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Noise-robust one-copy distillation protocol for all distillable Bell-diagonal qutrits
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Entanglement distillation is the process of converting noisy entangled states into maximally entangled pure
states via local operations and classical communication. A long-standing, unresolved question is which entangled
states are amenable to distillation, known as the distillability problem. For Bell-diagonal qutrit states with
a Weyl structure, combining two existing results shows that violating the positive partial transpose (PPT)
criterion is both necessary and sufficient for one-copy distillability. However, these results do not identify
a Schmidt-rank-2 witness that maximizes robustness to white noise. To address this limitation, we present a
noise-robust entanglement-distillation scheme for all non-PPT Bell-diagonal qutrit states with a Weyl structure.
Specifically, we construct a Schmidt-rank-2 eigenvector of the partially transposed density matrix associated with
its unique, threefold degenerate negative eigenvalue. This feature makes the derived entanglement distillation
protocol resilient to white-noise effects on the quantum states. Our results thus make noisy entangled qutrit pairs

more accessible for future quantum technologies.
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I. INTRODUCTION

Entanglement is a fundamental resource for many quantum
technologies, such as quantum computation [1] and cryp-
tography [2]. The performance of these technologies relies
heavily on the amount of entanglement available [3], and for
bipartite applications, the gold standard is typically maximally
entangled pure states. However, experimental noise inevitably
degrades the entanglement of any such pure states, yielding
mixed states that are often less useful in practice, as the
attainable quantum advantage may be lost [4].

One practical solution to this problem is entanglement
distillation, i.e., using local operations and classical communi-
cation (LOCC) to convert multiple copies of some input state
into fewer copies of maximally entangled states. The difficulty
for entanglement distillation in practice and theory is twofold.
First, for the distillation task, one requires at least partial
knowledge of the given quantum state [5]. Thus, to design
highly performant distillation protocols, suitable noise mod-
els leading to those expected mixed resource states need to
be studied. One important model concerns generalized Pauli
errors (via the probabilistic application of Weyl-Heisenberg
matrices) acting on one subsystem of the maximally entangled
state, yielding Bell-diagonal states. Second, to know whether
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some state can be distilled at all requires checking that, for
some number n of copies, one can obtain a maximally entan-
gled state by LOCC. Reference [6] shows that for every such
n > 0, there exists a state p that is n-copy undistillable, but
(n + 1)-copy distillable, illustrating one of the difficulties of
the distillability question.

Adding to this difficulty is the fact that not all entangled
states can be distilled. A necessary criterion for distillability
is the violation of the positive partial transposition (PPT)
criterion [7,8]. The problem is that while all separable states
satisfy the criterion, not all entangled states violate it for
bipartite systems with dimension d4 x dg with dydg > 6. This
means that such states are entangled but undistillable, and are
called bound entangled [9] (for a recent review on bipartite
bound entanglement, see Ref. [10]). Nonetheless, for bipartite
qubit-qudit systems with dy > 2 and dg = 2, a violation of
the PPT criterion is necessary and sufficient for distillability
[11]. A long-standing open problem in this regard is whether a
violation of the PPT criterion is also sufficient for distillability
in general dimensions (with evidence against it presented, e.g.,
in Refs. [11,12]).

For Bell-diagonal qutrit states with a Weyl structure, com-
bining the results of Refs. [13,14] answers this question
affirmatively: every state that violates the PPT criterion is
one-copy distillable (1-distillable). Beyond this existence re-
sult, we present an explicit noise-robust construction for
entanglement distillation. In particular, our main theorem
asserts that, for every such state p, there exists a Schmidt-
rank-2 eigenvector of the partial transpose p” corresponding
to its single distinct negative eigenvalue with multiplic-
ity three. We explicitly construct this eigenvector and use
it as a 1-distillability witness vector. Since it attains the
minimal eigenvalue Amin(pT), it maximizes the white-noise
tolerance of the associated 1-distillability witness. Moreover,
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the corresponding local projections map p to an entangled
two-qubit state whose negative partial-transpose eigenvalue
is Amin(0")/q, where g denotes the filtering success prob-
ability, thereby providing an initial step for entanglement
distillation.

II. ENTANGLEMENT DISTILLATION, PARTIAL
TRANSPOSE, AND ENTANGLEMENT WITNESSES

Consider a bipartite Hilbert space ‘H = Hs ® Hp with
dy :=dim(H,) and dp := dim(Hp). We denote linear op-
erators on H by L(#), and the set of density matrices by
DH)={p € LH)|p =0,Tr(p) = 1}. A state p € D(H) is
called separable if it can be written as p = > _. p; P,'(A) ® ,Oi(B)
with p € D(Ha) and p® € D(Hzp), and entangled other-
wise. We denote the sets of separable and entangled states by
SEP and ENT, respectively. If unambiguous, we abbreviate
product vectors such as [{4) ® |Y¥) by |¥a, ¥p).

Entanglement distillation is the task of converting n copies
of a resource state p € D(H) into m < n copies of a max-
imally entangled target state p using only local quantum
operations and classical communication (LOCC). If this is
possible for some n, m > 0, we say that p is distillable. With-
out loss of generality, one can choose the maximally entangled
qubit state p = |¢p1) (¢, where |¢pT) = JLE Z,?:O li, i) [10].

A valuable tool for investigating the distillability of quan-
tum states is the partial transposition, which we denote by
o' = (14 ® Tz)(p), where Tg : |i){j| — |j)(i] is the transpo-
sition on L£(Hp) in the computational basis. We define the
disjoint sets PPT := {p € D(H)|p" > 0} and NPT := {p €
D(H)|p" # 0} corresponding to states having a positive and
a nonpositive partial transposition, respectively. This provides
a partition of the set of density matrices D(#) = PPT U NPT.

A necessary condition for p € D(H) to be distillable is that
p € NPT [9], which is also sufficient if min(dy, dg) = 2 [11].
Beyond that, the following gives an exact characterization of
distillability for general dimensions:

Theorem I (Refs. [9,11]). A bipartite state p € D(H) is
distillable if and only if there exists n > 0 and |¢) € H®" with
Schmidt rank 2 such that

(@l(P"H)®"|p) < 0. (1)
Without loss of generality, |¢) can be chosen to be normalized,
in which case its Schmidt decomposition is

lp) = wolao) ® |bo) + pilar) & |b), 2

with Mo = (1 > 0, M(z) +M% =1, {|d0>, |a1>} C H‘?ns and
{|b0), |b1>} C ’H?n Satisfying (ai|a_,~) = (bl|b,> = 5,‘,]‘.

We call a state n-distillable if n is the smallest positive
integer such that Theorem 1 holds, and the accompanying
Schmidt rank 2 vector |¢) is its n-distillability witness vector.
If p is 1-distillable, we can rewrite (1) as

0> (plp" lg) = Tr(p" lp)(¢])
=Tr(o(lp){e)") =Tr(pW,),  (3)

where we defined the /-distillability witness
W, := (19) (e’
= ulao, by) (a0, byl + pilar, b7){ar, byl
+ o i (lao, bY)ar, byl + lai, by){ao, bi1).  (4)

Here, * denotes entrywise complex conjugation in the
computational basis. From this, we see that spec(W,) =
{ud, 13, pomr, —pomr, 0}, and hence W, # 0. Furthermore,
for all product vectors |a, b) := |a) ® |b) € H, we have

Tr(la, b)(a, bIW,) = Tr(la, b*)(a, b*|¢) (¢])
= |{a, b*|p)* = 0, ®)

implying that W, is an entanglement witness. This operator is
also decomposable [15] and thus cannot detect PPT-entangled
states. Moreover, it is weakly optimal in the sense that there
exist product vectors |a, b) € H such that (a, b|W,|a, b) = 0.
In particular, this is achieved by |a) = |ap) and |b) = |b}).
Finally, the mirrored operator to W, is M, = ,u% 1, —W,
[16], which is positive semidefinite and therefore not an en-
tanglement witness.

For qutrit-qutrit systems, there is a sufficient condition for
1-distillability:

Theorem 2 (Ref. [13]). If p € NPT with d =ds = dp =
3 and p" has at least two nonpositive eigenvalues counting
multiplicities, then p is 1-distillable.

The proof of this theorem in Ref. [13] invokes Theo-
rem | and constructs a Schmidt-rank-2 vector |¢) such that
(p|p" @) < 0. However, it is not concerned with minimizing
(¢|p" @) over suitable |¢). While this is sufficient for proving
Theorem 2, it hinders its experimental applicability in noisy
conditions, as we discuss next.

Experimental limitations of Theorem 2

Since experimental realizations of qutrits are inevitably
affected by noise, the main practical limitation for using |¢)
from Ref. [13] stems from the fact that (¢|p"|¢) < 0 might be
close to zero. Below, we illustrate this for (a) the verification
of 1-distillability using the witness W,, and (b) entanglement
distillation using local projections derived from |¢), and argue
that for both tasks it may be beneficial to minimize (¢|p" |@).

For (a), modeling experimental imperfections for p as
white noise, we define
P
d2
with noise parameter p € [0, 1]. The expectation value of the
1-distillability witness (4) for this state is

/Onoisy = (1 - 17)10 + ]ldz, (6)

ya
d?*’
The state pnoisy is detected as 1-distillable whenever
Tr(W,, pnoisy) < 0, or equivalently, when

_ _—d%plp"lp)

1 —d*plp"¢)’
where we used d >2 and —1 < Amin(p") < (@lp" @) <0
for p € NPT [17]. As the right-hand side of (8) is monoton-

ically decreasing for —% < {p|p"|p) < 0, the tolerable noise

Tr(Wy puoisy) = (1 — p)lo" o) + (7)

®)

P < Pp,max
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level p for witnessing 1-distillability of pyeisy 1S maximized
when (¢|p" |¢) is minimized.

Concerning (b), we can construct local rank-2 projection
operators

1 1
Py=Y la)al, Ps= Yy Ib})(b]l, ©)
i=0 i=0

from the 1-distillability witness vector |¢) in (2). These can
be used to filter the original state p to an effective entangled
NPT qubit-qubit state

0 :=q ' (Py ® P3)p(Py @ Pp), (10)

where g = Tr[(P4 ® Pg)p] is the success probability of the
filtering process. The minimal eigenvalue of o' is bounded
from above by

Amin(0") < {plo" @) = g plp"lp) <0,  (11)

where we used (P ®PBT )l¢) = |¢). Because all entangled
bipartite qubit states can be distilled, this filtering can be used
as the initial step of an entanglement distillation protocol for
p. However, experimental noise can degrade the entanglement
of o. If we model this decoherence process as white noise on
o, we retain o € NPT for higher noise levels if Anyin (o7 is
as negative as possible. Hence, in light of (11), minimizing
(@]p" |@) over Schmidt-rank-2 vectors |¢) may be crucial for
designing practical entanglement distillation protocols that
function reliably in the presence of experimental noise.

In this regard, the minimum of (¢|p"|@) for any |¢) is
lower bounded by the smallest eigenvalue Anmin(p"). If this
extreme value is reached, |@) is an eigenvector of p'. If, fur-
thermore, |¢) is a 1-distillability witness vector, the inequality
in (11) becomes an equality because |¢) is also an eigen-
vector of o corresponding to its unique negative eigenvalue
Xmin(@7) = ¢ ' Amin(p"). In this case, assuming white noise
on o, the noise threshold for maintaining o € NPT is even
larger than the one in (8) if ¢ < 4/d>. To see this, we consider
white noise affecting o (viewed as a bipartite qubit state), and
define

Onisy 1= (1 — p)o + 514, (12)

with p e [0,1]. We have opnsy € NPT if and only if
Amin (on';isy) < 0, or, equivalently,

—4 )Lmin(o—r) _ —4 )\min(pr)
1= 42min(0") g — 4 Amin(p")’

13)

P < Po,max =

where we used Apin(0") = ¢ Amin(p"). For the qubit state o
to be more noise resilient than p, we require ps max > Pp,max>
which is the case if and only if ¢ < 4/d?, as claimed.

II1. BELL-DIAGONAL STATES WITH WEYL STRUCTURE

The mixed states of interest in this contribution are
Bell-diagonal states that inherit group structure via the pro-
jective Weyl-Heisenberg group [14]. They occur naturally
by considering generalized Pauli errors. The d-dimensional
Weyl-Heisenberg operators via which they are defined are

given by

d—1

Wi =y o )i +1I, (14)
j=0

where @ = ¢*"/?_ Throughout the paper, we denote the ring
of integers modulo d by Z, := Z /dZ, and we take all indices
and computational basis vector entries modulo d. The opera-
tors (14) satisfy the so-called Weyl relations

W; iWei = o™ Wik i,
W/j] = W—k,ly
Wl = o ™W . (15)

By defining the canonical maximally entangled state as

1 d—1
1Q20,0) = i ;vx i), (16)

we construct a basis of H = Hs ® Hp with dy =dg =d
using the d*> maximally entangled states

[Q2%,1) = Wi ® 1)[0,0), (17

where k,/ € Z,;. Convex combinations of the projectors
P :=|Q%1){2%,| are the so-called Bell-diagonal states,
forming a “magic simplex” [18], given by

d—1 d—1
Ma=1{p=Y cPi| Y cur=1lcs>0p. (18

k.1=0 k.1=0

Operationally, states in M, can be obtained by locally ap-
plying the quantum channel £(X) = ZZ;:IO i Wi X W,I , to
the maximally entangled state Py o, i.e., (€ ® 1,)(Poo) € M.
Any p € M, is diagonalized by the Bell unitary

d—1
U= 1rs)(Ql. (19)

r,s=0

A straightforward computation reveals a block-diagonal
structure of the partially transposed state

d—1
oF = Ut (Z Im) (m| ® Bm>U, (20)

m=0

where we defined

d—1
1 )
B, = E Z a))(k ™) xzck,leny,Zy
k,l,x,y=0
1 d—1
e DI TS TS el
k,1y=0

For odd dimension d, the Hermitian blocks B, are unitarily
equivalent; for even d, there are two classes of unitarily equiv-
alent blocks, one for even and one for odd m [18]. Using (21)
and (15), it can be checked that for all d we have

Bz = Wi 0Bu W, . (22)

032430-3



SUTTER, POPP, AND HIESMAYR

PHYSICAL REVIEW A 114, 032430 (2026)

As shown in Ref. [14], any Bell-diagonal NPT state p €
M3 N NPT has three negative eigenvalues and hence satis-
fies the premise of Theorem 2, leading to the corollary that
every p € M3 N NPT is 1-distillable, i.e., there exist no NPT
bound entangled states in M3. In the next section, we give a
constructive proof of our main theorem, which is the stronger
statement

Theorem 3. Let p € Mz N NPT and let Amin(p") < O be
the smallest eigenvalue of p". Then there exists a normalized
Schmidt-rank-2 vector |¢) such that

P"19) = Amin(p")l@), (23)

and hence

(@p"|9) = Amin(p") < 0. (24)
Therefore, every p € M3 N NPT is 1-distillable.

IV. PROOF OF THEOREM 3

To prove Theorem 3, we start by noting that p € M3 N
NPT implies p" # 0, and hence B,, # 0 for some m € Z;
by (20). As d =3 is odd, the B,, are unitarily equivalent,
and thus B,, z 0 for all m € Z5. Let |u,,) be the normalized
eigenvector of B, with the smallest eigenvalue, i.e., B, |u,,) =
Xmin(07) ). Using (22), these eigenvectors may be chosen

to satisfy
[mt2) = Wi olum), (25)

thereby fixing the phase relationship between |u,,2) and |uy,).
Next, we consider the normalized vector

2
=) vili) ® i), (26)

satisfying Y~ [¥i]> = 1 and

(WU U ) = Z Wl (| Bon )
—
—)me(p )
= )\min(pr) < 0. (27)
Next, we rewrite (19) as
= (F ® 1)C;, (28)

with the discrete Fourier transform F' and the controlled-sum
gate C, defined as

2
Z 0 x) (y (29)

\/—
2
= |2zl @ Wo.. (30)
z=0
Note that Cy(|7, j)) = |i, j — i). Furthermore, we define
™) = FTu). 31
Using (25) and FTW; ;F = o MW_; ; we find
") = F¥luyy2) = F Wi olup)

= F'W oF |a'™) = Wy 1|a™). (32)

Thus, writing a(m) (klae™), we have oc(m+2) fﬂ Now
we make the ansatz
2
?) = Via |k k+1i). (33)

i,k=0

A direct computation yields U|@) = F|y), with the flip op-
erator F = Zis:O |r, s) (s, r|. Hence, defining

lp) := UTFU19), (34)
we obtain with (27)
0> (Y|U p" UTy) = (9lp"lg). 35)

By construction, this |¢) is a normalized eigenvector of
p" # 0 with negative eigenvalue Amin(p") < 0, i.e., p"|p) =
Amin(0")|@). To show that it is also a 1-distillability witness
vector for p € M3 N NPT, and thereby prove Theorem 3, we
have to show that |@) has Schmidt rank 2 for some choice of
¥, in (26), and that UTFU does not change the Schmidt rank.
First, we rewrite UTFU as

U'FU = (FT ® F)F, (36)

which implies that it does not change the Schmidt rank.
Second, to show that |@) has Schmidt rank 2, we write
) = Zijzo C; jli, j) and investigate its coefficient matrix. It
suffices to only consider the case Yy = 1/ V2,91 =0,v, =
-1/ /2, for which we obtain

| (0) 0 _a(()2)
€= —a?) o 0 | 37)
0 —a o

The vector |@) has Schmidt rank 2 if and only if C has rank 2,
which is the case if and only if det(C) = 0 and at least one 2 x
2 (principal) minor is nonzero [19]. The quantities of interest
are thus

1 (0200

det(C) = ——= (o o o) a(2)a(2)a(2) , (38)
2,2 ° 2)
©)
! “ 0 L0 0
MO = E det <_a§2) a§0)> = z(al o )’ (39)
(0) )
: % 7% Lo o
M =5 det = .0
! 2e(0 a§0)> 2(0‘0“2) (40)

0)
1 Qg 0 L, 0 o
M, = ~ det (_ @ (0)> = 2(010 oy )’ (41)
1 1

where M; for j € Z3 are 2 x 2 principal minors of C. Using

alt? = oc,i?_l from (32), we find that det(C) = 0 and thus
rank(C) < 2. Furthermore, at least one M; does not vanish,
which can be seen as follows: |a™) = F|u,,) is an eigenvec-
tor of F'B,,F with negative eigenvalue (a"|F'B,,F|a™) =
Amin(p") < 0. Computing F "B, F, we find that it has non-
negative diagonal entries

(k|F'B,,F|k) =

Z Cmok > (42)

l()
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Hence, |o™) cannot be proportional to a computational basis
state, and thus at least two ozi('") must be nonzero, leading to at
least one M; # 0 and rank(C) > 2. Consequently, rank(C) =
2 and we found a Schmidt-rank-2 vector |¢) = UTFU|®) such
that (¢|p"|@) = Amin(p") < 0. This proves Theorem 3. W

V. CONCLUSION AND OUTLOOK

By combining the results of Refs. [13,14], we concluded
that all NPT Bell-diagonal qutrit states with Weyl structure
are 1-distillable. Consequently, there are no NPT bound-
entangled states within this subclass. However, these results
do not identify a Schmidt-rank-2 witness vector that mini-
mizes (@|p"|@), potentially limiting the resulting witness’s
tolerance to white noise. To overcome this limitation, we
explicitly constructed a Schmidt-rank-2 1-distillability wit-
ness vector |@) for every such state. The crucial feature
of our construction is that |p) is an eigenvector of the
partially transposed state p” corresponding to its unique,
threefold degenerate negative eigenvalue. Hence, it minimizes
the expectation value Tr(pW,) = (¢]p" |@) over all normal-
ized Schmidt-rank-2 vectors |¢), and thus maximizes the
white-noise tolerance of the resulting 1-distillability certifica-
tion. Furthermore, it enables projecting the original resource
state onto an entangled bipartite qubit state whose negativity
equals the negative eigenvalue of p” divided by the success
probability of the local filters constructed from |¢@). With this
initial step, an effective entanglement distillation protocol is
achieved. In particular, the resulting qubit pair can be lo-
cally transformed to an NPT qubit Werner state [20], which
is LOCC equivalent to an NPT qubit isotropic state. Sub-
sequently applying the stabilizer-based two-copy distillation
protocol FIMAX [21], which is numerically shown to be able
to distill all such states [22], provides a concrete route to
maximally entangled qubit states.

In this regard, we note that directly applying FIMAX to
an NPT Bell-diagonal qutrit pair can fail, even though the
state is 1-distillable. Indeed, Ref. [22] shows that FIMAX can
distill only 83% of low-fidelity NPT Bell-diagonal qutrits,
whereas the above-described strategy succeeds for all such
states. This is noteworthy insofar as FIMAX exploits the
same group structure as is present in Bell-diagonal systems

and is therefore tailor-made for this state family, for which
it shows superior performance compared to other recurrent
two-copy protocols. Our results thus reveal the limitations
of this stabilizer-based distillation protocol, leaving open the
question of whether an algorithmic distillation protocol that
works for all n-distillable states exists, or whether, in some
cases, projecting onto an entangled qubit pair must be consid-
ered as an initial step. Furthermore, it would be interesting to
investigate the properties that distinguish FIMAX-distillable
from FIMAX-undistillable states, as this could help develop a
distillation protocol that applies to all Bell-diagonal states.

Regarding the limitations of the present results, the most
striking one is the dimensionality: While our construction
works for all p € M3 N NPT, it generally fails for d > 3 as
the Schmidt rank of the constructed |¢) is d — 1 (with slightly
different v; than above if d is even). Even though this is not
directly useful for distilling the d-dimensional Bell-diagonal
state p € M, N NPT, it can nonetheless be used as an initial
step to LOCC-transform any NPT Bell-diagonal qudit to a
(d — 1)-dimensional NPT Werner state.

Finally, our results further strengthen the evidence that
Bell-diagonal states are highly useful resource states for en-
tanglement distillation compared with other state families,
such as Werner states. In this sense, Werner states appear
comparatively hard to distill; indeed, they are often regarded
as extremal in this respect, since any NPT state can be trans-
formed by LOCC into an NPT Werner state. Bell-diagonal
states, by contrast, seem to be substantially more amenable
to distillation. Since they also arise naturally in experimental
settings under generalized Pauli noise, our findings further
support their relevance as practically accessible resource
states for entanglement distillation.
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