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Quantum aberrations: Entangling photons with Zernike polynomials
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We introduce Zernike polynomials as a novel degree of freedom for encoding quantum information in the
spatial structure of photons. Building on their orthogonality and completeness over the unit disk, we develop
a framework for generating, manipulating, and detecting photons in Zernike modes, and propose methods for
realizing single-photon and two-photon Zernike wave packets. We demonstrate analytically that two-photon
states generated via spontaneous parametric down-conversion exhibit mode entanglement in the Zernike basis,
with correlations arising from selection rules enforced by Clebsch-Gordan coefficients. Our results open a
new pathway for structured spatial entanglement, complementary to schemes based on Laguerre-Gaussian or
Hermite-Gaussian modes, and suggest practical experimental implementations based on holographic modulation

and optical Fourier techniques.
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I. INTRODUCTION

Structured spatial modes of light have emerged as a
powerful resource for quantum information processing. In
particular, encoding quantum states in orbital angular mo-
mentum or Hermite-Gaussian spatial modes has led to
demonstrations of high-dimensional entanglement, quantum
communication protocols, and quantum information process-
ing [1-7]. However, extending the set of spatial mode bases
beyond conventional families such as Hermite-Gaussian and
Laguerre-Gaussian opens new possibilities for control, robust-
ness, and efficiency.

Historically, a great deal of attention has been paid to the
Zernike modes as a complete set of polynomials to expand
the aberration phase on the exit pupil of an imaging optical
system. We direct the reader to Zernike’s groundbreaking
1934 paper [8], Nijboer’s 1942 thesis [9] on the diffraction
theory of aberrations, and to Born and Wolf [10], particularly
Chap. 9, Secs. 9.1 t0 9.4, and Appendix VII, for an exploration
of the early development of the Nijboer-Zernike theory and a
comprehensive review of it, including the mathematical prop-
erties of the polynomials. Here we mention only that Zernike
disk polynomials Z(x, y) are distinguished from other sets of
polynomials by their elegant invariance properties: when the
coordinate axes are rotated about the origin, each polynomial
is transformed into a polynomial of the same form [11] in
the sense that Z(x,y) = G(0)Z(x',y') (x',y are the rotated
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coordinates). More importantly, each Zernike polynomial rep-
resents an optimally balanced combination of Seidel power
series terms [9], minimizing variance across the pupil, or
equivalently, maximizing the intensity in Gaussian focus [12].
Furthermore, Zernike polynomials are mathematically related
to generalized spherical harmonics, which arise in the solution
of Laplace’s equation in higher-dimensional spaces [13]. It
should be noted that the true origin of the ad hoc operator
introduced by Zernike has not yet been adequately addressed.
A recent study by Abgaryan et al. [14] reported that, via
an appropriate canonical (gauge) transformation, the Zernike
Hamiltonian can be mapped exactly to that of a free particle
constrained to a hemispherical surface of a two-dimensional
(2D) sphere.

Relatively little work has been carried out in the quantum
domain using Zernike modes or the Zernike Hamiltonian [15],
leaving significant opportunities for further exploration and
development in this area. For example, Zernike modes can be
used to represent qudits (d-dimensional quantum states). For
example, Zernike modes Z" can be used to represent qudits,
with the mode indices n and m serving as quantum numbers.
These indices can be manipulated, that is, raised or lowered,
using optical masks generated through interferometric tech-
niques [16]. One can also measure the Zernike modes using
the same masks to convert the Zernike modes into plane-
wave modes. In quantum information schemes, first-order
Zernike modes can be manipulated in a manner analogous to
the linear and circular polarization of electromagnetic fields
[17]. Devices can be constructed to act on these modes in a
way analogous to the operation of polarizing beam splitters,
half-wave plates, and quarter-wave plates [18,19]. As a re-
sult, first-order Zernike modes can form a basis for encoding
qubits and enabling single-qubit rotations. We outline meth-
ods for constructing photon states and defining field operators
in the Zernike basis. Moreover, we show that photon pairs
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entangled in Zernike modes can be generated through the
process of spontaneous parametric down-conversion (SPDC).
Spatial mode entanglement of down-converted photons has
already been demonstrated, both theoretically and experimen-
tally, for Laguerre-Gaussian and Hermite-Gaussian modes
[20,21].

Although Hermite-Gaussian and Laguerre-Gaussian
modes are widely used in quantum optics and are compatible
with circularly symmetric systems, they are not specifically
tailored to represent optical aberrations. In contrast, Zernike
modes form a complete orthogonal basis on the unit disk
and directly correspond to common wavefront aberrations,
making them naturally suited for describing and manipulating
spatial distortions in pupil-limited systems. Zernike modes
are ideally suited for quantum protocols involving optical
imperfections, adaptive optics, or pupil-limited imaging
systems.

In this work, we present the first complete quantum frame-
work for the use of Zernike modes in quantum optics. Our new
results include the following:

(i) A formal construction of photon creation and annihila-
tion operators in the Zernike basis;

(i) Analytical expressions for single-photon and two-
photon wave packets in this basis;

(iii) Demonstration of two-photon entanglement via SPDC,
with selection rules governed by Clebsch-Gordan coefficients;

(iv) Experimental strategies for preparing, transforming,
and detecting Zernike modes; and

(v) Discussion of specific quantum tasks, such as aber-
ration sensing and robust communication, where Zernike
entanglement offers distinct advantages.

These results extend the scope of spatial-mode-based quan-
tum optics by introducing a new, physically grounded basis
that is especially well matched to practical optical systems ex-
hibiting pupil-limited or aberrated behavior. We note that this
study addresses free-space propagation through diffraction-
limited optics; random media such as a turbulent atmosphere
will be considered in a separate work. While Zernike modes
are not paraxial eigenmodes like Laguerre-Gaussian beams,
the pupil-to-image mapping in Eq. (18) preserves the ex-
pansion coefficients of Eq. (1), enabling exact reconstruction
of the field in the image plane of an ideal optical system.
This property makes Zernike encoding attractive in aperture-
limited contexts.

II. ZERNIKE POLYNOMIALS AND SOME
OF THEIR PROPERTIES

Zernike polynomials are not only a convenient math-
ematical basis; they are rooted in the physics of optical
aberrations. In classical optics, they provide a complete and
orthogonal basis over the unit disk, allowing for compact
representation of wavefront distortions across a circular pupil.
Each low-order Zernike polynomial corresponds to a distinct
aberration type commonly encountered in imaging systems.
For instance, Zg represents defocus, 23jEl corresponds to
coma, and Z;E2 describes astigmatism. Higher-order terms
represent more complex distortions such as spherical aber-
ration or trefoil. These modes have been extensively used in
optical testing, adaptive optics, and phase correction systems,
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FIG. 1. The basic optical configuration. A wavefront in the exit
pupil coming from a point in the object plane (not shown) converges
towards the image plane. The position on the exit pupil is defined by
the polar coordinates (p, 6); the position in the image plane region is
defined by the polar coordinate system (g, ¢).

where the aberration phase ®(p, 0) is expanded in the Zernike
basis and manipulated directly using deformable mirrors or
phase masks. In interferometry, the Zernike coefficients are
extracted to quantify system imperfections, while in vision
science they are used to characterize human eye aberrations
[22,23].

By leveraging this strong physical foundation, we propose
(see Sec. IV) extending the use of Zernike modes into quan-
tum optics, where they can serve as spatial degrees of freedom
for encoding quantum information. Their well-defined aberra-
tion structure and rotational symmetries make them physically
meaningful and experimentally accessible, rather than purely
abstract mathematical constructs.

We work with generalized pupil functions P character-
ized by a nonuniform amplitude transmission function A
and a real phase aberration ®. We adopt the definition
of Zernike disk polynomials using exponential rather than
trigonometric azimuthal dependence. Accordingly, the gener-
alized pupil function P is expanded, e.g., in polar coordinates,

o =+/x2+y%* 6 = arctan(y/x), see Fig. 1, as
P(p,0)=A(p,0)expli®(p, 0)]

0o n
= Z Z ang;n(pag)v

n=0 m=—n

0<p<1, 0<6 <2n, (1)

in which the normalized polynomials are expressed in terms
of radial polynomials R"!(p) [10] as

Z"(p,0) = Vn+ 1R™(p)e™, 2)
n—|m|
2 (—=D*(n —k)! _
RLm‘(p’ 9) = n+m n—m pn 2](’ (3)
2 B = R 1)

and where n and m in the summation are integers such thatn —
|m| is even and nonnegative. The coefficients a,,, are given by

1
am = / &p P(0)Z"(p), 4

where p = (p, 6), d>p = pdpdé, and the integration is per-
formed over the pupil region (1). The form (2) provides great
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simplification in computing diffraction integrals due to the
separation of variables [24]. When the system is aberration-
free, A = 1, ® = 0 in the pupil. Note that most authors in the
optics community consider uniform amplitude transmission
pupils A = 1 and expand only the aberration phase & into
Zernike polynomials.

The orthogonality and completeness relations of the poly-
nomials are as follows:

/de Z,',"*(P)Z:/',(P) = T8 S » )

> Zr(p)Zy () = wS(p— p). (6)
The number of linearly independent polynomials of degree
<nis 3(n+ 1)(n+2) [12]. Hence, every polynomial in
(x,y) can be expressed as a linear combination of a finite
number of polynomials Z", which means the set is complete
[10]. A product of two polynomials are linearized as [25,26]

ZI(P)ZyE(p) = Y Apimamitme zmd (g (7)
n3
Here the summation is over all nonnegative integers n3 with
parity(n3) = parity(ms) = parity(m; + my), ®)

m3 = my + my such that max(|ms|, |ny — no|)<nz<ny+ns.
There are at most min{n, n,} + 1 terms in the sum. The A’s
are given by the Clebsch-Gordan coefficients [27]

R Ut S 135 4 IR O
T\ D+ DR
which are nonvanishing only when
ny, ny, n3 = integers or half-integers > 0, (10)
such that
D20 i (11)
— + — 4+ — = integer
27272 8er
while satisfying the triangle conditions
|nr - nsl < n < ny + g (12)

for any permutation r,s,¢ of 1,2,3, and when m, =
—-n.,,—n,+1,....,n.—1,n,, r=1,23, withm +mp —
msz = 0.

The Fourier transforms of the Zernike polynomials are
computed to be [28]

1 2w
Z:ln(q) = f dp ,0/ do Z:l”(p’ Q)ezmpqcos(eﬂp)
0 0

J1(2 ,

— it 1 CED jims, (13)
2rq

where ¢ = (q, ¢). Note that the index m is associated only

with the angular factor e while the index n—with radial

factor J,41 (2 q)/(2m q). The Z) are orthogonal and complete

over the entire space

/00 dqu,T*(q)ZZ‘/(Q) = nsmm’&m’v (14)
N Z@Zq) = w8~ q), (15)

mn

as can be checked using Egs. (5) and (6), the orthogonality of
sines and cosines as well as Bessel functions

o0 dt 8pq
" Jnr2pr1 (O mr2g+1(8) = (16)
0

2m+2p+ 1)

III. TRANSFORMATIONS IN ZERNIKE BASIS

To utilize Zernike modes as a resource for quantum infor-
mation processing, it is essential to establish viable methods
for their experimental generation, manipulation, and mea-
surement. In this section, we outline a sequence of practical
procedures that enable full control over photon wave pack-
ets in the Zernike basis. We begin by describing methods
for mode preparation using interferometric and holographic
techniques. We then examine how these modes evolve under
free-space propagation and optical transformation. Following
this, we discuss mode conversion strategies based on the sym-
metry properties of Zernike modes, and finally, we present
detection schemes that project incoming quantum states onto
specific Zernike modes for measurement.

A. Preparation

The preparation of photons in specific Zernike modes is a
crucial first step toward implementing quantum information
protocols based on this basis. Zernike modes, defined on the
unit disk, are suited to be encoded in the spatial profile of a
light field across a circular aperture. To imprint these profiles
onto photons, one can use spatial light modulation techniques
that are already standard in classical optics and wavefront
control.

One widely used method is the application of computer-
generated holographic masks [16,29]. These are diffrac-
tive optical elements designed to transform an incoming
Gaussian or plane wave into a desired, Zernike, mode in the
present case, by modulating its amplitude and phase. Such
holograms can be fabricated using spatial light modulators
(SLMs), digital micromirror devices [30], and they can be
dynamically reprogrammed to generate different modes on
demand. Zernike phase patterns can be generated using the
same technology as Laguerre-Gaussian (LG) beams, includ-
ing phase-only SLMs and diffractive optics. Higher-order
Zernikes exhibit finer radial structure, requiring sufficient
pixel resolution to maintain fidelity.

For commercially available SLMs with pixel pitches of
820 um, diffraction efficiencies of 60 to 85% have been
reported for comparable spatial frequencies [31], implying
similar overall transmission for single-photon operation.

Another practical technique involves an interferometric
generation of Zernike modes using a Twyman-Green inter-
ferometer [12]. In this setup, the beam is split into two parts
and one arm is modified by inserting a known optical aberra-
tion (such as a lens with known aberration, or a deformable
mirror). When the two arms are recombined, the resulting in-
terference pattern encodes the desired Zernike phase structure.

For single-photon states, these classical field modulation
methods can be directly applied to the spatial profile of a
single photon using a transmissive or reflective SLM. The
hologram effectively acts as a projection operator, transform-
ing an incoming photon wavefront into a specific Zernike
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spatial profile. The success of this transformation can be
verified by observing the resulting diffraction pattern in the
Fourier plane or by mode-selective detection downstream.

Thus, the preparation of Zernike modes leverages existing
tools in classical beam shaping and wavefront engineering,
making this quantum-optical implementation both conceptu-
ally accessible and experimentally feasible.

B. Image space

In Fourier optics, the image of an object is the convolu-
tion of the image predicted by geometrical optics with the
Fraunhofer diffraction pattern of the exit pupil [32]. Now,
the Fourier transforms (13) can be generated as Frounhofer
pattern of the Zernike field profile. This can be done in the
focal plane of a spherical lens with focal length f:

Zm k romy N —i%pp
Zn(p)=ﬁ/dpzn(p)e f

Joi1 R pk /)
=2ni"\/n+1+l(+;’/f)elm¢ (17)

The amplitude and phase of the light at coordinates (px, o))
in the focal plane are determined by the amplitude and phase
of the input Fourier component at spatial frequencies (g, =
koy/f,qy = kpy/f). From Eq. (17) itis seen that when a pupil
function is expanded in the Zernke basis as in Eq. (1), the
spatial spectrum of the pupil function itself may be associated
with the amplitude distribution in the image plane

@)= amZ} (@), (18)

mn

with the same expansion coefficients. This means that a
function in the pupil plane expressed as a series of Zernike
polynomials Z"(p) immediately yields its image plane func-
tion by the simple substitution of the Z,T(q) for Z'(p).
It should be noted that the series expansion for the wave-
front distortion in the pupil does not have this simple
representation. This procedure may be used to calculate the
diffraction patterns in the image plane of an optical system.

C. Propagation
Applying the Fresnel diffraction operator to the Zernike
profile at z = 0 one gets

" ikeikz
Z'(p,z)=—
m

/ & p'z;(p)ek T

ik,

_&eikz-'r e MY (-
: o (032), 19)

Z

where we integrate the theta part and define

1
V" (p;2) =i"Vn+ 1/ dp'p'Ry(p")
0

kop' ik
X <— pL ) exp |:l—,o/2:|. (20)
Z 2z

This integral was evaluated by [26] as a Bessel-Bessel series.
The coefficients V," are

n+h

Vipi) =Vt lemx Y Y iR+ )

_ In—h|
o=ttt

o k \ I 127 p)
XAg}’n"h ]1<—E>+ZT, (21)

where j; is the spherical Bessel function, and the summa-
tion is over all h of same parity as m with & > |m|. Due
to the decay properties of (spherical) Bessel functions with
increasing order, the number of terms to be used in the dou-
ble series in Eq. (21) should be slightly larger than 7 pk/z.
The summations can be limited to values of 4 up to a little
beyond mep and values of [ up to a little beyond ek /(8z) [26].
Note also, that for Fraunhofer zone z >> k x (pupil area), only
the spherical Bessel function for the [ = 0 (and h = n) case
Jo(B) =sin(B)/B — 1 survives the sum for small B, i.e.,
Vii(p;z) => /n+1 i’”%zgp) and Eq. (19) becomes pro-
portional to Eq. (17).

D. Mode conversion

Due to the symmetry properties of Zernike modes, the
modes with the same n index and 4m differ from each other
by rotation. Hence, these modes can be achieved one from
the other by placing a beam rotator in between. The beam
rotator is made of two dove prisms, and if one of them rotated
about the optical axis by 6/2, then the amplitude distribu-
tion of the field will rotate by 6. To change the mode index
n, conventional techniques can be used to add or subtract
aberrations [22].

A Zernike mode Z' can be modified by adding a con-
trolled aberration profile A®(p,0) in the pupil plane. If
introduce A®(p, 0) = aZ},(p, ), the product of the origi-
nal mode and the new profile, according to product rule (7),
willbe Z"Z% ="  Amm2m 72m The Clebsch-Gordan struc-
ture of A determines which n’ values appear, effectively
“shifting” the radial index n. In practice, such an aberration
can be applied by a spatial light modulator or a deformable
mirror programed with the desired Z}, pattern. The result-
ing field after renormalization will have a changed radial
index.

E. Detection

To detect a photon in the Zernike basis, the holographic
mask of the corresponding mode interferogram should be
placed before the conventional detector system in the optical
Fourier recognition setup [22,32].

IV. QUANTIZATION IN ZERNIKE MODES

In this section, we proceed with the quantization procedure
using Zernike modes. We define the Zernike mode creation
operators as

~mf __ 1 2 _Sm T
1 7% =m
@ == ;zn @z, (23)
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obeying the commutation relations
[z 2] = / g2 @2 @) = Sumbuw- (24

Here a'(g) and a(q) are the usual bosonic creation and an-
nihilation operators for plane wave modes with transverse
wave vector ¢, satisfying the usual commutation relations
la(q), a'(¢')] = 6(g — q'). While the polarization degree of
freedom could, in principle, be included in the analysis, it
plays no essential role in the discussions that follow. For sim-
plicity, we assume the creation operator is implicitly summed
over polarization states, i.e., a'(q) = \/% Y. al(q). Then, it
can be seen that the states defined as

zr70y = |zp). (25)

are orthonormal and complete
(Nm |~m ) = Sm' S » (26)
> X =1, @

n=0 m=—n(2)

where 221:7”(2) indicates that the sum is over m in the range
{—n,—n+2,...,n}

A. Field operator and the first-order correlation function

The angular spectrum representation [10] of the field
operator

2
ECr) = f (;q)z a(g)e PV (28)

in paraxial approximation (/k* — ¢*> — k — —) in terms of
the Zernike mode annihilation operators Z has the form

eikz ~m dzq Fm i -7ﬁ
%:Z"/(Zn)z Z,'(q)e (0-)

ikz )
= s [Eozete st

2izm? 2 mn

E(+)(r) —

§|

. ikp?
ketket 2z

~imf m ~m
=—— V' (p;2)Z,, 29
N ;n(pozn (29)
where V" are given in Eq. (21). The field operator as-
sumes a particularly simple form in the Fraunhofer region (cf.
Sec. III B)

EM(r) =" > Z0(oe, p) 2, (30)

mn

with o) = fqx/k.

B. Single-photon state in the Zernike basis

Now using the orthonormality of the Fourier transforms
of the Zernike polynomials (14), one can expand any state
in the Zernike basis using their closure relation Particularly,
a paraxial single-photon state, |y) f (2;1)2 Ck)a'(k)|0),
where C(k) is strongly concentrated around kg = k¢Z with a

small transverse part |q| < Doko, can be written as

W) =Y e v = o, 31)

mn mn

where (relabeling k using ¢q)

o= () = / d’q C()Z™(q). (32)

From now on we will work only with paraxial states.

C. First-order correlation function
The first-order correlation function GV(r;r) = GV (r) =
(Y1 [ED(@E®(r)|y) also assumes a particularly simple
form in the Fraunhofer region

GOy =) o e 2 (oe py) Zy (pes py). (33)

mny
niny

Equation (33) satisfies the first-order coherence condition,
as expected for any pure single-photon state. For a pure
single-photon state |i;) to satisfy the coherence condition,
it is required that the first-order correlation function as de-

fined G;(ri;r2) = (¥ |E; 7 (eDET )l (. j = 2,3, 2),
to factorlze into a function of ry, i and a function of rp, j. [33]
[Chap. 12.7.4].

D. Two-photon state in the Zernike basis

The most general paraxial two-photon state

1 .
) = / / a0 Clay. ana' @)at @)l0),  (34)
Wal) = 1, 35)

can be represented in the two-photon Zernike basis. The lat-
ter can be constructed using tensor products of one-photon
Zernike basis states as

1 ~ ~
d2 d2 Zm1 Zmz
_zr«/z /f q147°q22,7(q,)2,7(q3)
x a'(g,)a’ (g,)10). (36)

|Zn1 ’ Zﬂz

Expanding the above two-photon state in the tensor product
Zernike basis, we get

W) = Y g o, ), (37
miyniy
niny

with
G = (gt 22 [ ¥a)

1 2 2 M * my*
== d*q1 4*q2 C(q1, 42)2"(91) 7,2 (q2)- (38)

The normalization condition (35) is equivalent to

> Jgm ) = (39)

myny
niny
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E. Second-order correlation function

With the help of Egs. (30) and (37) the second-order corre-
lation function in the Zernike basis assumes the form

(2) _ MMy - mM3mys*
G (rl’ 1'2) =4 é'n]nz n3ng
mymymsniy
ninan3ng

X ZWII (px| ’ pvl) Zle (pxz ’ pyz)
Znh* (IOJC] ’ loyl) Zm4 (IOXZ ’ pyz)' (40)

F. Two-photon state from the down-conversion process

Equation (38) holds for the specific symmetric amplitude
such as the one generated from the process of SPDC [34]

[2L - (LUg, — 21"
C(q;,q2) = Jﬂ_KU(ql +42)SIHC<#

08 v(ql +q2)9

Here v(q,,) is the angular spectrum of the pump beam with
4, =41 + ¢, L is the length of the nonlinear crystal in the
propagation (z) direction, and K is the magnitude of the
pump field wave vector. The thin-crystal approximation is a
well-established simplification in SPDC theory to simplify the
phase-matching function when the nonlinear crystal length L
is small compared to the Rayleigh range of the pump beam. In
this limit, the sinc phase-matching function becomes broad in
momentum space, and the two-photon amplitude is effectively
determined by the spatial profile of the pump [20,34].
Now, making the following change of variables

4 =4q1+0% Q=3g —a) 42)
Eq. (38), in the thin crystal approximation [34], takes the form

in thin crystal approx. “n

mymy 1 my m
Som’ = — / EoVpZ (0Z (). (43)

where V (p) is the pump profile (the inverse Fourier transform
of the angular spectrum of the pump). In the above represen-
tation, we make use of the convolution theorem, and change
the order of integration. Expanding the pump profile in the
Zernike basis V(p) = Y, amnZ"(p), Eq. (43) takes the form

mymy __ mymoym
g =3 A, (44)

mn

where we use the orthogonality of Zernike polynomials and
the relation (7) [26]. The property m = m; + m, of the
Clebsch-Gordan coefficients guarantees that the azimuthal
frequency of the initial aberration is conserved in the down-
conversion process. In principle, this conservation could be
satisfied by fields that exhibit a classical or quantum correla-
tion (entanglement) of aberrations. The other conditions (8)
to (12) on the Clebsch-Gordan coefficients lead to additional
conservation criteria. These rules mean that in SPDC with
a pump in mode Z)", not only m is conserved through m =
my + my, but also only those (n;, n,) combinations satisfying
the above constraints will appear in the two-photon state. We
note here that the conditions are not restrictions on individual
indices of signal and idler photons but involve sums and
differences. Thus, there is, indeed, a correlation between the
indices of the signal and the idler fields. In the next subsection,

Interferogram 7.~ 1
Interferogram Z22 @@ \L

(. ~

Interferogram Z?:':’

FIG. 2. Schematic of two-photon Zernike mode entanglement
via SPDC. A pump beam prepared in a Zernike mode Z'" illuminates
a thin nonlinear crystal, producing signal and idler photons whose
spatial modes are correlated. The dashed lines in front of the pupils
represent the interferograms pictured near them. The picture near
the nonlinear crystal (NLC) represents the propagated pump profile
according to Eq. (17). The conservation of azimuthal quantum num-
ber (m = my + my) and triangle conditions for n—indices, arising
from Clebsch-Gordan coefficients, govern the resulting two-photon
entangled state in the Zernike basis.

we show that these conservation conditions lead to aberration
entanglement of the down-converted photons.

G. Entanglement in Zernike modes

We consider the pump profile having a single Zernike mode
Z, so that the expansion coefficients (44) are given only by
am,,AZ",f"ﬁl’" (See Fig. 2 for a schematic depiction of the two-
photon Zernike entanglement setup.)

To verify that the two-photon state is entangled in the
Zernike basis, we examine the reduced density matrix of one
photon and test its purity via the trace of its square, Trp;. For
any pure bipartite state, Trp12 = 1 if and only if the state is sep-
arable; Trp12 < 1 indicates entanglement. Now, the reduced
density matrix for, say, the signal photon of the two-photon
state (37) is given by

Hmlml m]
= S . (45)
nym n]ml
iy 1y mymy*
where 8, " = D oy G wm, - Note that
mym, mymy*
gmm _ gmim (46)

nin =l i

If the above density matrix represents a mixed state then |y;)
is entangled. From the properties of density matrices Trp; = 1
and p; > 0 it follows that

Erm =1, g >0, 47)

n1n1 ning
nymy

The condition Trp12 < 1 follows from the fact that p; is a
normalized positive semidefinite operator. Here p; > 0 means

that all eigenvalues of p; are nonnegative. The condition
Tr,ol2 < 1 is equivalent to Zn}m} |umlml | < 1, where we use

nyny

the orthogonality of the Zernike modes and the symme-

ny I'L

mim :mlml -1
/
nymy ning nymy =nin)

try property (46). Subtracting )
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[cf. Eq. (47)] from each side of the last inequality, we have

, -
—~mym |2 R ——

|a ST =grmmgrr i L 0.
nyn| mny =nin

nym
’ /
mny

(48)

Since p; is a positive-semidefinite operator, its elements
g = (zy' o1 Isz‘) obey the generalized Cauchy-Schwartz-
1

=
nyny

Buniakowski inequality

mymy |2 Pre—
1’ < EnllnllE nh (49)

—
= /
niny nynj

for any n;, my, n}, m}, which means that all the terms in the
summation in Eq. (48) are either zero or negative. Then, if
—mym, —_ —mim . .
at least one |E"""" |2 — Emm g"'" i nonzero, the equality
nin nin n\n

in Eq. (48) cannolt hold, indicating that p; is a mixed state
(Tr[,olz] < 1) and, consequently, |1,) must be entangled. Note

—mym — —mm . —
that for |E7"1|2 — @mm g"1 " < 0 it must be that E™™ > (
niny niny nyn niny

and E;",/‘:l/‘ > 0. With the help of Eq. (8) we see that
171
parity(m; + my) = parity(m), (50)
parity(m} + my) = parity(m), (51)
hence it must be that
parity(m; ) = parity(m}), (52)
otherwise E""' = 0. Thus, even if parity(m;)# parity(m)),

mny

there still can be terms with EJI™ # 0 and Enm! # 0 but
g™ =0. Noting also the second condition (47), we con-

(I
mn

clude that |y,) is entangled in the Zernike modes.

V. DISCUSSION

The presence of entanglement in the Zernike basis is not
merely a formal consequence of the mathematical framework,
it offers practical utility for quantum optics and quantum
information science. Like Laguerre-Gaussian or Hermite-
Gaussian modes, which are the eigenmodes of free-space
propagation, Zernike modes directly correspond to optical
aberrations and are the natural eigenmodes of wavefront dis-
tortions. This makes them particularly appealing for quantum
tasks involving real optical systems, where aberrations natu-
rally occur and must be measured, corrected, or exploited.

In diffraction-limited free-space propagation, the mapping
in Eq. (18) ensures that a field decomposed into Zernike
modes at the pupil retains the same expansion coefficients in
the image plane, avoiding intermode coupling. This property
holds for any aperture-limited optical system free of random
aberrations, and is a key advantage for encoding and decoding
in reimaged pupil planes.

One key application is quantum aberration sensing. In this
protocol, a pair of photons entangled in Zernike modes is

generated via SPDC. One photon (the probe) is transmitted
through an unknown or distorted optical element, while the
other (the reference) is routed directly to a detection system.
By performing joint measurements in the Zernike basis, one
can extract information about the aberration-induced mode
transformation of the probe photon. Since Zernike modes
diagonalize common aberration types (e.g., defocus, astig-
matism, coma), the structure of the entangled state enables
efficient inference of aberrations with reduced measurement
complexity compared to more generic mode decompositions.
Another promising direction is in high-dimensional quan-
tum communication over aberrated channels. In many realistic
scenarios, including propagation through the atmosphere, tis-
sue, or imperfect lenses, channel distortions can be compactly
described in terms of Zernike polynomials. In this setting, pre-
compensation or postcorrection of Zernike-mode entangled
photons could enable more stable transmission of qudits or
entangled states through realistic, imperfect optical media.
Adaptive-optics compensation in a Zernike basis is well es-
tablished in classical optics. While its application to quantum
channels under turbulence is beyond the present scope, it is a
natural extension of our framework and will be addressed in a
forthcoming study on propagation through random media.

VI. CONCLUSION

We developed a complete theoretical framework for using
Zernike modes as a structured, physically grounded basis
for quantum information processing. Leveraging the orthog-
onality, rotational symmetry, and completeness of Zernike
polynomials on the unit disk, we constructed single- and two-
photon wave packets and showed how these modes evolve
under free-space propagation and optical transformations. We
demonstrated that two-photon states generated via SPDC are
entangled in the Zernike basis, with correlations arising from
angular momentum conservation and Clebsch-Gordan selec-
tion rules. The results suggest that Zernike modes can serve
as a new degree of freedom for quantum information tasks,
particularly in systems affected by optical aberrations. We
hope that this work encourages further experimental explo-
ration of Zernike-mode-based quantum optics and motivates
new applications at the intersection of spatial mode control
and quantum technologies.
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