
PHYSICAL REVIEW A 114, 042422 (2026)

Ancilla-train quantum algorithm for simulating non-Markovian open quantum systems
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We present a quantum algorithm for simulating open quantum systems coupled to Gaussian environments
valid for any configuration and coupling strength. The algorithm is applicable to problems with strongly coupled,
or non-Markovian, environments; problems with multiple environments out of mutual equilibrium; and problems
with time-dependent Hamiltonians. We show that the algorithm can reproduce the true dynamics of such
problems at arbitrary accuracy and, for a broad range of problems, only adds a minor resource cost relative
to Trotterized time evolution; the cost is low-degree polynomial in the inverse target accuracy. The algorithm
is based on the insight that any Gaussian environment can be represented as a train of ancillary qubits that
sequentially interact with the system through a time-local coupling, given by the convolution square root of
the bath correlation function; this is a secondary result of our work. In numerical simulations of a spin-boson
model, we find accurate simulations can be achieved with moderate (101–103) ancilla counts in the intermediate
to strong-coupling regimes. Our results open up applications of quantum computers for efficient simulation of
nonequilibrium and open quantum systems.
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I. INTRODUCTION

A key motivation for the development of quantum com-
puters is their ability to dramatically speed up simulation of
physical processes governed by quantum mechanics [1]. To
harness this potential capability, a diverse range of quantum
algorithms have been developed to simulate quantum sys-
tems in nature [2–11]. Much effort has focused on isolated
and equilibrium quantum systems, which can be character-
ized in terms of ground states, excitation spectra, or thermal
ensembles [5,9,12–22]. At the same time, many important
processes in nature involve open and nonequilibrium quantum
systems, which feature dynamics, structured environments,
time-dependent forces, or multiple baths out of mutual equi-
librium. Nonequilibrium and open quantum systems emerge,
e.g., in the contexts of biology [23], chemistry [24–26], or
light-harvesting [27,28]. While a variety of classical methods
have been developed for these problems [29–43], relatively
simple systems remain challenging to simulate on classical
computers, e.g., due to non-Markovian effects or the break-
down of thermodynamic principles [35,36,44]. This raises the
question: How can we efficiently harness quantum computers
for simulating open and nonequilibrium quantum systems?

In this work, we address the question above by intro-
ducing a quantum algorithm that efficiently simulates the
dynamics and steady states of any open quantum system cou-
pled to Gaussian environments. The algorithm, termed the
ancilla-train algorithm (ATA), is, for instance, applicable to
problems with strongly coupled, or non-Markovian, environ-
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ments; problems with multiple environments out of mutual
equilibrium; and problems with time-dependent Hamiltoni-
ans. The ATA consists of a standard Trotterized evolution
where each iteration is augmented with a gate sequence cou-
pling system observables with a finite array—or train—of
ancillary qubits (ancillas); see Fig. 1. With a suitable but
simple system–ancilla-train coupling, we show that the ATA
efficiently simulates any open quantum system with Gaussian
environments to arbitrary accuracy with respect to the true
dynamics resulting from the underlying microscopic model.

We provide rigorous error bounds and resource estimates
for the ATA. In particular, we demonstrate that the ATA in-
curs only a minor cost relative to Trotterized Hamiltonian
simulation for a broad class of problems: namely a strictly or
quasilocal system-ancilla coupling circuit (depending on the
class of model), along with a finite ancilla register. As another
advantage, we argue that ATA can tolerate a finite hard-
ware error rate because its output—fixed-point trajectories
or steady states of open quantum systems—is perturbatively
robust against generic noise.

We construct the ATA based on a single key insight:
Any Gaussian environment can be represented by a train of
qubits—or quantum binary white noise signal—sequentially
interacting with the system through an appropriate time-local
interaction. Specifically, we show that such a representation
is accurate when the time-local interaction is proportional
to the convolution square root of the bath correlation func-
tion, or jump correlator, identified in Ref. [39]. We refer
to this representation as the ancilla-train representation of
Gaussian quantum noise (ATR). The ATR offers a systematic
time-domain, or collision, model, with qubit representa-
tion of any Gaussian quantum environment, complementary
to frequency-domain, or pseudomode, bosonic representa-
tions [31,32,35,42]. As a key secondary result, we obtain a
rigorous bound on the error incurred by truncating the ancilla
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FIG. 1. Ancilla-train algorithm (ATA): The ATA simulates the
evolution of any open quantum system with Gaussian environments
to arbitrary accuracy via Trotterized evolution. Each iteration—here
the mth—propagate the system through a time step �t via two gate
sequences, Um and Vm, with Um the time evolution generated by the
system Hamiltonian, while Vm connects one or more system observ-
ables to a register of ancilla qubits (red, purple, and blue boxes; black
lines indicate couplings). After the iteration, a subset of ancillas are
carried over to the next [(m + 1)th] iteration (purple); the remainder
are discarded (red), and an identical number of new ancillas are
(re)introduced in the |0〉 state (blue). With a suitable system-ancilla
coupling structure obtained from the jump correlator of the bath [39],
g(t ), we show that the ATA can reproduce the true dynamics of the
system to arbitrary accuracy with a finite ancilla register.

train of the ATR, enabling a systematic approximate represen-
tation of any Gaussian environment with a finite qubit register.
Exploiting the natural qubit representation of Gaussian envi-
ronments offered by the ATR, we obtain the ATA simply by
Trotterizing the resulting time evolution.

Interestingly, a construction related to the ATR emerged
recently in the open quantum systems literature [43], involv-
ing a train of harmonic oscillators, rather than qubits, and a
construction based on orthogonal polynomials that does not
have the discrete time-translation symmetry of the ATR.

An illustrative special case of the ATR emerges for sym-
metric power spectral densities, where the environment is
equivalent to a classical noise signal acting on the system [44].
Here the ATR implies that any classical noise signal with
Gaussian correlations—i.e., colored noise—can be generated
as a sufficiently dense sequence of identical pulses with ran-
dom signs; see Fig. 3. Thus the ATR can be viewed as a
quantum noise generalization of the well-known result that a
colored noise signal can be generated by filtering a (binary)
white noise signal [45]; here the jump correlator provides the
filtering kernel.

The ATA complements two other approaches that have
recently emerged for systematic quantum simulation of open
quantum systems: quantum Gibbs sampling (QGS) algo-
rithms [12,17–22] and Markovian collision-model algorithms
based on systematic, nonsecular Lindblad equations that have
recently been derived rigorously [39–41,46], here termed sys-
tematic Lindblad (SL) algorithms; see Sec V A for a detailed

FIG. 2. Regimes of applicability of the ATA, in relation to quan-
tum Gibbs samplers (QGS) [12,17–20], and non-Markovian collision
models based on systematic, nonsecular, Lindblad equations (SL
algorithms) [39–41,46]; see Secs. I and V A for details.

discussion (see also Ref. [47] for a proposal preceding these
developments). We summarize the regimes of applicability
and advantages of the ATA, QGS, and SL algorithms in Fig. 2
and Table I. Compared to QGS and SL algorithms, which
are generally only accurate in the limit of weak system-
environment coupling [48,49], and require compilation of
quasilocal jump operators and Lamb shifts, the ATA offers
key advantages: (1) the ATA is accurate to all orders in
system-environment coupling and can thus efficiently cap-
ture non-Markovian effects. (2) the ATA does not require
compilation of quasilocal jump-operators or Lamb shifts, i.e.,
renormalizations of the system Hamiltonian, as required in
QGS or SL algorithms, and can thus potentially be imple-
mented with the addition of a low-depth unitary circuit to each
Trotter iteration. (3) Like SL but unlike QGS algorithms, the
ATA can be applied to nonequilibrium problems and can yield
dynamics, fixed-point trajectories, along with steady states.
The cost of the ATA relative to QGS and SL algorithms is a
register of a finite number of ancilla qubits that scales linearly
with system-bath coupling for a given, fixed target accuracy.
Thus, the ATA offers both a broad range of applicability and
an efficient implementation in cases where circuit depth is the
limiting resource.

We expect that the advantages of the ATA outlined above
make it a promising approach for thermal state preparation
and quantum simulation in a broad range of problems in-
volving equilibrium and nonequilibrium quantum systems
and non-Markovian dynamics. Moreover, we expect that its
potential robustness against finite error rates makes it a
good candidate for implementation on near-term quantum
hardware.

The rest of the paper is structured as follows: In Sec. II we
introduce the problem that we study and present our first main
result: the ancilla-train representation of Gaussian environ-
ments. In Sec. III we use this result to present our second main
result: the ancilla-train quantum algorithm, based on the ATR.
We conclude with a discussion, including a more detailed
analysis of the relationship among the ATA, QGS, and SL
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TABLE I. Comparison of quantum algorithms for systematic
open quantum system simulation. We compare the features of ATA,
quantum Gibbs sampling (QGS), and systematic Lindblad (SL) algo-
rithms; see the text for definition of these. Here ε denotes the target
accuracy of the algorithm, while �, τ , and � denote the characteristic
scales for system-bath coupling, correlation time, and ultraviolet
cutoff for the environment defined in Eqs. (17) and (20).

Algorithm QGS SL ATA

Can be realized with
Quasilocal system-ancilla coupling

√ √ √
Strictly local system-ancilla couplinga ✗b ✗

√
No Lamb shift compilationc ✗ ✗

√

Can return
Thermal stated √

(
√

) (
√

)
Nonequilibrium steady state ✗

√ √
Dynamics ✗

√ √

Can simulate
Nonequilibrium baths ✗

√ √
Time-dependent Hamiltonians ✗

√ √
Non-Markovian regimes ✗ ✗

√
Non-Gaussian environments ✗ ✗ ✗

No. of ancillas required 1 1e ∼ �τ

ε2 , �τ

ε

aThe ATA involves a strictly local ancilla-system coupling in each
Trotter iteration if observables in the simulation coupled to environ-
ments can be represented as a local observable in the system register.
bReferences [19–21] found approximate QGS-like algorithms with
strictly local system-ancilla coupling and multiple ancillas, which
could yield approximate (not exact) Gibbs states.
cHere Lamb shift refers to a quasilocal renormalization of the Hamil-
tonian, required for the Lindblad processes corresponding to QGS
and SL algorithms.
dPhysical systems only converge to Gibbs states in the limit of
vanishing system-bath coupling [48]; (

√
) indicates that the steady

state contains corrections accounting for this fact, while
√

indicates
that the algorithms return the exact Gibbs state.
eFor example, for collision models based on the Lindblad equa-
tions from Refs. [39,41].

algorithms, in Sec. V. Detailed error bounds, estimates, and
their proofs are found in the appendixes.

II. ANCILLA-TRAIN REPRESENTATION
OF GAUSSIAN ENVIRONMENTS

Here we introduce the class of models for open quantum
systems that can be simulated with the ATA (Sec. II A) and
provide our first main result, namely that any Gaussian envi-
ronment can be represented by a train of ancilla qubits that
sequentially act with the system (Sec. II B). We then demon-
strate that this train can be truncated to have a finite number
of qubits at the cost of a controllable error that vanishes in the
limit of many qubits. This result underlies the ATA. As a spe-
cial case, we finally demonstrate that classical noise signals
with Gaussian correlations can be represented by a discrete
binary noise signal convolved with the jump correlator of the
bath power spectral density (PSD)—defined as the inverse
Fourier transform of the square root of the bath PSD.

A. Introduction of problem

We consider an arbitrary quantum system, S , coupled to
one or more Gaussian environments, henceforth referred to
as the bath, B. See below and Appendix A for a definition
of Gaussian environments. We allow for the system Hamil-
tonian, HS(t ), to be time dependent. The Hamiltonian of the
combined system we consider thus reads

HSB(t ) = HS(t ) + HB + Hint, (1)

where HB is the Hamiltonian of B and the system-bath inter-
action Hint contains all terms of HSB(t ) that act nontrivially on
both S and B. In general, Hint can be written in the form

Hint = √
γ

∑
α

Sα ⊗ Bα, (2)

with Sα, Bα Hermitian operators (observables) of the system
and bath, respectively, while γ is an arbitrary energy scale
parametrizing the system-bath coupling. We refer to each
term in the sum above as a noise channel. We assume Sα

to be bounded. Without loss of generality, we may there-
fore set ‖Sα‖ = 1 [50] and assume 〈Bα (t )〉 = 0 for each α;
any nonzero expectation value can be removed by modifying
HS(t ). For simplicity, our discussion mainly considers the
case where the sum above holds a single term, and hence we
suppress the subscript α below. In Sec. III C we present our
results for the general case.

Furthermore, we assume that the system is decoupled from
the bath at the beginning of the simulation, i.e., that the
system-bath state is separable at some initial time t0,

ρSB(t0) = ρ(t0) ⊗ ρB. (3)

Our goal is to obtain the resulting evolution of the system,
fully described by its reduced density matrix,

ρ(t ) := TrB[ρSB(t )]. (4)

with ρSB(t ) denoting the time evolution of ρSB(t0) generated
by HSB(t ), and TrB denoting partial trace over the environ-
ment Hilbert space.

The Gaussian property of B implies that the correlation
functions of B with respect to HB and ρB are fully deter-
mined from the two-point correlation function, and structured
according to Wick’s theorem [44]; see Appendix A for de-
tails. This property emerges, e.g., when B consists of a set
or continuum of bosonic modes, with B a linear combination
of mode creation and annihilation operators and ρB a Gaus-
sian state with respect to these modes [44]. More broadly,
Gaussianity emerges in the limit where the bath consists of
many effectively decoupled subsystems, no matter their in-
ternal structure. For this reason, Gaussian environments are
ubiquitous, emerging in a broad range of settings, includ-
ing electromagnetic, phononic, electronic, vibronic, and spin
environments [44,51]. The universality of Gaussian environ-
ments means that they can be represented in many equivalent
ways, e.g., in terms of configurations of discrete dissipative
bosonic modes [31,36]. In the next section, we will identify
one such way of efficiently representing Gaussian environ-
ments which is particularly useful for quantum simulation.
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B. Ancilla-train representation

We now show how the bath can be represented as a train
of ancilla qubits sequentially interacting with the system.
We first show that the bath can be represented as a train of
harmonic oscillators sequentially interacting with the system,
all initialized in the ground state. A bosonic construction for
quantum collision models, similarly to ours, was recently pro-
posed in Ref. [43] for Gaussian baths with a hard ultraviolet
(UV) cutoff. Subsequently, we show that the probability for
excitation to the second excited state can be neglected, im-
plying that the harmonic oscillators can be replaced by qubits
initialized in their |0〉 states.

First, we transform to the interaction picture with respect
to HB [52], introducing B(t ) := eiHBt Be−iHBt . Note that the
reduced density matrices of S are identical in the interaction
and Schrödinger pictures. In the interaction picture, when
restricting to a single term in Eq. (2), the Hamiltonian of the
combined system becomes

H (I)
SB(t ) = HS(t ) + √

γ S ⊗ B(t ). (5)

The observable B(t ) can be viewed as a quantum generaliza-
tion of a classical noise signal [51]; we henceforth refer to it
as the quantum noise signal generated by the bath.

We next exploit that B is Gaussian. This means that, in
the state ρB, all correlation functions of B(t ) are determined
by the two-point correlation function, according to Wick’s
theorem [44]. Here the two-point correlation function is given
by

J (t − t ′) := Tr[B(t )B(t ′)ρB], (6)

The above fact means that the system evolution ρ(t ) can be
reproduced by substituting the quantum noise signal B(t ) in
Eq. (5) with any observable A(t ) whose correlations are struc-
tured according to Wick’s theorem and produce the two-point
correlation function J (t ). This defines a broad equivalence
class of observables that emulate the same environment as
B(t ).

We now identify two observables, which are equivalent to
B(t ) in the sense above and offer efficient representations of
the environment for quantum simulation. The first, Aosc(t ),
is a time-dependent linear combination of creation and an-
nihilation operators in an array, or train, of bosonic modes.
We use this to obtain the second, Aq(t ), which is analogously
constructed from a train of qubits, and forms the basis for the
ATA in the next section.

We construct Aq(t ) and Aosc(t ) using the jump correlator
from Ref. [39], g(t ), defined as

g(t ) := 1√
2π

∫ ∞

−∞
dω

√
J̃ (ω)e−iωt (7)

with J̃ (ω) := 1
2π

∫ ∞
−∞ dteiωt J (t ) the power spectral density of

B(t ). Note that J̃ (ω) is always non-negative so the square root
is non-negative as well. The jump correlator g is the unique
positive-semidefinite convolution square root of J , i.e., J =
g ∗ g with ∗ denoting convolution [53]:

J (t − t ′) =
∫ ∞

−∞
dsg(t − s)g(s − t ′). (8)

We construct Aosc(t ) by introducing an ancillary system
consisting of infinitely many independent harmonic oscilla-
tors, or free bosonic modes, Aosc, with bosonic annihilation
operators {an|n ∈ Z}. We initialize Aosc in the vacuum state
of all ancilla modes, ρ0

osc := |0〉〈0| with |0〉 := ⊗∞
n=−∞ |0〉n,

and |0〉n the vacuum state of mode n: an|0〉n = 0. We construct
Aosc(t ) as a sliding linear combination of creation and annihi-
lation operators:

Aosc(t ) :=
√

�ξ

∞∑
n=−∞

(g∗(t − ξn)a†
n + H.c.), (9)

where ξn = n�ξ , and �ξ is a timescale of our choice. It is
straightforward to verify that, in the state ρ0

osc, Aosc(t ) satisfies
Wick’s theorem, and has two-point correlation function

Tr
[
Aosc(t )Aosc(t ′)ρ0

osc

] =
∞∑

n=−∞
�ξg(t − ξn)g(ξn − t ′). (10)

We identify the right-hand side above with that of Eq. (8)
with a discretized integral. Thus the above expectation value
converges to J (t ) in the limit �ξ → 0. Since the correlation
functions of Aosc(t ) satisfy Wick’s theorem, and have two-
point correlation function J (t ), Aosc(t ) reproduces the same
evolution as B(t ) in the limit �ξ → 0. In Appendix B 2 we
provide a rigorous proof for this fact, along with a bound for
the error incurred by choosing �ξ nonzero.

We now identify the second observable, Aq(t ), that repre-
sents the bath in terms of qubits. First, note that leakage to the
second excited state of any ancilla oscillator in Aosc is negli-
gible in the limit �ξ → 0. Even for nonzero �ξ , the leakage
error can be controlled (see Appendix B 3). This allows us to
project the ancilla system into the subspace of the ground and
first-excited state of each oscillator at a vanishing error cost.
This effectively replaces the harmonic oscillators in Aosc with
qubits. Building on this result, we introduce the qubit ancilla
system, A, consisting of infinitely many qubits, with Pauli op-
erators {(σ x

n , σ
y
n , σ z

n )|n ∈ Z}. We initialize the ancilla system
in the mutual |0〉 state of all qubits ρ0

A := ⊗∞
n=−∞ |0〉n〈0|n

and introduce the energy-truncated ancilla-train operator,

Aq(t ) :=
√

�ξ

∞∑
n=−∞

(g∗(t − ξn)σ+
n + H.c.), (11)

with σ±
n := 1

2 (σ x
n ± iσ n

y ) the usual ladder operators of qubit
n. By the arguments above, in the limit �ξ → 0, this signal
satisfies Wick’s theorem and has the correct two-point corre-
lation function; J (t ). Thus, B(t ) and Aq(t ) result in the same
system dynamics in this limit.

The above result shows that any Gaussian environment, or
quantum noise signal B(t ), can be represented by an array, or
train of qubits that sequentially interact with the system in
a time-dependent manner controlled by the jump correlator.
This ATR of the quantum noise signal converges to the exact
quantum noise signal as we take the limit �ξ → 0.

ATR for classical noise

An illuminating example of the ATR emerges in the spe-
cial case when the bath PSD is even, or, equivalently, the
correlation function is real valued [51]. In this case, B(t ) can
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FIG. 3. Ancilla-train representation of classical colored noise:
Environments with even power spectral densities are equivalent to
classical noise signals acting on the system [44]. Here our results
imply that any classical noise signal with Gaussian correlations—or
colored noise signals—can be generated by summing a sequence of
identical pulses with random signs (red and white dots) and spac-
ing �ξ , and taking the limit �ξ → 0. Here the is pulse given by
g(t )

√
�ξ [45].

be represented as a classical, scalar-valued, noise signal with
Gaussian correlations—or colored noise signal—acting on the
system through S. In this case, g(t ) is real valued, and Eq. (15)
becomes Aq(t ) = √

�ξ
∑

n g(t − ξn)σ x
n . Note that σ x

n is now
an integral of motion of the total time evolution. Since each
ancilla is initialized in an even-weighted superposition of the
two eigenstates of σ x

n , tracing out the ancilla is equivalent
to replacing σ x

n with 1 and −1 at probability 1/2 each. We
may therefore replace each σ x

n with an independent random
variable xn uniformly sampled from {−1, 1}. This replaces
Aq(t ) with the following stochastic (scalar-valued) function:

Acl(t ) =
√

�ξ
∑

n

g(t − ξn)xn. (12)

Since the right-hand side above is simply a scalar-valued
stochastic function, we identify it with a classical noise signal.
This special case of the ancilla-train representation thus shows
that a classical Gaussian noise signal can always be generated
by convolving its jump correlator with a white noise signal. We
provide an illustration of this result in Fig. 3.

The above results show how the ATR can be viewed as a
quantum noise generalization of the known result from signal
processing that a colored noise signal can be generated by
filtering a white noise signal [45]; here we identify the jump
correlator as the filtering kernel.

C. Truncating ATR to finite ancilla number

We now demonstrate that the infinite ancilla train of the
ATR can be well approximated by an ancilla-train quantum
noise signal with a finite register: We show that a quantum
noise signal B(t ) can be substituted with an emulating noise
signal of the form in Eq. (15), with the sum truncated to a
finite number of terms by picking a finite step size �ξ and
discarding terms in the sum with |t − ξn| � τc, for some cutoff
time τc.

We prove in Appendix B 2 that the ATR can be truncated
to a finite ancilla register as above at the cost of an arbitrary

small error, if we simultaneously replace g(t ) with a filtered
jump correlator [54], defined as

gf (t ) :=
∫ ∞

−∞
dsg(s)ϕ(t − s) (13)

with ϕ(t ) = 1
2π

∫
dωϕ̃(ω)e−iωt a low-pass filtering kernel

satisfying ϕ̃(ω) = 0 for |ω| � π/�ξ and ϕ̃(ω) = 1 for
|ω| < π/2�ξ . In between these two ranges, ϕ̃ should have
uniformly bounded first and second derivatives (almost every-
where), implying that g f (t ) decays on approximately the same
timescale as g(t )—in Appendix B 2 we provide a particular
construction of ϕ̃(ω) via polynomial interpolation. Below, we
present three operators, which faithfully reproduce the evolu-
tion generated by B(t ) when choosing �ξ sufficiently small
and choosing a sufficiently large cutoff time, τc:

Aosc,f (t ) :=
√

�ξ

∞∑
n=−∞

(g∗
f (t − ξn)a†

n + H.c.), (14)

Aq,f (t ) :=
√

�ξ

∞∑
n=−∞

(g∗
f (t − ξn)σ+

n + H.c.), (15)

AT(t ) :=
√

�ξ

n+(t )∑
n=n−(t )

(g∗
f (t − ξn)σ+

n + H.c.), (16)

with n±(t ) = round([t ± τc]/�ξ ). We will use the first two
observables as intermediate steps to bound the error for sub-
stituting B(t ) with AT(t ), which only requires access to a finite
ancilla register of size ∼τc/�ξ , and serves as a basis for
the ATA. In the following, we define this error as the trace
norm distance between the evolution, ρT(t ), generated with
the quantum noise signal AT(t ) with positive �ξ and finite τc,
and the true evolution, ρ(t ), resulting from B(t ).

Our error bound depends on two quantities of the bath: a
characteristic system-bath interaction rate, �, and the charac-
teristic correlation time of the bath, τ , defined as

� = 4γ

[∫ ∞

−∞
dt |g(t )|

]2

and τ =
∫ ∞
−∞ dt |g(t )t |∫ ∞
−∞ dt |g(t )| . (17)

Importantly, � defines an upper bound for the rate of bath-
induced evolution [39].

Below, we identify values of �ξ and τc such that the error
induced by the truncation is smaller than some given target
relative accuracy, ε. Specifically, we require that

‖ρ(T ) − ρT(T )‖tr = O(ε�T ), (18)

where ‖ · ‖tr denotes the trace norm. We employ a triangle
inequality argument to bound this error by a sum of three
contributions: The first error, ε1, arises from substituting B(t )
with Aosc;f (t ). The second error, ε2, arises from substituting
the oscillator signal Aosc;f (t ) with Aq;f (t ). The final error, ε3

arises from discarding terms involving |ξn − t | beyond the
cutoff time τc, resulting in AT(t ). We discuss each of these
three errors separately below.

The discretization error ε1 can be bounded by a quantity
depending on the effective UV cutoff of the bath PSD, i.e., an
energy beyond which J̃ (ω) effectively vanishes. Specifically,
we find in Appendix B 2, that the substitution of B(t ) with
Aosc;f (t ) induces a correction to ρ(T ) with trace norm of order
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at most O(ε(�)�T ), when choosing �ξ � π/�, with

ε(�) =
4
√( ∫

|ω|>�
dωJ̃ (ω)

)( ∫
|ω|>�

dω|J̃ ′′(ω)|)[∫ ∞
−∞ dt |g(t )|]2 . (19)

In particular, ε(�) → 0 as � → ∞ when J̃ and J̃ ′′ are inte-
grable. For such power spectral densities, we reach the target
accuracy by choosing the following UV cutoff:

�(ε) := inf{� � 1/τ |ε(�) < ε}. (20)

The requirement that � � 1/τ ensures that the frequency
filtering does not significantly alter � and τ (see Appendix C
for details). We expect that �(ε) can effectively be chosen
to be given by the effective spectral width of the observable
coupled to the bath, which is equivalent to the Trotter step in
the algorithm, and hence �ξ can be chosen to be of the same
order as the Trotter step.

We now consider the error ε2 from using qubits instead
of harmonic oscillators. This error is small whenever leakage
to the second excited states of the harmonic oscillators is
negligible. The leakage vanishes when �ξ goes to zero, as the
strength of the interaction with each ancillary qubit becomes
vanishingly small. In Appendix B 3 we make this intuition
precise and show that the error stays within the target accuracy
when choosing �ξ � ε

�
.

Finally, we consider the error ε3 from discarding ancilla
qubits whose distance from a given time |ξn − t | exceeds the
cutoff τc. In Appendix B 4 we show that ε3 is within the target
accuracy when choosing τc � τ

ε
.

Together, the above results imply that AT(t ) reproduces
the correct dynamics up to a relative target accuracy ε when
choosing

�ξ � min

(
ε

�
,

π

�(ε)

)
, τc � τ

ε
. (21)

With these parameters, AT(t ) only involves a limited num-
ber of ancilla qubits at any given point in time, given by

N = max

(
2�τ

ε2
,

2�(ε)τ

πε

)
. (22)

Importantly, we note that the number of ancillas required
scales as a low-degree polynomial in ε−1 when the bath PSD
decays sufficiently fast.

Our results above show that any Gaussian environment can
accurately be represented by AT(t ), even in the case of an
infinite number of unbounded degrees of freedom. This is
significant since AT(t ) is constructed from a finite ancillary
register of N qubits. Importantly, AT(t ) is bounded; with the
choice for �ξ above,

√
γ ‖AT(t )‖ ∼ max{�/

√
ε,

√
��} [55].

This fact enables efficient Trotterization of the system evolu-
tion with the ancilla-train representation. In the next section,
we exploit this fact to construct an efficient quantum al-
gorithm for simulating dynamics of open quantum systems
connected to arbitrary Gaussian environments at arbitrary
coupling strength.

III. ANCILLA-TRAIN ALGORITHM

We now use the ATR to obtain our main result: a quantum
algorithm for systematically simulating open quantum sys-

FIG. 4. Pseudocode for the ancilla-train algorithm. Input param-
eters denote the initial system state ρ(t0), bath PSD J̃ (ω), system
Hamiltonian HS, system coupling operator S, system-bath coupling
γ , total simulation time T , and (relative) target accuracy ε. Um, given
in (26), denotes a Trotter interaction generated by the system Hamil-
tonian and Vm, given in (27) and (29), denotes a Trotter iteration in
the time evolution generated by the ancilla(s)-system coupling. We
write |�〉 ∼ ρ to indicate that the expected value of |�〉〈�| is ρ.

tems coupled to any configuration of Gaussian environments
at any coupling strength. The ATA is obtained by Trotterizing
the combined system-ancilla (SA) evolution in the ATR, us-
ing the truncated ancilla-train quantum noise signal AT(t ). We
provide a compact pseudocode of the ATA in Fig. 4.

The section is structured as follows: For the sake of sim-
plicity, we first introduce the ATA for a single noise channel
(Sec. III A) [56] and provide a resource estimate (Sec. III B).
We then extend these results to the most general (multichan-
nel) configuration of Gaussian environments in Sec. III C).

A. Construction of ATA

The ATA simulates the evolution of the open quantum sys-
tem of the class defined in Sec. II A: i.e., an arbitrary physical
system S with (possibly time-dependent Hamiltonian) HS(t ),
connected to any configuration of Gaussian environments B,
through an arbitrary system-bath coupling Hint . For simplicity,
we first consider the case where Hint factorizes into a product
of a system observable S and a bath observable B: Hint =√

γ SB, with ‖S‖ = 1. Here γ parametrizes the system-bath
coupling and can be arbitrarily large. We consider the more
general case in Sec. III C.

The ATA operates on a system qubit register RS, encoding
the state of the system S , and an ancilla register, A, used to
emulate the bath B through the ATR, as described in Sec. II.
The system can be encoded in RS through standard Hamilto-
nian simulation techniques [2,57–62]. Henceforth, we simply
use S in place of RS , while S and HS(t ) refer to the observable
and Hamiltonian in RS representing their counterparts in the
simulated system.

The ATA takes as input the initial state of S in the simula-
tion, |ψ0〉S [63]. The ATA then simulates the evolution of ρ(t )
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resulting from |ψ0〉 by iteratively propagating the system for-
ward in time through the Trotterized evolution: Specifically,
the mth iteration of the ATA returns a state of SA, |�m〉,
whose corresponding reduced density matrix,

ρm := TrA[|�m〉〈�m|], (23)

provides a controlled approximations of ρ(tm) (see below).
Here tm := m�t and �t , termed the Trotter step, is an input
parameter of the simulation that controls the accuracy and
output resolution.

The first step of the ATA prepares the full system-
ancilla register SA in the initial state |�0〉 := |ψ0〉S ⊗
|0〉A with |0〉 := ⊗

n |0〉n the tensor product of |0〉 states
in A. The ATA then iteratively generates the trajectory
{|�m〉} through Trotterized evolution with HSA(t ) = HS(t ) +√

γ SAT(t ). Specifically, |�m〉 is iteratively obtained through a
sequence of gate sequences—Trotter unitaries—G1, G2, . . .,
where the mth Trotter unitary, Gm, propagates the system
forward from time tm−1 to tm:

|�m〉 = Gm|�m−1〉. (24)

We use a second-order Trotterization scheme, such that Gm is
given by

Gm = U 1/2
m VmU 1/2

m , (25)

where Um and Vm are the Trotter unitaries generated by HS(t )
and

√
γ SAT(t ):

Um := T exp

[
−i

∫ tm

tm−1

dsHS(s)

]
, (26)

Vm := T exp

[
−i

∫ tm

tm−1

ds
√

γ S ⊗ AT(s)

]
, (27)

with T denoting the time-ordering symbol and AT(t ) the em-
ulated bath signal from Eq. (15)

AT(t ) :=
√

�ξ

n+(t )∑
n=n−(t )

(g∗
f (t − ξn)σ+

n + H.c.). (28)

Here ξn := n�ξ , n±(t ) = round([t ± τc]/�ξ ), with �ξ and
τc input parameters of the simulation that, together with �t ,
control the accuracy of the simulation; see below for more
details.

The first gate sequence of the Trotter unitary, U 1/2
m , can

be implemented with existing Hamiltonian simulation tech-
niques [2,57–62]. The bath propagator, Vm, is itself a product
of commuting unitaries that each are generated by coupling S
to a single qubit in A: with

Vm =
n+(tm )∏

n=n−(tm−1 )

Vmn,

Vmn := T exp

[
−i

√
γ�ξ

∫ t (1)
mn

t (0)
mn

dsS⊗(g∗
f (s − ξn)σ+

n +H.c.)

]
,

(29)

where t (0)
mn := max(tm−1, ξn − τc) and t (1)

mn := min(tm, ξn + τc);
t (0/1)
mn denote the boundaries of the integration domain, ac-

counting both for the restriction from a finite τc and from
the bounds of the time interval corresponding to the Trotter

step. Note that for local or quasilocal S, Vmn can be efficiently
compiled to a finite sequence of quantum gates and may even
be classically tractable. Thus, we expect the compilation of
Vmn to generically be low cost.

In Appendix B we show that the ATA returns the true
system evolution to any nonzero target accuracy, ε, for �ξ ,
1/τc, and �t chosen sufficiently small. We establish this
result by combining the discussion in Sec. II with an error
bound for second-order Trotterization of the time evolu-
tion [64]. Our bound assumes a time-independent system
Hamiltonian, HS(t ) = HS [65], but we expect generalization
to time-dependent Hamiltonians is straightforward. Specif-
ically, we show that the output trajectory of the ATA is
guaranteed to reproduce the true system evolution to a given
(relative) target accuracy ε,

‖ρm − ρ(tm)‖Tr � O(ε�tm), (30)

provided

�ξ � min

(
ε

�
,

π

�(ε)

)
, τc � τ

ε
, �t � ε√

�ṡ
. (31)

where ṡ := ‖[HS, S]‖, while �, τ , and � are defined in
Eqs. (17) and (20). A more detailed requirement on �t for the
bound for nonvanishing ε can be found in Appendix B 5. The
results are obtained by combining the error bounds in Sec. II
with an error bound for the Trotterization of the evolution, ε4;
see Appendix B for details.

We finally emphasize that the ancilla qubits in A need
only be prepared at the first Trotter step where they are used:
i.e., ancilla n needs only be prepared at Trotter step m(i)

n :=
inf{m : n � n+(m�t )}. Likewise, ancilla n may be discarded
after the last Trotter step where it affects the system evolution:
m(f)

n := sup{m : n � n−(m�t )}. Depending on the hardware,
in particular, the resource cost of qubits, discarded ancillas
may be reset and reintroduced in the register. In this scheme,
A only needs to hold n+(tm) − n−(tm−1) = 
 2τc+�t

�ξ
� qubits;

among these, Nreset := 
�t/�ξ� are reset and reintroduced in
the register, and the remaining qubits are preserved, at every
Trotter step. It is still possible to implement the ancilla register
as a continuous stream of incoming qubits in hardware, where
this is more resource efficient [66,67].

B. Resource cost

We now estimate the additional resource cost of the ATA
compared to the standard unitary time evolution generated by
Um.

We first consider the number of extra qubits required to
implement the ATA—i.e., the minimal number of qubits in the
ancilla register, A. Recall from the discussion below Eq. (31)
that the ATA only requires access to NA = 
�t+2τc

�ξ
� qubits

in the ancilla register. In terms of error scaling, the number

of required ancillas is thus upper bounded by max(
√

�
ṡ +

2�τ
ε2 , �ε

π
√

�ṡ
+ 2�τ

πε
). In the limit ε → 0, the required number

of ancillary qubits thus scales as

No. of ancillas = O

(
max

[
�τ

ε2
,
�(ε)τ

ε

])
. (32)
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Next, we consider the gate complexity of implementing
ATA relative to standard unitary evolution. Each Trotter step
Vm involves a product of NA = 
 2τc+�t

�ξ
� unitaries Vmn. As

described in Sec. III A, each Vmn is generated by a coupling
of S with observables of the nth qubit in A. Therefore, we
expect Vmn can be efficiently compiled to a finite sequence of
quantum gates. The additional gate count of the ATA com-
pared to the standard Trotterized Hamiltonian simulation thus
scales as NAT/�t , which leads to

No. of ancilla gates =O

(
max

[
τT

√
�3ṡ

ε3
,
�(ε)τT

√
�ṡ

ε2

])
.

(33)

If we pick �ξ commensurate with �t , i.e., �ξ/�t = a/b
for integers a, b, then the gate Vm is identical to Vm+lcm(a,b)

up to a shift of the ancilla register, where "lcm" denotes the
least common multiple. In this case, the gates {Vm} may be
efficiently precompiled. Given a set of unitary gates for simu-
lating the isolated system evolution {U 1/2

m }, the compilation
of Gm follows easily. For time-independent HS , all {U 1/2

m }
are identical, and thus, the number of precompiled Gm is
independent of the simulation time T .

Our resource estimates for the ATA in Eqs. (32) and (33)
show that the extra resource cost of the ATA, relative to the
standard Trotterized evolution, is a low-degree polynomial
of the inverse target accuracy when the bath PSD decaying
sufficiently fast. Importantly, the extra cost is independent of
the complexity of the Hamiltonian simulation problem. Thus,
the extra cost of replacing standard Trotterized evolution with
the ATA may be negligible for a broad class of problems.

C. Definition for multichannel environments

We finally demonstrate how the ATA can be straight-
forwardly extended to arbitrary Gaussian environments and
arbitrary system-bath coupling, Hint .

Without loss of generality [39], in this case we may express
Hint as

Hint = √
γ S · B. (34)

Here S and B represent the column vectors (S1, . . . SNC ) and
B = (B1 . . . BNC ), respectively, with Sα , Bα denoting observ-
ables on S and B, respectively, and NC denoting the total
number of noise channels. We employ this vector notation to
emphasize the similarity to the single-channel case. The bath
correlation function now becomes matrix-valued, J(t ), with
(α, β ) element given by

Jαβ (t − s) := Tr[Bα (t )Bβ (s)ρB], (35)

We extend the definition of the jump correlator, g(t ), to be
the unique convolution matrix square root of J of positive
type, i.e., g(t ) := ∫

dω e−iωt
√

J̃(ω)/2π with
√· denoting the

matrix square root with branch cut along the negative real
axis [68].

With these definitions in place, we extend the ATA from the
single- to the multichannel case as follows: First, we extend-
ing the ancilla register A from one to NC ancilla trains, i.e.,
an array of qubits with Pauli operators {σ i

λn|λ = 1, . . . Nc, n ∈
Z, i ∈ {x, y, z}} [69]. From these ancilla trains, we can replace

each Bα (t ) with the truncated, emulating noise signal AT;α (t ),
where

AT;α (t ) :=
Nc∑

λ=1

n+(t )∑
n=n−(t )

√
�ξ (g∗

f ;αλ(t − ξn)σ+
λn + H.c.), (36)

where gf;αλ(t ) denotes the (α, λ) entry of the filtered jump
correlator gf (t ) := ∫

dsϕ(t − s)g(s). Note that each ancilla
train does not necessarily emulate a single channel; instead,
each channel is generally generated from combinations of all
ancilla trains.

The ATA is defined for the multichannel case as for the
single-channel case, with the replacement of the system-
ancilla coupling Vm to account for the multiple channels, i.e.,

Vm := T exp

[
−i

∫ tm

tm−1

ds
√

γ S · AT(s)

]
. (37)

This unitary can, with care, be further Trotterized by utilizing
commutativity between different ancillas (see Appendix D);
if {Sα} mutually commute, then Vm directly factorizes into
operators acting on individual ancillas.

Except for the substitution above, the ATA for the mul-
tichannel case is unchanged from the single-channel case.
Indeed, our error bound in Appendix B was derived for the
multichannel case; it shows that the ATA for multichannel
baths is guaranteed to be ε-accurate in the sense of Eq. (30)
if �ξ , τc, and �t are chosen to satisfy Eq. (31), with
�, τ , and �(ε) now defined by appropriate substitution of
|J (ω)|, |J ′′(ω)|, and |g(t )| with ‖J̃(ω)‖1,1, ‖J̃

′′
(ω)‖1,1, and

‖g(t )‖2,1, respectively. Here, for any matrix M, ‖M‖p,q :=
(
∑

β[
∑

α |Mαβ |p]q/p)1/q denotes the (p, q) matrix norm.

IV. NUMERICAL SIMULATION

In this section, we simulate the ATA for a spin-boson model
consisting of a two-level system coupled to an environment
with Ohmic spectral density. Our goal is to demonstrate the
operating principle of the algorithm and to probe its resource
requirements, which in practice may be significantly smaller
than our rigorous bounds in Sec. III B, which cover worst-case
scenarios.

The model we simulate has Hamiltonian

HSB = −�σz + HB + √
γ σx ⊗ B, (38)

where B is an observable of a Gaussian environment with an
Ohmic cutoff. The power spectral density is given as

J̃β (ω) = ωe−( ω
ωs

)2

1 − e−βω
, (39)

where β is the inverse temperature of the bath and ωs is the
Gaussian cutoff. In all of our simulations, we set � = 1, γ =
0.01, and ωs = 10. We consider three different temperatures:
β = 0.1, β = 1, and β=10.

We consider the dynamics that results from initializing the
system in |1〉. Through direct time evolution, we simulate the
evolution of the system under the ATA, using up to 13 ancillas;
see Fig. 5 for the pseudocode. In all simulations, we set �t =
�ξ to minimize numerical costs [70]. From the expression for
the ancilla number NA in Sec. III B and Eq. (31) we find the
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FIG. 5. Simulation of the ATA for Ohmic spin-boson model. (see main text for details). In all the plots, we set � = 1, γ = 0.01, and
ωs = 10. The three rows result from different inverse temperatures of the baths: β = 0.1 (top), β = 1 (middle), and β = 10 (bottom). Column
1: Absolute value of the jump correlator. The gray bars show the extent of the cutoff time τc chosen for the simulation. Column 2: Bath power
spectral densities for chosen parameters. Gray bars show the implemented UV cutoff for different numbers of ancillas. The innermost region
bar is for 5 ancillas and the outermost region is for 13 ancillas. Column 3: Population in state |1〉 of the spin as a function of time for simulations
using different numbers of ancillas; ρ j indicates simulation with j ancillas. Column 4: Trace distance between the simulation using 13 ancillas
and the simulations using fewer ancillas. We see that the simulations converge with respect to each other to within 2% when using 13 ancillas.

following inequality:

�τc � π

2
(NA + 1), (40)

where τc is the cutoff time and � is the UV cutoff. In all
simulations, we choose the largest possible value of �τc. The
first two columns of Fig. 5 show how the value of τc and � are
chosen such that the jump correlator and power spectral densi-
ties have little weight outside of their respective cutoffs. In all
simulations, we choose the smallest possible ancilla spacing,
�ξ , given the number of ancillas, NA, and the cutoff time τc

through �ξ = 2τc
NA+1 + δ. Here δ = 10−5 log 2/� is a small ir-

rational correction included to avoid Floquet resonances from
the Trotterized evolution [71]. For numerical tractability, we
finally restrict the Hilbert space of the ancilla register to the
subspace with up to four simultaneous excitations.

In the third column of Fig. 5 we plot the evolution of the
population of the |1〉 state from our simulation of the ATA.
In the fourth column, we plot the trace distance between the
evolution of the system state to the evolution with 13 ancillas.
This serves as an indicator for convergence with respect to
the ancilla number. As seen in Fig. 5, the simulations with
the ATA converge to within 2% when comparing simulations
using 11 and 13 ancillas. There is a clear trend that the dis-
tance decreases with increasing ancilla number—the trend is
most pronounced in the transients. This suggests convergence

of the algorithm with respect to ancilla number, and an error
from the finite ancilla number of a few percentages for the
13-ancilla simulation.

It is illuminating to compare our results with the error
bounds from Sec. III B. From Eq. (32) and Eq. (30), we see
that the number of ancillas required to ensure a total error of
less than E = O(ε�T ) is

No. of ancillas = O

(
T 2�3τ

E2

)
, (41)

where T is the total simulation time. For the parameters we
probe, we observe the model relaxes to a stationary state
within a time T ∼ 40; see Fig. 5. In order to ensure an error
below 10% within this time span, our analytical bounds in-
forms us that we require O(105) ancillas as evident in the third
column of Table II. In comparison, our simulations indicate

TABLE II. Parameters and analytical upper bound on the ancilla
count for the Ohmic spin-boson model. The estimate is based on an
error threshold of 10% at T = 40.

β �τ � Ancilla bound maxt ‖ρ11 − ρ13‖
0.1 0.2 2.7 2.5 × 105 0.5%
1 0.2 1.2 3.6 × 104 1.6%
10 0.7 1.9 3.6 × 105 1.2%
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convergence within a few percentages for ∼13 ancillas. These
results thus suggest that, in practice, numerical convergence
occurs for much fewer ancillas than predicted by our bound.

V. DISCUSSION

In this paper, we introduced a quantum algorithm for
systematically simulating quantum systems interacting with
arbitrary Gaussian environments at any coupling strength:
the ancilla-train algorithm (ATA). The ATA can be used
to simulate dynamics and steady states of equilibrium and
nonequilibrium problems and is applicable to non-Markovian
regimes. We have provided rigorous bounds on the accuracy
of the algorithm and shown that the simulation error can be
made arbitrarily small with an appropriate choice of simula-
tion resolution parameters.

The resource cost for the ATA is polynomial in the inverse
target accuracy, provided modest decay properties of the bath
PSD, and is controlled by a combination of four physical
energy scales of the simulated model: A characteristic Heisen-
berg picture velocity of the system observables coupled to the
environment, along with the bath correlation time, system-
bath coupling strength, and effective ultraviolet cutoff of the
environment. Importantly, resource costs are independent of
the complexity of the system. Thus, for a broad range of
problems, the ATA only requires a small amount of additional
resource relative to the cost of simulating the time evolution
in the absence of external environments.

The ATR of quantum noise provides a secondary result
of our work that underlies the ATA: Any Gaussian quantum
environment can be emulated by convolving a quantum binary
white noise signal—an ancilla train—with a time-local convo-
lution kernel. A corollary is that a classical noise signal with
Gaussian correlations can be generated by convolving a white
noise signal with the jump correlator. This result is consistent
with the known result in classical signal processing that a
colored noise signal can be obtained from filtering a white
noise signal [45]; here the filtering kernel is given by the jump
correlator. The ATR thus provides a generalization of this
result to quantum noise, through a non-Markovian collision
model. For quantum noise, the filtering kernel (jump corre-
lator) is simply generalized from a real to a complex-valued
function, and the classical (binary) white noise signal—a bit
stream—is replaced with a stream of qubits.

A. Relation to quantum Gibbs sampling and systematic
Lindblad equation algorithms

We now comment on the relationship between the ATA
and other algorithms for quantum simulation of open quan-
tum systems that have recently emerged in the literature:
QGS [12,16–20] and collision models based on systematic
and rigorously derived Lindblad equations (SL) [39–41].

QGS algorithms yield the exact Gibbs state for a given
model Hamiltonian. This is achieved through collision mod-
els [46] based on Lindblad processes with quasilocal jump
operators that exhibit KMS detailed balance [72]. Physical
systems connected to environments in thermal equilibrium are
known to converge to such exact Gibbs states in the limit
of weak system-bath coupling. However, for nonzero finite

couplings—as emerge in physical systems—the steady state
deviates from the Gibbs state by a correction controlled by
the system-bath coupling due to the ambiguity in defining an
appropriate subsystem Hamiltonian for a partitioned quantum
system [48]. Thus, from a quantum simulation perspective,
QGS algorithms yield accurate physical steady states of open
quantum systems only in the limit of vanishing system-bath
coupling.

In parallel with the emergence of QGS algorithms, a
family of systematic rigorously derived Lindblad equa-
tions has emerged that circumvent the rotating-wave, or
secular, approximation. These Lindblad equations have been
successfully employed in classical simulation of dissipative
quantum many-body systems [73–78]. Similarly to QGS
Lindblad processes, these systematic Lindblad equations fea-
ture quasilocal jump operators and can thus be efficiently
implemented as quantum algorithms using collision-model-
type approaches [46]. We term such quantum algorithms SL
algorithms. Contrasting QGS algorithms, SL algorithms are
systematically derived from underlying microscopic models
and extend to nonequilibrium problems, e.g., featuring driving
or nonequilibrium reservoirs. These SL approaches yield dy-
namics and steady states—equilibrium or nonequilibrium—
that are accurate up to corrections proportional to the
system-environment coupling (relative to an intrinsic cor-
relation timescale for the environment [49]). Thus, from a
quantum simulation perspective, SL algorithms yield steady
states that are accurate on the same level of approximation as
those returned by QGS algorithms—namely both QGS and SL
algorithms are accurate in the limit of vanishing system-bath
coupling.

The ATA complements the QGS and SL algorithms above,
offering important advantages: (1) The accuracy of the ATA
simulation is limited only by the available resources; it can
yield the exact steady state and dynamics of the simulated
microscopic model to arbitrary accuracy. (2) The ATA in-
volves only a simple, strictly local system-ancilla coupling
and thus does not necessarily require compilation of a quasilo-
cal system-ancilla coupling. In particular, if the coupling
operators in the system can be represented by strictly local
operators, Sα , then the unitary system-ancilla coupling opera-
tors, Vm, are also strictly local. This contrasts many quantum
algorithms based on Markovian collision models [17,39]. (3)
The ATA does not require compilation of a quasilocal Lamb
shift or generalizations thereof. For a given, fixed target accu-
racy, the additional cost of the ATA is a register of ancilla
qubits of size scaling linearly with system-bath coupling.
Thus, the ATA offers both a broader range of applicability
and a simpler implementation than the QGS and SL algo-
rithms in cases where the depth of the circuit is the limiting
resource.

During the preparation of this manuscript, ancilla-train-like
constructions appeared in the QGS literature in Refs. [19–21].
Here the goal was to simulate a Lindblad process with
a thermal (Gibbs) state as an approximate steady state.
References [19–21] provides rigorous performance guar-
antees for this construction, demonstrating that ancilla
trains are broadly applicable for QGS, where they, more-
over, bring the advantage of a strictly local system-ancilla
coupling.
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B. Noise resilience

A final potential advantage of the ATA, shared by other
algorithms for open quantum systems simulation [12,17–
20,39,40], is a potential intrinsic robustness against hardware
errors due to its entropy-extracting nature [79]. Specifically,
noise in hardware executing the ATA will map to a noise
channel in the simulated microscopic model. Since the simu-
lation already involves a mechanism for dissipation, this noise
channel will compete with other channels for dissipation and
noise and thus only generate a continuous perturbation of
the output (simulated steady state) if weak enough: Hence
for open quantum system simulators such as the ATA the
noise-induced error is generically a finite-slope function of
the noise strength. Equivalently, since the dissipative channels
in an ATA simulation provide a finite relaxation time for
perturbations of the steady state, extrinsic noise will generate
a negligible error if the characteristic rate of errors is small
relative to the relaxation time. The extent of the inherent error
resilience in simulations of open quantum dynamics is still
an open area of research. However, several recent theoretical
and numerical results corroborate the intuition that simula-
tions of open quantum systems dynamics is significantly more
resilient to errors than simulations of closed quantum sys-
tems [80–83].

C. Outlook

In summary, the ATA offers a systematic and accurate
approach for simulating open quantum systems at arbi-
trary coupling strength, and in arbitrary nonequilibrium or
equilibrium configurations of Gaussian environments. The re-
striction of ATA to Gaussian environments can be seen as a
second-order cumulant expansion of the multitime correlation
functions of the environment. A natural extension of ATA
beyond Gaussian environments would be to include higher-
order cumulants. We leave such an investigation for future
work. We expect the algorithm has intrinsic resilience against
hardware error and is relatively simple to implement. We
expect these results make the ATA a promising candidate for
quantum simulation of nonequilibrium quantum systems and
for implementation on near-term quantum hardware.
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APPENDIXES

In the appendixes, we provide proofs of our claims from the
main text. In Appendix A we demonstrate that the evolution

TABLE III. Overview of the relationship between bath corre-
lation function, power spectral density, square root of the power
spectral density, and the jump correlator.

Name Notation Definition

Bath correlation function J(t − s) Tr[B(t )B(s)†ρB]

Power spectral density (PSD) J̃(ω) 1
2π

∫ ∞
−∞ dtJ(t )eiωt

Square-root PSD g̃(ω)
√

J̃(ω)/2π

Jump correlator g(t )
∫ ∞

−∞ dωg̃(ω)e−iωt

of a system coupled to a Gaussian environment only depends
on the environment through its bath correlation function. In
Appendix B we give rigorous error bounds for our ATR as
well as for the Trotter approximation required to obtain the
ATA. In Appendix C, we prove that the jump correlator can be
passed through a suitable low-pass filter without significantly
increasing its characteristic interaction rate and correlation
timescales. In Appendix D, we give a formula for Vm from
Eq. (27) in the case where {Sα} are mutually commuting
operators. Finally, in Appendix E we derive some important
relations that are frequently used throughout the appendixes.

Throughout these appendixes, we consider the general case
of multiple quantum noise channels [i.e., with multiple terms
in the sum in Eq. (2)], where the bath correlation function J(t )
is matrix valued. The special case considered in the main text
of the article is equivalent to the case where J(t ) is a 1 × 1
matrix. As a help to the reader, in Table III we provide an
overview of the relevant functions of the bath for multiple
quantum noise channels.

APPENDIX A: PROPERTIES OF GAUSSIAN BATHS

In this Appendix, we show that the effect on a given quan-
tum system from a Gaussian environment solely depends on
the two-point correlation function of the environment.

To recap, we consider the evolution of the reduced density
matrix of the system, ρ(t ), generated by the full system-
bath Hamiltonian HSB(t ) = HS(t ) + HB + √

γ
∑

α Sα ⊗ Bα

[see also Eq. (1) of the main text].
We first go to the interaction picture with respect to the

system-bath interaction,
√

γ S · B, obtaining

ρ(t ) = US(t )TrB
[
U (C)

SB (t )ρ(t0) ⊗ ρBU (C)†
SB (t )

]
U †

S (t ), (A1)

with US(t ) = T e−i
∫ t ′

t0
dsHS(s), U (C)

SB (t ) = T e−i
∫ t

t0
dt ′√γ S(t ′ )·B(t ′ ),

and S(t ) = US(t )SU †
S (t ). Here we use the dot-product nota-

tion that was introduced in Eq. (34) of the main text. Next we
expand U (C)

SB in terms of its Dyson series:

U (C)
SB (t, t0) = 1 +

∞∑
n=1

(−i)n
∫ t

t0

dt1

∫ t1

t0

dt2 · · ·
∫ tn−1

t0

× dtn

n∏
i=1

(
√

γ S(ti ) · B(ti )). (A2)

We refer to the series expansion of ρ(t ) obtained by inserting
the above expression into Eq. (A1) as the Dyson series for
ρ(t ).
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FIG. 6. Overview of approximations leading from the physical
system to the ATA. Orange boxes indicate the subsections of the
appendixes where the approximations are introduced and bounded.

Importantly, each term in the Dyson series for ρ(t ) depends
solely on HS(t ), {Sα}, and the N-point correlation functions of
the bath (for N ∈ N),

〈B1 · · · BN 〉 := Tr[B1 · · · BNρB], (A3)

where Bj is shorthand for Bα j (t j ) := eiHBt j Bα j e
−iHBt j . A defin-

ing fact about Gaussian baths used in this work is that they
obey Wick’s theorem [84],

〈B1 · · · BN 〉 =
N∑

j=2

〈B1Bj〉〈B2 · · · Bj−1Bj+1 · · · BN 〉. (A4)

Repeated use of Wick’s theorem together with our assump-
tion (without loss of generality) that 〈B(t )〉 = 0 shows that all
terms in the Dyson series for ρ(t ) are completely determined
by the system Hamiltonian HS(t ), the local coupling operators
{Sα}, and the matrix-valued two-point correlation function,
defined as the matrix, J(t ), whose (α, β ) entry is given by

Jαβ (t − t ′) := 〈Bα (t )Bβ (t ′)〉. (A5)

We now briefly argue that the above bath properties en-
sure that the dynamics are fixed by the two-point correlation
function of the environment. Assuming � < ∞, ‖J‖1,1 is
integrable [85]. This implies that the Dyson series for ρ(t )
is absolutely convergent. Therefore, the effects of Gaussian
baths on the system dynamics are also completely determined
by HS(t ), {Sα}, and J (t ) [30,44]. For a more detailed proof of
this fact, see Refs. [86,87].

APPENDIX B: ERROR BOUNDS OF THE ATR AND ATA

In this Appendix, we bound the error of the ATA, i.e., the
deviation of the evolution generated by the ATA and the true
evolution of the simulated microscopic model.

We obtain the ATA through four successive approxima-
tions, outlined in Fig. 6, and described in Appendixes B 2–B 5

below. We establish a rigorous bound on the error induced
by each of these approximations; the error of the ATA is
bounded by the sum of these bounds. Likewise, the error of
the ATR—i.e., the deviation of the system dynamics obtained
from the ATR with respect to the true dynamics—is bounded
by the sum of the errors induced by the first three of these
approximations.

Throughout this appendix, we make use of superopera-
tor notation. We provide an introduction to this notation in
Appendix B 1. Throughout this appendix, we make frequent
reference to a set of relations associated with matrix norms
or Dyson expansions; we provide proofs for these relations in
Appendix E

1. Superoperator notation

We first introduce a convenient notation for superoperators
that will be used extensively in this and in the following
appendixes. Superoperators are defined as linear operators
acting on the set of linear operators on a given Hilbert space
H [88]. Importantly, this set of operators itself forms a
Hilbert space, termed operator space; superoperators can be
represented as matrices acting on this operator space. To high-
light their Hilbert space nature, we will, in the following,
use double brackets, |·〉〉, to indicate operators acting on H
and use 〈〈·|·〉〉 to indicate the Hilbert-Schmidt inner product
between two such operators [89]:

〈〈A|B〉〉 := Tr[A†B]. (B1)

A (bounded) operator on H , O, induces two natural superop-
erators, namely left- and right-multiplication by O. We denote
these induced superoperators by

OL|A〉〉 := |OA〉〉 and OR|A〉〉 := |AO〉〉. (B2)

Note that [AL, BR] = 0 for any operators A, B. As an important
example, the von-Neumann equation, ∂

∂t ρ(t ) = −i[H, ρ(t )],
may be written in the superoperator notation as

∂

∂t
|ρ(t )〉〉 = −iνd Hd |ρ(t )〉〉, (B3)

where νL = −νR = 1, and we use the Einstein summation
convention

νd Hd :=
∑

d∈{L,R}
νd Hd . (B4)

We use the above summation convention for the indices {L, R}
when they appear in the following. We will moreover in gen-
eral use calligraphic symbols to indicate superoperators, when
they are not given by left or right multiplication by bounded
operators on H . In particular, we reserve U for time-evolution
superoperators. Given a Hamiltonian, H (t ), we define

U (t, t0) := T exp

(
−iνd

∫ t

t0

dsHd (s)

)
. (B5)

We refer to U (t, t0) as the time-evolution superoperator gen-
erated by H (t ).

2. Approximating the bath with a discrete train
of harmonic oscillators

We now proceed to the proofs of our error bounds. We first
bound the error that comes from representing the bath as a
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discrete train of harmonic oscillators of the form described in
Eq. (14) of the main text [90].

In the following, we let ρ(t ) denote the exact time-evolved
system state as in Eq. (4) and by ρosc(t ) the time-evolved
system state resulting from an interaction with a discrete
train of harmonic oscillators in place of the bath, defined via
Eqs. (B29) and (B32) below. Our goal is to bound the trace
norm distance between these two evolutions,

ε1 := ‖ρosc(t ) − ρ(t )‖tr. (B6)

We call this error the discretization error, since the system of
harmonic oscillators can be seen as a discretization of the bath.
Our derivation proceeds as follows: We first show that the bath
B is equivalent to a combination of two specific environments,
B1 and B2, in the sense that they produce the same evolution
of the reduced density matrix of the system, ρ(t ). Here B1

can be taken to have a compactly supported PSD and B2 can
be neglected at the cost of a small error (Appendix B 2 a).
Subsequently, we show, via Poisson’s summation formula that
B1 is equivalent to the harmonic oscillator train Hamiltonian
that generates the evolution of ρosc(t ) (Appendix B 2 b).

a. Dividing the bath in two parts

To construct B1 and B2, we express the bath PSD J̃(ω) as a
sum of two power spectral densities, J̃(ω) = J̃1(ω) + J̃2(ω),
where J̃1(ω) and J̃2(ω) are positive semidefinite and have
support only for |ω| < � and |ω| > �/2, respectively, with
� some arbitrary effective frequency cutoff we introduce as a
free parameter. In the following, we show that, when choosing
� large enough, J̃2(ω) can be neglected at the cost of a
small bounded error [we give an explicit expression below
in Eq. (B21)], resulting in a bath whose PSD [J̃1(ω)] has
compact support.

We construct the bath PSDs J̃1(ω) and J̃2(ω) as follows:

J̃1(ω) := (ϕ̃(ω))2J̃(ω),

J̃2(ω) := (1 − (ϕ̃(ω))2)J̃(ω), (B7)

Here ϕ can be any function satisfying 0 � ϕ̃(ω) � 1 for all
ω ∈ R, ϕ̃(ω) = 1 for |ω| � �/2 and ϕ̃(ω) = 0 for |ω| > �.
To avoid introducing long time correlations in the bath de-
scribed by J̃1(ω), we shall be careful in choosing ϕ(ω) to
be sufficiently smooth. To this end, we pick a second-order
polynomial interpolation for ϕ̃(ω), ensuring that it is twice
differentiable almost everywhere:

ϕ̃(ω) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1 for |ω| < �
2

1 − 1
2

(
4
�

)2
(|ω| − �/2)2 for �

2 � |ω| < 3�
4

1
2

(
4
�

)2
(|ω| − �)2 for 3�

4 � |ω| < �

0 for |ω| � �

.

(B8)

By this choice, the characteristic timescales �f and τf of B1

are of similar magnitude as the corresponding timescales �

and τ of the original bath B (see Appendix C).
Importantly, since J̃(ω) = J̃1(ω) + J̃2(ω), and the ef-

fects of a Gaussian environment is completely determined
by its two-point correlation function (see Appendix A and
Ref. [30]), the physical environment we wish to simulate can
be exactly represented as a combination of two uncorrelated
environments, B1 and B2, with PDSs J̃1(ω) and J̃2(ω) such
that the system-bath Hamiltonian takes the form [30]

H12(t ) = HS(t ) + HB1 + HB2 + √
γ S · (B1 + B2), (B9)

with B1,2 observables of Gaussian environments with PSDs

J1(t ) = 〈B1(t )(B1(0))†〉B1 , (B10)

J2(t ) = 〈B2(t )(B2(0))†〉B2 , (B11)

〈B1(t )(B2(0))†〉B = 〈B2(t )(B1(0))†〉B = 0. (B12)

Specifically, the corresponding equation of motion for the
reduced density of the system described by H12(t ) is the same
as that arising from the system-bath Hamiltonian given in
Eq. (1) of the main text:

|ρ(t )〉〉 := 〈〈I|BU(t, t0)|ρ0〉〉|ρB〉〉
= 〈〈I|BU12(t, t0)|ρ0〉〉|ρB〉〉. (B13)

Here U denotes the time-evolution superoperator of HSB from
Eq. (1) and U12 the time-evolution superoperator generated
by H12. As the combination of the two baths B1 ⊗ B2 is
equivalent to the original bath B, we use B also to denote the
combined baths B1 ⊗ B2.

We now show that the bath B2 can be neglected at the cost
of a small error when � is sufficiently large. To formalize this
statement, we define H1(t ) = HS(t ) + HB1 + HB2 + √

γ S · B1

and the time-evolution superoperator of H1 by U1. We also
denote the time-evolved reduced density matrix of the system
arising from U1 by

|ρ1(t )〉〉 := 〈〈I|BU1(t, t0)|ρ0〉〉|ρB〉〉. (B14)

Since the time evolution of ρ(t ) generated by HSB(t ) and
H12(t ) are identical, bounding the distance ‖ρ1(t ) − ρ(t )‖Tr is
reduced to bounding the effect of decoupling the split system
from B2.

To proceed, we transform the system described by H12(t )
to the interaction picture with respect to

√
γ S · B2, finding

|ρ(t )〉〉 = 〈〈I|BU1(t, t0)U2(t, t0)|ρ0〉〉|ρB〉〉 (B15)

with U2(t, t0) = T e−i
∫ t

t0
dsH2(s) and H2(s) = ∑

d∈{L,R} νd√
γ Sd (s) · Bd

2 (s). Here we defined the interaction picture
operators; Sd (s) = eiH1sSd e−iH1s and B2(s) = eiHB2 sB2e−iHB2 s.
Using a simple Dyson expansion on U2 [see Eq. (E6)], along
with Eq. (B14), we conclude

|ρ(t )〉〉 = |ρ1(t )〉〉 − i
∫ t

t0

ds〈〈I|BU1(t, t0)H2(s)U2(s, t0)|ρ0〉〉|ρB〉〉. (B16)
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Next, we write U2 as a Trotterized product with infinitesimal Trotter step:

U2(s, t0) = lim
M→∞

M∏
m=0

⎡
⎣1 − i

s − t0
M

∑
d∈{L,R}

νd
√

γ Sd

(
m(s − t0)

M
+ t0

)
· Bd

(
m(s − t0)

M
+ t0

)⎤
⎦. (B17)

Upon direct substitution of the above into Eq. (B16), and using Wick’s theorem (A4) for B2, it follows that

|ρ(t )〉〉 = |ρ1(t )〉〉 − iγ
∑
α,β

νdνe

∫ t

t0

ds
∫ s

t0

ds′Jde
2,αβ (s − s′)〈〈I|BU1(t, t0)Sd

α (s)U2(s, s′)Se
β (s′)U2(s′, t0)|ρ0〉〉|ρB〉〉, (B18)

where, for d = L, R, Jde
2,αβ denotes the (α, β ) entry of the matrix J2 when e = L and the (α, β ) entry of the matrix J†

2 for e = R.
Furthermore, we used the Einstein summation convention from (B4). To bound the integrand above we use that |Tr[XρY ]| �
‖X‖‖Y ‖; this auxiliary result is established in Appendix E [Eq. (E11)]. Inserting this above implies∥∥〈〈I|BU1(t, t0)Sd

α (s)U2(s, s′)Se
β (s′)U2(s′, t0)|ρ0〉〉|ρB〉〉∥∥

tr
� 1. (B19)

Thus,

‖ρ1(t ) − ρ(t )‖Tr � 4γ

∫ t

t0

ds
∫ s

t0

ds′‖J2(s − s′)‖1,1. (B20)

Splitting the integration domain in s′ > s0 and s′ < s0, where s0 is some free parameter to be chosen below, we find

‖ρ1(t ) − ρ(t )‖Tr � 4γ

∫ t

t0

ds

(∫ s0

−s0

ds′‖J2(s′)‖1,1 + 2
∫ ∞

s0

ds′ 1

(s′)2
‖(s′)2J2(s′)‖1,1

)
. (B21)

Using pointwise bounds |J2,αβ (s)| �
∫ ∞
−∞ dωJ̃2,αβ (ω) and

s2|J2,αβ (s)| �
∫ ∞
−∞ dω|J̃ ′′

2,αβ (ω)|, we find

‖ρ1(t ) − ρ(t )‖Tr � 4γ

(
s0ε1(�) + 1

s0
ε2(�)

)
T, (B22)

with

ε1(�) = 2
∫

|ω|>�

dω‖J̃(ω)‖1,1 (B23)

ε2(�) = 2
∫

|ω|>�

dω‖J̃
′′
(ω)‖1,1. (B24)

It follows that, for t < T ,

‖ρ1(t ) − ρ(t )‖Tr � ε(�)�T , (B25)

with

ε(�) := 2
√

ε1(�)ε2(�)[∫ ∞
−∞ dt‖g(t )‖2,1

]2 . (B26)

For ‖J̃‖1,1, ‖J̃
′′‖1,1 ∈ L1(R) we note that ε(�) → 0 as � →

∞. Hence, the full bath can be closely approximated by the
interaction with a bath where the PSD has compact support.
In particular, fixing � = �(ε), where

�(ε) := inf{� � 1/τ |ε(�) < ε}, (B27)

the trace distance between ρ(t ) and ρ1(t ) stays within the
target accuracy, i.e.,

‖ρ1(t ) − ρ(t )‖Tr � ε�τ. (B28)

b. Equivalence between the bath B1 and a train
of harmonic oscillators

We now show that the dynamics of a system coupled to
the bath B1 are identical to those generated by the a train of

harmonic oscillators, as in Eq. (14). Specifically, exploiting
the compact support of J̃1(ω), we show that the evolution of
|ρ1(t )〉〉 is equivalent to the reduced density matrix evolution
generated by the harmonic oscillator train Hamiltonian

Hosc(t ) = HS(t ) + √
γ S · Aosc(t ), (B29)

where Aosc(t ) is the column vector whose αth entry is given
by

Aosc,α (t ) =
∞∑

n=−∞

NC∑
λ=1

√
�ξ (g∗

f ;αλ(t − ξn)a†
λn + H.c.). (B30)

Here �ξ can take any value smaller than, or equal to, 2π/�,
{aλn|λ = 1, . . . , NC, n ∈ Z} are a set of distinct bosonic an-
nihilation operators, and g f (t ) denotes the jump correlator of
the filtered environment:

gf (t ) =
∫

dωe−iωt
√

J̃1(ω)/2π, (B31)

with
√· denoting the positive-semidefinite matrix square root.

We define the harmonic oscillator train evolution of the system
as

ρosc(t ) := 〈〈Iosc|Uosc(t, t0)|ρ0〉|0〉 (B32)

with Uosc(t, t0) the unitary time-evolution superoperator gen-
erated by Hosc(t ), and |0〉 = |0, 0, . . . , 0〉 the mutual vacuum
states of all bosonic modes corresponding to {aλn}. We note
that |0〉〈0| is a Gaussian state; hence the n-point correlation
functions of Aosc in this state satisfy Wick’s theorem. Thus,
due to the equivalence among Gaussian environments de-
scribed in Appendix A, the evolution of ρosc(t ) is identical
to that of any open quantum system coupled to a Gaussian
environment with system Hamiltonian HS(t ), system-bath
coupling

√
γ S · B′, with B′ a bath observable with two-point
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correlation function given by

〈0|Aosc(t )(Aosc(s))†|0〉 =
∑

n

gf (t − ξn)gf (ξn − s)�ξ.

(B33)
We now show that the right-hand side above is equal to J1(t −
s), implying that ρosc(t ) = ρ1(t ).

To establish that the right-hand-side of Eq. (B33) is iden-
tical to J1(t − s), we use Poisson’s summation formula [91]
which states

∞∑
n=−∞

gf (t − ξn)gf (ξn − s)�ξ

=
∞∑

k=−∞

∫ ∞

−∞
dξgf (t − ξ )gf (ξ − s)e−i 2πξk

�ξ . (B34)

Inserting gf (t ) = ∫ ∞
−∞ dω

√
J̃1(ω)/2πe−iωt , it is straightfor-

ward to show that∫ ∞

−∞
dξgf (t − ξ )gf (ξ − s)e−i 2πξk

�ξ .

=
∫ ∞

−∞
dω

√
J̃1(2πk/�ξ + ω)

√
J̃1(ω)e−iω(t−s)e−i 2πkt

�ξ .

(B35)

Thus, since
√

J̃1(ω) = 0 for |ω| � π/�ξ , we find, for k �= 0,∫ ∞

−∞
dξgf (t − ξ )gf (ξ − s)e−i 2πξk

�ξ = 0. (B36)

It follows that
∞∑

n=−∞
gf (t − ξn)gf (ξn − s)�ξ

=
∫ ∞

−∞
dξgf (t − ξ )gf (ξ − s) = J1(t − s). (B37)

This is what we wanted to show; thus

ρ1(t ) = ρosc(t ). (B38)

Combining the above result with the bound on
‖ρ1(t ) − ρ(t )‖tr in Eq. (B28), and recalling that �ξ = 2π/�,
we conclude that

ε1 := ‖ρosc(t ) − ρ(t )‖Tr � ε�T, (B39)

when ρosc is constructed with �ξ = 2π/� and � = �(ε).
This establishes our bound on ε1.

3. Error from using qubits in place of harmonic
oscillators in the ancilla train

In this section we bound the error incurred by using qubits
in place of harmonic oscillators in the ancilla train. Specifi-
cally, we let ρq(t ) denote the time evolution of the reduced
density matrix of the system generated by Hq(t ), where

Hq(t ) = HS(t ) + √
γ S · Aq(t ). (B40)

The qubit error is defined as the trace norm distance between
these states:

ε2 := ‖ρosc(t ) − ρq(t )‖tr, (B41)

In this subsection, we obtain the following bound for this
error:

ε2 � 25.96�ξ (T + �ξ )�2, (B42)

where T is the total simulation time.
To establish Eq. (B42), it is convenient to consider the

quantum channels for the two time evolutions ρq and ρosc; Cq

and Cosc, respectively, such that ρosc(t ) = Cosc(t, t0)[ρ(t0)] and
ρq(t ) = Cq(t, t0)[ρ(t0)]. We quantify the error in terms of the
difference between the two quantum channels, defining

Eq(t, t0) := Cq(t, t0) − Cosc(t, t0). (B43)

We term Eq(t, t0) the error map. Importantly, ε2 is upper
bounded by the superoperator norm of the error map

ε2 � ‖Eq(t, t0)‖s, (B44)

where ‖ · ‖s denotes the superoperator norm induced by the
trace norm:

‖Eq(t, t0)‖s := sup
ρ:‖ρ‖tr�1

‖Eq(t, t0)[ρ]‖tr. (B45)

The rest of this appendix is dedicated to bounding
‖Eq(t, t0)[ρ]‖tr. To this end, we first obtain a convenient ex-
plicit expression for Eq in Appendix B 3 a. Subsequently, in
Appendix B 3 b, we expand this expression in a collection of
terms that we bound individually through a Dyson expan-
sion. In Appendix B 3 c, we finally combine these bounds
through triangle inequality to obtain a bound on ‖Eq(t, t0)‖s
and thereby ε2.

a. Constructing the error map

To obtain an explicit expression for the error map Eq(t, t0)
we seek to express the quantum channel Cq in terms of Cosc.
Letting Uosc(t, t0) denote the time-evolution superoperator
generated by Hosc(t ) [Eq. (B29)], the quantum channel, Cosc,
can be explicitly written as

Cosc(t, t0) = 〈〈IA|Uosc(t, t0)|0〉〉, (B46)

with |IA〉〉 the identity operator on the Hilbert space of the
ancilla oscillators. Since the harmonic oscillators are initiated
in the vacuum state and since Hosc(t ) is linear in creation
operators acting on the harmonic oscillators, we can obtain
Cq by removing terms in Hosc that couple the first and second
excited level in each ancillary oscillator. We introduce the
following notation: Given an operator defined on the Hilbert
space of a single harmonic oscillator, X , we denote by (X )λn

the operator which acts with X on oscillator (λ, n) and acts
as the identity on all other oscillators [92]. This allows us to
arrive at an equivalent expression for Hq in terms of Hosc by
removing the terms in the individual oscillators which mix the
first and second excited states [93]:

Hq(t ) = Hosc(t ) −
∑

λ

∞∑
n=−∞

Kλn;2(t ) (B47)

with

Kλn; j (t ) :=
∑

α

√
jγ�ξSα[g∗

f;αλ(t − ξn)(| j〉〈 j − 1|)λn+ H.c.],

(B48)
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where | j〉 denotes the jth harmonic oscillator Fock state.
Specifically, denoting the time-evolution superoperator gen-
erated by Hq(t ) by Uq(t, t0), we can express Cq in terms of Uq

via

Cq(t, t0) = 〈〈IA|Uq(t, t0)|0〉〉. (B49)

The error map can now be found as the difference between
the two quantum channels. Through Eq. (B47), we can now
express Uq in terms of Uosc via a Dyson expansion allow-
ing us to obtain a compact expression for Eq. To this end,
we make extensive use of the following two Dyson-type
identities in the remainder of this appendix: Given a super-
operator U (t, t0) generated by a Hamiltonian of the form
H (t ) = H1(t ) + H2(t ), the following two relations hold:

U (t, t0) = U1(t, t0) − iνd

∫ t

t0

dsU1(t, s)Hd
2 (s)U (s, t0),

(B50)

U (t, t0) = U1(t, t0) − iνd

∫ t

t0

dsU (t, s)Hd
2 (s)U1(s, t0),

(B51)

where U1(t, t0) is the time-evolution superoperator generated
by H1(t ). Due to our extensive use of these identities, for
shorthand we refer to the substitutions in Eqs. (B50) and (B51)
as a left and right H2(t )-Dyson substitution of U (t, t0) re-
spectively. We moreover refer to U1(t, t0) as the leading-order
term, and the second terms above as the residual term. The
effect of a H2(t )-Dyson substitution is to isolate the dynamics
generated by H2(t ) to the residual term. Using suitable choices
of H2, this allows us to eliminate leading-order terms in our
analysis below. We provide proofs of the Dyson substitutions
above in Appendix E 1.

To express Uq in terms of Uosc via the above Dyson
substitutions, we first perform a

∑
λ

∑∞
n=−∞ Kλn;2(t )-Dyson

substitution of Uosc(t, t0), obtaining

Uosc(t, t0)

= Uq(t, t0) − i
∑
λ,n

νd

∫ t

t0

dsUosc(t, s)Kd
λn;2(s)Uq(s, t0).

(B52)

From the expressions for the quantum channels [Eqs. (B49)
and (B46)], we thus identify the error map as

Eq(t, t0) =
∑
λ,n

〈〈
IA

∣∣∣∣iνd

∫ t

t0

dsUosc(t, s)Kd
λn;2(s)Uq(s, t0)

∣∣∣∣0
〉〉

.

(B53)
This expression serves as a starting point for obtaining our
bound on the error map.

b. Expanding the error map

In this section, we use Dyson substitution to expand the
error map in Eq. (B53) into several maps whose superoperator
norm can be bounded individually. To this end, we seek to

bound each individual term in the sum in Eq. (B53)

Eq;λn(t, t0) := 〈〈IA

∣∣iνd

∫ t

t0

dsUosc(t, s)Kd
λn;2(s)Uq(s, t0)|0〉〉.

(B54)
Our strategy is to further expand Eq;λn(t, t0) in powers of
Kλn; j (t ) using Dyson substitutions in such a way that the
leading-order terms vanish when we trace out the harmonic
oscillators. Each time we perform such a Dyson substitution,
the resulting expression gets suppressed by a factor

√
γ�ξ .

We are able to perform four such Dyson substitutions, al-
lowing us to eventually achieve a bound for the norm of
Eq;λn(t, t0) which is of order (γ�ξ )2. To establish that the
leading-order terms are indeed vanishing, we make exten-
sive use of arguments based on the support of quantities
in the operator spaces of the individual ancillas. For sim-
plicity, we introduce the following terminology: Below, we
say that |A〉〉 has its (λ, n) support confined to the subspace
spanned by |i1〉〈 j1|, . . . , |im〉〈 jm| if Trλn[A(|φ〉〈ψ |)λn] = 0
for any (|φ〉〈ψ |)λn orthogonal to the subspace spanned by
(|i1〉〈 j1|)λn, . . . , (|im〉〈 jm|)λn. Here Trλn denotes the partial
trace over oscillator (λ, n), and orthogonality is defined with
respect to the Hilbert-Schmidt inner product.

To identify the first vanishing leading-order term in
Eq;λn(t, t0), we perform a Kλn;1-Dyson substitution of Uq in
Eq. (B54) to obtain

Uq(s, t0) = Uλn;1
q (s, t0) + iνe

∫ s

t0

duUq(s, u)Ke
λn;1Uλn;1

q (u, t0),

(B55)
where we use Uλn; j

q to denote the time-evolution superoperator
generated by Hq − Kλn; j . Crucially, Uλn;1

q cannot couple the
0th Fock state of oscillator (λ, n) to any other Fock state (note
that the first Fock state is already decoupled from all higher
Fock states, by the very definition of Hq). Hence, the opera-
tor Uλn;1

q |0〉〉 has its (λ, n) support confined to the subspace
spanned by |0〉〈|. Reinserting the leading-order term of the
above Dyson substitution into Eq. (B54) results in a map,
which is proportional to the operator Kλn;2Uλn;1

q |0〉〉. Recall
from the definition in Eq. (B48) that Kλn;2 annihilates any
operator with (λ, n) support confined to the subspace spanned
by |0〉〈0|. Kλn;2Uλn;1

q |0〉〉 is therefore the zero operator, which
in turn means that the map resulting from the leading order
of the Dyson substitution is the zero map. We can therefore
replace Uq in Eq. (B54) with the residual of the above Dyson
substitution, resulting in

Eq;λn(t, t0) =
〈〈

IA

∣∣∣∣νdνe

∫ t

t0

ds
∫ s

t0

duUosc(t, s)

× Kd
λn;2(s)Uq(s, u)Ke

λn;1(u)Uλn;1
q (u, t0)

∣∣∣∣0
〉〉

.

(B56)

We now further subdivide the error map by performing a
Kλn;1-Dyson substitution of Uq(s, u) in Eq. (B56)

Eq;λn(t, t0) = E (1)
q;λn(t, t0) + E (2)

q;λn(t, t0), (B57)
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where E (1)
q;λn(t, t0) and E (2)

q;λn(t, t0) result from the leading-order
term and residual term of the Dyson substitution respectively:

E (1)
q;λn(t, t0) =

〈〈
IA

∣∣∣∣νdνe

∫ t

t0

ds
∫ s

t0

duUosc(t, s)

× Kd
λn;2(s)Uλn;1

q (s, u)

× Ke
λn;1(u)Uλn;1

q (u, t0)

∣∣∣∣0
〉〉

(B58)

and

E (2)
q;n (t, t0) = −i

〈〈
IA

∣∣∣∣νdνeν f

∫ t

t0

ds
∫ s

t0

du
∫ s

u
dv

× Uosc(t, s)Kd
λn;2(s)Uq(s, v)

× K f
λn;1(v)Uλn;1

q (v, u)

× Ke
λn;1(u)Uλn;1

q (u, t0)

∣∣∣∣0
〉〉

. (B59)

We bound the norm of these error maps individually below.
To bound the norm of E (2)

q;λn(t, t0), we analyze the structure
of the (λ, n) support of the operators making up the inte-
grand in E (2)

q;λn(t, t0). For brevity, the time dependencies are
implicit in the rest of this paragraph. We first note that |0〉〉
has its (λ, n) support confined to the span of |0〉〈0|. Since
Uλn;1

q cannot couple the vacuum state of oscillator (λ, n) with

higher Fock states, the operator |O(2)
1 〉〉 := Uλn;1

q |0〉〉 also has
its (λ, n) support confined to the span of |0〉〈0|. Recall from
the definition in Eq. (B48) that Ke

λn;1 couples the vacuum
and first excited state of oscillator (λ, n). Thus, the operator
|O(2);e

2 〉〉 := Ke
λn;1|O(2)

1 〉〉 has its (λ, n) support confined to the
subspace spanned by |0〉〈1|, |1〉〈0|. We observe that Uλn;1

q ,

K f
λn;1, and Uq at most couple the vacuum and first excited

state of oscillator (λ, n). Therefore, the operator |O(2);e f
5 〉〉 :=

UqK f
λn;1Uλn;1

q |O(2);e
2 〉〉 has its (λ, n) support confined to the

subspace spanned by |0〉〈0|, |0〉〈1|, |1〉〈0|, |1〉〈|. Finally, since
Kd

λn;2 couples the first and second Fock state of oscillator
(λ, n) and annihilates any other Fock state, we conclude that
the operator to the right of Uosc in Eq. (B59), |O(2);de f

6 〉〉 :=
Kd

λn;2|O(2);e f
5 〉〉, has its (λ, n) support confined to the subspace

spanned by |0〉〈2|, |2〉〈0|, |1〉〈2|, |2〉〈1|.
We now perform a Kλn;2 Dyson substitution on Uosc in

Eq. (B59). The leading-order term resulting from this consists
of an integral with integrand 〈〈IA|O(2);de f

7 〉〉 with |O(2);de f
7 〉〉 :=

Uλn;2
osc |O(2);de f

6 〉〉 and Uλn; j
osc denoting the time-evolution super-

operator generated by Hosc − Kλn; j . Crucially, Uλn; j
osc cannot

couple Fock states of oscillator (λ, n) with index below j to
Fock states with index j or above. Hence Uλn;2

osc is unable to
couple the second Fock state of oscillator (λ, n) with the ze-
roth and first Fock state. Since we found above that |O(2);de f

6 〉〉
has its (λ, n) support confined to the subspace spanned by
|0〉〈2|, |2〉〈0|, |1〉〈2|, |2〉〈1|, we conclude that |O(2);de f

7 〉〉 has
its (λ, n) support confined to the span of operators on the
form |0〉〈 j|, | j〉〈0|, |1〉〈 j|, | j〉〈1| with j � 2. Since the (λ, n)
support of |O(2);de f

7 〉〉 is fully off-diagonal, we thus conclude
that 〈〈IA|O(2);de f

7 〉〉 = 0. This leaves us with the map resulting

from the residual term of the Dyson substitution

E (2)
q;λn(t, t0) = −

〈〈
IA

∣∣∣∣νdνeν f νg

∫ t

t0

ds
∫ s

t0

du
∫ s

u
dv

∫ t

s
dw

× Uosc(t,w)Kg
λn;2(w)Uλn;2

osc (w, s)

× Kd
λn;2(s)Uq(s, v)K f

λn;1(v)Uλn;1
q (v, u)

× Ke
λn;1(u)Uλn;1

q (u, t0)

∣∣∣∣0
〉〉

. (B60)

To bound the right-hand side above, we now use that, for ρ

trace class and X and Y bounded operators, we have

‖TrA[XρY ]‖ � ‖X‖‖Y ‖‖ρ‖Tr, (B61)

where TrA is a partial trace, i.e., TrA[O] = 〈〈IA|O〉〉 [see Ap-
pendix E 2 for the proof]. Using the above result, along with
the triangle inequality and the submultiplicative property of
the operator norm, we arrive at the following bound:

∥∥E (2)
q;λn(t, t0)

∥∥ � 16
∫ t

t0

ds
∫ s

t0

du
∫ s

u
dv

∫ t

s
dw

× ‖Kλn;2(s)‖‖Kλn;1(u)‖
× ‖Kλn;1(v)‖‖Kλn;2(w)‖. (B62)

We next note that

‖Kλn; j‖ �
√

jγ�ξ
∑

α

|gf;αλ(t − ξn)|. (B63)

Using this bound in Eq. (B62), and exploiting the symmetry of
the resulting integral under exchange of integration variables,
we find

∥∥E (2)
q;λn(t, t0)

∥∥ � 32(γ�ξ )2

4!

[∫ t

t0

ds
∑

α

|gf;αλ(s − ξn)|
]4

.

(B64)
Here the factor of 32 arises from counting over the indices
governing right and left multiplication and the two factors of√

2 from Kn;2.
We now bound the norm of E (1)

q;λn(t, t0). To this end,

we observe in Eq. (B58) that |O(1);e
3 〉〉 := Uλn;1

q Ke
λn;1Uλn;1

q |0〉〉
has its (λ, n) support confined to the subspace spanned by
|0〉〈1|, |1〉〈0|. Recall that Kd

λn;2 couples the first and second
Fock state and annihilates the vacuum state of oscilla-
tor (λ, n). Therefore, the operator |O(1);de

4 〉〉 := Kd
λn;2|O(1);e

3 〉〉
has its (λ, n) support confined to the subspace spanned by
|0〉〈2|, |2〉〈0|. We further note that |O(1);de

4 〉〉 is nonzero only
when d = e. Performing a (Kλn;1 + Kλn;2 )-Dyson substitution
on Uosc in Eq. (B58) results in a leading-order term, Uλn;1,2

osc
generated by Hosc − Kλn;1 − Kλn;2. Uλn;1,2

osc is unable to couple
the vacuum, first, and second Fock states of oscillator (λ, n).
The operator, |O(1);de

5 〉〉 := Uλn;1,2
osc |O(1);de

4 〉〉, therefore has its
(λ, n) support confined to the span of operators on the form
|0〉〈 j|, | j〉〈0| with j � 2. The map resulting from the leading-
order term of the Dyson substitution consists of sums and
integrals of terms on the form 〈〈IA|O(1);de

5 〉〉. Since the (λ, n)
support of |O(1);de

5 〉〉 is purely off diagonal, this map vanishes
in the partial trace over the oscillators, leaving us with two
separate maps resulting from the individual Hamiltonians in
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the residual term of the Dyson expansion

E (1)
q;λn(t, t0) = E (1a)

q;λn (t, t0) + E (1b)
q;λn(t, t0), (B65)

where

E (1a)
q;λn (t, t0) = −i

〈〈
IA

∣∣∣∣νdνeν f

∫ t

t0

ds
∫ s

t0

du
∫ t

s
dv

× Uosc(t, v)K f
λn;1(v)Uλn;1,2

osc (v, s)

× Kd
λn;2(s)Uλn;1

q (s, u)

× Ke
λn;1(u)Uλn;1

q (u, t0)

∣∣∣∣0
〉〉

(B66)

and

E (1b)
q;λn(t, t0) = −i

〈〈
IA

∣∣∣∣νdνeν f

∫ t

t0

ds
∫ s

t0

du
∫ t

s
dv

× Uosc(t, v)K f
λn;2(v)Uλn;1,2

osc (v, s)

× Kd
λn;2(s)Uλn;1

q (s, u)

× Ke
λn;1(u)Uλn;1

q (u, t0)

∣∣∣∣0
〉〉

. (B67)

We consider the two residual terms individually, starting with
E (1a)

q;λn . To this end, we note that the operator |O(1a);de f
6 〉〉 :=

K f
λn;1|O(1);de

5 〉〉 has its (λ, n) support confined to the span of
operators of the form |1〉〈 j|, | j〉〈1| with j � 2. We further
note that |O(1a);de f

6 〉〉 is nonzero only when d = e �= f . We
now perform a Kλn;2-Dyson substitution on Uosc in Eq. (B66)
with leading-order term Uλn;2

osc . The (λ, n) support of the op-
erator |O(1a);de f

7 〉〉 := Uλn;2
osc |O(1a);de f

6 〉〉 is confined to the span
of |0〉〈 j|, | j〉〈0|, |1〉〈 j|, | j〉〈1| with j � 2. The map resulting
from the leading-order term of the Dyson substitution consists
of sums and integrals of terms of the form 〈〈IA|O(1a);de f

7 〉〉.
Once again this map vanishes in the partial trace, leaving us
with the map resulting from the residual

E (1a)
q;λn (t, t0) = −

〈〈
IA

∣∣∣∣νdνeν f νg

∫ t

t0

ds
∫ s

t0

du
∫ t

s
dv

∫ t

v

dw

× Uosc(t,w)Kg
λn;2(w)Uλn;2

osc (w, v)

× K f
λn;1(v)Uλn;1,2

osc (v, s)Kd
λn;2(s)Uλn;1

q (s, u)

× Ke
λn;1(u)Uλn;1

q (u, t0)

∣∣∣∣0
〉〉

. (B68)

By the same arguments as for the bound on the norm of E (2)
q;λn,

we arrive at the following bound:

∥∥E (1a)
q;λn (t, t0)

∥∥ � 8(γ�ξ )2

4!

[∫ t

t0

ds
∑

α

|gf;αλ(s − ξn)|
]4

.

(B69)
The prefactor is smaller than before since we showed that only
terms where d = e �= f provide nonzero contributions to the
bound.

By a line of arguments similar to the ones we made
below Eq. (B67) we conclude that the (λ, n) support
of |O(1b);de f

6 〉〉 := K f
λn;2|O(1);de

5 〉〉 is confined to the span of
|0〉〈1|, |1〉〈0| and is moreover only nonzero when d = e = f .

Performing a Kλn;1-Dyson substitution on Uosc in Eq. (B67),
we thus see that the leading-order term vanishes, leaving us
with

E (1b)
q;λn(t, t0) = −i

〈〈
IA

∣∣∣∣νdνeν f νg

∫ t

t0

ds
∫ s

t0

du
∫ t

s
dv

∫ t

v

dw

× Uosc(t,w)Kg
λn;1(w)Uλn;1

osc (w, v)

× K f
λn;2(v)Uλn;1,2

osc (v, s)Kd
λn;2(s)Uλn;1

q (s, u)

× Ke
λn;1(u)Uλn;1

q (u, t0)

∣∣∣∣0
〉〉

. (B70)

By the same arguments as for the bound on the norm of E (2)
q;λn,

we arrive at the following bound:

∥∥E (1b)
q;λn(t, t0)

∥∥ � 8(γ�ξ )2

4!

[∫ t

t0

ds
∑

α

|gf;αλ(s − ξn)|
]4

.

(B71)
The small prefactor results from the fact that only terms where
d = e = f provide nonzero contributions to the bound. We
have now bounded the norm of all terms that make up the
error map.

c. Combining the error bounds

We finally combine the bounds on the norm of the subdi-
visions of the error map in order to arrive at a bound on the
norm of the entire error map. We start by combining the three
bounds from the last section. Using the triangle inequality, we
find

‖Eq;λn(t, t0)‖ �
∥∥E (2)

q;λn(t, t0)
∥∥+ ∥∥E (1a)

q;λn (t, t0)
∥∥+ ∥∥E (1b)

q;λn(t, t0)
∥∥.

(B72)
Substituting in the bounds for the terms from
Eqs. (B64), (B69), and (B71) and changing the integration
variable results in the bound

‖Eq;λn(t, t0)‖ �2(γ�ξ )2

[∫ t−ξn

t0−ξn

ds
∑

α

|gf;αλ(s)|
]4

.

(B73)
Using the triangle inequality once more, we can bound the
norm of the entire error map by summing up the bounds for
the individual oscillators

‖Eq(t, t0)‖ �
∑
λ,n

2(γ�ξ )2

[∫ t−ξn

t0−ξn

ds
∑

α

|gf;αλ(s)|
]4

.

(B74)
To simplify this bound, we use the inequality, which states that
for any function f (t ),

∞∑
n=−∞

∫ t−ξn

t0−ξn

dt | f (t )| �
(

T

�ξ
+ 1

) ∫ ∞

−∞
dt | f (t )|, (B75)

where T = t − t0 and ξn = n�ξ (see Appendix E 3 for proof).
Extending the domain of integration to the entire real line
for three of the integrals in Eq. (B74) and using the above
inequality on the fourth integral allows us to get rid of the
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sum over n and provides the following bound:

‖Eq(t, t0)‖ � 2(γ�ξ )2

(
T

�ξ
+ 1

)

×
∑

λ

[∫ ∞

−∞
ds

∑
α

|gf;αλ(s)|
]4

. (B76)

since
∑

n |an|2 � (
∑

n |an|)2 for any set of numbers {an}, we
obtain

‖Eq(t, t0)‖

� 2�ξ (T + �ξ )γ 2

⎛
⎝∑

λ

[∫ ∞

−∞
ds

∑
α

|gf;αλ(s)|
]2

⎞
⎠

2

.

(B77)

Minkowski’s inequality,
∑

λ |∫ ∞
−∞ ds

∑
α fαλ(s)|p �

[
∫ ∞
−∞ ds

∑
α (

∑
λ | fαλ(s)|p)1/p]p, allows us to further bound

the error by

‖Eq(t, t0)‖

� 2�ξ (T + �ξ )γ 2

⎛
⎝∫ ∞

−∞
ds

∑
α

√∑
λ

|gf;αλ(s)|2
⎞
⎠

4

.

(B78)

Using |gαλ(s)| = |gλα (−s)|, and relabeling the integration
variable s to −s, we obtain

‖Eq(t, t0)‖

� 2�ξ (T + �ξ )γ 2

⎛
⎝∫ ∞

−∞
ds

∑
λ

√∑
α

|gf;αλ(s)|2
⎞
⎠

4

.

(B79)

We recognize the integrand above as the 2,1-norm of g. Defin-
ing �f := 4γ [

∫ ∞
−∞ dt‖gf (t )‖2,1]2 analogously to �, we arrive

at the following error bound:

‖Eq(t, t0)‖ � �ξ

8
(T + �ξ )�2

f . (B80)

If we choose �ξ � ε
�

and ε � �T , then we get the follow-
ing error scaling:

‖Eq(t, t0)‖ = O
(
ε�2

f T/�
)
. (B81)

Importantly, with the choice of filtering function ϕ̃ made in
Eq. (B8), we have �f � 14.41�—see Eq. (C7) for the proof.
Thereby, we obtain

ε2 � 25.96�ξ (T + �ξ )�2. (B82)

This tells us that a train of qubits can emulate the effect of a
train of harmonic oscillators in the limit of a small discretiza-
tion step.

4. Error from restricting interactions to a finite
number of qubits

In this section, we bound the error from truncating the
qubit register connected to the system at each point in time.
Specifically, we introduce a cutoff time, τc, such that the

(λ, n)th ancilla qubit only interacts with the system at times
t for which |t − ξn| � τc,

HT = HS + √
γ

∑
α

Sα ⊗ AT;α (t ), (B83)

with AT;α (t ) given in Eq. (36). We define ρT(t ) to be the
reduced density matrix of the system time evolved under HT

from the the initial state ρ(t0) ⊗ |0〉〈0|A. Similarly to before,
our goal is to quantify the error by considering the trace
distance between the time evolution with and without a time
cutoff

ε3 := ‖ρT(t ) − ρq(t )‖Tr. (B84)

In this Appendix, we show that this error can be upper
bounded by

ε3 � �f (T + �ξ )
τf

τc
, (B85)

where τ f and � f are related to the characteristic interaction
rate and correlation timescale of the bath.

Similarly to the previous subsection, we arrive at the bound
above by defining a quantum channel for the time truncated
dynamics, CT, such that ρT(t ) = CT(t, t0)[ρ0]. As in the last
Appendix, we define the error map as the difference between
the two quantum channels and arrive at the bound by bounding
the superoperator norm of the following error map:

ET(t, t0) := CT(t, t0)[ρ(t0)] − Cq(t, t0)[ρ(t0)], (B86)

where Cq(t, t0)[ρ(t0)] is the quantum channel for the non-
truncated evolution. The rest of this Appendix is dedicated
to constructing the error map in Appendix B 4 a and subse-
quently splitting and bounding the norm of the terms in the
error map in Appendix B 4 b.

a. Constructing the error map

To obtain an expression for the error map ET, we define
χn(t ) to be the indicator function of an interval of width 2τc

centered at ξn:

χn(t ) :=
{

1, |t − ξn| � τc

0, |t − ξn| > τc
. (B87)

We can then construct a Hamiltonian which is equivalent to
HT by explicitly subtracting interactions with ancillary qubits,
which fall outside outside of the cutoff interval

HT(t ) = Hq(t ) −
∑

λ

∞∑
n=−∞

Kλn(t )[1 − χn(t )], (B88)

where

Kλn(t ) =
∑

α

Sα

√
γ�ξ (g∗

f;αλ(t − ξn)σ+
λn + H.c.) (B89)

is the time-dependent coupling to qubit (λ, n). Note that
Kλn is simply a restriction of Kλn;1 from the previous ap-
pendix to the subspace spanned by the zeroth and first Fock
states, which is equivalent to the Hilbert space of the an-
cilla qubits. We can now construct the quantum channel
for the time truncated dynamics CT(t, t0) = 〈〈IA|UT(t, t0)|0〉〉,
where UT is the time-evolution superoperator generated by
HT. Recall that the quantum channel for the qubit evolution is

042422-19



CHRISTENSEN, AGERSKOV, AND NATHAN PHYSICAL REVIEW A 114, 042422 (2026)

Cq(t, t0) = 〈〈IA|Uq(t, t0)|0〉〉, where Uq is the time-evolution
superoperator generated by Hq. The error map can now be
found as the difference between the two channels. Similarly to
before, we relate the two time-evolution superoperators using
a Dyson substitution to obtain a compact expression for the
error map [see paragraph above Eq. (B50)]. Specifically, we
perform a

∑
λ

∑∞
n=−∞ Kλn(t )[1 − χn(t )]-Dyson substitution

on Uq, allowing us to write

Uq(t, t0) =UT(t, t0) − i
∑

λ

∞∑
n=−∞

[
νd

∫ t

t0

dsUq(t, s)Kd
λn(s)

× [1 − χn(t )]UT(s, t0)

]
. (B90)

This allows us to identify

ET(t, t0) =
∑
λ,n

iνd

∫ t

t0

ds〈〈IA|Uq(t, s)Kd
λn(s)

× [1 − χn(s)]UT(s, t0)|0〉〉. (B91)

We now set out to expand and bound the error map by methods
similar to those used in the previous subsection.

b. Expanding and bounding the error map

In this section, we expand the error map into a sum of terms
that can be conveniently bounded individually. We first define
the error map associated with each individual ancilla qubit
(λ, n) as

ET;λn(t, t0) = iνd

∫ t

t0

ds〈〈IA|Uq(t, s)Kd
λn(s)

× [1 − χn(s)]UT(s, t0)|0〉〉. (B92)

The total error map is the sum over the error maps above.
We now use Dyson substitutions on the unitary superoperators
above to express ET;λn(t, t0) in such a way that it can be con-
veniently bounded. As in the previous subsection, our strategy
is to choose Dyson substitutions where the leading-order
terms vanish based on considerations about (λ, n) support
(see the second paragraph under Eq. (B54) for a definition
of this terminology). To aid this analysis, we introduce the
following notation: We let Uλn

q (t ) denote the time-evolution
superoperator generated by Hq(t ) − Kλn(t ) and let Uλn

T (t ) de-
note the time-evolution superoperator generated by HT(t ) −
Kλn(t )χn(t ). Crucially, both these superoperators act trivially
on the operator space of ancilla qubit (λ, n), implying that they
do not modify the (λ, n) support of the operator they act on.

Having laid out the strategy and notation, we are ready to
expand and bound ET;λn(t, t0). As a first step, we perform a
Kλnχn-Dyson substitution on UT in Eq. (B92), resulting in

ET;λn = E (1)
T;λn + E (2)

T;λn, (B93)

where the two terms above arise from the leading-order and
residual terms of the Dyson substitution, respectively:

E (1)
T;λn(t, t0)

= i

〈〈
IA

∣∣∣∣νd

∫ t

t0

dsUq(t, s)Kd
λn(s)[1 − χn(s)]Uλn

T (s, t0)

∣∣∣∣0
〉〉

(B94)

and

E (2)
T;λn(t, t0) = −

〈〈
IA

∣∣∣∣νdνe

∫ t

t0

ds
∫ s

t0

du

× Uq(t, s)Kd
λn(s)[1 − χn(s)]UT(s, u)

× Ke
λn(u)χn(u)Uλn

T (u, t0)

∣∣∣∣0
〉〉

. (B95)

We bound the error of the maps individually, starting with
E (2)

T;λn. In Eq. (B61) [or (E11)] we saw that ‖TrA[XρY ]‖ �
‖X‖‖Y ‖‖ρ‖Tr, where TrA denotes the partial trace over the
ancilla qubits. Using this result together with the triangle
inequality and the submultiplicativity of the operator norm,
we obtain

∥∥E (2)
T;λn(t, t0)

∥∥ � 4
∫ t

t0

ds
∫ s

t0

du[1 − χn(s)]χn(u)

× ‖Kλn(s)‖‖Kλn(u)‖, (B96)

where the factor of 4 comes from counting over the left and
right multiplication indices, d and e. Recalling that Kλn is
the restriction of Kλn,1 to the two lowest Fock states of the
oscillator, we use the bound on Kλn;1 from Eq. (B63) and the
fact that χn � 1 to obtain

∥∥E (2)
T;λn(t, t0)

∥∥ � 4γ�ξ

∫ t

t0

ds
∫ s

t0

du[1 − χn(s)]

×
∑
α,α′

|gf;αλ(s − ξn)||gf;α′λ(u − ξn)|, (B97)

We now bound the term E (1)
T;λn in Eq. (B94). We first note

that the operator to the right of Uq in Eq. (B94) has its (λ, n)
support confined to the subspace spanned by |0〉〈1|, |1〉〈0|.
Performing a Kλn-Dyson substitution on Uq in Eq. (B94)
results in a leading-order term Uq

λn, which preserves the con-
finement of the (λ, n) support. Since this support is purely
off-diagonal, the map resulting from the leading-order term
of the Dyson substitution vanishes in the partial trace over the
ancilla qubits. This leaves us with the following map resulting
from the residual term of the Dyson substitution:

E (1)
T;λn(t, t0) = i

〈〈
IA

∣∣∣∣νdνe

∫ t

t0

ds
∫ t

s
du

× Uq(t, u)Ke
λn(u)Uλn

q (u, s)

× Kd
λn[1 − χn(s)](s)UT

λn(s, t0)

∣∣∣∣0
〉〉

. (B98)
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By the same arguments used above for bounding the norm of
E (2)

T;λn, we obtain the bound

∥∥E (1)
T;λn(t, t0)

∥∥ � 4γ�ξ

∫ t

t0

ds
∫ t

s
du[1 − χn(s)]

×
∑
α,α′

|gf;αλ(s − ξn)||gf;α′λ(u − ξn)|. (B99)

We next combine the two bounds in Eqs. (B97) and (B99)
to obtain a bound for ‖ET;λn(t, t0)‖. Using the triangle inequal-
ity and the fact that the integration domains in Eq. (B97) and
Eq. (B99) line up, we find the following bound:

‖ET;λn(t, t0)‖ � 4γ�ξ

∫ t

t0

ds
∫ t

t0

du[1 − χn(s)]

×
∑
α,α′

|gf;αλ(s − ξn)||gf;α′λ(u − ξn)|. (B100)

We finally obtain a bound for ‖ET(t, t0)‖ by summing the
above bound over all ancilla qubits

‖ET(t, t0)‖ �
∑
λ,n

4γ�ξ

∫ t−ξn

t0−ξn

ds
∫ t−ξn

t0−ξn

du[1 − χ0(s)]

×
∑
α,α′

|gf;αλ(s)||gf;α′λ(u)|. (B101)

By extending the integration over s to the entire real line and
then applying the same argument used below Eq. (B75), we
arrive at the bound

‖ET(t, t0)‖ � 4γ (T + �ξ )
∫ ∞

−∞
du

∫ ∞

−∞
ds[1 − χ0(s)]

×
∑

λ,α,α′
|gf;αλ(s)||gf;α′λ(u)|, (B102)

where T = t − t0 is the full simulation time. Using the in-
equality (see Appendix E 4 for the proof)∑

λ,α,α′
|gαλ(s)||gα′λ(u)| � ‖g(−s)‖2,1‖g(−u)‖2,1, (B103)

we obtain, relabeling integration variables

‖ET(t, t0)‖ � 4γ (T + �ξ )
∫ ∞

−∞
du

∫ ∞

−∞
ds[1 − χ0(s)]

× ‖g f (s)‖2,1‖g f (u)‖2,1. (B104)

Recalling the definition of �f [see also below Eq. (C1)], we
find

ε3 �2(T + �ξ )
√

γ� f

∫ ∞

−∞
ds[1 − χ0(s)]‖g f (s)‖2,1.

(B105)

Since 1 − χ0(t ) vanishes for |t | � τc, we see that the norm of
the error map is small if ‖g f ‖2,1

has negligible weight in the
regions where |t | � τc. The above constitutes our best bound
for ε3.

While the above bound is generally valid, we can obtain a
simple expression for the right-hand side in terms of the bath
correlation time τf and �f . Since the integrand in the above

integrand is nonzero only when |s|
τc

� 1, we find

‖ET(t, t0)‖ �2
√

γ�f (T + �ξ )
1

τc

∫ ∞

−∞
ds|s|‖gf (s)‖2,1.

(B106)

Defining τf := ∫ ∞
−∞ ds|s|‖gf (s)‖2,1/

∫ ∞
−∞ ds‖gf (s)‖2,1 analo-

gously to τ , we find

‖ET(t, t0)‖ � �f (T + �ξ )
τf

τc
. (B107)

In Appendix C we show that �fτf � 55.16�τ with the choice
of filtering function ϕ made in Eq. (B8). Thus, we obtain the
following bound on the error

ε3 � 55.16�
τ

τc
(T + �ξ ). (B108)

This tells us that we can emulate the effects of the bath to
precision O(ε�T ) by choosing τc ∼ τ/ε.

5. Trotter error

In this section, we bound the error from Trotteriz-
ing the evolution of the truncated Hamiltonian HT = HS +√

γ
∑

α Sα ⊗ AT;α (t ) first defined in Eq. (B83) with AT;α (t )
given in Eq. (36) and �t a finite Trotter step. Such a Trot-
terized evolution is directly implemented in the ATA; thereby
this bound completes the establishment of an error bound for
the ATA, see, e.g., Fig. 6. For simplicity, we focus on the case
where HS is time independent. Trotterization techniques for
time-ordered exponentials are analogous to time-independent
Trotterization, and both first- and second-order formulas exist,
see, e.g., Ref. [64]. The case of time-dependent HS(t ) can
thus be analyzed with similar techniques as below but is more
cumbersome; we therefore leave such an investigation for
future studies.

Our construction of the ATA employs a second-order Trot-
terization scheme. Denoting t� := t0 + ��t and defining M :=
round(T/�t ) as the total number of Trotter steps, this scheme
approximates the time-evolution operator generated by HT,

UT(tM, t0) = T e−i
∫ tM

t0
dt ′HT(t ′ )

, (B109)

with the Trotterized system-ancilla ATR evolution operator
given by

∏M
�=1 G�, where

G� = e− iHS�t
2

[
T e

−i
∫ t�

t�−1
dt ′√γ

∑
α Sα⊗AT;α (t ′ )]

e− iHS�t
2 , (B110)

as in Eq. (25) in the main text. Letting and ρT(tM ) denote
the system reduced density matrix generated by the system-
ancilla Hamiltonian HT and ρTrotter (tM ) the system reduced
density matrix generated by the Trotterized system-ancilla
time-evolution operator, we define the Trotter error:

ε4 := ‖ρT(tM ) − ρTrotter (tM )‖Tr. (B111)

In Appendix E 5 we prove that the sum of the distances be-
tween the Trotterized and original time-evolution increments
provides an upper bound for the deviation. With the notation
U� := UT(t�, t�−1), we have the bound

‖ρT(tM ) − ρTrotter (tM )‖Tr � 2
M∑

�=1

‖U� − G�‖. (B112)
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Therefore,

ε4 � 2
M∑

�=1

‖U� − G�‖. (B113)

We next bound the terms on the right-hand side of (B113).
To this end, for brevity, we introduce the notation X =
HS and Y (t ) = √

γ
∑

α Sα ⊗ AT;α (t ). The evolution we

wish to Trotterize is of the form T e−i
∫ s+z

s X (u)+Y (u)du; our
goal hence is to bound the distance of this operator to
e− iXz

2 [T e−i
∫ s+z

s Y (u)du]e− iXz
2 . Here we included an argument, u,

in X (u), whenever X is part of the time-ordered exponen-
tial argument despite the fact that we take X to be time
independent, to signify that X cannot be pulled outside the
integral in the time-ordered exponential. Such a bound can be
conveniently established using standard Trotterization tech-
niques [64] by introducing the operator

F (z, s) := e
iXz
2

(
T e−i

∫ s+z
s Y (u)du

)−1
e

iXz
2 T e−i

∫ s+z
s X (u)+Y (u)du − 1,

(B114)

which compares the original time-evolution increment fol-
lowed by an inverse Trotterized increment to the identity. To
relate F (�t, z) to the operator difference we wish to bound,
we use F (0, s) = 0 to write F (�t, s) = ∫ �t

0 dz d
dz F (z, s). Us-

ing the integral triangle inequality, we find

‖F (�t, s)‖ �
∫ �t

0
dz

∥∥∥∥ d

dz
F (z, s)

∥∥∥∥. (B115)

Exploiting the invariance of the operator norm under mul-
tiplication by unitary operators to multiply both sides by
e

−iX�t
2 (T e−i

∫ s+�t
s Y (u)du)e

−iX�t
2 , we thus find

∥∥e
−iX�t

2
(
T e−i

∫ s+�t
s Y (u)du

)
e

−iX�t
2 − T e−i

∫ s+�t
s X (u)+Y (u)du

∥∥
�

∫ �t

0
dz

∥∥∥∥ d

dz
F (z, s)

∥∥∥∥. (B116)

We note that the a sum over � on the left-hand side with
s = t�−1 gives an upper bound on the Trotter error by
Eqs. (B109), (B110), and (B113).

As the next step, we bound ‖ d
dz F (z, s)‖. Through direct

evaluation and use the triangle inequality, one can verify

∥∥∥∥ d

dz
F (z, s)

∥∥∥∥ �
∫ z

0
dw

∫ w

0
du

[
1

2
‖[[X,Y (s + z)],Y (s+w)]‖

+ 1

4
[‖[X, [X,Y (z + s)]]‖]

+ 1

2

∫ z

w

dv‖[[X,Y ′(v + s)],Y (s + u)]‖

+ 1

2
‖[X,Y ′(w + s)]‖

]
. (B117)

Notice that integrating this equation leads to the well-known
Suzuki-Trotter error bound when Y (t ) is constant [94]. We
now analyze the terms of integrand in (B117) individually. For
brevity, we focus on the first term here. The remaining three
terms can be bounded by similar arguments.

To bound the first term in Eq. (B117), we first use our
definitions of X and Y to obtain

‖[[X,Y (t )],Y (s)]‖
= γ

∑
α,β

‖[[HS, Sα] ⊗ AT;α (t ), Sβ ⊗ AT;β (s)]‖. (B118)

Hence,

‖[[X,Y (s + z)],Y (s + w)]‖
� 2γ

∑
α,β

‖[HS, Sα]‖‖AT;α (s + z)‖‖Sβ‖‖AT;β (s + w)]‖.

(B119)

Recall from the definition of AT;β (t ) [Eq. (36)] that
‖AT;β (t )]‖ � 1√

�ξ

∑∞
n=−∞

∑
λ |gf;βλ(t − ξn)|�ξ . Thus, using

the inequality f (y) � 1
δ

∫ x0+δ

x0
dx f (x) + ∫ x0+δ

x0
dx| f ′(x)| for all

x0 � y � x0 + δ and f absolutely continuous, we find

‖AT;β (t )]‖ � 1√
�ξ

∫ ∞

−∞
ds′

[ ∑
λ

|gf;βλ(t − s′)|

+ �ξ |g′
f;βλ(t − s′)|

]
. (B120)

Defining s = (s1, s2, . . . , sNC ), ṡ = (ṡ1, ṡ2, . . . , ṡNC ), with

sα = ‖Sα‖ = 1,

ṡα = ‖[HS, Sα]‖,
(B121)

and using the Cauchy-Schwarz inequality, we thus find∑
β

‖Sβ‖‖AT;β (t )]‖ � 1√
�ξ

‖s‖2

∫ ∞

−∞
ds′[‖gf (t − s′)‖2,1

+ �ξ‖g′
f (t − s′)‖2,1], (B122)

with ‖ · ‖2 denoting the standard Euclidean norm. Defining

Cf :=
√

γ (
∫ ∞
−∞ ds‖g′

f (s)‖2,1 )
�3/2 , it follows from the definition of �f

that

√
γ

∑
β

‖Sβ‖‖AT;β (t )]‖ � ‖s‖2
1√
�ξ

(√
�f

2
+ �ξ�3/2Cf

)
.

(B123)

By a similar line of arguments we find
√

γ
∑

α

‖[HS, Sα]‖‖AT;α (t )]‖

�
√

γ�ξ‖ṡ‖
∞∑

n=−∞
‖gf (t − ξn)‖2,1. (B124)
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Thus it now follows that

‖[[X,Y (z + s)],Y (s + w)]‖ � 2‖ṡ‖2‖s‖2

(√
�f

2
+ �ξ�3/2Cf

)
√

γ

∞∑
n=−∞

‖gf (z + s − ξn)‖2,1. (B125)

Using this, (B117), (B113), and (B116), we find, for the first error term,

M∑
�=1

∫ �t

0
dz

∫ z

0
dw

∫ w

0
du

1

2
‖[[X,Y (t� + z)],Y (t� + w)]‖

� (�t )2

2
‖ṡ‖2‖s‖2

(√
�f

2
+ �ξ�3/2Cf

)
√

γ

∞∑
n=−∞

M∑
�=1

∫ �t

0
dz‖gf (t�−1 + z − ξn)‖2,1. (B126)

We next use that
∑M

�=1

∫ �t
0 dz‖gf (t�−1 + z − ξn)‖2,1 = ∫ M�t

t0
dz‖gf (t�−1 + z − ξn)‖2,1 and

∑∞
n=−∞

∫ t−ξn

t0−ξn
dt f (t ) � ( T

�ξ
+

1)
∫ ∞
−∞ dt f (t ), for any measurable, non-negative function f ; see Appendix E 3, Eq. (E15), where a proof is provided. These

facts together imply

M∑
�=1

∫ �t

0
dz

∫ z

0
dw

∫ w

0
du

1

2
‖[[X,Y (t� + z)],Y (t� + w)]‖ � (�t )2

2�ξ
(T + �ξ )‖ṡ‖2‖s‖2

(√
�f

2
+ �ξ�3/2Cf

)√
�f

2
. (B127)

Analyzing the remaining terms of (B117) in a similar way gives us

M∑
�=1

∫ �t

0
dz

∫ z

0
dw

∫ w

0
du

1

4
‖[X, [X,Y (z + t�)]]‖ � (�t )2

8�ξ
(T + �ξ )‖s̈‖2

√
�ξ

√
�f

2
, (B128)

M∑
�=1

∫ �t

0
dz

∫ z

0
dw

∫ w

0
du

1

2

∥∥[X,Y ′(w + t�)]
∥∥ � (�t )2

4�ξ
(T + �ξ )‖ṡ‖2

√
�ξ�3/2Cf , (B129)

and
M∑

�=1

∫ �t

0
dz

∫ z

0
dw

∫ w

0
du

1

2

∫ z

w

dv‖[[X,Y ′(v + t�)],Y (u + t�)]‖ � (�t )2

2�ξ
(T + �ξ )‖ṡ‖2 ‖s‖2

(√
�f

2
+ �ξ�3/2Cf

)
�3/2Cf�t

3
,

(B130)

where s̈ = (s̈1, s̈2, . . . , s̈NC ) with s̈α = ‖[HS, [HS, Sα]]‖. Hence, by combining Eqs. (B127)–(B130) with (B113), (B116),
and (B117), we obtain the following bound for the total accumulated Trotter error bound for the ATA:

ε4 �2
(�t )2

�ξ
(T + �ξ )

[√
�ξ

(√
�f‖s̈‖2

8
+ ‖ṡ‖2�

3/2Cf

4

)
+ ‖ṡ‖2‖s‖2

2

(√
�f

2
+ 1

3
�3/2Cf�t

)(√
�f

2
+ �3/2Cf�ξ

)]
. (B131)

Next we note that ‖s‖2
2 = NC . Using this result, along with

√
�f � 23/44√

π

√
�, and noticing that

∫ ∞
−∞ ds|g′

f (s)|2,1 �
23/44√

π

∫ ∞
−∞ ds|g′(s)|2,1 [95], we find

ε4 �23/44√
π

(�t )2

�ξ
(T + �ξ )

[√
�ξ�

(‖s̈‖2

4
+ ‖ṡ‖2�C

2

)
+ ‖ṡ‖2

√
NC�

(
1

2
+ 1

3
C��t

)(
1

2
+ C��ξ

)]
, (B132)

with C = √
γ�−3/2(

∫ ∞
−∞ ds|g′(s)|2,1). We see from the second-order Trotter error in (B132) how small �t must be chosen to

guarantee the desired accuracy ε4 = O(ε�T ). Assuming �ξ � ε
�

, we find the following requirement on �t :

�t � min

⎡
⎣(

ε�ξ

C�‖ṡ‖2
√

NC

) 1
3

,

(
ε

C2�2‖ṡ‖2
√

NC

) 1
3

,

√
ε�ξ

‖ṡ‖2
√

NC
,

√
ε

C�‖ṡ‖2
√

NC
,

√
ε
√

��ξ

‖s̈‖2
,

√
ε
√

��ξ

C�‖ṡ‖2

⎤
⎦. (B133)

In the limit where ε → 0, the dominant inequality is

�t �
√

ε�ξ

‖ṡ‖2
√

NC
. (B134)

This establishes the Trotter error bound used in Eq. (31) of the main text.
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APPENDIX C: BOUNDS ON THE FILTERED BATH
CHARACTERISTIC SCALES

In this Appendix, we prove that the relevant interaction
rate and timescale for the filtered jump correlator, g f (t ), can
be bounded by those of its unfiltered counterpart, g(t ). This
is important as the errors encountered in the Appendixes
above often depend on these timescales. The results of this
section justify our reexpression of all bounds in terms of the
corresponding rates and timescales associated with g; � and τ

[see, e.g., (17) of the main text]. The characteristic interaction
rate and correlation time of g f are defined as

�f := 4γ

[∫ ∞

−∞
dt‖gf (t )‖2,1

]2

,

τf :=
∫ ∞
−∞ dt‖gf (t )t‖2,1∫ ∞
−∞ dt‖gf (t )‖2,1

. (C1)

In this Appendix, we prove that

�f � 14.41�,

�fτf � 14.41�τ + 40.75�/�. (C2)

We do not claim optimality of the numerical constants, and
they may be further reduced by a different choice of ϕ̃(ω).
Choosing � � 1/τ , we therefore have

�fτf = O(�τ ). (C3)

To establish the bound above, we will, for convenience, use
the following notation:∫

f (t )>c
h :=

∫ ∞

−∞
dtθ ( f (t ) − c)h(t ),

∫
f (t )<c

h :=
∫ ∞

−∞
dtθ (c − f (t ))h(t ), (C4)

for any functions f (t ) and h(t ), with θ (·) denoting the Heavi-
side step function. Similarly, we use the notation∫

f1(t )>c1
f2(t )>c2

h :=
∫ ∞

−∞
dtθ ( f1(t ) − c1)θ ( f2(t ) − c2)h(t ), (C5)

with obvious generalizations to other directions of the in-
equalities in the integration domain.

To bound �f , we invoke Minkowski’s integral inequality,
which states√√√√∑

α

∣∣∣∣
∫ ∞

−∞
dsgαβ (t − s)ϕ(s)

∣∣∣∣
2

�
∫ ∞

−∞
ds|ϕ(s)|

√∑
α

|gαβ (t − s)|2. (C6)

Squaring both side of this inequality and integrating over t ,
we therefore have

�f � ‖ϕ‖2
1�. (C7)

We now show that, by our choice of ϕ in Eq. (B8), we have

‖ϕ‖1 � 4 23/4

√
π

≈ 3.8 ≈
√

14.41, (C8)

from which the first bound in Eq. (C2) follows. (Note that the
above bound is valid with any matrix-valued function, h, with
integrable ‖h‖2,1, in place of g.) To prove (C8), we first note

‖ϕ‖1 �
∫

|t |<s0

|ϕ| +
∫
|t2ϕ|>s1

|t |>s0

|ϕ| +
∫
|t2ϕ|<s1

|t |>s0

|ϕ|, (C9)

where s0 and s1 are free parameters to be chosen below.
Using the Cauchy-Schwarz inequality in the first term, we
find

∫
|t |<s0

|ϕ| � √
2s0‖ϕ‖2 = √

s0/π‖ϕ̃‖2 � √
2s0�/π . For

second term, notice that∫
|t2ϕ|>s1

|t |>s0

|ϕ| � 1

s1

∫ ∞

−∞
dt |t2ϕ(t )2|. (C10)

Using (s1)−1
∫ ∞
−∞ dt |t2ϕ(t )2| = 1

2s1π

∫ ∞
−∞ dt | d

dω
ϕ̃(ω)|2 and

1
2s1π

∫ ∞
−∞ dω| d

dω
ϕ̃(ω)|2 � �

2s1π
( 4
�

)2, we find∫
|t2ϕ|>s1

|t |>s0

|ϕ| � 8

πs1�
. (C11)

For the third term in (C9) we observe that∫
|t2ϕ|<s0

|t |>s1

|ϕ| � 2s1

∫ ∞

s0

dt
1

t2
= 2

s1

s0
. (C12)

Thus, ‖ϕ‖1 � √
2s0�/π + 8

πs1�
+ 2 s1

s0
. Minimizing the right-

hand side with respect to s0 and s1, we find Eq. (C8) at s0 =
4
√

2/� and s1 = 4 21/4/(
√

π�).
We prove the second bound in Eq. (C2) by a similar ap-

proach to the first bound: First we note that

�fτf = γ

∫ ∞

−∞
dt‖gf (t )t‖2,1

∫ ∞

−∞
dt‖gf (t )‖2,1. (C13)

We identify the last factor as
√

�f/4γ , which we
have bounded above. To bound the first factor, we
use that

∫ ∞
−∞ dsg(t − s)ϕ(s)t = ∫ ∞

−∞ ds(t − s)g(t − s)ϕ(s) +∫ ∞
−∞ dsg(t − s) sϕ(s). A straightforward computation, using

Minkowski’s integral inequality, as in (C6), then shows∫ ∞

−∞
dt‖gf (t )t‖2,1 � ‖ϕ‖1

∫ ∞

−∞
dt‖g(t )t‖2,1

+ ‖tϕ‖1

∫ ∞

−∞
dt‖g(t )‖2,1. (C14)

With our choice of ϕ in Eq. (B8), we show below that

‖tϕ‖1 � 21/4 16√
π

1

�
≈ 10.74

1

�
. (C15)

Equation (C2) follows by combining this result
with (C13), (C15), and (C8).

To prove (C15), observe first that

‖tϕ‖1 �
∫

|t |<r0

|tϕ| +
∫
|t3ϕ|>r2

1|t |>r0

|tϕ| +
∫
|t3ϕ|<r2

1|t |>r0

|tϕ|, (C16)

where r0 and r1 are free parameters to be chosen below. For
the first term in (C16) we use the Cauchy-Schwarz inequality
again to bound

∫
|t |<r0

|tϕ| � √
2r0‖tϕ‖2. Using Placherel’s

Theorem, which states that the Fourier transform preserves
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the L2-norm up to a normalization constant, it hence follows
that ∫

|t |<r0

|tϕ| �
√

r0

π

∥∥∥∥ d

dω
ϕ̃

∥∥∥∥
2

�
√

8r0

π�
, (C17)

where the latter inequality follows from the explicit form of ϕ̃

given in Eq. (B8). For the second term in (C16) we use∫
|t3ϕ|>r2

1|t |>r0

|tϕ| � 1

r2
1

∫ ∞

−∞
dt |t2ϕ(t )|2. (C18)

Using again Plancherel’s Theorem,
∫ ∞
−∞ dt |t2ϕ(t )|2 =

1
2π

∫ ∞
−∞ dω| d2

dω2 ϕ̃(ω)|2, and the explicit ϕ̃ from Eq. (B8),
it follows that ∫ ∞

−∞
dt |t2ϕ(t )|2 � 44

2πr2
1�

3
. (C19)

For the last term in (C16) we have∫
|t3ϕ|<r2

1|t |>r0

|tϕ| � 2(r1)2
∫ ∞

r0

dt
1

t2
= 2

r2
1

r0
. (C20)

Combining the results above, we find

‖tϕ‖1 �
√

8r0

π�
+ 44

2πr2
1�

3
+ 2

r2
1

r0
. (C21)

Minimizing the right-hand side with respect to r0 and r1

[achieved with r0 = 8
√

2/� and r1 = 4 23/8/(π1/4�)] we
obtain Eq. (C15).

APPENDIX D: TROTTERIZING ANCILLA-SYSTEM
COUPLINGS WHEN OPERATORS COUPLED

TO BATHS COMMUTE

In this Appendix, we describe how the system-ancilla cou-
pling can be Trotterized for multiple quantum noise channels
with commuting {Sα}.

To recap, for multiple channels, we use the following op-
erator to advance the coupling in the mth Trotter step:

Vm := T exp

[
−i

∫ tm

tm−1

ds
√

γ S · AT(s)

]
. (D1)

[See Eq. (37) of the main text]. If {Sα} mutually commute,
then we may factorize Vm into unitaries acting on individual
ancillas,

Vm =
∏
n,λ

Vm;λn, (D2)

where

Vm;λn := T exp

[
−i

√
γ

∫
Imn

dsS · AT:λn(s)

]
, (D3)

and where the integration domain Imn is the intersection be-
tween the mth Trotter step interval and the time cutoff interval
for ancilla n, Imn := [tm−1, tm] ∩ [ξn − τc, ξn + τc]. Finally, the
αth entry of AT:λn is given by

AT:αλn(s) :=
√

�ξg∗
f :αλ(s − ξn)σ+

λn + H.c. (D4)

The ATA for multiple commuting quantum noise channels can
then be executed with the pseudocode in Fig. 4 by compiling
Vm as a product of gates acting only on single ancillas.

APPENDIX E: DERIVATIONS OF COMMONLY
USED IDENTITIES

In this Appendix, we derive the bounds in
Eqs. (B50), (B51), (B61), (B75), (B103), and (B112) that are
used throughout Appendixes B and C.

1. Dyson substitutions: Proof of Eqs. (B50) and (B51)

In this section, we derive general identities for Dyson
substitutions of unitary superoperators given in Eqs. (B50)
and (B51). Specifically, we show that given a Hamilto-
nian H (t ) = H1(t ) + H2(t ), the unitary superoperator U (t, t0)
generated by H (t )—i.e., the time-evolution superoperator—
satisfies

U (t, t0) = U1(t, t0) − iνd

∫ t

t0

dsU1(t, s)Hd
2 (s)U (s, t0), (E1)

and

U (t, t0) = U1(t, t0) − iνd

∫ t

t0

dsU (t, s)Hd
2 (s)U1(s, t0), (E2)

where U1(s, t0) denotes the unitary superoperator generated by
H1(t ). In Eqs. (E1) and (E2), we refer to the right-hand sides
as H2-Dyson substitutions of U .

To prove (E1), recall that, given a Hamiltonian H (t ), the
corresponding time-evolution superoperator is

U (t, t0) = T exp

⎛
⎝−i

∑
d∈{L,R}

νd

∫ t

t0

dsHd (s)

⎞
⎠, (E3)

where L denotes left multiplication and R denotes right mul-
tiplication and νL = −νR = 1. From now on, we contract
indices, so it is implicit that

νd Hd :=
∑

d∈{L,R}
νd Hd . (E4)

The derivative of U evaluated at time s is (by definition)

∂U (t, t0)

∂t

∣∣∣∣
s

= −iνd Hd (s)U (s, t0). (E5)

Clearly U (t0, t0) = I, where I is the identity superoperator.
Hence, integrating the above equation, we find

U (t, t0) = I − iνd

∫ t

t0

dsHd (s)U (s, t0). (E6)

Likewise, the derivative with respect to t0 yields

∂U (t, t0)

∂t0

∣∣∣∣
s

= iνdU (t, s)Hd (s). (E7)

Integrating this derivative from t to t0 and exchanging the
limits of integration in exchange for a sign change, we find

U (t, t0) = I − iνd

∫ t

t0

dsU (t, s)Hd (s). (E8)
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With the above preliminaries established, we now prove
Eqs. (E1) and (E2): If the Hamiltonian is written as H (t ) =
H1(t ) + H2(t ), then the superoperator associated with the uni-
tary time-evolution operator is then given by Eq (E3). On the
other hand, consider the superoperator

Ũ (t, t0) = U1(t, t0) − iνd

∫ t

t0

dsU1(t, s)Hd
2 (s)U (s, t0). (E9)

By straightforward differentiation we find

∂

∂t
(Ũ (t, t0) − U (t, t0)) = −iνd Hd

1 (t )(Ũ (t, t0) − U (t, t0)).

(E10)

It follows that

Ũ (t, t0) − U (t, t0) = U1(t, t0)(Ũ (t0, t0) − U (t0, t0)) = 0

and hence the superoperator U (t, t0) is equal to Ũ (t, t0),
and (E1) follows. Equation (E2) follows by a similar argu-
ment.

2. Bound on the trace norm of a partial trace: Proof of Eq. (B61)

In this section we prove Eq. (B61), i.e., we provide a bound
for the trace norm of a partial trace of a product of bounded
operators, one of which is a trace-class operator. This bound
is used to bound the operator norm of the error maps in
Appendixes B 2, B 3, and B 4. Specifically Eq. (B61) states
that for any trace class operator ρ on a composite Hilbert
space HA ⊗ HB and bounded operators X and Y on that same
Hilbert space, we have

‖TrB[XρY ]‖tr � ‖X‖‖Y ‖‖ρ‖Tr, (E11)

where TrB denotes the partial trace over HB. We will often
think of ρ as a quantum state; however, the inequality is
generally valid for any trace class operator.

To prove Eq. (E11), we use the fact that there exist two
orthonormal bases for HA, {|ψ j〉} j , and {|φ j〉} j , such that

‖TrB[XρY ]‖tr =
∑

j

〈ψ j |TrB[XρY ]|φ j〉. (E12)

This follows from the singular value decomposition of the op-
erator TrB[XρY ] on HA. We next express 〈ψ j |TrB[O]|φ j〉 =∑

a〈ψ j | ⊗ 〈a|O|φ j〉 ⊗ |a〉, with {|a〉} any orthonormal basis
on HB, and note that there exist a unitary operator, U , such
that U |ψi〉 = |φi〉. Thus,

‖TrB[XρY ]‖tr =
∑

j,a

〈φ j | ⊗ 〈a|(U ⊗ I )XρY |φ j〉 ⊗ |a〉

=Tr[Y (U ⊗ I )Xρ], (E13)

where we have used the cyclic property of the trace in the
last step. Taking the absolute value on both sides, and us-
ing Hölder’s inequality for Schatten-p norms, |Tr[AB]| �
‖A‖‖B‖tr , we obtain

|Tr[Y (U ⊗ I )Xρ]| � ‖Y (U ⊗ I )X‖‖ρ‖tr. (E14)

Using submultiplicativity of the operator norm along with
‖U ⊗ I‖ = 1 has unit operator norm leads to Eq. (E11).

3. Proof of Eq. (B75)

In this section, we prove the bound in Eq. (B75) for a non-
negative function, f (t ):

∞∑
n=−∞

∫ t−ξn

t0−ξn

dt f (t ) �
(

T

�ξ
+ 1

) ∫ ∞

−∞
dt f (t ), (E15)

where T = t − t0 � 0 and ξn = n�ξ . To show this inequality,
we introduce the characteristic function on an interval

χ[ta,tb](t ) :=
{

1, t ∈ [ta, tb]
0, Else . (E16)

This allows us to write the above integrals as

∞∑
n=−∞

∫ t−ξn

t0−ξn

dt f (t ) =
∫ ∞

−∞
dt f (t )

∞∑
n=−∞

χ[t0−ξn,t−ξn](t ).

(E17)

The sum over the indicator functions is uniformly bounded

∞∑
n=−∞

χ[t0−ξn,t−ξn](t ) �
(

T

�ξ
+ 1

)
. (E18)

Due to the non-negativity of f (t ), we thus arrive at the desired
inequality.

4. Proof of Eq. (B103)

Here we prove the bound in Eq. (B103), which states∑
λ,α,α′

|gαλ(s)||gα′λ(u)| � ‖g(−s)‖2,1‖g(−u)‖2,1, (E19)

To establish this result, we first use the Cauchy-Schwarz
inequality to obtain∑

λ,α,α′
|gαλ(s)||gα′λ(u)|

�
∑
α,α′

( ∑
λ

|gαλ(s)|2
) 1

2
( ∑

λ

|gα′λ(u)|2
) 1

2

. (E20)

Using that gα′λ(u) = g∗
λα′ (−u) we hence find

∑
λ,α,α′

|gαλ(s)||gα′λ(u)|

�
∑
α,α′

( ∑
λ

|gλα (−s)|2
) 1

2
( ∑

λ

|gλα′ (−u)|2
) 1

2

. (E21)

We recognize the above right-hand side as the product of two
2,1-norms, ‖M‖2,1 := ∑

λ(
∑

α |Mαλ|2)1/2, of g, i.e.,

∑
λ,α,α′

|gαλ(s)||gα′λ(u)| � ‖g(−s)‖2,1‖g(−u)‖2,1, (E22)

which is the desired result.
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5. Bound on the accumulated Trotter error: Proof of Eq. (B112)

Here prove the bound in Eq. (B112):

‖ρT(tM ) − ρTrotter (tM )‖Tr

� 2
M∑

�=1

∥∥T e
−i

∫ t�
t�−1

dt ′HT(t ′ ) − e− iHS�t
2 V�e− iHS�t

2
∥∥, (E23)

with tM = t0 + M�t .
To conveniently prove the bound above we introduce the

following notation: We let

UT(t, t0) = T e−i
∫ t

t0
dt ′HT(t ′ )

, (E24)

denote full system-ancillas ATR time-evolution operator, with
HT given in Eq. (B83), and let

Gm = e− iHS�t
2 Vme− iHS�t

2 (E25)

denote the full system-ancilla ATR Trotter step unitary. Fur-
thermore, we let

ρ̃T(t ) = UT(t, t0)(ρ(t0) ⊗ |0〉〈0|)|UT(t, t0)†, (E26)

denote the evolution of the density matrix of the composite
system-ancilla system generated by HT(t ) and likewise let

ρ̃Trotter (t�) =
[

�∏
m=1

Gm

]
ρ(t0) ⊗ |0〉〈0|

[
�∏

m′=1

Gm′

]†

(E27)

denote the corresponding time-evolved state of the composite
system with the Trotterized evolution. We finally introduce the
shorthand UT;� := UT(t�, t�−1).

With the notation above, it clearly follows that ρ̃T(t�) =
UT;�ρ̃T(t�−1)U †

T;�, and ρ̃Trotter (t�) = G�ρ̃Trotter (t�−1)G†
�. There-

fore,

ρ̃T(t�) − ρ̃Trotter (t�) = Ut ;�ρ̃T(t�−1)U †
t ;� − G�ρ̃Trotter (t�−1)G†

�.

(E28)

Adding and subtracting Ut ;�ρ̃Trotter (t�−1)U †
t ;�, taking the trace

norm, and using the triangle inequality we find

‖ρ̃T(t�) − ρ̃Trotter (t�)‖Tr

� ‖Ut ;�[ρ̃T(t�−1) − ρ̃Trotter (t�−1)]U †
t ;�‖Tr

+ ‖Ut ;�ρ̃Trotter (t�−1)U †
t ;� − G�ρ̃Trotter (t�−1)G†

�‖Tr. (E29)

As the trace-norm is unitarily invariant, the first term of (E29)
gives

‖Ut ;�[ρ̃T(t�−1) − ρ̃Trotter (t�−1)]U †
t ;�‖Tr

= ‖ρ̃T(t�−1) − ρ̃Trotter (t�−1)‖Tr. (E30)

For the second term of (E29) we add and subtract
G�ρ̃Trotter (t�−1)U †

t ;� and use the triangle inequality to find

‖Ut ;�ρ̃Trotter (t�−1)U †
t ;� − G�ρ̃Trotter (t�−1)G†

�‖Tr

� ‖[Ut ;� − G�]ρ̃Trotter (t�−1)U †
t ;�‖Tr

+ ‖G�ρ̃Trotter (t�−1)(Ut ;� − G�)†‖Tr. (E31)

Using that ‖X ρ̃TrotterY ‖tr � ‖X‖‖Y ‖, for X and Y bounded
operators [Eq. (E11) with HB = C and ‖ρ̃Trotter‖Tr = 1], we
thus find

‖Ut ;�ρ̃Trotter (t�−1)U †
t ;� − G�ρ̃Trotter (t�−1)G†

�‖Tr � 2‖Ut ;� − G�‖.
(E32)

Thus,

‖ρ̃T(t�) − ρ̃Trotter (t�)‖Tr

� ‖ρ̃T(t�−1) − ρ̃Trotter (t�−1)‖Tr + 2‖Ut ;� − G�‖. (E33)

By induction and by using ‖ρ̃T(t0) − ρ̃Trotter (t0)‖Tr = 0, it fol-
lows that

‖ρ̃T(tM ) − ρ̃Trotter (tM )‖Tr

� 2
M∑

�=1

∥∥T e
−i

∫ t�
t�−1

dt ′HT(t ′ ) − e− iHS�t
2 V�e− iHS�t

2
∥∥. (E34)

Equation (B112) [or (E23)] now follows by noting that

‖ρT(tM ) − ρTrotter (tM )‖Tr � ‖ρ̃T(tM ) − ρ̃Trotter (tM )‖Tr, (E35)

which follows from the bound ‖TrB(ρ̃)‖Tr � ‖ρ̃‖Tr, valid for
any trace-class operator ρ̃ on a composite Hilbert space HA ⊗
HB [see Eq. (E11), with HB being the ancillas Hilbert space,
and with X = Y = I].
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