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Quantum reference frame transformations have been proposed to provide a means by which to translate
descriptions of quantum systems relative to each other. At present, there are several differing frameworks for
describing quantum reference frames, with concomitantly different transformation rules. Here we investigate
a simple example of three qubit systems with Z, symmetry in order to analyze physical and conceptual
distinctions between three contemporary approaches to quantum reference frames—dubbed perspective-neutral,
extra particle, and operational. By constructing two three-qubit states that are indistinguishable by observables
relative to one frame but are distinguishable by observables relative to another, we show that each of the three
approaches provides a distinct transformation rule, which may be understood to reflect differing attitudes towards
the global state and the information that can be accessed by each frame. This helps us to shed light on the physical
meaning of each approach and the contexts in which they may be most naturally applied.
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I. INTRODUCTION

Every description of an experiment typically uses, implic-
itly or explicitly, a reference frame. In practice, reference
frames are concrete, physical objects, subject to the laws of
physics. Assuming that all physical systems are ultimately
quantum leads to the concept of quantum reference frames
(QRFs). Beginning in earnest with the study of superselection
rules [1-3], QRFs are a rich area of study, with applications
to quantum information processing in the absence of shared
classical reference frames [4], background independent for-
mulations of quantum theory [5], the construction of gauge
invariant observables in quantum gravity [6,7], the paradox
of the third particle [8], and quantum error correction [9-11],
among other topics.

It is natural to ask whether there are quantum gener-
alizations of the well-established classical reference frame
transformation rules [12—16]. The last few years have seen
significant efforts in this direction [17-40]. Formulations of
QRF transformations have led to insights on the quantum
covariance of physical laws [17,20,41-44], the localizability
of events and the connection between QRFs and quantum
causal structure [25,45,46], the quantum relativity of subsys-
tems [27,47-49], and the relationship between QRFs and edge
modes in gauge theory and gravity [S0-53].
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Yet there are alternative formulations of QRF transforma-
tions. Are these formulations equivalent? If not, how do they
differ, and in which situations should we use each of them?
The aim of this work is to shed light on these questions. We
compare three different approaches to QRF transformations:
the perspective-neutral approach [20,23,24,48], the extra par-
ticle approach [27], and the operational approach (e.g. [54-59]
for the general framework, [26,28] for the transformation
rule). In these three approaches, there is a global state from
which different “QRF viewpoints” can be derived.

We study a simple example in which two different global
states are compatible with the same state relative to one refer-
ence frame, but yield different states relative to another. This
raises the problem of finding whether it is possible to deduce
the state relative to the second QRF, given the information
available to the first QRF. We show that the different QRF
transformation approaches give different answers to this prob-
lem, and so they may be regarded as physically inequivalent.
Furthermore, we argue that the approaches differ on what
physical quantities are assumed to be accessible, either in
principle or in practice, and discuss the physical situations to
which each approach may be most naturally applied.

To keep technicalities at a minimum, we consider a three-
partite system with Z, as a symmetry group. This allows us to
focus on the conceptual questions regarding the physical inter-
pretation of QRF transformations, clarifying their operational
meaning. We will see that the three frameworks have different
conceptual underpinnings and domains of application, and as
such the example we introduce might not be an equally natural
physical scenario for the three frameworks to be applied to.
Nevertheless, we believe that the benefit of applying all three
frameworks to a single simple physical situation provides con-
crete insights into some of the important practical differences
between them. In Sec. IV we provide outlines of the three
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different frameworks which include more general consider-
ations, including motivations which are native to them and are
not directly related to the scenario we introduce. Moreover, we
hope that the concrete situation we analyze makes our paper
accessible and interesting to both newcomers and experts in
this field.!

II. THE PROBLEM

One of the main aims of the subject of QRF transforma-
tions is to address the following question:

Question

In the absence of an external reference frame, how are
states relative to internal QRFs described and how are
these relative states related to one another?

We will address this question by considering QRFs to be
quantum systems (with certain properties) which single out a
subset of observables. For example, in the case of translation
symmetry, a meaningful observable would be relative position
with respect to one of the systems. States relative to a QRF are
the states assigned by an external observer with access to the
observables singled out by the corresponding frame.

Let us now consider a specific example in which we
may address the above boxed question. Suppose that two
observers, Alice and Bob, describe a quantum system C in
the absence of an external reference frame for the group Z,.
We assume that Alice and Bob have access to an internal QRF
(i.e., may measure observables relative to their QRF), which
we call A and B, respectively. We moreover assume there is a
global state describing the total system, which is independent
of the external frame.

Given the state of BC relative to Alice’s reference frame, A,
what can she say about the state of AC relative to Bob’s refer-
ence frame, B? We will see that the answer to this question is
not unique and will depend on what information the observers
have. Moreover, we will see that changes of QRF proposed
in the literature are not the same. The reason is twofold (1)
different approaches do not agree on which observables are
measurable (either in principle or in practice) and (2) changes
of QRFs play different roles—they relate the descriptions
relative to different QRFs given a constraint on the physical
variables but they are also used to describe what one observer
can infer about another observer’s description.

A. Setup of the scenario

Let us consider a classical configuration space M = {0, 1}
corresponding to two positions that a classical system C can
take; these are the two pure states of C. The group Z,, which

'The example we discuss bears similarities to the argument pre-
sented in [[49], Sec. II B 3] which contrasts approaches to QRFs
based on the incoherent twirl to the perspective neutral, which is
based on the coherent twirl. Moreover, as in our case, the invertibility
(or not) of the “reduction map” (see Sec. II B of the present paper)
plays an important role in differentiating the different approaches.

consists of the identity e and the finite translation f, acts as on
M as

e i1, (D

frimidl, 2)

where @ denotes addition modulo 2.

An external reference frame in particular fixes the origin
of the configuration space to be 0 or 1. In the absence of an
external reference frame all states related by a translation are
equivalent for Alice and Bob: the total system is described as
translationally invariant.

The configuration space M is that of a classical bit, and
its quantum analog is a qubit C? ~ L?(M). The states |0) and
|1) of the qubit correspond to the qubit being in a “classical”
state, a state with a definite position, O or 1. The action of the
translation group Z, is given by a representation in C2, chosen
to be

e~ 1, 3)

f=X, “4)
where I is the identity and X acts as
Xli)y=l|i®1). (5)

This unitary representation is reducible and decomposes into
a direct sum of a trivial and a sign representation (which
are both necessarily one dimensional). A basis for the trivial

representation is |+) = % and a basis for the sign repre-
sentation is |—) = @. We have

X'|+) = [+), (6)

X'|=) = (=1)|-), (7

where X0 = 1.

Although |—) is not invariant under the representation of
Z, as a vector, it is however invariant as a quantum state (in
the sense of a ray in Hilbert space or a density operator).
More generally, any density operator o which is diagonal
in the {|+), |—)} basis is invariant: p = X'p(X)T, for p =
Pl + (1= p)=)(—I.

We now introduce QRFs; these are quantum systems rel-
ative to which the state of the systems of interest can be
expressed. The procedure by which this is done will be made
explicit in the following.

Consider two systems A and B, serving as QRFs, so that
the total Hilbert space is H = Ha ® Hp ® Hc. Each tensor
factor is a qubit, i.e., is isomorphic to C2. The representation
of the translation group Z, is given by the following action on
the three qubits:

e |V)asc = Ia ® I ® lclv¥) agc. ®)

i) asc > XA @ Xg @ Xc|v¥) agc- &)

We write the unitaries in this representation of Z» as Xz ®
Xg ® X¢ for i =0, 1. Because the action of Z, on H is
compatible with the view of a (in fact any) potential external
frame, H and the Z, action on it are said to be represented in
a “global” perspective.
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Under the given representation of Z,, H decomposes
as H =Ho® H,, where Hy = C* carries the trivial rep-
resentation and H; = C* carries the sign representation.
\%(lOOO) + |111)) is an example of a state lying in the trivial
representation since (Xa ® Xg ® XC)(\/%QOOO) + [111))) =

%(|000) + [111)).
A general vector in the trivial subspace H, is of the form
a(]000) + [111)) + B(J001) + [110)) + »(]010) + [101))

+ 6(1100) + |011)), (10)
and a vector in the sign subspace H, is of the form
a(]000) — |111)) + B(|001) — |110)) + y(]010) — |101))
+ 8(]100) — |011)). (11)

B. Main argument

Consider the two unit vectors:2

[¥°) = 31(1001) + [110)) — (|100) + 011))] € Ho, (12)

ly') = 1[(1001) — [110)) + (]100) — [011))] € Hy. (13)

|¥°) and |y!) define invariant global states, the first lying in
the trivial and the second in the sign subspace. Invariance of
these states implies that they are independent of an external
reference frame for discrete translations Z,.

We denote by Ry, the map H+— Hp® Hc,
R (¥)) = \/E(O|A|W) (and similarly for R,), where
the constant +/2 ensures that the output state is normalized.
Then the state of BC relative to A may be defined by
W)SC = Ryo1,|¥), which is interpreted as the state of BC
when A is “at the origin” (see [28] and Appendix A below
for an operational justification of this interpretation), i.e., in
the state |0),.> Physically, the vectors |i j)éo correspond to
states where B and C are in positions i and j, respectively,
with respect to Alice’s QRF, A.

The states |1/°)ac and [/!)5c relative to Alice are
A 1
1¥)ac = R, 1¥°) = EUOU —[11),  (14)
1
V2
Thus both |¢°) and |y!), in the global perspective, give rise

to the same reduced state for BC as described by A. What are
the reduced states relative to B? These are given by

¥k = Riog (4°) = =

1
V2
Thus the two global states give different (indeed orthogonal)
states of AC as seen from Bob’s perspective.

A

v ee = R (I¥') = —=(01) — [11)).  (15)

(101) =110)),  (16)

[ )ae = R (1) = —(01) +10)). (17

2In the following we will not always explicitly distinguish between
states and (unit) vectors when the context is obvious.

3Technically one first defines a set of Z, coherent states for A:
{1i)a = X|0)a}i=0.1 and then conditions on the seed (or reference)
state |0) 4.

Hence, in general there can be two different global states
|¥%) and |y!), which give the same states relative to Al-

) A A o .
ice: [¥°)gc = [¥!)gc, but give different states relative to

Bob: [y/0)s # |1!)ac. See Fig. 1 for an illustration of the
scenario.

This observation means that the two global states give
the same expectation values for all observables relative to
A but different expectation for observables relative to B
(for a definition of relative observables, see Appendix A).
More concretely, there exists an observable Tpac relative to
B such that (y/°[5:Tacl¥®)ng # (' [acTac|¥!)ac. Note that
we compare the expectation value of different states with the
same observable. This implies a genuine physical difference

between the predictions made with WO),?C and those made
with [y 1)
C. Paradox

A key object in recent work on QRFs is the change of QRF
map, which transforms a state relative to one QRF to a state
relative to another. The approaches discussed here all begin
with a global state from which the relative states are derived,
but we note that some approaches adopt the state relative to
one observer as a starting point (e.g., [21,41]).

In the example given above, the state relative to Alice
is given by |1//)éc = \%(lOl) — |11)). Given only this state
(“Alice’s perspective”) what can be said, if anything, about
the state |1//)EC from Bob’s perspective? In the approaches
that include the global state, this will depend on the global
state |) agc from which the state relative to Alice is derived.
However, as can be seen from the example, there is no unique
global state consistent with Alice’s relative state |1//)éc: both
[Y0) and |¢) are consistent with Alice’s reduced description
|1/f)’§c. Moreover, [g) and |y) give rise to different states
relative to Bob, hence there is no unique state | >§C consistent
with Alice’s relative state |1/)g.

Thus the following problem arises:

Problem

Given that a relative description of B and C with respect
to Alice is consistent with multiple relative descriptions of
A and C relative to Bob, how, if it is possible, can we define
a change of reference frame from Alice to Bob?

Thus, given that Alice’s description of BC is given
by |¢)QC = |¢°)’§C = |WI)SC two possibilities present
themselves:

Resolutions
(1) Alice cannot uniquely determine Bob’s state as-
signment to be either WO)/?C or |1//1)§C.
(a) There does not exist a change of reference frame
map.
(b) Alice can only have partial knowledge of the
state relative to Bob; one introduces a change of ref-
erence frame operator which is partial: it maps from
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FIG. 1. This diagram illustrates the main argument. Two global invariant states [°) and |y') lead to the same state |¢O)SC = |¢‘)QC

relative to Alice but different states |1//°),'iC and |y )E@ relative to Bob. This entails that there is no unique prescription for mapping from the

state relative to Alice to the state relative to Bob.

Alice’s description to what she can infer about Bob’s
description.
(2) Alice can uniquely determine Bob’s state assign-

ment to be either [1%)5; or [¥/!) .

(a) Restrict the set of global states so that they are
in one-to-one correspondence with the states relative to
Bob. Alice and Bob are aware of this restriction.

(b) Include the remaining invariant degrees of free-
dom into the description, such that the states relative
to any QRF are in one-to-one correspondence with the
global states.

These different possibilities are implemented by the fol-
lowing frameworks:

Implementation
(1) (a) Trivial approach: No change of reference frame
map.
(b) Operational approach [28]: Alice considers
both [%) e and |y!)5s as valid states relative to
Bob. She can group them into an equivalence class

[y =[|¥!)ac] in a natural way based on her
choice of frame, and define a change of QRF:
[¥%)8e > (W) acl

(2)(a) Perspective neutral approach [48]: the global
invariant state is constrained. It lies in H,, known as
the physical subspace. This ensures that the map (0|, :
Ho — Hp ® Hc is invertible, so that there exists a
unique state relative to Bob. The change of QRF is
therefore |1ﬂ°)'§c > WO)/E:C-

(b) Extra-particle approach [27]: Alice can in prin-
ciple determine which irreducible subspace Hy or H,;
the global invariant state lies in. This information is
encoded in an “extra particle” relative to Alice, E,

which together with her relative state gives her enough

“The equivalence classes arise through fixing a frame observable;
see below and [26,28]. Moreover, an invertible map between the
convex sets of the thus defined classes can be obtained by also
imposing the analogous equivalence relation on the left-hand side
of the frame change.

information to reconstruct Bob’s state assignment, al-
lowing her to discriminate between the two possible
global states |¢°) and |y!). The change of QRF is thus

A
either [0)2¥/%)gc = 10)5(/° Jac O A y! 8c >
|1) |1// ) ac depending on the global state.

A more detailed account of each resolution, which includes
the motivations and conceptual backgrounds of the different
frameworks, is given in Sec. IV and the relation between the
changes of QRF in the different approaches is shown in Fig.
2.

III. CONSTRUCTING GLOBAL INVARIANT
STATES AND OBSERVABLES

Before discussing each QRF approach in more detail, it
is useful to describe some techniques to construct global in-
variant states. As noted above, the unit vectors |¥°) and [y!)
both describe global states (as rank-1 projectors), i.e., states
describing the three systems of interest, which are invariant
under the symmetry group. In contradistinction, [¢/!) is not
invariant as a vector, since Xa ® Xg ® Xc|y') = —|y!).

The general invariant states, i.e., those that satisfy p =
(XA ® X§ ® XH)p(Xp @ X ® X&) for all i, are block diag-
onal: p € B(Hp) ® B(H;). An invariant state p;,, can be
constructed from a noninvariant state p via a “G-twirl” (some-
times known as an incoherent or weak twirl):

G : B(Ha® Hp ® Ho) — B(Ha ® Hg ® Hc)°
~ B(Ho) ® B(H,), (18)

G:p> % D (XA ® X @ XE)p (XA ® X5 @ XE).  (19)
i=0,1
The index i € {0, 1} which labels the spaces B(#H,;) is also
known as the charge, and B(H;) the corresponding charge
sector. We write a superscript “G” above to denote the invari-
ants, keeping in mind that G acts through the given unitary
representation.

The global invariant states in the extra particle and the
operational approach are of the form p;,, and can be obtained
via the weak twirl, which is surjective onto the set of invariant
states. By contrast, the global invariant pure states in the per-

spective neutral approach |v/),, are constrained to lie fully
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FIG. 2. Changes of QRF in different approaches. Yellow: Extra-particle approach. The map Tét\c is defined in Eq. (27), and an analogous
definition holds for TABC. Purple: Perspective neutral approach (when restricted to the sector i = 0). When pagc has support on multiple sectors
then the purple arrow does not denote a well-defined map. Blue: Operational approach. The dashed lines represent noninvertible maps, while
the solid line defines an invertible map. DélB denotes a nonselective measurement in the |0)é, |1)S basis and DCB;‘ 4 denotes a nonselective

measurement in the |0)E, |1)2 basis (see Appendix B).

in the H, subspace, i.e., they are required to be invariant as
vectors. A perspective neutral state |),,, can be constructed
from a general pure state |i/) via the projection onto the H,
subspace:

[Ty : Ha ® He ® Hc — Ho, (20)

1 S
Mo : ) = 5 > (Xi @ X§ @ XE) 1Y) Q1)

i=0,1

This “coherent group average” I is sometimes known as the
strong or coherent G twirl.

The incoherent group average G is a completely positive
trace-preserving map, corresponding, for example, to a nonse-
lective measurement of the total charge or a form of ignorance
about which of the two transformations {X} ® X§ ® X.}i—o.1
was applied. On the other hand the map p +— [IypIly is
completely positive but not trace-preserving, and could be
interpreted as a form of postselection of a total charge mea-
surement. Alternatively, it can be viewed purely abstractly as
a tool for constructing the set of physical states, as will be
discussed in Sec. IV A.

IV. POSSIBLE RESOLUTIONS
A. Perspective-neutral approach
1. The physical Hilbert space and the reduction map

One way out of the problem raised is to observe that if we
impose that the global pure state of the three particles must
lie fully in Ho, then given Alice’s reduced state \%(lO])SC —

|10)QC) there is a unique global pure state, here |°), which

is compatible with her description, i.e., whose image un-
der Ry, is Alice’s reduced state written above. The map

Rol, : |0y > |I[/0)gc = ﬁ(O|A|1ﬁ0> is invertible when re-
stricted to the subspace #,, with inverse given by W0>SC —

V2T19(|0) A |¢°)SC) = |¢%). The invertibility of the reduction
map R g|, entails that one can define a unitary change of QRF
¥ %)8e = 1W°) = WO)c:

This resolution is implemented in the perspective neutral
framework, which takes inspiration from Dirac quantization
of constrained systems, in which physical (pure) states are
given as those unit vectors that lie in the kernel of the
quantized constraint operator, or equivalently as the space of
vectors invariant under the group generated by the constraint.
The subspace H is known as the physical Hilbert space. Pure
states which lie in this subspace are known as physical states
or perspective neutral states. The state |y!) which transforms
nontrivially as a vector under (Xa ® Xg ® X¢) is therefore not
a physical state and is excluded.

The perspective neutral framework provides an interpreta-
tion of changes of QRFs as “changes of quantum coordinates,”
as explored below. For more details of the perspective neutral
framework we refer the reader to [48], which contains a gen-
eral account of the framework and applies to unimodular Lie
groups (including discrete groups) with nonideal reference
frames.

2. ORFs as “quantum coordinates” and the physical equivalence
of different perspectives

The different choices of QRF correspond to different
choices of “quantum coordinates” being used to describe the

032201-5
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same physical state. In our example this means that the states

|1,/f°)’§C and |I/f0)§o are two different ways of representing the
same state |1/°). This is analogous to choosing a coordinate
system placing particle A at the origin or particle B at the
origin in classical mechanics. The invertibility of the change
of QRF map is thus a crucial feature of this framework, since
it is necessary for the interpretation as a change of quantum
coordinates.

The physical equivalence of the states [1/%)ac, [¥/°) 5 and
[¥°) can be seen as follows. Physical observables are self-
adjoint operators A, with support on #,, i.e., which obey

AoTTy = ToAo. (22)

From the equality [y0) = ﬁn0(|0>A|W0>gc) _
V2T (0)g|¥%) ) it follows that

(WolAol o) = 2((01a (¥ 16c) Ao (10) ¥ ) ac)
= 2((015 (¥ ac)Ao(10)s1¥ )hc).  (23)

The vectors +/20)a¥°)ag. v/210)g|¥°)a and [¥/°) give the
same expectation values on all physical observables Aj €
B(H) and are as such physically equivalent.

We stress that the equality ((0[4(¥°[ac)Ao(|0)al¥°)ac) =

({0l (¥ ac)Ao(10)5 %) aq) is not the same as the (trivial)
case (Y|A|y) = (Y |UT(WUAUMU ) corresponding to a gen-
eral invariance of probabilities under a unitary transformation
of both state and observable (or equivalently a freedom in a
choice of basis when computing probabilities in quantum the-
ory). Rather it witnesses a form of invariance or relativity: just
as Lorentz invariant quantities are independent of the choice
of inertial frame in special relativity, the probabilities derived
from the physical observable A, are the same in both QRFs
A and B. A more complete formulation of special relativity in
the perspective neutral approach can be found in [48].

3. A key difference with alternative proposals:
The physical Hilbert space

The space of global states in the perspective neutral ap-
proach is more restricted than in the other approaches: global
state vectors live in H(, whereas in the other approaches they
are block diagonal density operators on H, and H; (equiva-
lently, density operators invariant under the global action).

Indeed, B(Hy) is the image of ITy(-)I1y, which is strictly
contained in B(Hy) @& B(H;), the image of G, and since
both share the same domain it follows that ITy(-)ITy “re-
moves more information” than G [49]. This information is
the “which global charge” (here labeling Hy or H;), which
is an extra degree of freedom present in the extra par-
ticle and operational approaches. This degree of freedom
is invariant under the group of interest. In our example,
[Tp and II;, the projectors onto Ho and H;, respectively,
commute with the global Z, action. Measuring these pro-
jectors might require an implicit frame for the conjugate
quantity of the symmetry group. In the case of global
translation symmetry the conjugate quantity is center of
mass momentum. The physical Hilbert space in this case is
motivated by invariance under time-dependent global trans-
lations [20], a stronger constraint than just global translation

invariance. A separate argument is given in [[49], Sec. II B 3]
in favor of removing this degree of freedom, using the coher-
ent twirl, in contrast to approaches which keep it.

B. Extra particle approach

From our main argument, it is clear that knowing the state
of B and C, relative to Alice’s QRF A is not sufficient for
her to determine unambiguously the state of A and C relative
to Bob’s QRF B. She needs more information. Specifically,
Alice needs to know whether the global state lies in #° (trivial
representation) or ! (sign representation).

The extra particle formalism [27] captures the degrees of
freedom that are measureable in the absence of a reference
frame for a group G, Z, in this case. This singles out G-
invariant operators, including projectors onto distinct charge
sectors. According to this formalism, the “which irrep.” infor-
mation is accessible in principle by the agents. This is the most
natural interpretation of the extra-particle formalism. Note
that this extra information is Z,-invariant, as it is encoded in
the subsystem formed by the global charge of A, B, and C.
This subsystem is called the extra particle (hence the name
of the formalism). Being Z,-invariant, the “which irrep.” in-
formation is independent of any external reference frame for
Z,, which, by assumption, Alice has no access to. Note that
lacking access to a reference frame for Z, does not imply
lacking access to an implicit (Z,-invariant) reference frame
for charge, with respect to which the charge of ABC may
be measured. Recent works have studied the subtleties that
may arise when measuring total charge, formulating thought
experiments where different parties collaborate to this end
[60,61].

Now, note that, under stronger symmetry constraints, such
“which irrep.” variables may no longer be accessible to A and
B. In this case these variables take on a different interpreta-
tion in the extra particle approach: rather than representing
accessible degrees of freedom, they serve as conventional
values needed to uniquely specify the transformation between
different QRFs. In our case, the extra-particle variables, when
inaccessible, can be understood as fixing a conventional value
for the total momentum of systems A, B, and C. As our
example illustrates, these conventional values are important
even when they are not physically measurable—Alice can
determine the state of A and S “as seen” from Bob only if
she knows which convention he is using.

The extra-particle formalism can be derived from standard
quantum theory by demanding consistency with the hypothet-
ical existence of external reference frames, and by assuming
that relative subsystems with respect to a QRF are given by
the algebra of relative operators defined in Appendix A.

In this formalism, Alice divides “the world” into oper-
ationally defined relative subsystems: the subsystem of B
relative to A, the subsystem of C relative to A and the “ex-
tra particle,” denoted by BC. A QRF transformation means
a change from Alice’s preferred subsystem decomposition
to Bob’s preferred subsystem decomposition.’> As our main

5The extra particle formalism is thus consistent with the quantum
relativity of subsystems which occurs in the perspective neutral
framework [49].
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argument shows, the extra particle subsystem is key for the
reversibility of QRF transformations in this formalism.

For a detailed exposition of the extra particle framework,
we recommend readers consult Ref. [27]. There arguments are
given in favor of the incoherent twirl as the appropriate tool to
describe physics when agents lack access to an external refer-
ence frame (including a discussion of the argument presented
in [49]). In this section, we limit ourselves to describing how
Alice can apply the formalism and reconstruct the state of A
and C relative to B from her state on BC and BC relative
to A. The procedure can be explained as follows. First, Alice
determines whether the extra particle state (i.e., the state of the
subsystem BC) lives in H, or H;. If the answer is H, (trivial
representation), she applies the unitary

Us = [0)(0lg ® I¢ + 11){11g ® X¢. (24)
If the answer is H (sign representation), she applies
= (0)(0l8 ® Ig — [1){1]g ® X¢. (25)

Therefore, the full QRF transformation in the extra particle
approach is

Sasg = [0)(015s @ Uy + [1){1 [ ® U (26)

By construction, this procedure maps any state Ij:)BC ® |x )QC

to the corresponding state |:|: ® |x) AC, where | X) BC 18
obtained by applying the map 7% (], to a global pure state
as explained before Eq. (14). After applying the QRF trans-
formation, the state of A and C with respect to B is simply
obtained by tracing out the subsystem AC. When the global
state is [/°) (J¢/!)), the resulting state is given by |y/0) =
(I01) — [10))/~/2 [|¥") = (01) 4 [10))/+/2], in agreement
with Eqgs. (16) and (17). This change of QRF agrees with the
perspective neutral approach on the H, subspace and extends
it to the H, subspace.

Finally, we observe that the state of BC relative to A can
equivalently be obtained from the global state by a “disentan-
gling transformation,” defined as

Tge =100(0a®@Is@Ic+I1){1a®Xs ®Xc.  (27)

This transformation can be interpreted as a change from the
subsystem decomposition relative to any external observer
to the subsystem decomposition that is naturally adapted to
Alice’s QRF.

C. Operational approach

A final resolution is to take the view that states that cannot
be distinguished by Alice or Bob are viewed, by them, as
equivalent. Concomitantly, it appears as though information
is lost in comparison to the other approaches. For instance,
the charge of the global state is not accessible by means of
observables relative to A. Alice and Bob must work only with
what they can measure, and all information accessible only to
an “all seeing eye” must be discarded at the subsystem level.

For instance, suppose the state relative to Alice is |¢)QC =
\%(lOl) —|11)) (see [[28], Sec. 3.3] for an operational justi-
fication of the notion of “relative state”), which is compatible
with the global state lying in Ho or H;. As we have seen,
the distinct global states give distinct states relative to Bob,

and therefore it looks like there is no viable map effecting the
frame transformation. However, the following stipulation can
be made: states relative to Bob that cannot be distinguished by
Alice’s frame are identified. Mathematically, this can be done
by considering observables of the form |i)(i|y ® Tc (where
i =0, 1 and Tg is an arbitrary observable of Charlie) and their
linear combinations (these are the framed observables (see
[[28], Sec. 4.2]); these reflect the idea that for a given experi-
ment, a particular observable is singled out for performing the
function of a reference frame), or the stronger constraint that
only observables of Charlie relative to Alice are considered.
Either way, the “situation” relative to Bob is described by
Alice only up to what can be distinguished relative to Alice’s
frame.
Consider again the states

¥ %)ac = L(|01) —[10)) (28)
AC — «/5 ’
1
II//1>,EC = EUOU +110)), (29)

relative to Bob. A short calculation reveals that for any ob-
servable T¢ of Charlie’s system,

(WO (i) (ila ® To) ¥ )as = (¥ [a(i)(ila ® Te) ¥ )ac.
(30)

for i =0 or 1. This conclusion holds for linear or convex
combinations, and therefore in particular holds also for ob-
servables of A relative to C. Therefore the distinct states
relative to Bob’s frame cannot be distinguished by Alice.
These may be thus identified, along with all other such equiv-
alent states, to form an equivalence class.

Since Alice has no reason to favor either [°) or |¢!) as
giving rise to Bob’s relative state, a reasonable approach may
be for her to choose to give Bob’s two possible assignments
|1/f0)§o or |1//1)§C equal probability, reflecting her complete
ignorance, resulting in the mixed state

L") 3e + ¥ ") W' 13c) = $(101)(01|ac + [10)(10[ac)
= Pho 31

as Bob’s relative state. This supposition can be justified by
noting that the state above lies in the same equivalence class

that |‘/f0>§c and |1//1)io are mapped to under the equivalence
relation delineated above, as can be calculated by checking
Tr[pRcli) (il ® Tel.

A more complete treatment of this scenario in the opera-
tional approach is given in the Appendixes. This includes a
derivation of the map from Alice’s relative state pé‘c to the
state pa of Eq. (31). Moreover it is shown that the framed
observables are exactly those which are accessible to both
Alice and Bob, and hence are exactly the observables that
Alice would use to make inferences about Bob’s relative state.

At the level of quantum states (pure or mixed) the frame
change as described above is not invertible and, a fortiori,
not even a map, since Alice’s relative state corresponds to
more than one state relative to Bob. However, by forming
the described equivalence classes, the frame change is a well-
defined map, whose output is not the set of quantum states
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TABLE I. Summary of the three different approaches and their characteristics.

Approach Physical states Change of QRF Can A distinguish all global physical states?
Perspective-Neutral oY) = |¥) € Ho Invertible Yes
Operational G(p)=p € B(Hy) & B(H,) Noninvertible No
Extra-particle G(p)=p € B(Ho) & B(H,) Invertible Yes

but the convex set of equivalence classes of quantum states. If
such an equivalence class is also imposed on Alice, this map
is actually invertible at the level of convex sets, but is clearly
not in any sense unitary [see Eq. (B12)].

D. Comparison between the approaches
1. Global states

The three approaches differ in the allowed global states:
the perspective neutral approach only considers global states
which lie in Hy, while the extra-particle and operational
approach allow invariant density operators [which are in
B(Ho) @& B(H,) in our example]. The perspective neutral ap-
proach imposes invariance at the level of the state vector:
U(g)|¥) = |¥), while the other two approaches impose in-
variance at the level of the density operator: U(g)pU ' (g) = p.

The different requirements imposed on the global states
point to important physical differences between the frame-
works: in the presence of constraints the perspective neutral
more naturally applies, while in the absence of constraints the
operational and extra-particles more naturally apply.

2. Accessible observables

Another key difference between the frameworks is the ac-
cessible observables: while the extra-particle and operational
frameworks have the same global states, they consider dif-
ferent accessible observables. In the operational framework
the accessible observables to QRF A are just the observables
¥‘§C(TBC) for Tgc € B(Hpc), which form a strict subalgebra
of the invariant observables B(Hagc)C. In the extra-particle
approach the QRF A also has access to the extra-particle BC
which together with the observables of the form ¥SC(TBC)
span the full invariant algebra. This highlights a crucial phys-
ical distinction between the notion of reference frame in both
approaches: in the operational the QRFs A, B, and C are
associated to different subalgebras of B(Ha ® Hp ® Hc)®
whereas in the extra-particle approach different reference
frames correspond to different decompositions of the same
global algebra B(Ha ® Hp ® Hc)C. This distinction leads to
a crucial conceptual difference between the two frameworks,
namely, the invertibility (or not) of the change of QRF.

In the perspective neutral approach the observables ac-
cessible to QRF A initially appear to be those of the form
¥'§C(TBC) as in the operational approach. However, since the
global observables are B(Ho) C B(Ha ® Hg ® Hc)C one
must restrict the observables ¥QC(TBC) to Ho. With this
restriction one can show that the observables associated to
A, B, and C are all isomorphic to B(H,), and hence different
reference frames correspond to different decompositions of
the global algebra B(H). The perspective neutral approach
and extra-particle approach share an important conceptual

understanding of QRFs as corresponding to different decom-
positions of the global algebra, they just differ on what the
global algebra is. The accessible observables and global states
of the three different approaches are summarized in Table I.

V. DISCUSSION
A. Purely perspectival approach

The “purely perspectival” approaches to QRFs of [21,41]
derive changes of QRF of the form Wf)éc > |1//)EC without
explicit appeal to a global state. Such approaches could be
understood as having an implicit global state, and indeed some
of the changes of QRFs presented in those works have been
derived within the perspective neutral framework [20,48]. Our
example illustrates that if a global state is implicitly assumed,
then the change of QRF in the purely perspectival approach
does in fact implicitly make an appeal to some feature of
the global state, namely, its global charge, in order to justify
which of the compatible states relative to B is mapped to from
the state relative to A.

Depending on the physical situation, the global charge
might be accessible or inaccessible to Alice and Bob (being
invariant, the lack of access to an external frame need not
preclude Alice and Bob from measuring it). In the case where
the charge is inaccessible, Alice and Bob can still assign a con-
ventional value to it, as if it were measured “externally.” This
value then fixes the QRF transformation that they use, since,
as shown in the extra-particle approach the change of QRF de-
pends on the global charge. Importantly, Alice and Bob have
to assign the same value to the global charge by convention.

Alternatively, a more radical interpretation of the purely
perspectival approach is to reject the presence (even implicit)
of a global state. However, in [21] this requires appealing
to a “principle of coherent change of reference system,’
which involves first defining the change of QRF for a clas-
sical basis {W,-)SB}p |1ﬁ,~)2B > W,-)SC and then extending
linearly to ), ai|1p,~>§B =) ai|1//1)éo. Here the relative
phases are arbitrarily set to 0, but any generic transformation
> ailvi S > Y aie ) would constitute a valid ex-
tension of the transformation on the classical basis.

As has been shown in [24], while the approach of [21]
can be recovered from the perspective neutral approach for
kinematics, it disagrees for the possible dynamics. Further
details on the differences between the perspective neutral and
purely perspectival approaches can be found in [[48], Sec. 10].

B. The limitations of the example

For pedagogical reasons we have focused on the simplest
nontrivial example: the group Z, is compact and Abelian, the
systems C? are finite-dimensional, and the reference frames
are ideal (a reference frame for a finite group G is ideal when
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the coherent state system (i.e., the orbit of a vector under a
unitary representation) {|g)|g € G} is such that (g|h) = &, for
all g, h € G). An example of a nonideal frame for a qubit is
given by the coherent state system {|0), [+), |1), |—)}, which
transforms under the representation of Z, generated by the
rotation ¢ ¥. The associated covariant POVM is given by
{w’ [+ DAL =)

Lot DAL=

This erzltails tzhat fea%tures that further distinguish the differ-
ent approaches may not be apparent in this example. However,
this example does highlight several key differences between
the approaches, which are present in other more general sce-
narios, such as the invertibility (or not) of the change of
reference frame map and the use of the coherent or incoherent
twirl to define the global states.

C. Related work

Existing comparisons between different approaches to
QRFs include the following:

(1) In [22] the quantum information approach of [4] is
contrasted to the structural approach, which includes the
purely perspectival and perspective neutral approaches. A
communication protocol is introduced which highlights the
difference between the two approaches: the quantum informa-
tion approach deals with the transmission of quantum systems
while the structural approach concerns agents coordinating
their description of quantum states.

(2) In [24] the perspective neutral approach and the
“alignable” approach (which is the specific purely perspec-
tival approach of [21]) are contrasted and shown to be
dynamically inequivalent, despite kinematical equivalence (in
the case of ideal reference frames).

(3) A comparison between the operational approach and
the purely perspectival approach is given in [[28], Sec. 4.4]
highlighting the fact that, as in our example, the coherence of
the change of QRF of [21,41] is not accessible to the agents in
the operational approach. An analysis is undertaken showing
that the operational frame change is not inconsistent with
either the perpective neutral or purely perspectival approach
on the common regime in which they are defined.

(4) In [27] the extra-particle approach is shown to recover
the purely perspectival changes of QRF and the perspec-
tive neutral changes of QRF for ideal frames (as defined in
Sec. VB).

(5) In [62] the relation between the perspective neutral,
algebraic and effective approaches to QRFs is explored, show-
ing that the three are equivalent for ideal reference frames.
Unlike the perspective neutral approach which is based on
Hilbert space, both the algebraic and the effective approaches
are built on a quantum phase space, consisting of expectation
values of operators (including their higher-order moments).
The effective approach is more restrictive than the algebraic
approach since it implements a semiclassical approximation
(at some order of &).

(6) In [48] the changes of QRF for ideal frames in the
purely perspectival case is recovered within the perspective
neutral framework, and moreover it is shown that the two
formalisms disagree for nonideal frames.

Finally, we note that while our work, and the other work
mentioned here, highlight the differences between various

approaches to quantum references, there also exist cases
where different approaches can coexist within the same setup.
The perspective neutral and quantum information approaches
have been shown to coexist within the context of quantum
error correction [11] and (also with the operational approach)
within lattice gauge theories [63].

VI. CONCLUSION

By using a simple example we have shown the key
differences between three recent approaches to QRFs: the per-
spective neutral, extra-particle, and operational approaches.
These approaches disagree on the global states, with the per-
spective neutral approach adopting states on the charge zero
sector, while the extra-particle and operational approaches
allow invariant states with support outside the zero charge
sector. In both the perspective neutral and extra-particle ap-
proaches the perspectives of different QRFs induce different
decompositions of the global algebra, whereas in the opera-
tional approach different (ideal) QRFs correspond to different
subalgebras of the global algebra. Hence in the perspec-
tive neutral and extra-particle approaches, all perspectives
are equivalent to the global one, whereas in the operational
approach they are not. Potential directions for future work
include extending this example to from Z, to non-Abelian
and continuous groups and from ideal to nonideal frames in
order to determine whether further differences between the
frameworks emerge.
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APPENDIX A: OBSERVABLE-BASED DESCRIPTION

In the initial presentation of the example there was little
mention of the observables. We present an equivalent formu-
lation of the example which makes explicit reference to the
observables that the agents can measure.

As discussed in, e.g., [28,54,56,57,64], the observables
relative to Alice are given by the following map:

¥Ao : B(Hg ® Hc) — B(Ha ® Hg ® He)®

C B(Ha ® Hg ® He), (Al)
¥fe : Tac > 10)(0]a ® Tc + 11)(1]a
® (X ® Xc)Tec(Xe ® Xc). (A2)
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The interpretation of this map is that it relativises an ob-
servable Tpc, relative to the Z,-covariant reference frame ob-
servable (projection-valued measure) Za = {|0)(0|a, [1)(1]a}.

Importantly, the relativized observable ¥QC(TBC) is in-
variant under the global action, and is therefore defined and
understood independently of any external reference frame.
The relativization map ¥EC can be obtained by a suitable
permutation of the subsystem labels.

Straightforward computation shows that

(WOEA(Toc) W) = (WlacToc ¥ )ge, (A3
(W [¥B(Too)¥!) = (' [ecToclV Ve (A4)

Since this holds for all 7Tgc and since |1pO)QC = Wl>gc it
follows that observables relative to Alice’s reference frame
cannot distinguish the global state |/°) from | !).

Similarly,

(WOIEBL(Tac) ) = (WOlacTacl¥)ae,  (AS)

(W EBL(Tac) W) = (V' [acTacl¥ Vag.  (A6)

Since |¢°)§C #* Wl)io there exists some Tpc which allow
Bob, with his relative observables, to distinguish the global
state [°) from [y!).

J

The adjoint (pre-dual) map (¢4 Bc )« defined by
Tr(pasc¥8c(Tec)) = Tr((¥5 c), (Paec)Tec) (AT)

and holding for all Tgc, takes the form (¥'§C)* : PABC F>
,oBAC = 2(0|ppaBcl0)p on invariant states, which is the
map R, extended to density operators: R(O‘ApABCRjOM'
Equation (A7) shows that evaluating relative observables on
global states is equivalent to evaluating local observables on
the relative states:

Tr(pasc¥8c(Tac)) = Tr(phcTsc)- (A8)

The unitary Xa ® Xg ® X¢ is also a Hermitian operator,
with eigenvalues 1. It is invariant under the action of the
symmetry group, but not a relative observable in the sense
defined above. We observe that

(Y1 Xa ® Xa ® Xc|¥°) # (¥'|Xa ® Xg ® Xcly'), (A9)

hence access to this observable would allow Alice to distin-
guish between the two global states (but this is prohibited
for internal observers in the operational approach). This en-
codes the information contained in the extra-particle approach
of [27].

APPENDIX B: FRAMED OBSERVABLES AND INVERTIBLE CHANGES OF QUANTUM REFERENCE FRAME
IN THE OPERATIONAL APPROACH

Given a reference frame B with covariant PVM {|i) (i|g}i=o,1 framed observables on Hg ® ¢ are of the form ), |i){ilz ® C;
[28]. Note that in this case of an ideal frame, the framed observables form an algebra. Given two global states pagc and p’ABC

we have the following:

Tr(pasc¥ac(The)) = Tr(ppac¥ec(Tec)) YTac € B(He ® He) = phc = PhG. (B1)
3 Tac € B(Hg ® He)st. Tr(pasc¥he(The)) # Tr(oasc¥ac(Tac)) = pho # Pc- (B2)

Hence the equivalence classes of global states that can be distinguished by Alice’s relative observables ¥BC(TBC) are in one
to one correspondence with the relative states ,oBC See [28] Sec. 3.3.2 for a construction of relative state spaces, and Prop. 3.11

for the general statement of the relevant isomorphism.

Given a state ,OSC, the operational approach then defines a further equivalence class, given by states that cannot be distin-

guished by framed observables relative to B. Two states pé\c and pg’é

Phc ~ PR = Tr(pé‘o(Z i) (ils ® G))

are equivalent if they agree on all B-framed observables:

(PBc;(Z 1) (ilB ®C>),VC,- € B(Hc). (B3)

Note that for every pgc, the state pgc := D, k) (k|g ® (k|gpsclk)p gives the same expectation values for all framed observables

> li)(ils ® Ci:

Tr(psc<2|i><i|a®ci)) =Tr((2|k (kls ® (klgpeclk) )(le z|B®C)) (B4)

ijkl

=> Jl|Bc<Z|k )(kls ® (k|gpaclk) )(Zm z|B®c>|ﬂ> (BS)

= > {jlsllicrec ® Cjli)sll)c (B6)

Jl

=> <j|B<l|chc(Z li)(ils ®c,->|j>B|l>c (B7)
jl i
= Tr(PBC(Z i) ile ®c,»)). (B8)
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We check that the map pgc +> pBc is trace preserving:

Tr(pac) = Y (ijlac (Z k) (k| ® <k|Bch|k>B) lij)sc = Y (ijlscpeclijlac = Tr(psc). (BY)
ij k ij

Therefore we can define a frame reduction map DélB : pBC > PBC = D k) (klg ® (k|gpeclk)s (where we retain the
superscript A as a reminder that pgc and hence pgc will typically be obtained from a global state pagc). This map is linear
and idempotent: it is a projector that maps states with support on B(Hg ® Hc) to states with support on the subalgebra of

framed observables relative to B.
Given an invariant (global) state pagc we obtain

pac = Dgs(Ri,pascRYy,) =2 k) (kls ® (Ola(klgpasclO)alk)s. (B10)
k
Phc = Dga(RuisrascRly,) =2 k) (kla ® (Ol (k|apascl0)alk)a. (B11)
k
We define the map
Qciprcipe(Pacia) = Y _ (ils ® X5 (Pacin)XEi)s @ 1) (ila- (B12)

1

For an invariant state pagc and pgcja = Dé‘B(RM A pABCRI()lA) we obtain

Qciprciae(PBoia) = Y _ (ils ® X5(Peoia)XElidg ® i)(ila =2 1i)(ila ® (OlalilsXboascXEl0)ali)g  (B13)

L l

=2 li)ila ® (Olg(ilarascl0)sli)a = Pace. (B14)

i

where we have used thp identity X} pascXt = X4 ® XipascX) ® Xj and pacie = 7')(83‘ ARl 'OABCRIOI ).
Hence Q¢ ga_,cjas is the change of reference frame operator for states defined with respect to framed observables.
We can define the change of reference frame operator in the other direction:

Qcjae—cier (PacB) = Z (ila ® X5 (PaciB)XCliA @ i) (ils, (B15)
and repeating the previous calculation gives
Ocias_cpr(PACB) = PBCIA- (B16)
This explicitly proves the invertibility of the map Q¢ ga_,cjas With (Qgga_ g as) = Oc|aB_C|BA-

Let us explicitly work out the states obtained for the two global states p* = |°)(y°] and p! = |!)(¥!| used in the main
text. We have

p(Dgc = W) (V' I (B17)
with |W)QC as given in Eqgs. (14) and (15):
_ A - A A 1
p(0)gc = p(l)ge = Z k) (kg ® (klgp(0)gclk)s = §(|0><0|B Q 1) (llc + [1) (1l @ [1){1]c), (B13)
k
and similarly one can calculate
PO = 3(10)(0[a ® [1){1]c + [1){1]a ® [1)(1]c), (B19)
p(ac = 3(10)(0[a ® [1){1]c + [1){1]a ® [1)(1]c). (B20)

APPENDIX C: FRAMED OBSERVABLES AND THE GLOBAL INVARIANT ALGEBRA

The observables accessible to both A and B are given by

[¥8c(B(Hp ® Hc)) N ¥8(B(Ha ® Ho))| C B(Ha ® He ® He)C, (Cl)

where
YA (B(Hg ® Hc)) = {¥8c(Tac)| Tac € B(Hs ® Ho)), (C2)
¥ac(B(Ha ® He)) = {¥2c(Tac)| Tac € B(Ha ® He)}. (C3)
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Let us define

‘7:ClB = {¥gc (Z i) (il ® Ci) ICi € B(Hc) ¢, (C4)
which is the set of B-framed observables relative to A, embedded in the global invariant algebra. Similarly we define
Féa = ¥ac (Z /i) (ila ® c,-> ICi € B(Ho) |- (C5)

Clearly ¥ C(Z li)(ils ® C;) € ¥A sc(B(He ® Hc)). We now show that it is in FglA - ¥CA(B('HA ® He)):

¥éc<2|i><i|s®ci) Zu J|A®<Z|l®])(l@J|B®XjCX]> (C6)

= Z k) (kle ® D XM11) (11aX* @ X*(X'CxHX* (C7)
k i
- ¥EC<Z 1) (A ®X’C,X’), (C8)
1

where k =i@® jand [ =i,and hence j = k.

This establishes that fé‘B = .FCB‘ a» 1€, the relativized (to Alice) framed observables of Bob are in correspondence with the
relativized (to Bob) framed observables of Alice. We note that ¥ C(Z liY(ilg ® C;) = ¥AC(QC\BA_>C‘AB(Z li){ilg ® C;)). We
now explicitly characterize the intersection ¥BC (B(Hg @ Hc)) N ¥8 ac(B(Ha ® He)).

An element Q € ¥4 (B(Hg ® Hc)) is of the form

> lidila ® (X5 ® X&) (Tac) (X5 ® X¢), (©9)

i

and similarly for an element Q' € ¥EC(B(7-LA ® He)).

Hence an element 2 € [¥QC(B(HB ® He)) N ¥EC(B(HA ® Hc))] must be diagonal in both |7) (i|a and | j)(j|g and therefore

of the form

Q=" "li)ila® )il ®TY. (C10)

ij

Moreover it is invariant (G(2) = €2), hence

Q=) "liokiOka®|j®k(j®kp®XTIX (C11)

ijk

Z 1)(l|a ® Z X'|m)(m|gX' ® X' (Zx T”"@’XX) (C12)

I=i®k m=i®j

= ¥SC(Z jm) g @ Té")-

m

(C13)

Hence a generic element 2 € ¥4 sc(B(HB ® Hc)) N ¥AC(B(’HA ® Hc)) is also in ]-' ]:AC
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