFA calculation via J11 are well approximated by the
Drude model in the interval 0.5 < ω < 4 eV. In particular,
in the asymmetric pulse (Fig. 2), the radiation has a spike in
the near-zero-frequency domain dominated by the continuum
contribution (J11), characteristic to the Drude model. Thus
we conclude that J11 at low frequencies describes the Brunel
radiation.

While Fig. 1 makes the impression that the J11 induced ra-
diation spectrum in the near-zero-frequency domain coincides
with that via the Drude model (with the solely classical contin-
uum contribution), the zoomed-in view of Fig. 2 demonstrates
differences from the Drude model, especially at the peak
of the near-zero-frequency region. The reason for the differ-
ence is that J11 includes additionally the quantum free-free
transition effect. The latter modifies the emission in most
of the near-zero-frequency spectral region. The comparison
of the cases γ = 0.5 and γ = 0.7 in Figs. 2(c) and 2(d) shows
that the quantum dynamics leads to small enhancement of
the THz spectrum with respect to the classical Drude model
in the nonadiabatic regime and vice versa in the adiabatic
regime.

The width of the near-zero-frequency spike is about �ω ∼
0.2 eV, which is related to the laser pulse duration. In fact, the
FWHM of the pulse in intensity is approximately τ ∼ 200 a.u.
which corresponds to an energy of 1/τ ∼ 0.15 eV, roughly
fitting to �ω ∼ 1/τ .

III. SPONTANEOUS RADIATION DURING
TUNNELING IONIZATION

A. Spontaneous radiation spectra

The spontaneous radiation during tunneling ionization is
calculated as a photon emission during the transition between
the state of the tunneling electron �(t ) and the continuum
state in the laser field:

dw = |m(k, p)|2d3kd3p, (20)

where the emission amplitude for the photon momentum k,
and the electron final momentum p reads

m(k, p) =
∫

dt〈ψ ( f )
p (t ), 1|p̂ · Â(t )|�(t ), 0〉, (21)

with the SFA wave function of the tunneling electron �(t ).
Integrating over the final electron momenta we obtain

dw

dω
= 4πω2

c3

∫
d3p

∣∣∣∣
∫

dt
〈
ψ ( f )

p (t ), 1
∣∣p̂ · Â(t )|�(t ), 0〉

∣∣∣∣
2

.

(22)

In zeroth-order SFA � = ψ (0)(t ) and we obtain the pho-
ton emission probability which coincides with the result of
Ref. [30] in velocity gauge. In the first-order SFA calculation,
the electron initial state during the photon emission process
is �(t ) = ψ (0)(t ) + ψ (1)(t ), which includes the continuum
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FIG. 1. Coherent radiation spectra during tunneling ionization with E0 = 0.1, Ip = 0.5 a.u., ω0 = 0.05, and N = 12: (a) in the asymmetric
laser pulse A = 0.1 [Eq. (15)], (b) in the symmetric laser pulse A = 0. Comparison of the Brunel radiation via J11 with the three-step HHG
(J01 + J10) and with the Drude model (JD). The total radiation with the full current J = J01 + J10 + J11 is given for comparison.

dynamics in the tunneling ionization process via ψ (1)(t ).
Comparing the zeroth-order probability with the first-order
one, we learn about the role of the continuum dynamics for
the spontaneous radiation. We define the zero-order amplitude
as

m0(k, p) =
∫

dt
〈
ψ ( f )

p (t ), 1
∣∣p̂ · Â(t )|ψ (0)(t ), 0〉, (23)

(24)

and the first-order one,

m1(k, p) =
∫

dt
〈
ψ ( f )

p (t ), 1
∣∣p̂ · Â(t )|ψ (1)(t ), 0〉, (25)

as well as the total amplitude,

m(k, p) = m0(k, p) + m1(k, p). (26)

The amplitudes are expressed in the following form:

m0(k, p) =
∫

dt 〈Â(t )〉 · m∗
p(p, t ),

m1(k, p) = −i
∫

dt ′[p + A(t ′)] · 〈Â(t ′)〉
∫ t ′

dtmx(p, t ),

(27)

where 〈Â(t )〉 = 〈1|Â(t )|0〉. The amplitude m1 has a structure
of a nested integral and is calculated via two partial integra-
tions, see Appendix A, leading to the following expression:

m1 = i
∫

dt mx(p, t )[p + A(t )] ·
∫ t

dt ′′〈Â(t ′′)〉

+ i
∫

dt mx(p, t )
∫ t

dt ′E(t ′) ·
∫ t ′

dt ′′〈Â(t ′′)〉

− i
∫

dt mx(p, t )
∫

dt ′E(t ′) ·
∫ t ′

dt ′′〈Â(t ′′)〉. (28)

The inner time integrals are analytical and the outer in-
tegration is performed numerically. The final momentum
integration is also performed numerically.

FIG. 2. Coherent radiation spectra during tunneling ionization in the asymmetric laser pulse: (first column) E0 = 0.1 [zoomed-in view
Fig. 1(a)]; (second column) E0 = 0.075. Comparison of the Brunel radiation via J11 with the three-step HHG (J01 + J10) and with the Drude
model (JD).
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FIG. 3. Spontaneous radiation spectrum during tunneling ionization: (left column) asymmetric few-cycle laser pulse, (right column) sym-
metric laser pulse, in both cases N = 4; (a,b) for E0 = 0.1, (c,d) for E0 = 0.075. The contributions of amplitudes in different approximations
m0, m1, and m0 + m1 are specified. The results of the simple man Drude model are indicated by mD.

We have carried out the calculation of the incoherent ra-
diation spectra in the case of symmetric and asymmetric
few-cycle laser pulses defined above with E0 = 0.1 (γ =
0.5) and E0 = 0.075 (γ = 0.7), ω0 = 0.05, and N = 4. The
spectra for the spontaneous radiation are shown in Fig. 3.
The spectrum via m0(k, p) is similar to the calculation of
Ref. [30], with the spectral width �ω ∼ 1/τK , determined
by the Keldysh time τK = κ/E0. Up to ω < 6 eV it is much
smaller with respect to m1(k, p), which includes the contin-
uum motion. In the near-zero-frequency region, m1(k, p) has
a spike similar to that in the coherent radiation. At larger fre-
quencies ω > 6 eV, m0(k, p) and m1(k, p) compensate each
other. Thus the amplitude m0(k, p) does not describe the
observable spectrum either at low frequencies ω → 0, or at
high ones ω → ∞, but only near the cutoff ω ∼ 8 eV. Our
remarkable observation is that there is no significant differ-
ence in spontaneous radiation in symmetric or asymmetric
pulses. The qualitative behavior of the spectra does not change
with increasing the Keldysh parameter, but the intensity of
radiation decreases with larger γ as the driving electric field
decreases. The spectral width of the radiation is related to the
Keldysh time �ω ∼ 1/τK = γ /ω0.

When considering the correction to the ground state in
the photon emission amplitude at strong-field ionization of
Eq. (21), a question will arise as to why the correction to
the final continuum state is neglected. The latter correction
describes free-free harmonic generation at a recollision due

to bremsstrahlung, which is negligible compared with the
discussed Brunel radiation; see Appendix B.

B. Simple man Drude model for spontaneous radiation

For an intuitive proof of the spontaneous radiation spectra,
we have generalized the simple man Drude model of Eq. (12)
for the spontaneous radiation described by Eq. (22). Tak-
ing into account that in the strong-field ionization three-step
model [1] there is a mapping between the ionization time and
the momentum, and substituting 〈ψ ( f )

p (t )|p̂|�(t )〉 → v(t, t ′),
as well as 〈1|Â(t )|0〉 → 〈Â(t )〉 ≡ i/(2π

√
ω)êeiωt , we arrive

at the simple man Drude model representation for the sponta-
neous radiation of Eq. (22):

dwD

dω
= 4πω2

c3

∫
dt ′

∣∣∣∣∣
∫ t f +iγ /ω0

t ′+iγ /ω0

dtv(t, t ′) · 〈Â(t )〉
∣∣∣∣∣
2

W (t ′).

(29)

The results via the Drude model (via the current JD) for the
spontaneous radiation spectra are also presented in Fig. 3.
The Drude model is qualitatively in accordance with m1 in
the low-frequency region and confirms the enhancement of
spectra in this frequency region in contrast to the behavior of
the spectra based on the direct ionization m0 amplitude. At
large frequencies ω > 6 eV, when the radiation is dominated
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by interference of m0 and m1, the Drude model still surpris-
ingly agrees quite well with the SFA calculation.

C. Correlated electron and photon measurement

The under-the-barrier recollisions are described by the m2

amplitude. Our calculations show that its contribution to the
coherent and spontaneous radiation spectral distribution is
negligible; i.e., the radiation spectra do not carry information
about under-the-barrier recollisions. Is there any other way
to see this signature in the radiation properties? To answer
this question, we discuss the correlated electron and photon
measurement.

The spontaneous emission spectra in Fig. 3 have been
calculated integrating over the final electron momentum.
However, when the correlated electron and photon measure-
ment is carried out in an experiment, one can access the
electron momentum resolved photon spectra. The electron
momentum resolved total photon yield in a half-cycle laser
pulse in the case of the correlated measurement is defined as
follows:

dw

d3p
= 4π

c3

∫
ω2dω|m0(k, p) + m1(k, p)|2. (30)

The zeroth-order amplitude,

m0(k, p) =
∫

dtÂ(t ) · mp(p, t ), (31)

is calculated via the saddle-point integration in time t , where
the saddle points are found numerically in a half-cycle si-
nusoidal laser pulse. For the calculation of the first-order
amplitude, the Drude model for spontaneous emission is ap-
plied:

m1(k, px, p⊥ = 0) =
∫ t f +iγ /ω0

t ′+iγ /ω0

dtv(t, t ′)

· 〈Â(t )〉
√

W (t ′, p⊥ = 0), (32)

with the time-to-momentum mapping px = −A(t ′), and
W (t, p⊥ = 0) = W (t )κ/(π |E(t )|). The t integration in m1,
and ω integration in Eq. (30) are carried out numerically.

We include the second-order correction to the emis-
sion amplitude m2 heuristically, taking into account the
correction in the ionization rate, where we replace the
binding energy of the initial state −κ2/2 by −(κ2/2){1 +
i exp(−(2/3)[κ3/|E(t )|])} [50].

The correlated photon yield is presented in Fig. 4. The
higher-order corrections to the spectrum via m0 and m1 induce
a shift of the position of the maximum. This is a result of
the continuum motion. While in the given half-cycle laser
pulse the photoelectron momentum peak is shifted from the
zero momentum, the momentum shift δp in the photoelectron
momentum resolved photon yield is smaller, because it is
additionally multiplied in Eq. (32) by the Fourier component
of the ionizing electron velocity. The momentum shift approx-
imately scales as δp ∼ (E0/κ

3)2/3(E0/ω0) according to the fit
to the numerical calculations.

The small contribution of the under-the-barrier recollisions
via m2 can be distinguished near the peak. However, this does
not lead to any qualitative change of the spectrum.

FIG. 4. Total probability of photon emission vs electron final
momenta in the case of the correlated electron and photon measure-
ment, for E0 = 0.2 a.u. and a half-cycle pulse; the value for the m0

contribution is multiplied by 20.

IV. COMPARISON WITH EXPERIMENTAL RESULTS

The main distinguishing feature of the Brunel radiation is
a large spike at near-zero frequencies. To validate our the-
ory based on SFA, we compare its result with an example
of the experimental spectrum of Ref. [15]. In the experi-
ment THz radiation is observed from a gas target exposed
to a two-color strong-field. In such a many-atom situation
the coherent radiation is relevant and we have calculated the
spectrum using results of Sec. II via Eqs. (7), (16), and (18).
The laser parameters employed in this experiment are as fol-
lows: the wavelength λ = 800 nm, pulse duration τ = 60 fs,
and pulse energy ε = 400 µJ. Then the average intensity can
be estimated as I0 ≈ 3.3 × 1014 W/cm2, or the laser field is
E0 ≈ 0.1 a.u. The second harmonic energy is approximately
5%; then the asymmetry A = √

0.05 ≈ 0.2. The radiation
spectrum in the nitrogen gas with the laser parameters ap-
proximately deduced from the provided information is shown
in Fig. 5 in the low-frequency region. We see an order of
magnitude decrease of the radiation intensity in the spectral
region up to 20 THz. A similar spike existed in the exper-
imental spectrum of Fig. 3 in Ref. [15]. Thus our simple
SFA theory qualitatively reproduces the main feature of the
experimental spectrum. There exist deviations in details from
the experimental result, for which more accurate description
is necessary, in particular, the inclusion of explicit atomic
potential, rather than the short-range one as in our SFA theory.

FIG. 5. The radiation spectrum at strong-field ionization near the
low-frequency region for the approximate parameters of the experi-
ment of Ref. [15]: E0 = 0.1,A = 0.2.
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V. ESTIMATION OF RADIATION INTENSITIES

Finally, let us give estimations, by an order of magnitude,
of the coherent and incoherent Brunel radiation. We proceed
with the dipole radiation power [45]:

I = 2d̈2

3c3
. (33)

We estimate the current from Eq. (12),

ḋcoh ∼ (E0/ω0)wiT, (34)

where wi ∼ (κ2/2)(E0/Ea) exp[−2Ea/(3E0)] is the laser ion-
ization rate, and T = 2π/ω0 the laser period. The probability
of the coherent Brunel photon emission per laser period with
the energy ω is

wcoh ∼ IcohT

ω
∼ αE2

0

c2ω

(
ω

ω0

)2

w2
i T 3 ∼ αa2

0γ
−1(wiT )2, (35)

where a0 = E0/cω0 is the relativistic invariant field parameter.
Now let us estimate the probability of the spontaneous

Brunel radiation again via the dipole radiation theory. For
spontaneous radiation, we estimate the dipole moment deriva-
tive as

ḋsp ∼ ωc�c, (36)

with the characteristic frequency ωc ∼ 1/τK , and �c ∼ κτK ,
with the Keldysh time τK = κ/E0, and the atomic velocity κ .
Then the spontaneous radiation power is

Isp ∼ αω4
c�

2

c2
wiT, (37)

where we multiplied by the ionization probability because the
dipole moment dsp is created during tunneling. Then the prob-
ability of the spontaneous photon emission during tunneling
ionization is

wsp ∼ IspT

ωc
wiT ∼ αω3

c�
2

c2
wiT

2 ∼ α
κ2

c2
γ −1wiT, (38)

with the Keldysh parameter γ = ω0τK .
Thus the ratio of the probabilities is

wsp

wcoh
∼ κ2

c2

1

a2
0wiT

. (39)

For E0 = 0.1 (the laser intensity 3.5 × 1014 W/cm2),

E0/Ea ∼ 0.1, and a0 ∼ 1.5 × 10−2, Ip

ω0
∼ 10, e− 2Ea

3E0 ∼
1.3 × 10−3, wiT ∼ 10−2, we obtain wsp/wcoh ∼ 102. The
latter ratio is roughly in accordance with spectra in Figs. 1
and 3.

We may estimate also the spontaneous radiation per
electron: w(e)

sp ∼ wsp/wiT ∼ (α/γ )(κ/c)2 ∼ 10−6, which in-
dicates complications for the electron and photon coincidence
measurement. The Brunel radiation scales as 1/γ with the
Keldysh parameter.

When the Brunel radiation is observed with a gas target,
the coherent Brunel radiation will be dominating over the
spontaneous one, if the target density is large enough: N =
nV > wsp/wcoh, with the particle number density n, the focal
volume V ∼ (πw2/λ)(πw2), and the laser beam waist size
w. With w ∼ 3λ, λ ∼ 1 µ, this will take place at a gas density
n > 1011 cm−3.

VI. CONCLUSION

We have investigated the coherent and incoherent radiation
during tunneling ionization. The coherent radiation in the
near-zero-frequency THz domain (ω ∼ 0.2 eV) is dominated
by the continuum dynamics via the quantum free-free transi-
tion J11 term in the current. We have shown that due to the
quantum dynamics the radiation is modified especially in the
adiabatic limit.

The spontaneous radiation is not affected by the asym-
metry of the driving laser pulse. The characteristic width of
the spontaneous radiation is determined by the Keldysh time
�ω ∼ 1/τK . There are two contributions into the spontaneous
radiation: due to the direct transition during tunneling (with
the amplitude m0) investigated in Ref. [30], and due to addi-
tional motion in the continuum (with the amplitude m1). At
larger frequencies ω � 1/τK , the m0 and m1 terms compen-
sate each other and the total radiation is suppressed. At low
frequencies ω � 1/τK , the radiation is dominated by the con-
tinuum dynamics via the amplitude m1. Thus the contribution
of the direct transition in the radiation essentially describes
the spontaneous radiation only near the cutoff.
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hosting the data would be prohibitive within the terms of this
research project. The data are available from the authors upon
reasonable request.

APPENDIX A: DERIVATION OF THE MATRIX
ELEMENT m1

The amplitude m1 represented by Eq. (25) is transformed
as follows:

m1(k, p) = −i
∫

d3q
∫

dt
〈
ψ ( f )

p (t ), 1
∣∣p̂ · Â(t )

∣∣ψ ( f )
q (t ), 0

〉 ∫ t

dt ′〈ψ ( f )
q (t ′)

∣∣r · E(t ′)|ψ (a)(t ′)〉 (A1)

= −i
∫

d3q
∫

dt[q + A(t )] · 〈Â(t )〉δ(p − q)
∫ t

dt ′〈ψ ( f )
q (t ′)

∣∣r · E(t ′)|ψ (a)(t ′)〉 (A2)

= −i
∫

dt[p + A(t )] · 〈Â(t )〉
∫ t

dt ′〈ψ ( f )
p (t ′)

∣∣r · E(t ′)|ψ (a)(t ′)〉 (A3)

= −i
∫

dt[p + A(t )] · 〈Â(t )〉
∫ t

dt ′mx(p, t ′) (A4)
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= i
∫

dt

[
mx(p, t )[p + A(t )] −

∫ t

dt ′mx(p, t ′)E(t )

]
·
∫ t

dt ′′〈Â(t ′′)〉 −
{

i
∫

dt ′ mx(p, t ′) p ·
∫

dt ′′〈Â(t ′′)〉
}
(A5)

= i
∫

dt

[
mx(p, t )[p + A(t )] −

∫ t

dt ′mx(p, t ′)E(t )

]
·
∫ t

dt ′′〈Â(t ′′)〉 +
{∫

dt ′ mx(p, t ′) p · êδ(ω)/
√

ω

}
(A6)

= i
∫

dt mx(p, t )[p + A(t )]
∫ t

dt ′′〈Â(t ′′)〉 − i
∫

dt
∫ t

dt ′mx(p, t ′) E(t ) ·
∫ t

dt ′′〈Â(t ′′)〉 (A7)

= i
∫

dt mx(p, t )[p + A(t )] ·
∫ t

dt ′′〈Â(t ′′)〉 + i
∫

dt mx(p, t )
∫ t

dt ′E(t ′) ·
∫ t ′

dt ′′〈Â(t ′′)〉 (A8)

−
{

i
∫

dt mx(p, t )
∫

dt ′E(t ′) ·
∫ t ′

dt ′′〈Â(t ′′)〉
}

, (A9)

where 〈Â(t )〉 ≡ i/(2π
√

ω)êeiωt . The first partial integration is carried out in Eq. (A4), and the second one in the second term of
Eq. (A7). The surface term in the curly brackets {· · · } in Eq. (A6) is zero because ω > 0, and the surface term in Eq. (A9) gives
a not-significant contribution to the radiation at laser frequencies ω0 and 2ω0 due to Thomson scattering.

All integrand functions in Eqs. (A8) and (A9) are well behaved and the time integrals converge. The inner time integrals
are analytical and the outer integration is performed numerically. The boundaries of the finite time integration introduce not-
physically-relevant time diffraction oscillations in the integration result. To avoid it, we shift the outer time integration contour
in the complex plane passing over the saddle point ts = iγ /ω0:∫

dt f (t ) =
∫ t f +iγ /ω0

ti+iγ /ω0

dt f (t ), (A10)

and omit the contribution of the vertical contours, which are responsible for the time diffraction; see a similar procedure in
Ref. [49].

APPENDIX B: FREE-FREE HARMONICS

When considering the correction to the continuum wave function, an additional amplitude of the process arises:

mFFH(k, p) = i
∫

d3q
∫

dt
∫ t

dt ′〈ψ f
p (t )

∣∣V ∣∣ψ f
q (t )

〉〈
ψ f

q (t ′), 1
∣∣p̂ · Â(t ′)|ψ (0)(t ′) + ψ (1)(t ′), 0〉, (B1)

= i
∫

d3q
∫

dt
∫ t

dt ′〈ψ f
p (t )

∣∣V ∣∣ψ f
q (t )

〉
m0(k, q, t ) + i

∫
d3q

∫
dt

∫ t

dt ′〈ψ f
p (t )

∣∣V ∣∣ψ f
q (t )

〉
m1(k, q, t ), (B2)

where m0(k, p, t ) = ∫ t dt ′〈ψ ( f )
p (t ′), 1|p̂ · Â(t ′)|ψ (0)(t ′), 0〉, and m1(k, p, t ) = ∫ t dt ′〈ψ ( f )

p (t ′), 1|p̂ · Â(t ′)|ψ (1)(t ′), 0〉. The first
term of Eq. (B2) describes rescattering after the Brunel radiation, and leads to merely electron momentum distribution change
after the photon emission. The second term of Eq. (B2) describes the ionized wave packet recollision and bremsstrahlung photon
emission at rescattering.

Let us estimate the free-free harmonics via the bremsstrahlung mechanism. We use the cross section of bremsstrahlung in the
nonrelativistic limit for fast electrons [51]: σBS ∼ αr2

e c2/v2, with the electron classical radius re, and the electron velocity v. The
probability of bremsstrahlung is

wBS ∼ σBSρ v T ∼ αr2
e

c2

v2

v

ω0

wi/ω0

r2
⊥l‖

, (B3)

where ρ ∼ (wi/ω0)/(r2
⊥l‖) is the density of the recolliding electron wave packet, which is spread during the rescattering in the

transverse direction r⊥ ∼ √
E0/κ/ω0, and in the longitudinal direction l‖ ∼ E0/ω

2
0: Then the ratio of the probabilities of the

bremsstrahlung to the spontaneous Brunel radiation [Eq. (38)] at ionization is
wBS

wsp
∼ α2c2γ 4 ω0

κ4
∼ 10−3, (B4)

where we estimated v ∼ E0/ω0, γ ∼ 0.3, κ ∼ 1, and ω0 ∼ 0.1. Thus the bremsstrahlung at the recollision is negligible
with respect to the Brunel radiation, and consequently it is justified to neglect the contribution of Eq. (B2) in the radiation
amplitude.
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