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Bound-free electron-positron pair production in combined Coulomb and constant crossed
electromagnetic fields: A Schwinger-like process with intrinsic assistance
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The bound-free channel of electron-positron pair production by a highly charged bare ion in the presence of
a strong constant crossed electromagnetic field is studied. To calculate the pair production rate, two different
methods are applied and compared: (1) a quasiclassical tunneling theory and (2) a strong-field approximation,
both equipped with appropriate Coulomb correction factors. The resulting rate, which depends nonperturbatively
on both the Coulomb field of the ion and the constant crossed field, is calculated in a broad range of applied
field strengths and nuclear charge numbers. Its functional form resembles the rate for a dynamically assisted
Schwinger-like process, with the assistance provided by the atomic binding energy of the created electron.
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I. INTRODUCTION

A fundamental property of quantum electrodynamics holds
that certain classes of strong electromagnetic fields can extract
electron-positron pairs from the quantum vacuum. In the case
of static or slowly varying fields, an electric field strength
of the order of the critical value Fc = m2c3/(eh̄) ≈ 1.3 ×
1016 V/cm is required to reach a sizable pair yield [1]. Here
m is the electron mass, e the elementary charge, c the speed
of light, and h̄ the reduced Planck constant. Notably, pair
production in a constant electric field F0 follows the famous
Schwinger rate R ∼ exp(−πFc/F0), exhibiting a manifestly
nonperturbative field dependence [2]. Similar dependencies
are obtained for pair production processes in other electro-
magnetic field configurations [3–7].

Due to the ongoing technological progress in high-intensity
laser facilities [8–13], pair production in strong laser fields has
been of special interest in recent years. Since a plane electro-
magnetic wave cannot produce pairs by itself, combinations
with other fields—such as a Coulomb field or a γ -ray photon
field—have been considered, starting with seminal studies in
the 1960s [14–18]. The recent interest in strong-field pair
production has been stimulated by the first observation of
laser-induced electron-positron pair production that was ac-
complished at the Stanford Linear Accelerator Center, where
a highly relativistic electron beam was brought into collision
with an intense laser pulse [19]. The experiment operated in
a few-photon regime at a moderate value η � 1 of the dimen-
sionless intensity parameter η = ea/(mc2), where a denotes
the amplitude of the laser vector potential, and observed a
production rate of power-law form R ∼ η10.
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A similar setup is conceivable for pair production in com-
bined nuclear Coulomb and intense laser fields (so-called
nonlinear Bethe-Heitler process), when a highly relativistic
bare ion—with Lorentz factor γ � 1—collides with a coun-
terpropagating laser wave. In such collisions the relevant laser
field strength is strongly enhanced by a Lorentz boost factor
≈2γ to the rest frame of the ion, which facilitates approach
to the critical field scale. The free-free channel of the non-
linear Bethe-Heitler process, where both the electron and the
positron are created in continuum states, has been studied
thoroughly in different η regimes and for various laser po-
larizations [16,20–27]. It is noteworthy that, when η � 1 and
the (Lorentz-boosted) laser field F0 remains far below Fc, the
production rate R ∼ exp(−2

√
3Fc/F0) attains a Schwinger-

like form [25]. In this situation the pair formation length
� ∼ mc2/(eF0) ∼ λL/η is much smaller than the wavelength
λL of the laser field, so that the latter appears quasistatic.1

Nonlinear Bethe-Heitler pair creation was also analyzed in
pulsed [33–35] and two-color [36,37] laser fields. Moreover,
spin effects were studied [38] as well as pair creation by two
atomic nuclei in a laser field [39] or by a nucleus in a standing
laser wave [40].

When pairs come into existence in the presence of a
nucleus, bound-free pair production also can occur, where
the electron is created in a bound atomic state, while the
positron is emitted into the continuum. In the Dirac-sea pic-
ture, the process can be seen as the excitation of an electron
from the negative-energy continuum to a discrete positive-
energy state bound to the atom [41,42]. This channel of the

1This argument forms the basis of the locally constant field approx-
imation which is often used in numerical calculations of strong-field
QED processes in slowly varying fields of large η value; see, e.g.,
Sec.5.1 in [7] and [28–30]. A complementary approach is the lo-
cally monochromatic approximation which applies to many-cycle
laser fields whose pulse envelope changes slowly; see Sec.5.2 in [7]
and [31,32].
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nonlinear Bethe-Heitler process has so far been studied solely
in a domain of small intensity parameters η � 1, where
the pair production proceeds in a perturbative few-photon
regime [43–45]. Relativistic ions with γ ≈ 50 colliding with
intense x-ray laser fields of about 10 keV photon energy were
assumed, leading to MeV photon energies and, thus, very
rapid laser oscillations in the nuclear rest frame. Accordingly,
power-law rate dependencies on the intensity parameter were
obtained for both circularly [43,44] and linearly [45] polarized
laser fields. Bound-free pair production in this regime has also
been studied by a nucleus located in a standing laser wave,
leading to pronounced phase effects [40].

The present paper is devoted to the complementary regime
of field-induced bound-free pair production, where the pro-
cess occurs in a (quasi)static setting, corresponding to a slowly
varying laser field. In this scenario an exponential Schwinger-
like behavior of the pair production rate is expected to arise,
as will first be argued qualitatively within the theoretical
framework that was used in the earlier studies [43–45]. In the
main part of our considerations, we shall apply two differ-
ent methods to calculate the bound-free pair production rate,
which rely on either (1) a quasistatic tunneling theory or (2) a
strong-field approximation, and account for Coulomb correc-
tions in an appropriate way. Our approaches take advantage
of the close connection between strong-field pair production
and relativistic ionization [46–56]. The external field will be
modeled by a constant crossed electromagnetic field, wherein
a highly charged bare ion is located. Total pair production
rates in a wide range of external field strengths and nuclear
charge numbers are presented. In particular, we will show
how the bound-state nature of the created electron affects the
Schwinger-like rate dependence and we reveal a mechanism
of “intrinsic” assistance, where the binding potential of the
bound-state electron plays a similar role as the photon energy
of a superposed high-frequency field in the process of dynam-
ically assisted (free-free) pair production [57–64].

We note that the obtained rate expressions in a con-
stant crossed field can be used in future studies to describe
bound-free pair production in slowly oscillating laser fields
by applying the locally constant field approximation [28–30].
Moreover, in the particular case of a slowly oscillating laser
field of circular polarization and constant amplitude, we may
expect that the associated rate for bound-free pair production
in a Coulomb field will coincide with our result. Indeed, in the
case of free-free pair production, the corresponding rates are
known to exactly agree with each other [18,25].

Our paper is organized as follows. Section II provides a
first estimate for the characteristic exponential dependence
of strong-field bound-free pair production. Afterwards we
present our theoretical approaches for bound-free pair produc-
tion in a constant crossed field, starting with the calculation
of the pair production rate using the tunneling theory in
Sec. III A and the strong-field approximation in the Göppert-
Mayer gauge in Sec. IV A. Both derivations are followed
by the inclusion of an appropriate Coulomb-correction fac-
tor, which needs to be multiplied with the bound-free pair
production rate in Sec. III B and Sec. IV B. Finally, we
illustrate and compare our results for the total pair produc-
tion rate in Sec. V A with an emphasis on the exponential
dependence and discuss the momentum distribution of the

created positron in Sec. V B. A conclusion is given in
Sec. VI.

Atomic units (a.u.) with the reduced Planck constant h̄ =
1, the electron mass m = 1, and the elementary charge unit
e = 1 are used throughout. The Minkowski product of four-
vectors reads a · b = a0b0 − a · b, and Feynman slash notation
is applied for products with γ -matrices.

II. PRELIMINARY CONSIDERATION

Bound-free pair production in combined laser and nuclear
Coulomb fields has been treated in a few-photon regime
within the strong-field approximation (SFA) [43–45]. In this
section we consider the process in a circularly polarized laser
wave with four-potential of the form

Aμ(x) = aμ
1 cos(k · x) + aμ

2 sin(k · x), (1)

with the amplitude four-vectors aμ
1 = (0,−a, 0, 0) and aμ

2 =
(0, 0,−a, 0), the wave four-vector kμ = ω(1, 0, 0, 1), and the
phase ϕk = k · x. Within the SFA, the amplitude for bound-
free pair production can be formulated as

SSFA = i

c

∫
d4x 	1s(x)/V (x)
p,s(x), (2)

where the electron is assumed to be created in the 1s ground
state. V μ is the four-potential of the laser wave, and 
p,s de-
notes the Volkov state of the created positron with asymptotic
momentum pμ in the continuum, which takes the interaction
with the laser wave exactly into account, but disregards the
interaction with the nuclear Coulomb field. For the considered
circularly polarized laser wave V μ is given by Aμ in Eq. (1)
when the radiation gauge (RG) is applied. Moreover,


 (RG)
p,s =

√
c

p0

(
1 + /k /A

2c(k · p)

)
vs+ exp

(
iS(+)

)
(3)

denotes the corresponding Volkov state of the positron. It
contains the classical action

S(+) = p · x + a

c(k · p)
(px sin ϕk − py cos ϕk ) + a2ϕk

2c2k · p
.

(4)
Finally, 	1s(x) = g(r)χs exp(−iE1st ) denotes the bound state
in the hydrogen-like ion, whose energy amounts to E1s =
c2 − Ip with the atomic binding potential Ip (see Sec. III B for
details). This state contains the nuclear Coulomb field to all
orders, but lacks the influence of the laser field.

By performing a Fourier series expansion of the periodic
parts, the amplitude in Eq. (2) adopts the form

S (RG)
SFA =

∞∑
n�nmin

Tn Jn(ρ) δ(q0 + E1s − nω) (5)

with the Bessel function argument ρ = ηc2

ω

√
p2

x+p2
y

p0−pz
, η = a/c2,

and the minimal number nmin of laser photons needed to ex-
ceed the energy threshold. The δ-function describes the energy
conservation in the process, with the laser-dressed energy
q0 = p0 + a2

2(p0−pz ) of the positron.
The amplitude (5) consists of an infinite sum of terms.

In the quasistatic strong-field parameter regime of inter-
est here (η � 1, ω � c2), a large number of terms with
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n � 1 will give relevant contributions. Due to the mathe-
matical properties of the Bessel functions Jn(ρ), the most
significant contributions—which determine the physical char-
acteristics of the process—stem from those terms where the
difference n − ρ is minimal [65]. This occurs for the optimum
values

n0 = 1

ω

[
(1 + η2)c2 + E1s

]
, ρ0 = η2c2

ω
. (6)

Accordingly, ρ0 = n0 − ν, where ν = 2c2−Ip

ω
� n0. The

Bessel function therefore takes the asymptotic form Jn0 (ρ0) ∼
exp ( − 2

√
2

3
ν3/2

ρ
1/2
0

) [66]. With ν3/2

ρ
1/2
0

= Fc
F δ

3/2
bf and δbf = 2 − Ip

c2 ,

the exponential dependence of the bound-free pair production
rate is obtained as

R ∼ |Jn0 (ρ0)|2 ∼ exp

(
−4

√
2

3

Fc

F
δ

3/2
bf

)
, (7)

closely resembling the Schwinger rate. Here F = aω/c is the
laser field strength. We emphasize that, throughout our con-
siderations, the amplitude F of the external field is assumed
to be substantially smaller than the Coulomb field Fa expe-
rienced by the bound 1s electron. This condition guarantees
that the influence of the nuclear Coulomb field on the bound
electron state is much more important than the applied exter-
nal field, so that this state keeps its main physical properties
as a bound state.

This rate expression (7) offers an intuitive physical in-
terpretation. The energy gap for pair production, when both
particles are created in free states, amounts to 2c2, corre-
sponding to a gap parameter δbf = 2. In case of bound-free
pair production, the energy gap is reduced to δbf < 2 by the
binding potential Ip, which lowers the exponential suppres-
sion of the process and enhances the rate. The effect of the
binding potential is very similar to the influence of a weak
high-frequency field component that is superposed onto a
strong low-frequency field. Free pair production in the latter
field configuration has been termed the dynamically assisted
Schwinger effect [57–64]. In the case of strong-field bound-
free pair production the assistance is not dynamical, though,
but rather provided "intrinsically" by the reduced eigen energy
of the created (stationary) electron state. As a consequence,
the process rate depends nonperturbatively on both the laser
field and the nuclear Coulomb field.

It is interesting to note that the same exponential de-
pendence can be obtained through a tunneling consideration
where an integration over an approximated momentum of the
electron underneath the barrier is performed, such that [58]

R ∼ exp

(
−2

∫ l

0
p(x)dx

)
.

As the reduction of the energy barrier results intrin-
sically, we approximately set Fl = 2c2 − Ip and p(x) =√

2(2c2 − Ip − Fx), where l denotes the tunnel length. Addi-
tionally we assume that the momentum vanishes at the tunnel
entrance x = l and obtain the exponential in (7).

We emphasize that the result in Eq. (7), while being phys-
ically appealing, represents an estimate for the exponential
dependence of the bound-free pair production rate only. When

the same consideration is carried out for free-free pair pro-
duction, where ρ0 = 2η2c2

ω
and ν = 2c2

ω
, a rate dependence

of the form ∼ exp(− 8
√

2
3

Fc
F ) follows [65], which differs from

the exact exponential dependence given by ∼ exp ( − 2
√

3 Fc
F )

[see, e.g., Eq. (41) in [25]].
In principle, the rate for strong-field bound-free pair pro-

duction within the present approach could be evaluated more
accurately by numerical means. It is, however, well known
from studies of strong-field ionization that SFA calculations
within the radiation gauge (respectively the velocity gauge in
the nonrelativistic domain) do not lead to quantitatively con-
vincing results [67]. Instead, two alternative approaches have
proven successful for relativistic strong-field ionization: (1) a
tunneling theory based on the WKB approximation [51,52]
and (2) the SFA within Göppert-Mayer gauge (which is the
relativistic counterpart to the length gauge) [55,56]. In Sec. III
and Sec. IV we will apply both these approaches—with
appropriate adjustments—to the process of bound-free pair
production.

III. BOUND-FREE PAIR PRODUCTION
IN WKB TUNNELING THEORY

In the following section, we outline the bound-free pair
production in a combined laser and Coulomb field using the
tunneling theory based on a WKB tunneling approximation.
For the laser field we consider a constant crossed field (CCF),
which represents the infinite-wavelength limit of a plane
wave. This field model is often applied in the η � 1 regime,
where the pair formation length ∼λL/η is much smaller than
the scale of field variations, which is given by the laser wave
length λL. The electric field F is oriented along the x axis and
the magnetic field B along the y axis, with equal amplitudes
|F| = |B| = F .

A. Pair production rate in WKB theory

For the derivation of the bound-free pair production rate
with a WKB approach, we use the calculation of the relativis-
tic ionization rate in [51,52] as orientation and adjust it to the
pair production process.

In case of bound-free pair production, the electron tunnels
from the negative energy continuum into the bound 1s state.
Its equation of motion consequently reads

dp
dt

= −Fex − F

c
v × ey, (8)

where v is the electron velocity and c = 137 a.u. is the speed
of light. Note that even though we consider the pair production
process in a combined laser and Coulomb field, the Coulomb
field is disregarded in the electron’s trajectory. Its influence
will be incorporated at a later stage (see Sec. III B).

As the electron initially starts in the negative energy con-
tinuum, the energy is defined by E = −γ c2, where γ =

1√
1−(v/c)2

denotes the Lorentz factor. During the tunneling

process it moves from the negative energy continuum into a
region with positive energy. As we will show in the following,
we obtain an expression for the Lorentz factor, which changes
its sign during the process such that a separate consideration
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FIG. 1. Schematic illustration of the pair production tunneling
process. Initially the electron is in the negative energy continuum.
t = 0, x = l, and u = 0 denote the tunnel entrance, as indicated,
and t = t0, x = 0, and u = u0 are associated with the final bound
state.

of both regions is not necessary. Thus, the sign change of
the energy is obtained automatically within this calculation.
Similarly, we also define the relativistic momentum with an
additional minus sign in front of the Lorentz factor p = −γ v
which ensures that velocity and kinetic momentum are di-
rected in the same direction for positive energy states (where
−γ undergoes a sign change and becomes positive).

For illustration, Fig. 1 shows the electron’s tunneling pro-
cess from the negative energy continuum into the bound 1s
state. The electron’s trajectory is obtained from the equa-
tion of motion (8), analogously to the calculation of the
ionization trajectory in [49,51,52,68]. We consider a paramet-
ric form of the trajectory, depending on a new variable u,
where u = 0 denotes the tunnel entrance and u = u0 corre-
sponds to the electron’s bound state (see Fig. 1).

Compared to the relativistic ionization, the initial condi-
tions need to be adapted to the negative energy in the initial
state, such that Im(r(0)) = 0, r(u0) = 0, Im(ṙ(0)) = 0, and
ε = − 1√

1−ṙ(u0 )2/c2
. Here ε is the scaled electron’s energy

ε = E1s
c2 =

√
1 − ( Z

c )2 with the bound state energy E1s and
the nuclear charge Z . The resulting parametric form of the
trajectory reads

x(u) = c2

2Fλ

[
u2

0 − u2],
y(u) = 0,

z(u) = ic2

6Fλ

[
u2

0 − u2]u,

t (u) = ic

2Fλ

[
(λ2 + 1)u − 1

3
u3

]
. (9)

For the subbarrier trajectory of bound-free pair production, we
consider 0 � u � u0 =

√
3(λ2 − 1), where λ results from the

condition ε = − 1√
1−ṙ(u0 )2/c2

= − 1+λ2−u2
0

2λ
as

λ = 1
2 (
√

ε2 + 8 + ε). (10)

Note that for relativistic ionization, λI results as λI =
1
2 (

√
ε2 + 8 − ε) [51,52] and differs from the λ of pair

production by only one minus sign. However, this sign leads
to considerably larger values of λ, which further results in a
larger tunneling width and consequently smaller pair produc-
tion than ionization rates.

Following from the parametric form of the trajectory,
the total classical energy and momenta are found to
be E (u) = −γ (u)c2 = − 1+λ2−u2

2λ
c2, pxc(u) = −i cu

λ
=

−ic
√

1 + (pzc/c)2 − (−ε + Fx/c2)2, and pzc(u) =
pz0 − 1

c Fx, where pz0 = c
4 (3ε + √

ε2 + 8) denotes the
electron’s canonical momentum in the z direction. Note
that the momentum is imaginary as the motion underneath
the barrier is classically forbidden. To further include
the quantum mechanical uncertainty of trajectory and
momenta, a variation of the momenta is introduced such that
px = pxc, py = δpy, and pz = pzc + δpz.

For the derivation of the pair production rate, we start by
assuming that the electron in the final state is bound in a
short-range δ-potential. The Coulomb potential will later be
included by the Coulomb correction factor in Sec. III B. The
bound 1s state of the short-range Dirac atom is given by [52]


sr(r) = N
√

κ

r
exp (−κr)

×
(

1, 0,
κ + 1/r

1 + ε
cos ϑ,

κ + 1/r

1 + ε
sin ϑeiϕ

)
, (11)

where κ = c
√

1 − ε2, and ϑ and ϕ are the spherical angles.
r is the radial distance but will be considered in Cartesian
coordinates in the following. The normalization constant N
of the short-range wave function is left unspecified as for
a δ-potential the wave function cannot be normalized due
to divergences [52]. N will cancel out when including the
Coulomb correction. For the bound state it is assumed that
the effect of the crossed field is negligible.

Additionally, the electron underneath the potential barrier
can be described by a quasiclassical WKB wave function of
the form [69]


qc(p, x) = C√|p| exp

(
i
∫ x1

x
p(x′)dx′ + i

π

4

)
. (12)

It is assumed that a matching position x = x1 with a0 � x1 �
l underneath the barrier exists where both the bound state (11)
and the quasiclassical wave function describe the electron’s
state. Here a0 = 1/Z is the Bohr radius of a hydrogen-like
ion with nuclear charge Z , while l = r(u = 0) = x(u = 0) =

u2
0

2Fλ
c2 denotes the tunnel length. Equation (12) can conse-

quently be set equal to the Fourier transformation in y and
z of Eq. (11). As the Fourier transformation is needed at the
matching point we exploit that here x � y, z, κ � py, pz, and
x � 1

κ
. This leads to [52]


̃( p̃x, x) = 2π
√

κ

p̃x
e−x p̃x (13)

with p̃x =
√

κ2 + p2
y + p2

z . Setting Eq. (11) and Eq. (13)
equal at x = x1 under the assumption that p̃x ≈ p̃x(x = x1) ≈
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√
κ2 + p2

z0 and p ≈ −i p̃x, the wave function results in [52]


qc(p, x) = 2πNK√|p| exp

(
−i
∫ x

0
p dx

)
, (14)

where K :=
√

1 − ξ 2/3 and ξ =
√

u2
0

3 = √
λ2 − 1 =√

1 + ε
2 (ε + √

ε2 + 8). Note that again Eq. (14) resembles the
one obtained for relativistic ionization in [51,52]. However,
for ionization ξI =

√
1 + ε

2 (ε − √
ε2 + 8) [51,52], differing

in one sign from ξ of bound-free pair production.
The short-range pair production rate results after integra-

tion over the current density at the tunnel entrance x = l

Rsr = 1

2π

∫ ∞

0
dp⊥ p⊥ jx(p⊥)

with jx(p⊥) = px(x < l )|
sr (x < l, p⊥)|2 denoting the cur-
rent density [51,52]. Exploiting κ � 1

r to simplify the spinor
of Eq. (11) results in the current density

jx(p⊥) = 8π2N2K2

1 + ε
exp

(
−2Im

[∫ 0

l
px dx

])
. (15)

Compared to the current density of relativistic ioniza-
tion [51,52], the integration limits are switched as the electron
for pair production moves from the tunnel entrance to the
bound state, while it starts in the bound state and then exits the
tunnel into the continuum for relativistic tunnel ionization.

Consequently, the short-range pair production rate is
given by

Rsr = 2N2K2

1 + ε

∫
dpy

∫
dpz exp

(
−2Im

[∫ 0

l
pxdx

])

= 2N2K2

1 + ε

∫ ∞

−∞
d(δpy)

∫ ∞

−∞
d(δpz )

× exp

(
2c3

3F

[
1 + ( δpy

c

)2 + ( pz0+δpz

c

)2 − ε2
]3/2

−pz0/c − δpz/c + ε

)
(16)

with px = pxc = −ic
√

1 + ( py

c )2 + ( pz

c )2 − (−ε + Fx
c2 )2,

where py and pz are rewritten according to py = δpy and
pz = pz0 − Fx/c + δpz. Note that the integral over dx is
solely evaluated at x = 0 as after an expansion around
δpy = 0 = δpz the zero- and first-order terms vanish, while
the second-order term gives an unphysical divergence.

After expansion of the resulting exponent around δpy = 0
and δpz = 0 up to second order and further evaluation of the
resulting Gaussian integrals, we find

Rsr =2πc2N2

1 + ε

1√
3ξ

√
3 − ξ 2

3 + ξ 2

F

Fc
exp

(
−2

√
3ξ 3

ξ 2 + 1

Fc

F

)
, (17)

where Fc = c3 is the critical field strength. It is worth noting
that the argument of the exponential function results from the
zero order of the expansion, while the first order vanishes and
the second order yields the prefactor.

The short-range pair production rate in Eq. (17) looks
similar to the relativistic ionization rate obtained in [51,52].
However, as the variable ξ contains an opposite sign in both
processes, the resulting rates differ significantly. In the case of

vanishing binding energy, i.e., ε → 1, we obtain ξ → √
3 and

ξI → 0. The exponential of relativistic ionization, which de-
termines the main dependence of the rate on the applied field
strength F , would be close to 1. On the other hand, for bound-
free pair production the exponential still significantly reduces

the pair production rate as exp(− 2
√

3ξ 3

ξ 2+1
Fc
F ) → exp(− 9

2
Fc
F ).

B. Coulomb correction in WKB theory

Up to this point, the Coulomb field of the atom was disre-
garded, for both the bound and the continuum state. To include
the effect of the Coulomb field, a Coulomb correction needs
to be introduced [49–54]. To this end, the barrier length is
divided into distances close to the atomic core, such that the
Coulomb field can be included by a Coulomb logarithm in
the wave function, and distances farther away from the atomic
core, where the Coulomb potential can be treated perturba-
tively. Both regions are linked at an arbitrary matching point
r = r1, which fulfills a0 � r1 � l [49–54] with a0 = 1/Z
referring to the mean distance of the bound electron to the
atomic core with nuclear charge Z . Note that in WKB theory
the arbitrary matching point r1 needs to cancel out in the full
pair production rate [50,69].

The Coulomb correction is defined as [52]

QWKB = exp

(
2iZ

∫ t1

0

dt

r(t )

)(
	1s


sr

∣∣∣∣
r=r1

)2

. (18)

Here 
sr is the wave function of the electron in the short-range
potential in Eq. (11), and 	1s describes the wave function of
the hydrogenlike ground state in the Coulomb-Dirac atom,
which is given by

	1s(x) = g(r)χs exp (−iE1st ). (19)

Here g(r) = C1s(2Zr)ε−1 exp(−Zr) describes the radial com-
ponent with C1s = ( Z3

π
1+ε

�(1+2ε) )1/2 while

χ+1/2 =

⎛
⎜⎜⎜⎝

1
0

ic 1−ε
Z cos ϑ

ic 1−ε
Z sin ϑ eiϕ

⎞
⎟⎟⎟⎠ (20)

and

χ−1/2 =

⎛
⎜⎜⎜⎝

0
1

ic 1−ε
Z sin ϑ e−iϕ

ic 1−ε
Z cos ϑ

⎞
⎟⎟⎟⎠ (21)

denote the two possible spinors.
The Coulomb logarithm is included in the wave function

ratio. With the resulting trajectory r(t ) from (9), the integral
in Eq. (18) is determined as

QWKB = exp

(
−6Z

c
ϕ1

)(
sin (ϕ0 + ϕ1)

sin (ϕ0 − ϕ1)

)2δ
(


c


sr

∣∣∣∣
r=r1

)2

,

(22)

with δ = Zε(1 − ε2)−1/2/c = ε, ϕ0 = arcsin(u0/3), and ϕ1 =
arcsin(u1/3), where u1 results from the implicit formula u1 =√

u2
0 − 2Fλ

c2 r1(1 − u2
1/9)−1/2. In contrast to the ionization
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process, the sign in the exponential of the Coulomb correc-
tion has changed due to the reversed initial and final state.
Using trigonometric relations for the sin function, the explicit
dependence of the Coulomb correction on the matching point
r1 in fact cancels out in the wave function ratio, yielding

QWKB = 1 + ε

4π�(1 + 2ε)N2
exp

(
−6Z

c
ϕ1

)

×

⎡
⎢⎣Zc2

Fλ

√
1− u2

1

9

⎛
⎝u0

√
1 − u2

1

9
+ u1

√
1 − u2

0

9

⎞
⎠

2
⎤
⎥⎦

2ε

.

(23)

However, the resulting Coulomb correction still implicitly
depends on the matching point r1 through u1. Physically, it
is unreasonable to obtain a Coulomb correction factor, which
still depends on the arbitrary matching point. It is therefore
necessary to make appropriate approximations to cancel out
such a dependence. To this end we set u1 ≈ u0, similarly to
the calculation of the Coulomb correction for relativistic ion-
ization [51,52] and obtain for the Coulomb correction factor

QWKB = 1 + ε

4π�(1 + 2ε)

1

N2
exp

[
−6Z

c
arcsin

(
ξ√
3

)]

×
(

4ξ 3
(
3 − ξ 2

)2

√
3(1 + ξ 2)

Fc

F

)2ε

. (24)

The influence of the long-range Coulomb potential on the
pair production rate is included by multiplication of the short-
range rate in Eq. (17) with the Coulomb correction factor in
Eq. (24), leading to

RWKB = c2

2
√

3ξ

√
3 − ξ 2

3 + ξ 2

1

�(1 + 2ε)

(
Fc

F

)2ε−1

×
(

4ξ 3
(
3 − ξ 2

)2

√
3(1 + ξ 2)

)2ε

× exp

[
−6Z

c
arcsin

(
ξ√
3

)
− 2

√
3ξ 3

1 + ξ 2

Fc

F

]
. (25)

From a conceptional perspective, it is worth mentioning that a
similar calculation can be carried out from the positron’s (i.e.,
the hole’s) point of view which starts in a bound 1s state and
moves into the negative energy continuum. Such a calculation
yields the same pair production rate as Eq. (25).

Concluding this section, we also note that—during the pro-
duction process—both particles are subject to the full nuclear
charge Z . This is intuitively visualized in the Dirac sea picture,
which describes the process as the transition of an electron
from the negative-energy continuum into a bound atomic state
(see also Fig. 1). In this context we mention, for comparison,
that in calculations of bound-free electron-positron pair pro-
duction by a single high-energy photon in a nuclear Coulomb
field both particles are described by Coulomb states, which
account for their interaction with the nuclear Z/r potential to
all orders, while the interaction with the photon field is treated
perturbatively [41,42].

IV. BOUND-FREE PAIR PRODUCTION IN GM-GAUGE SFA

Alternatively to the calculation in WKB tunneling the-
ory, the electron-positron bound-free pair production can also
be described by an S-matrix formalism using the SFA in
Göppert-Mayer (GM) gauge. A similar consideration was
done in [56] for relativistic ionization which we use as ori-
entation and adjust it to the bound-free pair production, such
that the derivation differs in several signs.

A. Pair production rate in GM-gauge SFA

We start our consideration with the transition amplitude
of the SFA as given in Eq. (2). Note that, in contrast to the
derivation in WKB tunneling theory, we consider the bound
state 	1s of Eq. (19) in a Coulomb potential and not in a
short-range potential.

Furthermore, compared to the consideration in Sec. II we
consider a constant crossed field using the GM gauge such
that the interaction V μ is given by the four-potential

Aμ
GM(x) = ( − F · r,−ez(F · r)). (26)

In the radiation gauge, the four-potential of a CCF is described
by Aμ = ãμϕk with ãμ = (0, −a, 0, 0) and the phase ϕk =
k · x. Similar to the consideration of relativistic ionization
in [56] it is useful to introduce the auxiliary wave four-vector
kμ = ω

c (1, ez ) with a frequency ω, which should cancel out
in the final result.

The corresponding amplitude for bound-free pair produc-
tion thus reads

S (GM)
SFA = i

c

∫
d4x 	1s /AGM
 (GM)

p,s .

The Volkov state for the created positron is given by


 (GM)
p,s =

√
c

p0

(
1 + /k /A

2c(k · p)

)
vs+ exp

(
iS(+))

× exp[−i(ã · x)ϕk/c] (27)

with the action

S(+) = (p · x) + 1

c(k · p)

(
(p · ã)

2
ϕ2

k + a2

6c
ϕ3

k

)
. (28)

vs+ denotes the positron’s free Dirac spinor, while pμ =
(p0, p) with p0 = εp/c describes the asymptotic positron mo-
mentum. The second exponential function in (27) results from
the transformation from the radiation to the Göppert-Mayer
gauge.

Similar to [56], we follow the treatment of ioniza-
tion in [46,47] by expressing the ϕk-dependent part of the
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integrand in (2) by a Fourier integral, which yields(
1 + /k /A

2c(k · p)

)
exp

(
i

(p · ã)

2c(k · p)
ϕ2

k + i
a2

6c2(k · p)
ϕ3

k − i
(ã · x)

c
ϕk

)
=
∫ ∞

−∞
ds e−isϕk

(
A(s) − i

/k/̃a

2c(k · p)
A′(s)

)
(29)

with

A(s) = 1

2π

∫ ∞

−∞
dϕkeiϕk s exp

(
i

(p · ã)

2c(k · p)
ϕ2

k + i
a2

6c2(k · p)
ϕ3

k − i
(ã · x)

c
ϕk

)
, (30)

where A′(s) denotes the derivative of A(s) with respect to s. With this expression, the integral in (2) can be solved by first
performing the integral in t and then exploiting the resulting factor of 2πδ(εp + E1s − sω) to calculate the integral in s. By

further introducing the vector q = p − sk + a
c ϕkex, the variables ε = p·ã

c(k·p) , β = a2

8c2(k·p) , and y = (4β )2/3[ s
4β

− ( ε
8β

)
2
] with s =

(εp + E1s)/ω, and substituting z = (4β )1/3(ϕk + ε
8β

), the transition amplitude results in

S (GM)
SFA = i

ω

√
c

p0
(4β )−1/3

∫ ∞

−∞
dz
∫

d3r g(r)e−iq·rχ̄s− /AG

(
1 + /k/̃a

2c(k · p)
ϕk

)
vs+ exp

[
i

(
yz + z3

3

)]
exp

[
i
8β

3

(
ε

8β

)3

− i
εs

8β

]
.

(31)

From the transition amplitude (31) the differential pair production rate results after building the absolute square of S (GM)
SFA and

summation over the spins of both electron and positron. We use the treatment of bound-free pair production [43,44] and
relativistic ionization [48] in a circularly polarized laser field in the radiation gauge as orientation and adapt the calculation
to the Göppert-Mayer gauge [56]. By considering the Göppert-Mayer gauge the calculation of the traces over the Dirac
matrices simplifies significantly as the four-products A2

G(x) = AG(x) · A(x) = AG(x) · k = A(x) · k = k2 = AG(x) · AG(x′) = 0
vanish, such that the absolute square of the transition amplitude reads

∑
s−,s+

∣∣S (GM)
SFA

∣∣2 = 2F 2

p0ω2
(4β )−2/3(p0 − pz )

∫
dz
∫

dz′ exp[−i(yz + z3/3)] exp[i(yz′ + z′3/3)]

×
∫

d3r
∫

d3r′eiq·re−iq′ ·r′
g(r)g(r′)(c0 + c3)r′ sin ϑ ′ cos ϕ′r sin ϑ cos ϕ (32)

with

c0 = 1 + τ 2[cos ϑ cos ϑ ′ + sin ϑ sin ϑ ′ cos(ϕ − ϕ′)],

c3 = iτ (− cos ϑ + cos ϑ ′),

τ = (1 − ε)c/Z. (33)

The spatial integrations over d3r and d3r′ can be directly carried out as in [48], while the dz and dz′ integrations are solved by
the saddle-point method analogously to [56,70]. As the physically relevant saddle point z0 = i

√
y is complex, the components

of q′ at the saddle point also are complex

q′
x = az′

0

c(4β )1/3
= i

σ

c
, q′

⊥ =
√

q2
x + q2

y = i
ζ

c
, q′ =

√
q2

x + q2
y + q2

z = i
�

c
,

with the abbreviations

γ = p0 − pz, � =
√

c4 − E2
1s, σ =

√
�2 + p2

yc2 + (cγ + E1s)2, ζ =
√

�2 + (cγ + E1s)2. (34)

The pair production rate results after integration over the momentum space and dividing by the interaction time T ,

RSFA =
∫

d3p
(2π )3

∣∣S (GM)
SFA

∣∣2
T

. (35)

Exploiting that |S (GM)
SFA |2 does not depend on px and integrating over γ instead of pz yields

RSFA = F 2C2
1s

2
(2Z )2ε−2

∫ ∞

−∞
dpy

∫ ∞

0
dγ

γ

σ
e−(4/3)y3/2{|S̃1(py, γ )|2 + τ 2[|S̃2(py, γ )|2 + |S̃3(py, γ )|2 + |S̃4(py, γ )|2]

− 2τRe[S̃1(py, γ )]Im[S̃2(py, γ )]}, (36)
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where

S̃1(py, γ ) = σ

[
c

�2
�

(
ε + 2

2

)
Dε+2 − c2

�3
�

(
ε + 1

2

)
Dε+1

]
,

S̃2(py, γ ) = iσqz

[
−3

c4

�5
�
(ε

2

)
Dε + 3

c3

�4
�

(
ε + 1

2

)
Dε+1 − c2

�3
�

(
ε + 2

2

)
Dε+2

]
,

S̃3(py, γ ) = σ

ζ

[(
3
ζ 2c3

�5
− c3

�3

)
�
(ε

2

)
Dε +

(
c2

�2
− 3

ζ 2c2

�4

)
�

(
ε + 1

2

)
Dε+1 − ζ 2c

�3
�

(
ε + 2

2

)
Dε+2

]
,

S̃4(py, γ ) = −i
pyc

ζ

[
c3

�3
�
(ε

2

)
Dε − c2

�2
�

(
ε + 1

2

)
Dε+1

]
, (37)

with D = Zc( 2
Fγ σ

)
1/2

.

The remaining integrals can be carried out numerically to
obtain the final pair production rate. Alternatively, the pair
production rate (36) can be simplified analytically, following
the approach used for the relativistic ionization rate in [56]. To
this end we assume that the exponential term exp(−(4/3)y3/2)
varies only slowly with respect to γ and py. In analogy to [56],
the γ integration is simplified by only integrating the expo-
nential, which we expand up to second order around

γ0 = −E1s

4c
+ 1

4c

√
E2

1s + 8c4,

where the exponential takes its maximum value. As no signif-
icant contribution to the integral results from negative values
of γ , we further formally extend the lower boundary of the
integration to −∞. Performing these simplifications results in
two Gaussian integrals which can be evaluated analytically. In
total the simplified bound-free pair production rate yields

RSFA = 1

2
πF 2C2

1s(2Z )2ε−2 γ0

σ0

√
2Fγ0

σ0h′′(γ0)
e−h(γ0 )

× {|S̃1(py = 0, γ = γ0)|2

+ τ 2[|S̃2(py = 0, γ = γ0)|2+ |S̃3(py = 0, γ = γ0)|2]

− 2τRe[S̃1(py = 0, γ = γ0)]Im[S̃2(py = 0, γ = γ0)]},
(38)

where

σ0 =
√

�2 + (cγ0 + E1s)2,

h(γ ) = 2σ 3

3c2Fγ
.

We emphasize that the exponential exp[−h(γ0)] of Eq. (38)
can be rewritten such that it exactly coincides with the expo-
nential of the WKB rate RWKB in Eq. (25).

B. Coulomb correction in GM-gauge SFA

For the calculation of bound-free pair production in WKB
theory, we have already pointed out that a multiplication with
a Coulomb correction factor is necessary to include the effect
of the disregarded long-range Coulomb potential. Similarly,
in the calculation in GM-gauge SFA, the influence of the
Coulomb field on the continuum state so far has not been taken
into account. However, since our WKB tunneling treatment

relied on a bound 1s state in a short-range δ-potential, the
necessary correction factor (24) takes the long-range Coulomb
field fully into account. In contrast, our GM-gauge SFA cal-
culation already contains the Coulomb field in the bound 	1s

state. As a consequence, the Coulomb correction factor in
Eq. (24) overestimates the influence of the Coulomb field
in the pair production rate obtained through the GM-gauge
SFA. To appropriately account for the remaining Coulomb
correction, we therefore need to truncate the correction factor
in Eq. (24). To this end, we consider only the perturbative
part of the Coulomb correction factor, i.e., the exponential
including the integration in Eq. (18). Similar to the consid-
eration of relativistic ionization in [56] a point r1 with time
t1, up to which we take the Coulomb correction into account,
needs to be estimated. Consequently the Coulomb correction
reads [49–54,56]

QSFA = exp

(
2iZ

∫ t1

0

1

r(t )
dt

)
, (39)

where t = 0 denotes the tunnel entrance.
We determine r1 and the associated value for u1 by the

intuitive approach that at r1 the Coulomb field strength and
the CCF amplitude coincide [56]. This leads to

r1 =
(

1 − u2
1

9

)1/4√
Z

F
, (40)

where r1 = c2

2Fλ
(u2

0 − u2
1)
√

1 − u2
1

9 follows from the paramet-
ric form of the trajectory (9). For relativistic ionization a
similar consideration was done in [56]. Note, however, that

for the ionization process r ≈ x holds, as r = x
√

1 − u2
1

9 and√
1 − u2

1
9 → 1, which simplifies the result for r1 and u1 signif-

icantly.
According to Eq. (22) we find for the Coulomb correction

QSFA = exp

(
−6Z

c
ϕ1

)(
sin (ϕ0 + ϕ1)

sin (ϕ0 − ϕ1)

)2δ

, (41)

where δ = Zε(1 − ε2)−1/2/c = ε, ϕ0 = arcsin(u0/3) and
ϕ1 = arcsin(u1/3) with u1 resulting from Eq. (40).

Figure 2 shows the Coulomb correction factor as a function
of the normalized field strength F/Fa for nuclear charges
Z = 70, 90, 110. The full Coulomb correction (24) is shown
by solid lines while the truncated Coulomb correction (41)
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FIG. 2. Coulomb correction factor as a function of the field
strength F in units of the atomic field strength Fa = Z3 for different
nuclear charges Z = 70, 90, 110. The solid curves show the full
correction factor from Eq. (24), and the dashed curves depict the
truncated factor in Eq. (41).

is depicted by dashed lines. Note that the full Coulomb
correction (24) formally still depends on the undefined nor-
malization constant N , which cancels out in the expression for
the pair production rate. In Fig. 2 Eq. (24) is therefore divided
by N2. Figure 2 shows that both Coulomb correction fac-
tors (24) and (41) lead to a decrease of the pair production rate,
meaning that the neglect of the Coulomb potential leads to an
overestimation of the actual rate. In contrast, for relativistic
ionization both Coulomb corrections lead to an increase of
the ionization rate [56]. As the full Coulomb correction was
needed for the pair production rate in the WKB theory, the
resulting correction factor is smaller than the correction factor
for the SFA result (41). In both cases the Coulomb correction
factor is smallest for large nuclear charges and decreases when
the applied field F grows.

V. RESULTS AND DISCUSSION

In this section we discuss the results of our two theoret-
ical approaches for bound-free pair production in a CCF by
comparing the resulting total and differential pair production
rates. In particular we discuss the field-dependent exponential
function of the pair production rate by introducing certain ap-
proximations which include a physically intuitive dependence
on the binding potential Ip = c2 − E1s.

Regarding the applied field parameters, we want to empha-
size that once the electron positron pair is created, a bound
electron is present that could in principle be ionized due to the
CCF. For a large enough lifetime of the bound state we require
that the reciprocal of the orbital time Ta needs to be larger
than the ionization rate. The rate RI for relativistic tunneling
ionization in a CCF was obtained in [52] in Eq. (53). For the
nuclear charges Z = 70, Z = 90, and Z = 110 the maximal
field strength F , where RI = 1/Ta, can therefore be estimated
as F = 0.27 Fa, F = 0.31 Fa, and F = 0.37 Fa, respectively.
As a consequence we consider the pair production rates up to
F = 0.3 Fa. We point out that this upper limit may be regarded
as a conservative estimate, because ionization at F � Fa

FIG. 3. Total pair production rate as a function of the field
strength F in units of the atomic field strength Fa = Z3 for different
nuclear charges Z = 70, 90, 110. The solid curves show the ana-
lytical expression in Eq. (25), and the dashed curves depict Eq. (38)
multiplied by the truncated Coulomb correction factor (41).

already proceeds in the over-barrier regime where tunneling
rates are known to overestimate the ionization yield [71–73].

A. Total pair production rates

In Fig. 3 we compare both results for the bound-free pair
production rate in a combined Coulomb field and a CCF.
The solid lines depict the analytically obtained expression in
Eq. (25) and the dashed curves show Eq. (37) multiplied by
the Coulomb factor (41) as a function of the normalized field
strength F/Fa. For both results, the exponential dependence
can be clearly seen in the course of the curves. Figure 3 shows
the pair production rate on a logarithmic scale which extends
over about 100 orders of magnitude. On this scale both ap-
proaches give very similar pair production rates and differ
only slightly. When considering the ratio of both rates for
large fields F = 0.3 Fa, the WKB rate (25) is approximately
one order of magnitude smaller than the SFA rate. For smaller
field strengths F = 0.12 Fa, the SFA rate is larger by only
a factor of approximately 3. For example for Z = 70 the rate
spans over 50 orders of magnitude. A deviation of both results,
which coincide in the general course of the curve of one order
of magnitude, is therefore not as significant.

The main dependence of the pair production rate on the ap-
plied field F lies in the exponential function, which is obtained
in both previously discussed approaches, while the prefactor
differs in both results. This also directly follows from the
fact that the exponential factor results from the zero-order
contribution in the WKB calculation. The previously obtained
exponential function of Eq. (25) and Eq. (38) is given by

RWKB ∼ RSFA ∼ exp

(
−2

√
3ξ 3

1 + ξ 2

Fc

F

)
. (42)

In Sec. II we have presented an approximate exponential
dependence, which asymptotically results for bound-free pair
production in a circular polarized field in radiation gauge
and through a consideration of the tunneling process. The
exponential (7) contains a physically intuitive dependence
on the energy difference 2c2 − Ip, which coincides with the
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FIG. 4. Comparison of the Schwinger-like exponential function
for F = 0.1 Fc. The exponential of bound-free pair production (42)
is depicted in red, the exponential containing the physically intuitive
energy barrier (43) with b = 9

4
√

2
in green, and (44) which includes

the tunnel length in black.

energy gap from the negative to the positive energy continuum
lowered by the binding potential of the final bound state and
has the form

R1 ∼ exp

[
−b

(
2 − Ip

c2

)3/2 Fc

F

]
. (43)

In Sec. II b = 4
√

2
3 was obtained. However, this consideration

of the pair production process gives only an approximate
dependence of the rate on the applied field. To ensure that the
exponential shows a good resemblance to Eq. (42), b needs to
be adjusted such that the two exponentials coincide for Ip = 0.
For b = 9

4
√

2
a good approximation for the actual exponent

in (42), which also includes the expected reduction of the
energy barrier to 2c2 − Ip (see also Fig. 4), is achieved. We
note moreover that in the formal limit ε → 0 (i.e., Ip → c2),
our expression closely resembles the bound-free transition
rate ∼ exp ( − π

2
Fc
F ) obtained in a constant electric field in [49]

since 9
4
√

2
≈ π

2 [see Eq. (5’) therein].
A similar term can also be obtained by a Taylor expansion

around vanishing binding energy Ip = 0 or correspondingly
ξ = √

3 of the exponential’s argument in (42). This yields

R2 ∼ exp

[
−4

3

Fc

F

(
9

4
− Ip

c2

)3/2
]
. (44)

Equation (44) includes a reduction of 9/4 c2 by the binding
potential instead of a reduction of the energy gap between the
negative and positive continuum. 9c2

4F exactly coincides with

the tunnel length l = u2
0

2Fλ
c2 for Ip = 0. Due to the magnetic

field, the tunnel is larger than expected from the energy dif-
ference of 2c2. Through the Taylor expansion we can make
a connection of the pair production exponential to the actual
tunnel length between negative and positive energy contin-
uum.

Figure 4 shows that both physically motivated exponen-
tial functions (43) with b = 9

4
√

2
and (44) lead to a good

resemblance with the exponential of bound-free pair produc-
tion in Eq. (42).

The characteristic dependence of the rate’s exponential
implies that the atomic 1s state gives the dominant con-
tribution to the bound-free pair production, because in this
state the electron is most tightly bound, which leads to the
largest reduction of the energy gap. Let us estimate, based
on the obtained exponential dependence, the relative contri-
bution from the 2s state. In this case the electron experiences
a smaller Coulomb field (which scales like 1/n3 with the
principal quantum number n). Therefore, we need to apply
a correspondingly smaller external field strength in order to
ensure that the basic physical properties of the bound 2s state
are preserved. Taking F ≈ 0.04 Fa and Z = 70 (Z = 110),
the exponential rate dependency predicts that the contribution
from the 2s state is smaller by a factor of order 10−25 (10−18)
than the contribution from the 1s state. To further corroborate
this estimate by taking the impact of the preexponential factor
into account, we have calculated with the method of Sec. IV
the bound-free pair production when the electron is created
in the 2s state. The ratio of the 2s to the 1s contribution to
the production rate is found as 10−24 (10−16) for the above
parameters F ≈ 0.04 Fa and Z = 70 (Z = 110). We may thus
conclude that the 1s state is by far of the highest relevance
for bound-free pair production in the considered strong-field
regime. For comparison, we note that the contribution from
the 2s state to bound-free pair production by a single high-
energy photon [41] or by several photons from a low-intensity
(η � 1) laser wave [45] scales approximately with 1/n3 and,
thus, amounts to about 13%. An additional contribution of
a few percent results when also the 2p states are taken into
account.

B. Momentum distribution of emitted positrons

So far we have discussed the total pair production rate for
the tunneling consideration in Sec. III and the SFA calculation
in Sec. IV. In both calculations the total pair production rate
is obtained after performing a Taylor expansion of the expo-
nential’s argument around δpy = 0 and δpz = 0 up to second
order followed by an integration over the momenta [see below
Eq. (16)]. In the following we consider the differential pair
production rates dR

d(δpy ) and dR
d(δpz ) , which result when omitting

the integral over one momentum δpy or δpz respectively.
Figure 5 shows the differential pair production rate dR

d(δpz )

in Fig. 5(a) and dR
d(δpy ) in Fig. 5(b) for different nuclear charges

Z at F = 0.2 Fa. The rates shown in Fig. 5 are normalized to
a height of one to facilitate their comparison. The resulting
Gaussian distributions when performing the Taylor expansion
are represented by solid lines. Here both the approach by a
tunneling consideration in the WKB-approximation and the
SFA approach yield the same momentum distribution. We
recall that in the SFA approach, the Gaussian distribution re-
sults after performing the Taylor expansion of the exponential
while setting γ = γ0 and py = 0 in the momentum-dependent
prefactor of Eq. (36). In the WKB approach the prefactor is
independent of the momenta such that it suffices to expand the
exponential in Eq. (16). The dotted lines show the numerically
calculated result of the momentum distribution obtained in
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FIG. 5. Normalized differential pair-production rates (a)
dR

d(δpz ) and (b) dR
d(δpy ) for nuclear charges Z = 50, 70, 90, 110 at

F = 0.2 Fa. The solid curves show the Gaussian distributions which
result after Taylor expansion of the exponential in Eqs. (16) and (36)
around δpy = 0 and δpz = 0. The dotted lines show the differential
pair production rate (16) of the calculation in the WKB theory, where
one integral over the momentum has been carried out numerically.
The dashed lines show the numerically resulting differential
pair production rates in the SFA in (36) where the momentum
dependent prefactor is included in the integration. The maximum
values at the centers of the presented Gaussian distributions
amount to dR

d(δpy ) = dR
d(δpz ) = 6.4 × 102 a.u., 8.5 × 10−13 a.u., 2.2 ×

10−50 a.u., and 5.3 × 10−176 a.u. for Z = 110, 90, 70, and 50,
respectively.

the WKB-tunneling calculation in Sec. III. The dashed curves
show the exact differential rate obtained in the SFA in Sec. IV.
While only the exponential function in Eq. (16) needs to be
integrated in the WKB approach, the momentum-dependent
prefactor of Eq. (36) in the SFA calculation is included in the
numerically evaluated integration.

The δpy distribution shows almost no difference between
the approximated Gaussian distribution and the exact results
from the WKB and SFA calculations. For the δpz distribu-
tion, on the other hand, both differential rates dR

d(δpz ) which
result after the numerical integration show a shift towards
positive δpz compared to the approximated Gaussian distri-
bution. When integrating over d(δpz ), the shift approximately
cancels out such that the previously performed approxima-
tions to obtain the total rate of bound-free pair production

are justified. Even though our previously presented different
methods yield slightly different differential pair production
rates with respect to δpz, it is worth noting that the difference
between both results stems from the prefactor. In the calcula-
tion based on the WKB theory, the prefactor does not depend
on the momenta py and pz, while the SFA calculation yields
a momentum-dependent prefactor, which is included in the
numerical integration. If we omit the prefactor of Eq. (36), by
setting py = 0 and γ = γ0 and only calculating the integral
over the exponential, the same differential rate results from
our two methods.

At this point it is worth mentioning that the rate (36) in the
SFA calculation shows a Gaussian distribution around γ = γ0

after having performed the Taylor expansion. The distribution
is depicted around δpz = 0 to facilitate the comparison with
the distribution of the WKB calculation in (16). For com-
parison we consider the resulting γ0 of both equations for
Ip/c2 � 1. In the SFA calculation γ0 results as

γ0 = −E1s

4c
+ 1

4c

√
E2

1s + 8c4 ≈ c

2
+ Ip

6c
. (45)

In the WKB calculation, the corresponding value for γ0 results
from the momenta pz = −pz0 + 1

c Fx and p0 =
√

c2 + p2 of
the created positron. Note that pz of the positron is defined
with an additional minus sign compared to the momentum
of the electron which we have considered in Sec. III. At the
tunnel exit x = l = u2

0c2

2Fλ
, the momentum in the x direction

vanishes such that γ for Ip/c2 � 1 reads

γ (x = l ) = c
√

1 + p2
z/c2 − pz ≈ c

2
+ Ip

6c
, (46)

which coincides with γ0 of the SFA calculation. As we con-
sider the birth process of the positron to be completed at the
tunnel exit, the largest contribution to the pair production rate
results at this point.

Figure 5 further shows that the positron momentum dis-
tribution is the broader, the larger the nuclear charge Z is.
Both for the WKB-tunneling calculation in Sec. III and the
calculation in SFA in Sec. IV, the same approximate Gaussian
distribution is obtained. For Ip/c2 � 1, the standard devia-
tions σy and σz of both distributions approximately yield

σy =
√

F

2
√

3cξ
≈
√

F

6c

(
1 + 2

9

Ip

c2

)
(47)

and

σz =
√

F
√

3

2cξ (3 + ξ 2)
≈
√

F

12c

(
1 + 4

9

Ip

c2

)
. (48)

The approximate standard deviations show that the width of
the Gaussian distributions grows linearly with the ioniza-
tion potential Ip and that the width of the pz distribution is
smaller than of the py distribution. Note that even though
the approximate expressions in Eqs. (47) and (48) rely on
the assumption that Ip/c2 � 1, they yield good agreement
with the actual width for the considered nuclear charges Z =
50, 70, 90, and 110.
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VI. CONCLUSION

Bound-free electron-positron pair production in combined
nuclear Coulomb and constant crossed electromagnetic fields
has been studied. The electron is created in the 1s ground
state of the resulting hydrogen-like ion. Two different ap-
proaches have been applied: (1) a WKB tunneling theory
and (2) an SFA treatment in Göppert Mayer gauge, each
incorporating an appropriate Coulomb correction factor. In
comparison with the WKB approach, which relies on a bound
state in a short-range potential, the SFA consideration involves
a truncated version of the Coulomb correction since the bound
state entering here already contains the long-range Coulomb
interaction. Both methods have successfully been applied be-
fore to calculate the related process of relativistic strong-field
ionization [49–54].

Closed-form analytical expressions for the bound-free pro-
duction rate have been obtained from both approaches in
Eqs. (25) and (38), respectively. The rate is found to be
very sensitive to the nuclear charge Z and the external field
strength F , depending on both parameters in a nonperturba-
tive way. The main field dependence is of exponential form,
resembling the Schwinger rate for free pair production in a
constant electric field. However, the atomic binding poten-
tial also enters into the exponent and softens the exponential
rate suppression. This "intrinsic assistance" can be explained
intuitively by considering either the correspondingly re-
duced energy gap or the tunneling length of bound-free pair
production.

The results of our WKB and SFA calculations show good
mutual agreement in a wide range of nuclear charges and

applied field strengths. This holds for both the total production
rates and the momentum distributions of the created positron.
The latter possess an approximately Gaussian shape and be-
come broader, when the nuclear charge or the external field is
increased.

The considered process could, in principle, be realized
experimentally by bringing an extremely relativistic beam of
bare heavy ions into collision with a high-intensity optical or
infrared laser wave. When the bound electron after its creation
is quickly ionized in the presence of the strong external field,
a free electron-positron pair results in the end. The combined
process of bound-free pair production followed by strong-field
ionization can therefore be considered as a two-step channel
for free-free pair production. From the perspective of collision
physics, it resembles a resonant scattering process [74], where
the resonance is associated with the intermediate bound state.
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