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PT -symmetry-breaking phase transitions in a Lipkin-Meshkov-Glick dimer
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The open Lipkin-Meshkov-Glick (LMG) model provides a prototype of a dissipative phase transition which
can be analyzed using mean-field theory. By combining the physics of this model with those of a quantum analog
of a parity-time reversal symmetry breaking transition we analyze the steady state phase diagram of a pair of
coupled LMG models. Their competition generates a complex phase diagram with multiple steady-state phases
and emergent dynamical regimes absent from either constituent model, including chaos characterized by the
maximum Lyapunov exponent. We show that the effects predicted from mean-field theory survive in the full
quantum model.
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I. INTRODUCTION

Open quantum systems which include the effects of both
drive and dissipation can exhibit behavior that is much richer
than that of their equilibrium counterparts. This is even more
apparent in many-body systems [1] where the interaction with
the environment can produce novel dynamical behavior which
is not possible in equilibrium, even stabilizing phases which
cannot occur as ground states of equilibrium systems.

Typically, the dynamics of such systems are described by
master equations, which allow a much richer phenomenology
than is possible in equilibrium [2–5]. This is fundamentally
due to the fact that the symmetries [6–10] possible are more
complex than those that can arise when constrained by a
Hamiltonian. The effects of dissipation on phases of matter
have been explored in a variety of experimental platforms
from cavity [11,12] and circuit [13] QED to semiconduc-
tor microcavity polaritons [14] and nonlinear optical cavities
[15]. The ability to engineer steady states and critical points
of driven-dissipative systems are of importance for quantum
technologies, such as dissipative quantum computing [16,17],
quantum sensing [18–20], and quantum thermodynamics [21].

Much recent effort has been spent examining how nonequi-
librium processes can alter phase transitions which are closely
related to those found in quantum ground states. In the open
Dicke [22,23] and dissipative Lipkin-Meshkov-Glick (LMG)
[10,24–26] models it is found that, while the critical points are
shifted slightly by the dissipation, the states remain largely
unchanged. There is, however, another class of transition
where the physics is dominated by the drive and dissipa-
tion. The prototypical example of this kind of transition is
that of the Scully-Lamb laser [27] where incoherent driv-
ing of the emitters leads to the emergence of a macroscopic
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photon field. In more exotic setups, this kind of physics can be
explored in models with an absorbing state [28–30], models
which break time-translation symmetry [31] and models with
the microscopic generalization [32–36] of parity-time (PT )
symmetry [37,38].

In this paper, we introduce a model which features both
of these categories of phase transition and study the phase
structure and dynamics which emerge from their interplay.
We begin with the dissipative version of the LMG model
[24–26,39] which has a transition between a paramagnetic and
a ferromagnetic state as the nonlinearity in the Hamiltonian
is varied. This is augmented with a PT -symmetric part-
ner giving a dissipation-dominated phase transition between
a normal state with definite magnetization and an infinite-
temperature state as the interspin coupling is increased.

II. MODEL

We begin by briefly reviewing the phase transitions found
in the PT and dissipative LMG models which underlie our
main results. The PT model consists of two coupled spins,
one of which absorbs excitations from the environment while
the other emits excitations into it. The model is described by
the master equation

ρ̇ = −i[HPT , ρ] + γ

S
(D[S−

A ] + D[S+
B ]), (1)

where S+(−)
A/B is the raising (lowering) operator for the

collective spins, labeled A and B, which are of length
S. The coherent term is HPT = λ(S+

A S−
B + S−

A S+
B )/2S and

the Lindblad superoperators are given by D[O] = OρO† −
1
2 {O†O, ρ}. This model is shown schematically in Fig. 1(a).
It has a symmetry when swapping the labels of the sites
(parity) and exchanging gain for loss by replacing c → c† in
the jump operators. Models with this symmetry generically
have steady-state phase transitions where, on increasing λ, the
state changes from being dissipation dominated, with differ-
ent magnetization on each site, to one where the coherent
dynamics induce an infinite temperature maximally mixed
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FIG. 1. (a) Schematic diagram of the PT model. (b) Steady state
magnetization and purity (inset) in the PT model as a function
of the coupling λ. (c) Schematic diagram of the dissipative LMG
model. (d) Steady state components of the spin magnetization in the
dissipative LMG model at γ = 0.5g.

state [34,36,38]. In the limit S → ∞ this transition becomes
discontinuous, corresponding to the semiclassical PT sym-
metry breaking transition of a non-Hermitian Hamiltonian.
This can be seen in Fig. 1(b) where we show the magneti-
zations, ZA and ZB, of the two spins as the coupling strength
is varied. In the inset to Fig. 1(b) we also show how the purity
of the steady state changes. At λ = 0, the system is in the
pure state where spin A points up and spin B down, |⇓⇑〉,
while above λ = 0.5 γ the steady state is an equal mixture of
all possible spin configurations [34,35].

We also use the dissipative LMG model [24–26]. It consists
of a nonlinear spin coupled to a dissipative environment. The
master equation describing this is

ρ̇ = −i [HLMG, ρ] + γ

S
D[S−], (2)

where the Hamiltonian, HLMG = −JS2
x /S − gSz, has com-

petition between the nonlinearity, J , and magnetic field g
[Fig. 1(c)]. This model has a Z2 symmetry corresponding to a
rotation by π in the x-y plane. The ground state phase transi-
tion, which spontaneously breaks this symmetry, is between a
paramagnet for small |J|, and a ferromagnet when |J| is large.
This carries over to the steady state of the dissipative model
with a small correction to the location of the critical point,
weakly dependent on the loss rate. Results for the individual
components of the magnetization in the thermodynamic limit,
S → ∞, are shown in Fig. 1(d). For J ≈ 0 the steady state
has the spin pointing downwards, whereas at large negative J
two solutions for the in-plane magnetizations, 〈Sx〉, and 〈Sy〉,
emerge. Note 〈Sy〉 is finite because of the presence of the
dissipation which tilts the direction of the spin in the x-y plane.

The model which we focus on here builds on these two
parts by combining a pair of LMG models, one dissipative,
one driven, which are coupled via the PT Hamiltonian above.
This full model retains the relevant features of both phase
transitions. Our goal is to investigate the competition between

them. The full Hamiltonian is

H = HA
LMG ⊗ IB + IA ⊗ HB

LMG + HPT ,

and the dynamics are described by the master equation

ρ̇ = −i [H, ρ] + γ

S
(D[S−

A ] + D[S+
B ]). (3)

When the nonlinearity J = 0 this reduces to the PT model
described above and, when the coupling λ = 0, this reduces
to a pair of uncoupled LMG models.

III. MEAN-FIELD EQUATIONS

To analyze the behavior of this model we construct mean-
field equations of motion. These are exact, for the underlying
models, in the thermodynamic limit S → ∞ [24,34], and
more generally for models in this class [40,41] giving us confi-
dence in their validity. For compactness we define, e.g., XA =
Tr[SA

x ρ]/S, the normalized expectation values for the spin
components such that −1 � XA � 1. The products which ap-
pear are broken using the mean-field ansatz Tr[SA

x SB
y ρ]/S2 


XAYB. With this we obtain a set of six coupled nonlinear
equations, three for each site

ẊA = gYA + λZAYB + γ XAZA , (4)

ẎA = −gXA + 2JZAXA − λZAXB + γYAZA, (5)

ŻA = −2JYAXA − λ(XAYB − YAXB) − γ
(
1 − Z2

A

)
,

(6)

ẊB = gYB + λZBYA − γ XBZB, (7)

ẎB = −gXB + 2JZBXB − λZBXA − γYBZB, (8)

ŻB = −2JYBXB + λ(XAYB − YAXB) + γ
(
1 − Z2

B

)
.

(9)

Note that, because of our choice of scaling, the equations are
all independent of the size of S. We first analyze the steady-
state phase diagram of the model described by this set of
equations.

The equations above always have a normal state solu-
tion with XA = XB = YA = YB = 0 and ZA = −1, ZB = 1. This
corresponds to the dissipation dominated state of the PT
model and the paramagnetic state of the individual LMG
models. Therefore, this state is stable when both λ � g and
|J| � g. Away from this region, while the normal state is still
a solution to the mean-field equations, it is no longer stable.
Hence, to obtain the full phase diagram we must categorize all
of the possible solutions to the mean-field equations and ana-
lyze their stability. While some analytic results are available,
for example, for the LMG model [24], in general this must
be done numerically. To find these solutions, we numerically
search for steady-state solutions of Eqs. (4)–(9) for each point
in parameter space, check their stability from the eigenval-
ues of the Jacobian matrix and count the number of distinct
solutions.

The resulting phase diagram is shown in Figs. 2(a) and 2(b)
for γ = g/2 and γ = g, respectively. We show the number of
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FIG. 2. Mean-field phase diagrams obtained from Eqs. (4)–(9).
(a) and (b) show the number of stable fixed points for different
values of γ as a function of J and λ, including sample dynamics for
different phases. Analytical approximations for the phase boundaries
are shown as white dashed lines [Eqs. (10) and (11)]. (c) and (d) show
the corresponding maximum Lyapunov exponent at each point in the
phase plane. Phase boundaries extracted from (a) and (b) are shown
in white solid lines.

stable solutions as a function of J and λ. In the normal state
only one fixed point is stable, this corresponds to the staggered
magnetization phase described above. As |J| is increased
away from zero we reach phases where there are two stable
solutions, related to the phase transition of the LMG model.
When J is positive spin B transitions into a ferromagnetic
state, while when J becomes negative spin A undergoes the
same transition. This gives a pair of stable fixed points, one
for each of the possible symmetry broken states.

When the tunneling rate, λ, is large, we find that the mean-
field equations have no stable fixed points and the long time
behavior is given by a combination of limit cycles and more
complex chaotic dynamics, discussed below. The existence of
a limit cycle in this region is expected for the PT model. At
large λ the steady state of the full quantum model is given by
the maximally mixed state. This state cannot be represented
by mean-field theory since all mean-field states require X 2

A +
Y 2

A + Z2
A = X 2

B + Y 2
B + Z2

B = 1 [42]. In this regime mean-field
theory predicts the existence of a limit cycle around the equa-
tor of the Bloch sphere which when averaged gives the result
for the infinite temperature state.

We note two further features in the steady-state phase dia-
gram on the boundaries between the normal and LMG phases.
Firstly, particularly for large γ [Fig. 2(b)], a region with no
fixed points emerges. The dynamics in these regions reveals
behavior resembling critical slowing-down, where the X and
Y components of the spin slowly approach, but do not reach,
the fixed point expected in the normal phase. Secondly, parts

of the boundary close to the PT phase show three stable
fixed points. These correspond to the single fixed point in the
normal phase and the pair of fixed points in the LMG phase,
suggesting phase coexistence.

We find an analytic expression for the boundary to the
LMG phase by locating where an eigenvalue of the Jacobian
for the normal state becomes unstable, giving

J2
c = (γ 2 − λ2 + g2)2 + 4λ2g2

4(λ2 + g2)
, (10)

i.e., there are small corrections which, to lowest order, are
quadratic in λ to the location of these phase boundaries.

In a similar way we can find the boundary of the limit
cycle close to the line J = 0. The resulting expression is more
complex but to lowest order in J we find

λc

g

 γ

g

(
1 + J2

2γ 2

)
. (11)

These approximate results are shown as the white dashed lines
in Figs. 2(a) and 2(b). We see that they closely match the phase
boundaries calculated numerically.

The complexity of the mean-field phase diagram can be
further explored by studying the dynamical behavior. In the
normal state where only one solution is stable we find a single
attractor for the dynamics which is reached from any set of
initial conditions. In the two LMG phases there are a pair of
attractors for the dynamics, corresponding to the two ferro-
magnetic states. This can be seen in the small panels in Fig. 2,
where the different colored lines show dynamics starting from
different initial states. We also show the limit cycle at J = 0
in the PT phase.

The behavior is much richer in the parts of the phase
diagram where there are no fixed point solutions. As discussed
above, exactly along the line where J = 0 the PT phase
transition is associated with the emergence of a regular limit
cycle for all values of λ. The transition which occurs when
increasing λ at larger |J| is much more complex. Here we
find, at first, that each of the fixed points is associated with
its own limit cycle which grows as λ is increased. At some
point these cycles merge and the dynamics fill phase space
and are chaotic.

We can shed further light on the richness of the dynamics
in the PT phase by computing a dynamical phase diagram
[Figs. 2(c)–2(d)]. For each set of parameters, we numerically
compute the maximum Lyapunov exponent [44–47] and av-
erage it over symmetric initial conditions sampled from the
equators of the Bloch spheres.

This procedure reveals rich structure in the PT phase. The
Lyapunov exponent vanishes near the line J = 0, indicating
the limit cycle dynamics. Curiously, near the boundary be-
tween the LMG and PT phases, some regions classified by
the fixed-point analysis as stable nevertheless show a positive
averaged Lyapunov exponent. The dynamics reveals different
behavior depending upon the initial conditions. Some initial
conditions go to the fixed points as expected, but others dis-
play complex oscillatory dynamics that does not settle down.
This indicates additional complexity in the structure of the
basins of attraction. Moreover, there are other structures that
warrant exploration in future work, such as islands of stability
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FIG. 3. Comparison of the results of full quantum simulations for
the system sizes shown in the legend with the results of mean-field
theory, for γ = g/2. The sweeps taken through the phase diagram
are highlighted in the inset to (c). In (a) and (b) we show sweeps at
constant λ, while (c) and (d) show sweeps at constant J . All other
parameters are the same as Fig. 2.

with reduced Lyapunov exponent. The complexity of the dy-
namics in the PT phase speaks to the power of our approach
of systematically combining models with different kinds of
phase transition, pointing the way towards a more general
framework.

IV. COMPARISON TO EXACT RESULTS

To understand how the dynamical features emerge from
a full quantum description we compare the results of the
mean-field equations to those obtained from exact numerical
diagonalization of the master equation. The size of the Hilbert
space is that of two spin S particles, Hd = (2S + 1)2, hence to
find the steady state we have to work with a Liouville space
of size Ld = (2S + 1)4. This means that only relatively small
systems sizes are easily accessible.

In Fig. 3 we take cuts through the phase diagram in
Fig. 2, comparing the value of ZB obtained from exact

FIG. 4. Numerically obtained spin Wigner function for three dif-
ferent parameter regimes with S = 3. (a) Normal phase at J/g =
λ/g = 0, (b) LMG phase at J/g = 1.5, λ/g = 0, and (c) PT phase
at J/g = 1.5, λ/g = 0.5.

diagonalization at different values of S with the mean-field
results. For parameter values without fixed points the mean-
field results are obtained by averaging ZB over time and initial
conditions. The cuts in Figs. 3(a) and 3(c) are straightforward
to interpret. Figure 3(a) shows the behavior as J is varied at
a fixed, small, value of λ. Here the physics is very similar to
that of the uncoupled LMG model and we see the mean-field
results predict that magnetization is fixed at 1 until a critical
value of J/g where it starts to decrease. The exact results
agree with this picture with some finite-size corrections which
reduce as S is increased. Similarly, in Fig. 3(c) where we
show a sweep over λ at fixed J = 0. We see the magnetization
changes sharply from 1 to 0 at λ = g/2, as expected for the
PT model. In this case, the effect of finite S is to smooth out
the transition and to ensure that a unique steady state density
operator is obtained, even when limit cycles are predicted for
S → ∞.

In contrast, when the cut intersects with more phase bound-
aries the results are more complex. In Fig. 3(b) we show the
behavior at a fixed value of λ which is large enough to inter-
sect the regions without fixed points. We see that the quantum
results match qualitatively with the mean-field predictions, but
now the finite size effects are much more pronounced. The
general trend, however, is still that the exact results approach
those of mean-field theory as S is increased. The noise in the
mean-field results is due to imperfect averaging. Similarly, in
Fig. 3(d) we show a cut at fixed J but now the value is large
enough such that, at λ = 0, the system is in the symmetry
broken phase of the LMG model. The exact numerical results
are in general agreement with the mean-field calculations, but
again, the noise in the averaging procedure makes it difficult
to be more quantitative than this.

Finally, we note that it is possible to compute an analog of
the Wigner function for spins [43]. This allows us to compare
a phase space representation of the quantum state with the
trajectories seen in mean-field theory. Examples of this are
shown in Fig. 4. In Fig. 4(a) we show the spin Wigner function
for J = 0, λ = 0, in this case the steady state points directly
upwards towards the North pole of the Bloch sphere. Figure
4(b) shows a set of parameters in the orange region of Fig. 2(a)
where the mean-field prediction is that there are two steady
state fixed points. We see this corresponds to two regions
of high probability, at the locations predicted by mean-field
theory. In Fig. 4(c) we show a case from the region where
the mean-field equations predicts a pair of limit cycles. We
observe a more diffuse distribution of probability in the area
where the limit cycles are present. We anticipate that this
would be more apparent for larger systems.
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V. CONCLUSIONS

We have shown that coupling systems with distinct dissipa-
tive symmetry-breaking mechanisms can generate emergent
dynamical phases absent from either constituent model. We
demonstrated this using a pair of coupled nonlinear spins ex-
hibiting both PT symmetry breaking as the coupling between
the spins is changed and a conventional second-order phase
transition driven by the nonlinearity. The resulting mean-field
phase diagram contains phases inherited from the individual
models, but the multiple limit cycles and chaotic regions,
characterized by the maximum Lyapunov exponent, are not
present in either parent model and emerge only from their
competition. The main features are also present in finite-size
exact quantum simulations.

Our work suggests a general framework for designing
phases of driven-dissipative systems: copies of models with
known phases can be coupled through interactions that
themselves support distinct nonequilibrium transitions. This
approach can be readily generalized, for example, to lattice
models where the phase transitions are richer, or to systems
with more structured drive and dissipation, including non-
Markovian baths. Determining the universality and finite-size
scaling of the dynamical transitions found here is another im-
portant direction, likely requiring more specialized numerical
approaches.

We anticipate that our model should be accessible using
current technology. LMG-type models have been proposed

or demonstrated in several experimental platforms, including
superconducting qudits [48], ultracold Dysprosium [49], cav-
ity QED [24], circuit QED [50], and an indirect realization
using variational algorithms in a neutral atom tweezer array
[51]. Combined with developments in engineered dissipation
across many platforms [52], this model should be feasible
to realize experimentally. Such techniques may find appli-
cation in quantum technologies where engineered steady
states or critical points are resources, including dissipa-
tive quantum computing, quantum sensing, and quantum
thermodynamics [16–21].
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