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Many quantum communication protocols rely on the distribution of entanglement between the different
participating parties. One example is quantum key distribution (QKD), an application that has matured to com-
mercial use in recent years. However, difficulties remain, especially with noise resilience and channel capacity in
long-distance communication. One way to overcome these problems is to use high-dimensional entanglement,
which has been shown to be more robust to noise and enables higher secret-key rates. It is therefore important
to have access to certifiable high-dimensional entanglement sources to confidently implement these advanced
QKD protocols. Here we develop a method for certifying high-dimensional time-bin entanglement in fiber-loop
systems. In these systems, entanglement creation and detection can utilize the same physical components, and
the number of time bins, and thus the entanglement dimension, can be adapted without making physical changes
to the setup. Our certification method builds on previous proposals for the certification of angular-momentum
entanglement in photon pairs. In particular, measurements in only two experimentally accessible bases are
sufficient to obtain a lower bound on the entanglement dimension for both two- and multiphoton quantum states.
Numerical simulations show that the method is robust against typical experimental noise effects and works well
even with limited measurement statistics, thus establishing time-bin encoded photons as a promising platform
for high-dimensional quantum-communication protocols.
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I. INTRODUCTION

The field of photonic quantum technologies has seen sig-
nificant advances over the past few decades [1–4], enabling
optical implementations in quantum simulation [5,6], quan-
tum teleportation [7,8], and quantum computing applications
[9–14], among others. However, arguably the most advanced
use case is quantum cryptography, especially quantum key
distribution (QKD) [15–21], with commercial solutions avail-
able since the mid-2000s [22]. This family of protocols
encompasses a variety of ways to securely exchange secret
keys to encrypt messages between distant parties. Some QKD
protocols utilize quantum entanglement as a resource, most
notably those that implement device-independent QKD, the
most secure branch of QKD [23–25]. This version of QKD
makes no assumptions about the inner workings of the source
of entanglement that the two parties share and is even able
to detect whether a malicious third party has taken over the
source to manipulate the state preparation. These abilities
come with a price tag: In order to declare the channel secure
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with high success probability, the source needs to be of
high quality and prepare the desired state with high fidelity.
Another pressing issue in practical applications is the high
minimum photon detection efficiency ν � 80% required to
guarantee protocol security [25–27]. This is especially diffi-
cult to achieve for medium- to long-distance applications, as
even state-of-the-art single-photon-detector technology can-
not compensate the accumulating channel loss [28,29].

A possible approach to overcome this issue is the use
of quantum states with high-dimensional entanglement. The
critical detection efficiency ν has been shown to decrease ex-
ponentially with the entanglement dimension k of the shared
photon pair [25,30–32]. Moreover, high-dimensional encod-
ing in an entangled system has been shown to be more resilient
to channel noise [33–36]. Consequently, there is a demand for
sources of high-quality, high-dimensional entanglement for
QKD applications.

Fiber loop systems, where quantum information is encoded
in discrete time intervals, also called time bins [37], have
advantageous properties for realizing such sources. Key fea-
tures are high resource efficiency, inherent phase stability,
and fine-grained control in realizing interferometric schemes,
called discrete time quantum walks (DTQWs), resulting in
unprecedented scalability and a plethora of achievable inter-
ference patterns [38–40]. Various loop topologies have been
used to implement DTQWs [38,39,41,42] with the goal of
studying boson sampling tasks [40,43–46] and even to probe
topological quantum state properties [47]. The use of time-
bin encoding for quantum information processing and QKD
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FIG. 1. A sketch of the targeted experimental platform with illus-
trations of the different steps of its operation. First, a single classical
laser pulse (blue) is produced. It is injected into the unbalanced loop
system, where it is split into a series of pulses. Through spontaneous
parametric down-conversion (SPDC), one pair of signal and idler
photons (green and red) is produced in a superposition in time over
all possible source pulses (gray box). A time-bin-dependent phase
can be imprinted on this two-photon initial state. The two single-
photon detectors (SPDs) D1 and D2 measure the joint two-photon
arrival times. Optionally, the quantum state can be injected into the
loops to perform a DTQW before the detection. The letters displayed
in the loops are used throughout this work to indicate in which loop
a pulse propagates at a given time (|L〉, long loop; |S〉, short loop).

applications has been a subject of ongoing research in recent
years [2,48–54]. An important advantage is the insensitiv-
ity to polarization dispersion in optical fibers [2,55], which
makes active polarization stabilization necessary in polariza-
tion encoding, especially in long-distance settings [56–60].
This makes time-bin encoding a versatile and robust choice
for quantum communication applications [61].

In this work, we consider the architecture shown schemat-
ically in Fig. 1. It features two coupled fiber loops that can
be used both for generating high-dimensional entangled states
and certifying them through optical path interference, pro-
viding a highly stable and compact experimental setup. We
derive a certification protocol that combines time-of-arrival
measurements taken with and without additional optical-path
interference to obtain a lower bound on the fidelity to an
adequately chosen reference state. This bound serves as an
entanglement-dimension witness for the prepared state. Our
protocol is widely applicable beyond the specific experimen-
tal setup considered here as its crucial ingredient, discrete
quantum walks, can be realized on many physical multimode
platforms. We show through numerical simulations using
realistic experimental and statistical error models that our
method can certify high-dimensional entanglement with mod-
erate experimental resource requirements, demonstrating its
feasibility in the near future. Our results highlight fiber-loop
architectures as a competitive platform of resource-efficient
high-dimensional entanglement preparation and certification
with a high degree of programmability.

In the remainder of this paper, we first introduce the tar-
geted fiber-loop architecture in Sec. II and describe the details
of the certification method for time-bin-entangled photon
pairs in Sec. III. Subsequently, we give the results of the
aforementioned numerical simulations to showcase the perfor-
mance of the methods in Sec. IV. Finally, we also consider a

multiphoton scenario in Sec. V before discussing our findings
in Sec. VI.

II. CAPABILITIES OF FIBER-LOOP PLATFORMS

Our general strategy of entanglement certification builds
on measurements in different bases. We focus on the case
where the corresponding basis transformations are accom-
plished using discrete quantum walks. Contemporary fiber-
loop platforms [43,44,47,62] realize such quantum walks
naturally and are thus a suitable platform for its experimental
implementation. For concreteness, we consider a temporal
photonic lattice platform that has recently been realized [62].
A schematic overview of the key components of the setup is
shown in Fig. 1. Here we highlight some of the key working
principles and capabilities of this kind of architecture; for
an in-depth description of the experimental implementation,
we refer to the original publication [62]. The system com-
prises two optical-fiber loops of unequal lengths, 100 and
120 m, coupled by a dynamic fiber coupler, resulting in a
photon round-trip time difference of �t = 100 ns. Each loop
is equipped with a gate to regulate the inflow and outflow of
signals. Light from the laser source is first injected into the
long loop, then passes through a nonlinear optical medium
and a phase modulator. The generated time bins are either
reinjected into the short loop before ultimately reaching two
single-photon detectors (SPDs) or sent directly to the SPDs.

The protocol to generate a pair of photons with high-
dimensional entanglement starts by injecting a classical laser
pulse into the long loop; the fiber gates connecting the loops
to the external fiber are shut afterward. On every round trip,
the pulse is split between the two loops. Due to the differ-
ence �t in propagation time between the two loops, arbitrary
sequences of equidistant pulses can be generated in the long
loop by letting the pulse propagate for an appropriate number
of round trips. This method ensures high interpulse phase
stability, as all N pulses in the series originate from the same
source pulse and have traveled the same distance in optical
fiber at the point of interference. The maximum number of
pulses that can be accommodated is determined by the lengths
of the loops and their length difference. In the experiment
reported in Ref. [62], the loop configuration supported up to
Nmax = 4 pulses.

Once the desired pulse sequence has been generated, it
is ejected from the long loop and sent through the nonlin-
ear optical medium to generate photon pairs via spontaneous
parametric down-conversion (SPDC). Postselection allows to
project onto the case of one photon pair being created in one
of the time bins. In the resulting state,

|�(α)〉 =
N∑

j=1

α j | j〉S ⊗ | j〉I =:
N∑

j=1

α j | j j〉, (1)

the signal and idler photon are being created in the same time
bin j, in a superposition over all bins. This state is already
in a Schmidt-decomposed form, as the two photons are per-
fectly correlated in the time-bin basis. In other words, the two
photons of the output state share N-dimensional entanglement
across their discrete time-bin degree of freedom. The squared
individual time-bin weight |α j |2 corresponds to the amplitude
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of the jth classical pulse, which can be controlled through the
dynamic coupling settings and by classical pulse modulation.
After the SPDC process, a time-bin-dependent phase can be
imprinted on the state, resulting in

|�(α,ϕ)〉 =
N∑

j=1

α je
2iϕ j | j j〉. (2)

Subsequently, the state populations can be measured directly
in the time-bin basis by demultiplexing the two photons and
jointly recording their arrival times at the SPDs.

Alternatively, it is also possible to feed the state into the
loop system for a second time to perform a DTQW before
measuring the time of arrival at the SPDs. In particular, any
given pulse can be delayed relative to the other pulses by a
multiple of �t by temporarily coupling it into the long loop.
This ability sets fiber-loop platforms apart from time-bin plat-
forms based on unbalanced Mach-Zehnder interferometers,
which typically have a small number of fixed delay capabil-
ities implemented on the hardware [13,53,63,64]. Therefore,
being able to perform arbitrary programmable quantum walks
opens up further measurement capabilities to utilize in entan-
glement and state certification.

For details on the underlying model of the central cou-
pler and the resulting one-dimensional DTQW, we refer to
Appendix A.

To use this loop configuration for quantum communication
applications, the signal and idler photons would be sent to
the communicating parties after demultiplexing. Each party
could utilize a similar loop setup to apply local rotations
to their respective photon. The delay loop lengths of each
setup would have to be tuned to match those of the central
entanglement source within a fraction of the pulse length, and
the interferometric setups would have to be phase stabilized
with respect to the source. Both tasks have been demonstrated
experimentally before [51,52]. This gives access to different
local measurement bases, for example those introduced later
in Sec. III A, and thus enables high-dimensional quantum
key distribution by performing high-dimensional Bell tests
[25,34].

In the following section, we show the details of how path
interference can be used to obtain useful bounds on high-
dimensional entanglement in the prepared state.

III. CERTIFICATION SCHEME

As we showed in the previous section, the underlying fiber-
loop architecture allows for a specific set of measurements,
including arbitrary shifts and interference of time bins. Here
we demonstrate how these can be used to measure a lower
bound on the fidelity to a set of highly entangled reference
states,

|�ref (λ〉) =
N∑

i=1

λi|ii〉, (3)

which allows certifying high-dimensional entanglement
[65–69].

At its core, the method utilizes a family of upper bounds on
the fidelity F between the prepared state ρ̂ and the reference

state |�ref〉,

F (ρ̂, �ref ) � Bk (�ref ) =
k∑

i=1

λ2
i , (4)

where k is the entanglement dimension, or Schmidt rank, of
ρ̂ and λ2

1 � λ2
2 · · · � λ2

N are the squared Schmidt coefficients
of the reference state [70]. If Eq. (4) is violated for a given
k, then the prepared state ρ̂ is incompatible with less than
k + 1-dimensional entanglement. Therefore, a fidelity mea-
surement can be used directly to certify a lower bound on the
entanglement dimension of the state. For the reference-state
family |�ref (λ)〉 introduced above the fidelity is given by

F (ρ̂, �ref ) =
N∑

i, j=1

λiλ j〈ii|ρ̂| j j〉. (5)

However, fidelity measurements are costly and the experimen-
tal complexity scales unfavorably with the local Hilbert-space
size [68].

Here we propose measuring a lower bound on the fidelity
F (ρ̂, �ref ) in the spirit of Ref. [69]. For the considered exper-
imental platform, it is straightforward to take measurements
in the time-bin basis 〈i j|ρ̂|i j〉 by recording the time bins i and
j in which signal and idler photon arrive at the detector. Since
we consider states with a single signal-idler pair and each
photon is sent to their own detector, bucket detectors suffice
and no photon-number-resolving detection is required. In ad-
dition, by subjecting the state to a DTQW before taking these
measurements, it is also possible to obtain partial information
on the coherences 〈ii|ρ̂| j j〉 appearing in the fidelity in Eq. (5).
Due to the flexible programmability of the central coupler,
a plethora of different interference patterns can be realized.
We can therefore choose to optimize the DTQW trajectories
with respect to different key parameters, such as the required
number of measurement settings, the bound tightness, or the
necessary experimental shot budget. Therefore, we propose
two different measurement schemes which we outline in the
following subsections, and we give a third more comprehen-
sive scheme in Appendix B.

In the presence of time-bin-dependent initial-state phases,
as in Eq. (2), an additional algorithmic step to learn and cor-
rect these phases has to be employed, significantly increasing
the reference-state overlap. We describe the details of this
procedure in Sec. III C.

A. Compound DTQW

It is possible to design a set of comparatively simple
DTQW trajectories using the internal structure of |�ref〉. Only
coherences between states with signal and idler photon in
the same time bin appear in F (ρ̂, �ref ), and hence only two
different time bins contribute to any given coherence 〈ii|ρ̂| j j〉.
Consequently, all the necessary information can be extracted
from two-bin interference patterns alone. The simplest ap-
proach to measuring different combinations of two bins in
parallel is to group all bins into pairs, which are then made to
interfere pairwise before subsequent arrival-time readout. To
cover all N (N − 1)/2 different combinations of two bins, it
is sufficient to prepare N − 1 different DTQW configurations
(or N for odd N , respectively), each achieving a different
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(a)

(b)

(c)

FIG. 2. A diagrammatic illustration of the three settings of the
compound DTQW scheme for N = 4 is shown in panels (a), (b), and
(c). The different initial time-bin populations are represented by the
four colored lines. All bins start in the short loop (vertical lines).
Their trajectory in the DTQW can be traced along the vertical axis.
In all three cases, two earlier pulses are being injected into the long
loop (diagonal lines) to delay them relative to the two other bins.
Once the two pairs coincide at the central coupler, they are made to
interfere with a balanced beam-splitter setting and are subsequently
ejected. This scheme generates all combinations of two-bin pairings.
The three different operations (BS, balanced beam splitter; T, full
transmission; R, full reflection) correspond to different configura-
tions of the central coupler. The labels at the bottom of each diagram
indicate in which of the two loops (S, short loop; L, long loop) each
pulse is at any given time of the evolution.

grouping of bins. The necessary settings can be constructed
for any N by translating the task to an edge-coloring prob-
lem on the underlying fully connected graph of time bins
[71,72].

A diagrammatic illustration of the three different settings
needed for N = 4 is given in Fig. 2. Each diagram describes
the logical setting of the central coupler and the resulting
time-bin trajectories as a function of time. The four different
time bins, represented by four different colors, are injected
into the short loop at the top of each diagram as vertical lines.
In each setting, two bins are chosen and fully transferred to the
long loop (depicted as diagonal lines) to remove the intrapair
delay. The timings are chosen such that all pairs interfere
during the same round trip at the central coupler, which is
then configured as a balanced beam splitter. The number of
round trips in each setting (vertical depth of the diagram)
scales with the maximum relative delay within each bin pair,
as each round trip in the long loop compensates a delay of
�t . It is straightforward to compute the populations in the
joint time-bin basis after each DTQW, as all pairs go through
equivalent beam-splitter configurations. Of special interest is
the detection of both photons in the same DTQW branch in
any of the diagrams. Here we label the probability of detecting
both photons in the same output arm of the final beam splitter
connecting bins i and j as pc(i, j). Analogously, we refer to
the probability for the detection of one photon in each arm of
the same beam splitter as pnc(i, j). The difference of these two

probabilities �pc(i, j) can be expressed as

�pc(i, j) := pc(i, j) − pnc(i, j)

=2 Re [〈ii|ρ̂| j j〉 + 〈i j|ρ̂| ji〉], (6)

with the full computation given in Appendix A. In compar-
ison, the reference state fidelity from Eq. (5) for the case of
real coefficients λi ∈ R can be expressed as

F (ρ̂, �ref ) =
∑

i

λ2
i 〈ii|ρ̂|ii〉 + 2

N∑
i< j

λiλ j Re(〈ii|ρ̂| j j〉). (7)

Therefore, only the first term appearing in �pc(i, j), 〈ii|ρ̂| j j〉,
contributes to the fidelity, whereas the other coherence,
〈i j|ρ̂| ji〉, does not. We employ the strategy presented in
Ref. [69] to construct a fidelity bound by taking the sum over
the differences of these two probabilities for all bin pairs and
subsequently subtract the upper bound,

Re [〈i j|ρ̂| ji〉] � |〈i j|ρ̂| ji〉|
�

√
〈i j|ρ̂|i j〉〈 ji|ρ̂| ji〉

=: Z ji
i j , (8)

to remove the unwanted contribution of Re[〈i j|ρ̂| ji〉]. This
yields the final fidelity lower bound,

F̃ (ρ̂, �ref ) =
∑

i

λ2
i 〈ii|ρ̂|ii〉 +

∑
i< j

λiλ j
(
�pc(i, j) − 2Z ji

i j

)
� F (ρ̂, �ref ). (9)

Since every coherence 〈ii|ρ̂| j j〉 is measured and extracted
independently, it is immediately possible to construct fidelity
bounds to reference states of the form given in Eq. (3) with in-
dividual real weights λi for arbitrary N . As mentioned before,
it is always possible to obtain real weights from any generic
state with, in general, complex weights by applying phase
rotations to the individual basis states. This enables treating
reference states with arbitrary relative phases between the
different time bins by preceding the DTQW with a dedicated
phase-measurement step. We cover this additional procedure,
which can also be applied to other DTQW configurations, in
Sec. III C.

Alternatively, instead of pairing each bin with only one
other bin per DTQW, it is also conceivable to generate all
pairings during the same DTQW setting. This configuration
allows for extracting information on even more coherences
but requires more round trips, and thus suffers from higher
photon loss in practice. A detailed discussion is provided in
Appendix B.

B. Single-setting DTQW

As an alternative, we also propose a single DTQW con-
figuration that achieves full interference of all bins in all
populated output bins; the corresponding diagram of the beam
trajectories for N = 4 is displayed in Fig. 3. The configuration
is built up recursively and can be constructed for cases with
N = 2n, n ∈ N. In this scheme, as the first step, the earlier half
of the bins is delayed and interfered with the later half, gener-
ating N outputs containing information of two time bins each.
Subsequently, we combine pairs of outputs, starting at the
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FIG. 3. An illustration of the single-setup DTQW configuration
for N = 4. The scheme interferes all bins in each of the N output
bins. The three different operations (BS, balanced beam splitter; T,
full transmission; R, full reflection) correspond to different configu-
rations of the central coupler. The labels at the bottom of the diagram
indicate in which of the two loops (S, short loop; L, long loop) each
pulse is at any given time of the evolution.

center in the N th bin and then go outward symmetrically. For
N = 4, a single additional beam-splitter pass for each pulse is
sufficient to achieve full interference in every populated bin.
For larger N , the number of the interference events scales as
∼ log2(N ), but in order to accommodate all trajectories, the
total DTQW depth is M = 2(N − 1). We illustrate this further
for the case of N = 8 in Appendix C in Fig. 10. We note that
each initial time bin contributes equally to each output state,
making the resulting measurement basis mutually unbiased
with respect to the original time-bin basis, i.e., measuring the
time of arrival immediately after SPDC.

This DTQW configuration yields a total coincidence prob-
ability pc, i.e., the probability to simultaneously detect the two
photons in any of the output bins, which maps to the initial
state as

pc =
3N/2−1∑

i=N

〈iSiS|Û ρ̂ Û †|iSiS〉 +
2N−1∑

i=3N/2

〈iLiL|Û ρ̂ Û †|iLiL〉

= 1

N

⎛
⎝ N∑

i, j=1

〈ii|ρ̂| j j〉
⎞
⎠ +

N∑
i �= j

∨k �=l

ckl
i j 〈i j|ρ̂|kl〉

= F (ρ̂, �MES) +
N∑

i �= j
∨k �=l

ckl
i j 〈i j|ρ̂|kl〉, (10)

with coefficients ckl
i j depending on N . Here |iSiS〉 and |iLiL〉

mark the state of both photons in the ith bin and both prop-
agating in the short or long loop, respectively. Importantly,
the first sum containing the terms contributing to the fidelity
always has a prefactor 1/N guaranteed by the symmetry of
the DTQW. This holds true as the number of loop switches
along the DTQW trajectory of a bin contributing to a pulse
in the short loop is always even and always odd for a pulse

in the long loop. Thus, the difference in the number of loop
switches between bins i and j is even in each pulse, that is,
ni − n j = 2c, c ∈ Z. With each switch, each photon picks up
a phase of π/2. Taking into account the form of the two-
photon coherences, 〈ii|ρ̂| j j〉, the corresponding phase factor
is thus always exp(i2(ni − n j )π

2 ) = exp(i2πc) = 1, which
ensures that all relevant coherences have the same real and
positive weight.

Therefore, the first sum reassembles the fidelity
F (ρ̂, �MES) to the maximally entangled state (MES)
|�MES〉 = 1/N

∑N
i=1 |ii〉. Thus, we can extract the fidelity

from a single setting by utilizing the bound as described in
the preceding section, yielding the simplified bound

F (ρ̂, �MES) � F̃ (ρ̂, �MES) = pc −
N∑

i �= j
∨k �=l

∣∣ckl
i j

∣∣Zkl
i j . (11)

This simplifies the measurement protocol to a single DTQW
setting independent of N , while the compound approach em-
ploys N − 1 or N settings, respectively, in addition to the
direct population measurements needed to determine the Zkl

i j
in both cases. Consequently, all experimental samples dedi-
cated to measuring the DTQW outcomes can be spent in a
single setting, lowering overall statistical requirements. This
simplicity comes at the cost of reduced flexibility, as only
|�MES〉, i.e., a flat distribution of Schmidt coefficients (but
potentially arbitrary phases), can be used as the reference.
However, previous studies found that the use of |�MES〉 in
this capacity yields favorable bounds Bk for k ≈ N , such that
states with a high entanglement dimension can be detected
more robustly [68,69]. Thus, giving up flexibility in favor of
simplicity might be appropriate in some circumstances.

C. Phase-correction protocol

For general initial quantum states ρ̂, it is insufficient to
consider reference states with real coefficients λi. Deviations
between the phases of the prepared state ρ, and the ones of
the reference state, lead to rapidly diminishing state overlap
and thus to the loss of any detectable entanglement. By taking
the phase-sensitive coherences contributing to the fidelity and
expanding them for general coefficients,

N∑
i �= j

λ∗
i λ j〈ii|ρ̂| j j〉

= 2
N∑

i< j

[Re(λi) Re(λ j ) + Im(λi) Im(λ j )] Re(〈ii|ρ̂| j j〉)

+ [Im(λi) Re(λ j ) − Re(λi ) Im(λ j )] Im (〈ii|ρ̂| j j〉),
(12)

one can see that the imaginary parts of the coherences also
contribute to the fidelity in the case of nonzero relative phases.
The first straightforward approach to overcome this problem
is simply to find bounds for the imaginary parts as well. This
can be realized for the compound DTQW scheme by repeating
each setting two more times with different initial-state phase
imprints. In the first iteration, a phase of ϕ j = π/2 is applied
to the later bin of all pairs in each setting, while in the second
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iteration, ϕ j = π/4 is imprinted. The resulting probability
differences between coincidence and no-coincidence detec-
tions for bins i and j are

�pc(i, j)|ϕ j= π
2

= 2 Re[e−iπ 〈ii|ρ̂| j j〉 + 〈i j|ρ̂| ji〉]
= 2(− Re[〈ii|ρ̂| j j〉] + Re[〈i j|ρ̂| ji〉]),

(13a)

�pc(i, j)|ϕ j= π
4

= 2 Re[e−iπ/2〈ii|ρ̂| j j〉 + 〈i j|ρ̂| ji〉]
= 2(Im[〈ii|ρ̂| j j〉] + Re[〈i j|ρ̂| ji〉]), (13b)

where all phases cancel out on the second coherence. Com-
bining these measurements with the phase-free result from
Eq. (6), one obtains

Re[〈ii|ρ̂| j j〉] = �pc(i, j) − �pc(i, j)|ϕ j= π
2

4
, (14a)

Im[〈ii|ρ̂| j j〉] = −�pc(i, j) + �pc(i, j)|ϕ j= π
2

4

+ �pc(i, j)|ϕ j= π
4

2
. (14b)

Thus, it is possible to not only bound but also precisely
measure the real and imaginary parts of all relevant coher-
ences. However, the associated experimental complexity in
terms of required measurement repetitions increases three-
fold, and the method is only applicable to the compound
DTQW scheme introduced in Sec. III A. This makes this
approach, though powerful, challenging to implement, espe-
cially for large N .

Because of these limitations, we propose an alternative
method to estimate the relative phases of the photon-pair
state, which is based on the assumption that the phase of
each two-photon state can be parametrized as ϕi j = ϕi + ϕ j ,
i.e., phase imprints are assumed to be uncorrelated between
signal and idler photon. Then, instead of measuring the real
and imaginary parts of every contributing coherence, an ini-
tial phase-estimation protocol is applied that just needs to
determine relative phases between adjacent time bins. This
approach requires only two round trips independent of N .
We utilize a single DTQW configuration that generates all
nearest-neighbor pairings; an illustration for N = 4 is shown
in Fig. 4. The configuration is run twice; first with no phase
imprints and then with a phase gradient that implements π/4
phase increments between adjacent time bins. Thus, in these
two measurement settings one can measure adjacent bin de-
tection probability differences �pc(i, i + 1) and �pc(i, i +
1)|ϕi+1= π

4

as given in Eqs. (6) and (13b). Utilizing the bound

introduced in Eq. (8), we can use these rates to lower bound
the respective real and imaginary parts of the contributing
coherences,

Re[〈ii|ρ̂|i′i′〉] �
(

�pc(i, i′)
2

− Zi′i
ii′

)
=: cR, (15a)

Im[〈ii|ρ̂|i′i′〉] �
(

�pc(i, i′)|ϕi′= π
4

2
− Zi′i

ii′

)
=: cI , (15b)

with i′ = i + 1 for brevity of notation. Therefore, for
|〈ii|ρ̂|i′i′〉| � |〈ii′|ρ̂|i′i〉|, we can approximate the phase of all

FIG. 4. An illustration of the DTQW configuration used to es-
timate the relative phases between adjacent time bins. Only the
balanced beam splitter configuration of the central coupler is used.
The two full-reflections in the last line are just an aid to a more
condensed presentation and not essential. The labels at the bottom
of the diagram indicate in which of the two loops (S, short loop; L,
long loop) each pulse is at any given time of the evolution.

〈ii|ρ̂|i′i′〉 as

φi,i′ ≈ atan2 (cI , cR). (16)

By setting ϕ j = −∑
i< j φi,i′/2 as the initial-state phase in the

following, we can effectively rotate the relevant coherences
back into the real plane. As this operation does not change the
entanglement spectrum, we can still perform the certification
of the entanglement dimension on the rotated state. This can
significantly increase the fidelity between ρ̂ and reference
states with purely real coefficients λi in the case of phase mis-
match, enhancing the capability to detect high-dimensional
entanglement for both measurement schemes discussed in
Secs. III A and III B. Finally, it should be stressed that if the
phase parametrization or Eq. (16) do not hold, it is possible
that a deviating phase profile is learned and applied to the
state. However, the certified fidelity and thus detected entan-
glement dimension are always rigorous lower bounds on the
underlying true values, as the applied rotations fall under the
LOCC paradigm [73].

IV. NUMERICAL SIMULATIONS

To benchmark the performance of the proposed measure-
ment schemes under experimentally realistic conditions, we
conducted a suite of numerical simulations. We consider three
main error sources, which are photon loss in combination
with dark counts, statistical errors, and central-coupler con-
figuration noise. We first go into more detail on the error
model assumptions and then present numerical results for the
different detection schemes.

The dominant error channel of the considered platform is
photon loss in one of the optical couplers or in the optical
fiber. For the concrete experiment reported in Ref. [62], the
authors state a loss of 1.84 dB per photon round trip plus an
additional loss of 0.7 dB for the out-coupling of the state after
the DTQW. The main effect is an increase in the amount of
measurement statistics needed, since events with a number of
detected photons other than two, i.e., photon loss or multipair
generation, can be filtered out in postselection and do not im-
pair the correct detection of high-dimensional entanglement.
Only single-photon loss in combination with a detector dark
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count is indistinguishable from a regular two-photon event
and can be described as an effective dephasing channel ap-
plied to the target state |�〉, producing ρ̂ = (1 − α)|�〉〈�| +
α

N2 1. Here we consider both pure states and dephased states,
where for a given N , α is chosen such that the state has a purity
of tr(ρ̂2) ≈ 0.9.

Finally, we assume random noise on the central opti-
cal switch, typically caused by imperfect calibration. We
parametrize the coupler through a switching angle, with θ ∈
[0, π/2] (for more details on this, see Appendix A). In all data
shown, we assume that each angle θ̃ realized experimentally
is subject to random noise and therefore sampled uniformly
according to θ̃ ∼ U [θ − 0.02π, θ + 0.02π ]. These parameter
choices are tuned to represent typical experimental conditions
and to reproduce realistically achievable fidelities of the pre-
pared states reported on comparable experimental platforms
[39,40,68].

A. Sampling statistics

Here we investigate how limited measurement statistics
impact the certification ability of the proposed method. In a
first step, we simulate the application of both the compound
and single-setting implementations to a dephased maximally
entangled state with N = 8 and no relative phases between the
different time bins. To determine the sensitivity of the protocol
to finite statistics, we fixed the total number of experimental
state realizations to Nsample = 4000. This total shot budget can
be distributed between measurements of the time-bin popula-
tions (without DTQW stage) and coherence measurements in-
volving one of the DTQW schemes described in Sec. III. The
resulting certified fidelities and entanglement dimensions for
different experimental budget splits are shown in Fig. 5. We
observe only weak dependence of the fidelity bounds gener-
ated through the compound method on the actual distribution
of the samples, even in the limit of very low sample numbers
for population measurements, as seen in Fig. 5(a). However,
for the single-setting scheme, we find a bias towards higher
certified fidelities in this limit, which is caused by insufficient
resolution to resolve the small state populations related to
photon loss and subsequent detector dark count. Thus, these
populations and the derived correction terms Zkl

i j [cf. Eq. (8)]
are being underestimated, which leads to an erroneous overes-
timation of the certified fidelity. The compound scheme is less
susceptible to low population sample numbers, as fewer terms
remain in the sum of coincidence rates that must be consid-
ered. State dephasing and the simulated noise on the central
coupler lead to the gap between the true fidelity and the fi-
delity bounds. For reference, we also show the entanglement-
dimension threshold B7 = 7/N = 0.875 introduced in Eq. (4).
When the extracted fidelity lower bounds exceed B7, the max-
imal entanglement dimension of eight is certified.

The corresponding quartiles Q1 and Q3 relative to the
fidelity-bound medians of Fig. 5(a) are shown in Fig. 5(b).
Across all distribution ratios, the compound method outper-
forms the single-setting method, and we observe a trend
for both towards smaller errors for higher DTQW-sample
numbers.

Based on these findings, for all the following simula-
tions with N = 8, we dedicate Npop

sample = 2000 to population

(a)

(b)

(c)

FIG. 5. The fidelity-bound performance for different distribu-
tions of the measurement budget on a phase-free dephased initial
state. (a) Certified fidelity-bound medians (SS: single setting; CS:
compound setting) and true fidelity to |�MES〉 for different distri-
butions of the experimental samples. The error bars correspond to
the interquartile range Q1–Q3. The dashed line is the entanglement-
dimension threshold B7 = 7/N = 0.875, where obtaining F > B7

certifies eight-dimensional entanglement. (b) Corresponding 25–
75% confidence envelopes relative to the medians from (a).
(c) Proportions of number of samples used for DTQW and popu-
lation measurements. All data has been acquired for N = 8 with a
fixed Nsample = 4000.

measurements to mitigate undersampling while keeping sta-
tistical errors manageable.

In a second step, we introduce random phases between
different time bins in the initial state, necessitating phase-
correction before any DTQW readout. Therefore, we consider
an increased number of samples of Nsample = 8000 of which
6000 are distributed among phase- and DTQW measurements;
the certified fidelities and corresponding sample distributions
for a number of different sample allocations are shown in
Fig. 6. We observe a significant increase in the true fidelity
between the phase-corrected prepared state and the phase-
free maximally entangled state by increasing the number of
phase-correction samples. Furthermore, the observed error
of the true phase-corrected state fidelity and of the fidelity
bounds are up to one order of magnitude higher compared
to the phase-free case [cf. Figs. 5(b) and 6(b)], meaning that
the phase correction procedure is the dominant source of
uncertainty for both fidelity bounds. This suggests utilizing
a substantial amount of samples for phase estimation and cor-
rection to both increase certified fidelities bounds and reduce
the corresponding errors.

In the following, we dedicate half of all available sam-
ples for phase estimation and divide the remaining samples
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(a)

(b)

(c)

FIG. 6. The fidelity-bound performance for different distribu-
tions of the measurement budget on a random-phase dephased state.
(a) Certified fidelity-bound medians (SS, single setting; CS, com-
pound setting) and true fidelity of the phase-corrected and phase-free
prepared state to |�MES〉 as a function of experimental budget split.
The error bars correspond to the interquartile range Q1–Q3. The
dashed lines indicate the entanglement-dimension thresholds Bk =
k/N , with the entanglement dimension k. Observing F > Bk certifies
an entanglement dimension of the prepared state of at least k + 1.
(b) Corresponding 25–75% confidence envelope of the true fidelity
of the phase-corrected state relative to the median from (a). The
envelopes for the compound- and single-setup schemes have visually
indiscernible quartile envelopes and are omitted here for clarity.
(c) Proportions of number of samples used for DTQW, phase, and
population measurements. All data has been acquired for N = 8 with
a fixed Nsample = 8000, 25% of which are reserved for population
measurements.

evenly between the time-bin populations and the DTQW
measurements.

B. Scaling with number of time bins N

We simulate the application of the method including phase
correction for N ∈ {2, 4, 8, 16} for both pure and dephased
states to investigate how the bound performance scales with
N . To account for the increasing sample requirements with
larger N , we scale the number of samples linearly with N ,
i.e., Nsamples = 1000N . The certified fidelities are given in
Fig. 7.

We observe qualitatively similar behavior between the re-
sults for pure states in Fig. 7(a) and the dephased states in
Fig. 7(b), with certified fidelities decreasing with larger N in
both cases. For N ∈ {2, 4}, statistical errors on the compound-
and single-setting bound dominate, while for larger N the
phase correction is the leading cause of uncertainty, as

(a)

(b)

FIG. 7. The fidelity-bound performance with phase-correction
for different values of N (SS, single setting; CS, compound set-
ting). (a) Certified fidelities on a pure maximally entangled state
with random phases. (b) Certified fidelities on a dephased maxi-
mally entangled state with random phases. The dashed lines are
the entanglement-dimension thresholds Bk , with the entanglement
dimension k. Observing F > Bk certifies an entanglement dimension
of the prepared state of at least k + 1. All data has been acquired with
a fixed Nsample = 8000, with a 1:1:2 split among population, DTQW,
and phase measurements.

previously discussed. The dephasing introduces a nearly con-
stant offset in the phase-corrected true fidelity across all N ,
which then propagates to the certified fidelities.

Both bounds certify the full entanglement dimension with
at least 75% confidence for N ∈ {2, 4, 8} in the pure case and
for N ∈ {2, 4} in the dephased case, with seven-dimensional
entanglement certified for N = 8. For N = 16, we see that
the compound method outperforms the single setting method
by one entanglement dimension in both scenarios. Here the
observed drop in the phase-corrected true fidelities indicates
that increases in the number of samples could cause further
improvements in both the fidelity-bound median and uncer-
tainty, respectively.

V. ENTANGLEMENT DETECTION
FOR MULTI-PHOTON-PAIR STATES

Until now, we have considered the standard scenario where
a single photon pair is produced through SPDC. However, at
increased laser power, higher-order contributions may become
significant. It is conceivable, albeit technically challenging,
to postselect measurement results where two photon pairs are
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(a)

(b)

(c)

FIG. 8. A diagrammatic illustration of the three additional
DTQW schemes for two photon pairs for N = 4. This scheme gen-
erates four-bin interference in each diagram. Each panel (a), (b), and
(c) can be obtained from their counterpart in Fig. 2 by adding one
final balanced beam splitter in the central bin. The two full-reflection
elements at the end of each first and last output bin are only added to
aid in the compactness of the presentation. The three operations (BS,
balanced beam splitter; T, full transmission; and R, full reflection)
correspond to different configurations of the central coupler. The
labels at the bottom of each diagram indicate in which of the two
loops (S, short loop; L, long loop) each pulse is at any given time of
the evolution.

detected. The corresponding multiphoton quantum state

|�(α)〉ref =
N∑

j�k

α jk| jk〉S ⊗ | jk〉I =:
N∑

j�k

α jk| jk jk〉 (17)

with two indistinguishable signal and idler photons has an
increased entanglement dimension of Dent = (N+1

2

) = N (N +
1)/2 between the two different photon species. To emphasize
the generality of our method, we illustrate how the meth-
ods presented in this work can be adapted to also allow the
detection of high-dimensional bipartite entanglement for mul-
tiphoton states.

The fidelity between the above reference state and the
postselected four-photon state is given by

F (ρ̂, �ref ) =
N∑

i� j

N∑
k�l

λi jλkl〈i ji j|ρ̂|klkl〉, (18)

where up to four different time bins contribute to a single
coherence. It is therefore necessary to create four-bin interfer-
ence to capture the full quantum correlations in this family of
states. We propose adapting the compound method introduced
in Sec. III A for four bins, such that in each setting the two bin
pairs are interfered at the end to achieve four-bin interference
in the central bin. The three derived settings are displayed
in Fig. 8. In each of the three diagrams, the time bins are
subjected to a different DTQW trajectory, leading to different
relative phases in the final beam output. This can be utilized to

cancel out certain noncontributing coherences by combining
coincidence-rate measurements from all three configurations.

For N > 4, this pattern would have to be measured for all
combinations of four bins. Here we want to focus on the case
of N = 4, such that the three DTQW settings shown already
include all the necessary information for a fidelity bound. In
the following, three detection patterns are relevant. First, all
four photons are detected in the same output of the final beam
splitter. We label the probability of such a full coincidence
(FC) event as pα

FC, where α ∈ {a, b, c} corresponds to the three
diagrams in Fig. 8. Second, there can be species coincidence
(SC), that is, the two signal photons are detected in one output
and the two idler photons in the other, with a corresponding
probability pα

SC. Finally, one can detect signal-idler-pair coin-
cidence (PC), with a signal-idler pair detected in each beam
output with probability pα

PC. As we show in Appendix D,
one can combine the measurement of these event rates with
relevant four-photon populations and measurements taken in
the compound setup introduced in Sec. III A. There we also
measure the probability of detecting a signal-idler pair in
each output arm after path interference, analogously labeled
pPC(i, j) for photons originating from bins i and j. Thus, one
obtains the compound quantity

C = 8
∑

α

pα
FC − pα

SC + 2pα
PC +

N∑
i< j

pPC(i, j)

− 1

2

∑
i

〈iiii|ρ̂|iiii〉

=
N∑

i� j
k�l

〈i ji j|ρ̂|klkl〉 +
N∑

i� j
k�l

N∑
m�n
o�p

cklop
i jmn〈i jmn|ρ̂|klop〉, (19)

with matrix-element weights cklop
i jmn and the second sum on the

right-hand side omitting all matrix elements already included
in the first sum. Importantly, the first sum is proportional to
the fidelity to the maximally entangled four-photon state [see
Eq. (18)]. By employing the same techniques as described
above for the two-photon case, we can generate an analogous
lower bound on this fidelity from the combined measurement
result, which reads

F̃ (ρ̂, �MES) = 2

N (N + 1)

⎛
⎜⎜⎝C −

N∑
i� j
k�l

N∑
m�n
o�p

∣∣∣cklop
i jmn

∣∣∣Zklop
i jmn

⎞
⎟⎟⎠,

(20)

where Zklop
i jmn has been defined in analogy to Eq. (8).

To estimate the achievable fidelity through this bound,
we apply it to a dephased maximally entangled four-photon
state of N = 4 and a purity of Tr(ρ̂2) ≈ 0.9 but neglect finite
measurement statistics and noise on the central coupler. In this
configuration, we find a lower fidelity bound of F̃ (ρ̂, �MES) ≈
0.609, which corresponds to a certifiable entanglement dimen-
sion of Dent = 7.

One way to improve upon this result is to run each of the
three four-bin DTQWs in four different phase patterns instead
of a single, phase-free configuration. We propose imprinting
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a phase of ϕi = π on a different bin in each run and subse-
quently taking the sum over the four runs. The relative phases
cause the cancellation of terms of the form 〈i ji j|ρ̂|lmln〉,
i.e., terms with two uncorrelated photons in bins n and m
in the bra or ket. These are related to events with a single
produced SPDC pair and two dark counts or two SPDC pairs
with single photon loss and one dark count in different time
bins. They are the dominant error source, as the correspond-
ing bound is large, i.e., Zlmln

i ji j ∝ √〈i ji j|ρ̂|i ji j〉. Applying this
modified bound to the same state as above yields an increased
F̃ (ρ̂, �MES) ≈ 0.915 and a maximum certifiable Dent = 10.
For more details, we again refer to Appendix D.

These results demonstrate that the entanglement-
certification method can in principle be extended to
multiphoton scenarios as well, fully utilizing the flexibility
of the platform. However, we want to stress that a practical
near-term implementation is facing significant technical
challenges. First, the production of two SPDC pairs instead
of one from one pulse sequence is strongly suppressed,
substantially increasing the necessary measurement times.
Furthermore, as the survival probability of the full quantum
state decreases exponentially with photon number, feasibly
attainable noise levels make the implementation of a
four-photon certification scheme exceedingly difficult in
state-of-the-art experiments. However, as mentioned above,
other discrete-quantum-walk platforms like bosonic atoms in
optical lattices might have better noise characteristics such
that near-term implementations in other systems might be
more viable.

VI. CONCLUSIONS

In this work we showed that optical-fiber-loop platforms
can be used to flexibly prepare and certify high-dimensional
entanglement on the same device. The certification procedures
can be adapted to optimize different experimental aspects,
such as the number of necessary measurement settings, the
tightness of the bound, or the extent of extracted informa-
tion. By combining our entanglement-detection method with
a phase-correction protocol, high-dimensional entanglement
can be certified for initial states with arbitrary phase pro-
files. In numerical simulations, the method has demonstrated
robustness under constrained experimental shot budgets and
representative experimental noise models.

The platform in combination with the detection method
offers some key experimental advantages. As the same fiber
loops are used for state preparation and path interference, no
major further measures for interferometer stabilization have
to be taken. Two single-photon detectors and two unbalanced
fiber loops are sufficient to detect high-dimensional entan-
glement for any time-bin number N , making the platform
compact, broadly configurable, and versatile in terms of the
class of preparable and detectable states.

By reprogramming the central coupler, one can gain further
information about a large number of time-bin coherences,
including their real and imaginary parts. However, full quan-
tum state tomography is not achievable with the proposed
experimental capabilities. Here one would need the ability to
imprint phases on the two photons independently [74], which

could be realized through potential differences in polarization
after SPDC.

The method presented in this work belongs to a family of
similar techniques that rely on complementary measurements
in two or more bases [65–69]. These techniques keep the
experimental complexity and resource requirements low by
capitalizing on the large degree of prior knowledge about
the prepared state. Another approach to high-dimensional
entanglement certification is to measure correlations after ran-
dom unitary application, which has recently been performed
experimentally for the first time [75–77]. These methods do
not require a common reference between parties; however,
as we certify on the same device, this is not an issue here.
Additionally, our simulations show a very competitive bound
performance using similar measurement statistics as Ref. [77].

One of the major open challenges of our approach is pho-
ton loss, caused predominantly by the repeated fiber-coupler
passes in the loops. Crucially, the projected photon loss of
the three stages of the protocol scales quite differently with
N , as the loss strongly correlates with the necessary DTQW
depth. Phase measurements always require M = 2 round trips
independent of N , one for loading the state into the fiber loops
and one for path interference. Moreover, population measure-
ments bypass the loops and thus have comparatively low loss
rates. Thus, both sampling processes are subject to constant
loss for all N , and higher sample numbers for these parts
can be achieved relatively easily, even for large N . However,
the round-trip depth of the proposed DTQW measurements
scales linearly with N , leading to an exponentially decaying
signal-to-noise ratio. At the reported loss rates of 1.84 dB per
photon round trip and a constant coupling loss of 0.7 dB, this
would mean a worst-case loss of 8.06 dB for one of the N − 1
settings of the compound method for N = 4, corresponding
to a two-photon survival probability of ≈2.44%. However,
for N = 16, this increases dramatically to 30.14 dB and an
associated two-photon survival probability of ≈10−4%. As a
consequence, sample acquisition times increase exponentially,
making the implementation of N = 16 significantly more
challenging at the same noise level. However, DTQW depths
of M = 4 have already been demonstrated in the current hard-
ware configuration.

Our protocol is quite general in its formulation and can
potentially be applied to other physical platforms. A clear
candidate are beam-splitter arrays, e.g., Ref. [78] realizable
on any quantum-optics platform, as our diagrammatic lan-
guage can be immediately translated into this framework.
This implementation would reduce the expected photon loss
but lose the flexibility and programmability of the platform
presented in this work. Due to the formulation of the DTQW
in the standardized language of coin and shift operators (cf.
Appendix A) commonly used in the community, it is straight-
forward to compare the various building blocks to those of
other platforms. A recently proposed alternative time-bin-
based platform [54,79] seems particularly suitable as it offers
equivalent shifting and coin operations. Importantly, this plat-
form allows for bin-by-bin adjustments of the coin operation,
which we require for our method. Other platforms [80] also
have similar operating blocks available but lack the bin-by-
bin programmability of the coin operator, which necessitates
further work to realize our protocol.
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To enable the preparation and certification of quantum
states with even higher entanglement dimension, a number of
straightforward technical improvements may be implemented.
First, the current fiber-loop setup only supports N = 4 time
bins simultaneously. This limitation can be lifted by increas-
ing the length of both loops by the same multiple of the current
length difference �L. As fiber losses are of the order of
≈0.2 dB/km, the corresponding increase in loss would not be
prohibitive compared to the current round-trip loss. Here tech-
nological advances are essential to reduce the fiber-coupler
insertion loss to �1 dB to make data-acquisition times more
practical. Further performance gains might be achieved by
reducing the response time of the central coupler of cur-
rently ≈60 ns, which necessitates the long time-bin spacing
�t = 100 ns and brings the total time for state preparation
and DTQW to the order of O(1 µs). Thus, faster switching
times would allow for the implementation of a much lower
�t and generally faster state preparation and data collection.
These prospects show a clear path forward to use fiber-
loop-generated high-dimensional entanglement for quantum
technology applications.
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APPENDIX A: MODEL OF DTQWs

Here we briefly summarize the underlying mathematical
model of the DTQWs considered in this work. The following
has been described in previous works, e.g., in Ref. [62], but
we give it here for completeness.

To fully describe the evolution of the state during the quan-
tum walk, each pulse gets an additional label S or L to indicate
whether it propagates in the short loop or in the long loop.
Thus, immediately after the quantum state has been injected
into the short loop, the two photons are in the state

|�(α)〉 =
N∑

j=1

α j | j, S〉S ⊗ | j, S〉I , (A1)

where we have also reintroduced the signal- and idler-photon
labels temporarily. During a DTQW, two types of operators
are applied to the quantum state in an alternating fashion: the
coin operator Ĉm and the temporal shift operator Ŝm, with m
being the current round-trip index. The coin operator repre-
sents the central beam coupler and encodes how the incoming
pulses of light are split between the long and short loops.
As the configuration of the central coupler can be changed
between adjacent time bins, the corresponding coin operator

Ĉm is of the form Ĉm = ∑Nm
n=1 Ĉm,n, with Ĉm,n being the coin

operator for the nth bin out of Nm on the mth round trip. The
symmetric single-photon coin operator realized by the central
coupler used in Ref. [62] is given by

Ĉsp
m,n = cos(θm,n)(|n, S〉〈n, S| + |n, L〉〈n, L|)

+ i sin(θm,n)(|n, S〉〈n, L| + |n, L〉〈n, S|), (A2)

where θm,n ∈ [0, π/2] parametrizes the behavior of the cou-
pler with full reflection, that is, each pulse stays in the current
loop, at θm,n = 0 to full transmission, i.e., each pulse is
completely transferred to the other loop, at θm,n = π/2. The
full two-photon operator is then simply constructed as the
product operator Ĉm,n = Ĉsp

m,n,S ⊗ Ĉsp
m,n,I .

The shift operator Ŝm implements the delay caused by the
length imbalance of the two loops. For the mth round trip, the
single-photon operator reads

Ŝsp
m =

Nm∑
n=1

|n, S〉〈n, S| + |n + 1, L〉〈n, L|, (A3)

only shifting pulses in the long loop by one bin. Again, the full
two-photon operator is the tensor product of the two single-
photon operators, Ŝm = Ŝsp

m,S ⊗ Ŝsp
m,I .

Last, the operator Û that implements the entire evolu-
tion through a DTQW of M round trips can be expressed
as Û = ÛM . . . Û1, with Ûm = ŜmĈm. Additionally, it is also
possible to imprint time-bin-dependent phases on the quantum
state before DTQW. The associated unitary transformation is
given by

V̂ =
N∑

i, j=1

ei(ϕi+ϕ j )|i j〉〈i j|. (A4)

For illustration, we compute the photon-detection-probability
distribution of a two-bin initial state after a simple DTQW that
interferes the two populated bins at indices q and r with q < r
in analogy to Fig. 2. The initial state after injection into the
loops is given by

ρ̂ =
N∑

i, j,k,l
∈{q,r}

ρkl
i j |i j〉〈kl|

loop−−→
inject

N∑
i, j,k,l
∈{q,r}

ρkl
i j |iS jS〉〈kSlS|, (A5)

with the density-matrix elements ρkl
i j := 〈i j|ρ̂|kl〉. To obtain

the time-bin probability distribution of the state after the
DTQW, e.g., 〈rSrS|Û ρ̂Û †|rSrS〉, we can compute the back-
ward propagation of the projected state through the quantum
walk. The problem can be simplified by making use of the
product form of Û and computing the single-photon evolution,

(Û sp)†|rS〉 = (
Û sp

1

)†
. . .

(
Û sp

M−1

)† 1√
2

(|rS〉 − i|rL〉)

= (
Û sp

1

)† 1√
2

(|rS〉 − i|q + 1, L〉)

= 1√
2

(|rS〉 − |qS〉). (A6)
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In this way, the expectation value can be restated in terms
of the initial-state coherences. The probabilities of the four
possible detection events then read

〈rSrS|Û ρ̂Û †|rSrS〉
= 1

4

[
ρqq

qq + ρrr
rr + ρqr

qr + ρrq
rq

+ (−ρqr
qq − ρrq

qq + ρrr
qq + ρrq

qr − ρrr
qr − ρrr

rq + H.c.
)]

,

(A7)〈r′Lr′L|Û ρ̂Û †|r′Lr′L〉
= 1

4

[
ρqq

qq + ρrr
rr + ρqr

qr + ρrq
rq

+ (
ρqr

qq + ρrq
qq + ρrr

qq + ρrq
qr + ρrr

qr + ρrr
rq + H.c.

)]
, (A8)

〈rSr′L|Û ρ̂Û †|rSr′L〉
= 1

4

[
ρqq

qq + ρrr
rr + ρqr

qr + ρrq
rq

+ (
ρqr

qq − ρrq
qq − ρrr

qq − ρrq
qr − ρrr

qr + ρrr
rq + H.c.

)]
, (A9)

〈r′LrS|Û ρ̂Û †|r′LrS〉
= 1

4

[
ρqq

qq + ρrr
rr + ρqr

qr + ρrq
rq

+ (−ρqr
qq + ρrq

qq − ρrr
qq − ρrq

qr + ρrr
qr − ρrr

rq + H.c.
)]

,

(A10)

where we have used the shorthand r′ = r + 1. It is straight-
forward to see that the difference of coincidence and
noncoincidence probabilities pc − pnc can be expressed as

pc − pnc = 〈rSrS|Û ρ̂ Û †|rSrS〉 + 〈r′Lr′L|Û ρ̂ Û †|r′Lr′L〉
− 〈rSr′L|Û ρ̂Û †|rSr′L〉 − 〈r′LrS|Û ρ̂Û †|r′LrS〉

= 2 Re [〈qq|ρ̂|rr〉 + 〈qr|ρ̂|rq〉], (A11)

which is the result given in Eq. (6).

APPENDIX B: COMPREHENSIVE DTQW SCHEME

In Sec. III A, we introduce a set of DTQW settings that
realize pairwise path interference between all time bins. It is
also possible to generate all pairings of two bins in a single
DTQW run. We have illustrated the corresponding configu-
ration for N = 4 in Fig. 9. To achieve symmetric time-bin
trajectories for all outcomes in a minimal number of round
trips, we employ unbalanced 1:2 beam splitters during the
first two round trips, corresponding to beam-splitter angles of
θ = arccos 1√

3
and θ = arccos

√
2
3 , respectively. This ansatz

covers all relevant two-bin interference measurements for the
compound scheme,

�pc(i, j) = 2

(N − 1)2
Re [〈ii|ρ̂| j j〉 + 〈i j|ρ̂| ji〉], (B1)

where the prefactor has changed to account for the larger
number of outputs. Moreover, this configuration also allows
for access to further quantum coherences. By measuring the
probabilities of detecting the two photons in different DTQW
branches r and q that share one common connected time bin

FIG. 9. A diagrammatic illustration of the single comprehensive
DTQW configuration for N = 4. All six two-bin interference pat-
terns are realized for M = 4. The three different operations (BS,
balanced beam splitter; T, full transmission; R, full reflection) corre-
spond to different configurations of the central coupler. The labels at
the bottom of the diagram indicate in which of the two loops (S, short
loop; L, long loop) each pulse is at any given time of the evolution.
For the first round trip, the central coupler is configured as a beam
splitter with a 1:2 splitting ratio, as indicated by the annotations at
the two beam-splitter outputs.

of origin k, one can obtain

�pc(i, j, k)

:= 〈rSqS|Û ρ̂ Û †|rSqS〉 + 〈r′Lq′L|Û ρ̂ Û †|r′Lq′L〉
− 〈rSq′L|Û ρ̂Û †|rSq′L〉 − 〈r′LqS|Û ρ̂Û †|r′LqS〉

= 2sk

(N − 1)2
Re [〈kk|ρ̂|i j〉 + 〈ik|ρ̂|k j〉], (B2)

with the signal photon detected in bin r and traceable to bins
i and k and the idler detected in bin q and traceable to bins
j and k and r′ = r + 1 as before. The factor sk ∈ {+1,−1}
depends on the trajectories of bin k in the two branches. If
the number of loop switches is identical for the short-loop
exit port for both branches, e.g., for all branches that share
a common blue line in Fig. 9, then sk = 1. If the number is
unequal, then sk = −1, as can be seen, for example, for the
orange line with r = 2 and q = 5. By combining measure-
ments of �pc(i, j, k) taken under different initial-state phase
profiles, the real and imaginary parts of both coherences can
be determined individually, analogous to Eq. (14). The three
additional phase profiles needed are ϕk = π/2, ϕk = π/4, and
ϕ j = −ϕi = π/4.

Finally, the signal and idler photon can be detected in two
DTQW branches that share no common time bin of origin but
rather link back to bins i and j for one photon and k and l for
the other. Using the corresponding measured event rates, we
can express the detection-probability imbalance as

− �pc(i, j, k, l )

:= −〈nSmS|Û ρ̂Û †|nSmS〉 − 〈n′Lm′L|Û ρ̂Û †|n′Lm′L〉
+ 〈nSm′L|Û ρ̂Û †|nSm′L〉 + 〈n′LmS|Û ρ̂Û †|n′LmS〉

= 2

(N − 1)2
Re [〈ik|ρ̂| jl〉 + 〈il|ρ̂| jk〉]. (B3)
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FIG. 10. An illustration of the single-setup DTQW configuration
for N = 8. The scheme interferes all initial-state bins in each of the
N output bins. The three different operations (BS, balanced beam
splitter; T, full transmission; R, full reflection) correspond to different
configurations of the central coupler. The labels at the bottom of each
diagram indicate in which of the two loops (S, short loop; L, long
loop) each pulse is at any given time of the evolution.

Similarly as before, each individual real and imaginary part
of both coherences is accessible by combining a phase-free
run with three different initial-state phase imprints given by
ϕi = ϕk = π/2, ϕi = ϕk = π/4, and ϕi = −ϕk = π/4.

This allows us to explicitly determine the real and imagi-
nary parts of all coherences of the form 〈ii|ρ̂| j j〉, 〈kk|ρ̂|i j〉,
〈ik|ρ̂|k j〉, and 〈ik|ρ̂| jl〉, where i, j, k, l are all pairwise differ-
ent and each individual real or imaginary part can be extracted
by combining different phase imprints.

Furthermore, by considering the imbalance between the
exit ports connected to the short and the long loop,
i.e., ∼〈nSmS|Û ρ̂Û †|nSmS〉 − 〈n′Lm′L|Û ρ̂Û †|n′Lm′L〉 and
∼〈nSm′L|Û ρ̂Û †|nSm′L〉 − 〈n′LmS|Û ρ̂Û †|n′LmS〉 one can
access most of the remaining coherences as well. However,
due to symmetry-induced phase cancellation, only the real
part of the coherences of the form 〈i j|ρ̂| ji〉 is accessible due to
the fact that the applied DTQW acts identically on the signal
and idler photons. This means that even though any quantum
state can be classified to a large degree, full quantum state to-
mography will remain out of reach for the given experimental
capabilities.

APPENDIX C: COMPOUND DTQW
CONFIGURATION FOR N = 8

In Fig. 10 we give the illustration of the DTQW configura-
tion described in Sec. III B for N = 8. The configuration for
N = 4 appears again between m = 4 and m = 9 in the central
branch of the DTQW. The earlier and later bins with partial

information are interfered within their branches in m = 7 in
time bins n = 6 and n = 10. Finally, these bins interfere in
m = 11 and m = 13, so that thereafter all bins carry full
interference information.

APPENDIX D: MULTI-SPDC

Here we give more details about the treatment of states
with two SPDC pairs, i.e., four-photon states with two
indistinguishable signal photons and two indistinguishable
idler photons. First, the coin operator has to be adapted to
correctly act on two incident photons of the same mode.
Here one has to differentiate between the three different
incoming states |SS〉 = (â†

S )2|0〉/√2, |SL〉 = â†
Sâ†

L|0〉, and
|LL〉 = (â†

L )2|0〉/√2. The central coupler acts on the creation
operators as (

â†
S

â†
L

)
→

(
cos θ i sin θ

i sin θ cos θ

)(
â†

S

â†
L

)
(D1)

or, equivalently, on the incoming states as

Ĉ = cos2 θ (|SS〉〈SS| + |LL〉〈LL|)
− sin2 θ (|SS〉〈LL| + |LL〉〈SS|)
+ (cos2 θ − sin2 θ )|SL〉〈SL|
+ i

√
2 sin θ cos θ (|SL〉〈SS| + |SL〉〈LL| + H.c.),

(D2)

having omitted the time-bin index n and the round-trip index
m. In particular, for a balanced beam splitter with θ = π/4,
the weight of the |SL〉〈SL| term vanishes, which is known
as the Hong-Ou-Mandel effect [83]. As we show below, we
utilize this effect in the formulation of our fidelity bound.
First, we construct the part of the bound based on the DTQW
scheme introduced in Sec. V. All relevant measurements are
taken at the central four-photon interference.

By combining the measured probabilities to detect all four
photons in the same branch (pα

FC), both idler photons in the
same branch and both signal photons in the other (pα

SC), and
finally one signal-idler pair in one branch and one pair in the
other (pα

PC), we can obtain the following expression,

8
∑

α

pα
FC − pα

SC + 2pα
PC

= 3

4

N∑
i, j

〈iiii|ρ̂| j j j j〉 +
N∑

i� j
k�l

〈i ji j|ρ̂|klkl〉1l+ j−k−i>0

+
N∑

m�n
o�p

N∑
i� j
k�l

gklop
i jmn〈i jmn|ρ̂|klop〉1|m−i|+|n− j|+|o−k|+|p−l|>0,

(D3)

where the index α ∈ {a, b, c} relates to the corresponding
panel in Fig. 8. In the above equation, we have introduced in-
dicator functions 1x>0 = 1 for x > 0 and 1x>0 = 0 otherwise.
The first indicator function excludes all terms of the form
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〈iiii|ρ̂| j j j j〉 from the second sum on the right-hand side of
the equation. Similarly, the second indicator function removes
all terms of the form 〈i ji j|ρ̂|klkl〉 from the last sum.

All coherences that contribute to the fidelity to the maxi-
mally entangled reference state �MES given in Eq. (18) appear
on the right-hand side of Eq. (D3) but not with the cor-
rect relative amplitudes. Specifically, coherences of the form
〈iiii|ρ̂| j j j j〉 have a deviating weight of 3/4. As stated above,
one can utilize the Hong-Ou-Mandel effect in two-photon
interference to specifically target coherences with fully coin-
cident signal and idler photons. Hence, we propose to measure
the probability to detect a signal-idler pair in each output
of the final beam splitter connecting bins i and j [pPC(i, j)]
in the compound two-bin interference scheme introduced in
Sec. III A (see Fig. 2). The sum over all combinations of bins
can be expressed as

N∑
i< j

pPC(i, j) = 1

4

N∑
i �= j

〈iiii|ρ̂| j j j j〉 + 3

4

N∑
i

〈iiii|ρ̂|iiii〉

+
N∑
i, j
k,l

dkkll
ii j j 〈ii j j|ρ̂|kkll〉1| j−i|+|l−k|>0, (D4)

with the indicator function removing all terms of the kind
〈iiii|ρ̂| j j j j〉, as before. By combining Eqs. (D3) and (D4),
one can equalize the weights of all coherences, but over-
compensates for fully correlated time-bin populations of
the form 〈iiii|ρ̂|iiii〉. However, as these are known ex-
actly through time-of-arrival measurements directly after
the SPDC, this can be remedied by subtracting the cor-
responding terms. To conclude, adding all these results
yields

C = 8
∑

α

pα
FC − pα

SC + 2pα
PC

− 1

2

N∑
i

〈iiii|ρ̂|iiii〉 +
N∑

i< j

pPC(i, j)

=
N∑

i� j
k�l

〈i ji j|ρ̂|klkl〉 +
N∑

m�n
o�p

N∑
i� j
k�l

cklop
i jmn

× 〈i jmn|ρ̂|klop〉1|m−i|+|n− j|+|o−k|+|p−l|>0, (D5)

with the first sum on the right-hand side proportional to the
fidelity to �MES and coefficients cklop

i jmn := gklop
i jmn + dklop

i jmn. This
is the result shown in Eq. (19).

A further improvement can be achieved by running the
four-bin interference in four different phase profiles. In each
profile, a phase of ϕn = π is imprinted on one of the four time
bins, resulting in

2
N∑

n=1

∑
α

(
pα

FC − pα
SC + 2pα

PC

)∣∣ϕn=π

= 3

4

N∑
i, j

〈iiii|ρ̂| j j j j〉 +
N∑

i� j
k�l

〈i ji j|ρ̂|klkl〉1l+ j−k−i>0

+
N∑

m�n
o�p

N∑
i� j
k�l

c̃klop
i jmn〈i jmn|ρ̂|klop〉1|m−i|+|n− j|+|o−k|+|p−l|>0,

(D6)

with modified weights c̃klop
i jmn. Importantly, c̃klkm

i ji j = c̃lkmk
i ji j = 0,

for l �= m, i.e., the weights of all coherences between
macroscopically populated states and those including
two uncorrelated photons vanish. This corresponds to the
simple dephasing model ρ̂ = (1 − α)|�〉〈�| + αρ̂deph.

and α � 1, where these terms are the leading error terms
which cannot be removed in postselection. This can be
seen from the bound in Eq. (8), as |〈i ji j|ρ̂|lkmk〉| �√〈i ji j|ρ̂|i ji j〉〈lkmk|ρ̂|lkmk〉 ∝ √

α, whereas all other
coherences that do not contribute to the fidelity have
|〈i jkl|ρ̂|mnop〉| � √〈i jkl|ρ̂|i jkl〉〈mnop|ρ̂|mnop〉 ∝ α.
Thus, removing these coherences from the last sum in
Eq. (D6) significantly improves the bound tightness, as
described in Sec. V.
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