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Stability of Bose-Fermi mixtures in two dimensions: A lowest-order constrained
variational approach
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We investigate the problem of mechanical stability in two-dimensional Bose-Fermi mixtures at zero temper-
ature, focusing on systems with a tunable Bose-Fermi (BF) interaction and a weak but finite boson-boson (BB)
repulsion. The analysis is carried out within the framework of the lowest-order constrained variational (LOCV)
approach, which allows for a nonperturbative treatment of strong interspecies correlations while retaining
analytical transparency. The BF interaction is modeled by a properly regularized attractive contact potential,
enabling the exploration of both the attractive and repulsive energy branches. We determine the minimal BB
repulsion required to ensure mechanical stability of the mixture by evaluating the inverse compressibility matrix
over the full range of BF coupling strengths, within the domain of validity of the LOCV approximation.
The interaction contribution to the energy is benchmarked against available experimental data and quantum
Monte Carlo results in the single-impurity limit, showing good agreement. Our analysis reveals how the critical
BB coupling depends on interaction strength, density imbalance, and mass ratio. In particular, we find that
mixtures with equal boson and fermion masses exhibit enhanced stability, requiring the smallest BB repulsion
to prevent mechanical instability. In this case, a relatively small BB interaction is sufficient to stabilize attractive
mixtures for all values of the BF interaction. These results provide a theoretical framework for assessing stability
conditions in experimentally realizable two-dimensional Bose-Fermi mixtures with tunable interactions.

DOI: 10.1103/b29m-zczp

I. INTRODUCTION

Bose-Fermi (BF) mixtures constitute a paradigmatic plat-
form for studying correlated quantum matter composed of
particles with different quantum statistics. Since the early in-
vestigations of dilute 3He - 4He mixtures [1–8], such systems
have provided insight into mediated interactions [3], impurity
physics [9], phase separation [10,11], p-wave pairing [4,12],
dual superfluids [12], and effects beyond the mere remit of
condensed matter physics [13–16].

In the context of ultracold atomic gases [17], the advent of
Feshbach resonances [18] has enabled unprecedented control
over interspecies interactions, allowing the realization of BF
mixtures with tunable coupling strengths in a variety of atomic
combinations [19]. Several studies have appeared in both the
experimental [20–48] and theoretical [16,49–79] literature on
BF mixture with tunable interactions.

A central issue in the realization of quantum mixtures is
their mechanical stability [35,80]. Unlike purely fermionic
systems, Bose-Fermi mixtures are not intrinsically stabilized
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by Pauli pressure alone. Determining the minimal boson-
boson (BB) interaction required to stabilize the mixture is
therefore a fundamental problem, especially when the inter-
species interaction is tuned across a Feshbach resonance.

Experimental [35,80] and theoretical [81–89] efforts in
this direction have concentrated mainly on repulsive or
weakly attractive interspecies interaction. In three dimensions,
the stability of resonant BF mixtures has been studied us-
ing mean-field theory for narrow resonances [58] possibly
with related Gaussian corrections [49], variational meth-
ods [61,79], and T -matrix approximations [73,74,78]. These
works have clarified the interplay between pairing, molecule
formation, and phase stability across the resonance.

However, the situation in two dimensions is qualitatively
different. Two-dimensional scattering is characterized by a
logarithmic energy dependence and the existence of a two-
body bound state for arbitrarily weak attraction [90–92].
Moreover, tight confinement enables confinement-induced
resonances [93,94], providing an additional experimental
knob for controlling interactions in quasi-two-dimensional
(quasi-2D) geometries. This situation is particularly suitable
for a BF mixture with a tunable BF interaction since an addi-
tional and independent BB interaction is required to guarantee
its mechanical stability [61,74,78].

Despite increasing experimental and theoretical interest in
low-dimensional mixtures, a systematic investigation of the
mechanical stability of a two-dimensional BF mixture with a
tunable interspecies interaction is still lacking. Existing the-
oretical studies of 2D BF systems have focused primarily on
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pairing, polarons, or collective properties [75,77,95–97], and
the problem of stability has been addressed only in restricted
weak-coupling regimes [89] or for dilute 3He - 4He mixtures
[98,99]. In particular, a nonperturbative analysis of stability
across the full interaction crossover in two dimensions is
currently missing.

In this work, we fill this gap by analyzing the mechani-
cal stability of a homogeneous two-dimensional Bose-Fermi
mixture at zero temperature with a tunable BF interac-
tion and a weak BB repulsion. We focus on mixtures with
a majority of fermions, in line with previous studies for
resonant Bose-Fermi mixtures in 3D [61,70,77]. To treat
the interspecies interaction nonperturbatively, we employ
the lowest-order constrained variational (LOCV) approach
[61,100–107], which incorporates short-range correlations at
the two-body level and naturally connects to the polaron prob-
lem in the single-impurity limit. The variational nature of
the LOCV approach allows us to describe both the attractive
(lower) and repulsive (upper) branches of an attractive contact
interaction modeling the effective 2D scattering length result-
ing after confinement to two dimensions from a Feshbach or
confinement-induced resonance. These two branches effec-
tively correspond to attractive or repulsive BF interactions,
respectively [108].

By solving the LOCV equations across the full range of
coupling strengths and evaluating the inverse compressibil-
ity matrix, we determine the minimal boson-boson repulsion
required to stabilize the homogeneous mixture against ther-
modynamic instability. We analyze the dependence of this
critical BB interaction on the interspecies coupling, density
ratio, and mass imbalance, and discuss the regime of validity
of the approach, particularly in the molecular limit where
higher-order correlations become increasingly important.

The paper is organized as follows. In Sec. II, we present
the LOCV formalism for the two-dimensional Bose-Fermi
mixture. In Sec. III, we solve the LOCV equation and
obtain the BF pair-correlation function for the attractive
and repulsive branches. In Sec. IV, we compute the corre-
sponding energy branches and benchmark our results against
available experimental and Monte Carlo data. In Sec. V, we
analyze the mechanical stability of the mixture and determine
the critical BB interaction required for stability, discussing the
dependence on varying concentration and mass ratio. Finally,
in Sec. VI, we draw our conclusions and outline possible
extensions.

II. THE LOCV APPROXIMATION

We consider a homogeneous atomic mixture of NB bosons
with mass mB and NF fermions with mass mF (NB � NF),
within a square of area A at zero temperature. We first consider
the Hamiltonian in the presence of interaction between bosons
(B) and fermions (F) only,

HBF =
NB∑
i=1

− ∇2
i

2mB
+

NF∑
j=1

− ∇2
j

2mF
+

NB∑
i=1

NF∑
j=1

UBF(�ri − �Rj )

(1)

(we set h̄ = 1). We assume that the interaction potential
UBF(r) is short range, central, and spherically symmetric. To

describe the ground state of the above Hamiltonian, we make
use of a variational wave function of the Jastrow-Slater (JS)
form [109],

�(�r, �R) =
∏
i, j

f (|�ri − �Rj |)�B(�r)�F( �R), (2)

where �r = (�r1, . . . , �rNB ) are the bosonic coordinates and �R =
( �R1, . . . , �RNF ) the fermionic ones. Here,

�B(�r1, . . . , �rNB ) =
(

1

A

) NB
2

(3)

is the wave function of NB bosons condensed in the zero-
momentum state, while

�F( �R1, . . . , �RNF ) =
(

1

A

) NF
2

‖ei�kn· �Rm‖, (4)

with n, m = 1, . . . , NF, is a Slater determinant ‖ · ‖ of the
lowest NF normalized plane-wave states within the square
of area A. The function f (|�ri − �Rj |) introduces short-range
correlations between the bosonic and fermionic components.

Within the Jastrow variational approach [109], the total
energy density EBF is given by (1),

EBF ≡ 1

A

〈�|HBF|�〉
〈�|�〉 , (5)

with � determined by the ansatz (2). The above expectation
value can be recast as an expansion in terms of the number of
correlated particles (in full analogy with the classical cluster
development of Ursell and Mayer [110]). The LOCV scheme
retains only the lowest nontrivial order of the above expan-
sion. That is, only direct two-particle correlations are retained.
With this approximation, one can show that the total energy
density of the Bose-Fermi mixture in the thermodynamic limit
(NF, NB, A → ∞) acquires the form [61,111,112]

EBF 
 nFEFG + nBnF

∫
d2r f (r)

[
− ∇2

2mr
+ UBF(r)

]
f (r),

(6)

with nF = NF/A, nB = NB/A, and EFG is the total energy of
noninteracting spinless Fermi gas. In two dimensions, EFG =
εF/2, where εF = k2

F/(2mF) is the Fermi energy and kF =
(4πnF)1/2 is the Fermi wave vector.

By minimizing the energy functional in Eq. (6) with re-
spect to f (r), one obtains the Euler-Lagrange equation for
the stationary minimum of the variational problem at hand.
The existence of this minimum is not guaranteed a priori if
the energy expectation value (5) is evaluated by a truncated
cluster expansion [113]. As argued in Refs. [113–115], a
subsidiary condition on the form of f (r) must be introduced
to guarantee the existence of a physically sound solution of
the Euler-Lagrange equation.

Since f (r) is expected to reach the uncorrelated limit
f (r) → 1 for large r, an effective “small” parameter for the
cluster expansion is provided by the expression [115]

ε ≡ nF

∫
d2r [ f 2(r) − 1]. (7)
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To justify a truncation of the cluster series and ensure the
convergence of its summation, the parameter (7) must remain
finite, that is, the correlation function f (r) should approach
one sufficiently fast as r increases.

In the LOCV scheme, this “healing constraint” on f (r) is
enforced by requiring that on average, a circle of radius d
(with d the healing distance) around any given boson may
contain only one correlated fermion. If g(r) is the BF pair-
distribution function, the probability of finding a fermion at
distance r from a boson is nF g(r)d2r. As g(r) ≈ f 2(r) at the
lowest cluster order [109], the above constraint translates into
the following expression:

nF

∫
r<d

d2r f (r)2 = 1. (8)

The energy functional (6) is thus minimized subject to the
constraint (8) by the introduction of a Lagrange multiplier
(λ′ ≡ λnB for convenience). In this way, one obtains the
LOCV equation[

− ∇2
r

2mr
+ UBF(r)

]
f (r) = λ f (r), (9)

with mr = mBmF/(mB + mF) the reduced mass. This is ef-
fectively the Schrödinger equation for the relative motion of
the two-body problem in vacuum [116,117], where λ can be
interpreted as the effective interaction energy per BF pair.
Note that in Eqs. (7) and (8), we have explicitly assumed
nF � nB. At distances greater than the healing distance d , the
two-particle correlations are assumed to be absent and the
correlation function must smoothly match the uncorrelated
limit f (r) → 1. These two properties are enforced by the two
boundary conditions at r = d , respectively,

f (r = d ) = 1, (10a)

df

dr

∣∣∣∣
r=d

= 0. (10b)

Therefore, the many-body problem of evaluating the total
energy (1) is reduced to the effective one-body problem (9)
with boundary conditions (10a) and (10b). In the next sec-
tion, we will obtain the solution of the LOCV equation (9)
for a specific choice of the pair potential UBF(r). We will
be interested in the ground-state and first excited state so-
lutions of the LOCV equation (9) for an attractive contact
potential and we will find that in the limit nB → 0, these
two solutions reduce to the lower (attractive) and upper (re-
pulsive) energy branches of the associated polaron problem,
respectively.

We finally remark that the solution of Eq. (9) with the
associated boundary conditions does not depend on whether
one is dealing with BF or FF mixtures (while the total energy
depends on it). For this reason, the results for f (r) or λ that
we will discuss below can be compared with corresponding
results for FF mixtures, when available.

III. SOLUTION OF THE LOCV EQUATION

The BF mixture under study is assumed to be dilute such
that the range of all interactions is smaller than the aver-
age interparticle distance. This justifies the adoption of an

effective pseudopotential of the point-contact form, which can
be regularized by the introduction of the s-wave scattering
length aBF through appropriate Bethe-Peierls conditions on
the wave function [118]. In two dimensions, the scattering am-
plitude has a logarithmic dependence at low energy [90,91],
thus suggesting the use of the parameter η = − ln(kFaBF) as
the dimensionless strength of the BF interaction [92,119].

For an attractive potential in 2D, a bound state always
exists and the scattering length aBF essentially corresponds
to its radius. The weakly attractive regime corresponds to a
bound-state radius that is much larger than the average dis-
tance of a fermion from a given boson (
k−1

F for mixtures
with nB � nF) and is thus characterized by large and negative
values of η. In the strongly attractive regime, the bound-state
radius is instead much smaller than such a distance and thus
corresponds to large and positive values of η. Here, we adopt
the definition of the scattering length by which the bound-state
binding energy is given by

ε0 = 1

2mr (aBFeγ /2)2
, (11)

with γ 
 0.577 the Euler-Mascheroni constant [119]. An
alternative definition sometimes used in the literature incor-
porates in the scattering length the factor eγ /2 appearing in
Eq. (11).

The aim of this section is to solve Eq. (9) across the
full crossover between these two coupling regimes, which, in
practical terms, is exhausted within the range −2 � η � 2.
In particular, we are interested in the ground-state and first
excited state solutions, also known as the attractive and repul-
sive branches of the associated polaron (nB → 0) problem,
respectively [108]. Along the attractive branch, atoms start
to experience a weak attraction at η � −2, leading to the
formation of a tight molecular state in the limit η � 2. The
corresponding correlation function f (r) can be seen as the
two-body bound-state wave function embedded into a many-
body environment. Along this branch, the total energy of
the system is always lower than that of the noninteracting
mixture [120,121]. Along the repulsive branch, the effective
interaction is instead repulsive and its strength increases as
η spans the opposite range from 2 to −2. The corresponding
correlation function f (r) can be seen as the embedding of the
two-body scattering problem at threshold into a many-body
environment. Along this branch, the total energy of the sys-
tem is always greater than that of the noninteracting mixture
[105,122,123].

For a contact potential, the Schrödinger equation (9) can be
recast into that for a free particle subject to a specific boundary
condition at the origin, namely, the Bethe-Peierls boundary
condition [118]. In two dimensions, it reads (see [124] and
references therein)[

r
d

dr
− 1

ln(r/aBF)

]
f (r) = O(r) (r → 0) (12)

or, equivalently,

f (r) = C ln(r/aBF) + O(r) (r → 0), (13)

where C is a constant. Applying conditions (12) and (10a)
and looking for the lowest positive-energy solution of Eq. (9),
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FIG. 1. Dimensionless healing distance (a) kFd− and (b) kFd+ vs
the coupling strength η = − ln(kFaBF ) for the attractive and repulsive
branches, respectively.

one obtains the correlation function of the repulsive branch
(λ > 0, k ≡ √

2mrλ) [107,117],

f +(r) = ln(kaBFeγ /2)J0(kr) − π
2 Y0(kr)

ln(kaBFeγ /2)J0(kd+) − π
2 Y0(kd+)

, (14)

with J0(x) and Y0(x) the Bessel functions of zeroth order.
In an analogous way, but now looking for the lowest

negative-energy solution of Eq. (9), one obtains the following
expression for the correlation function of the attractive branch
(λ < 0, κ ≡ √−2mrλ):

f −(r) = ln(κaBFeγ /2) I0(κr) + K0(κr)

ln(κaBFeγ /2) I0(κd−) + K0(κd−)
, (15)

with I0(x) and K0(x) the modified Bessel functions of zeroth
order. Note that to obtain Eq. (15), we have replaced k → iκ
in Eq. (14) [107,117] and used the relations J0(ix) = I0(x) and
Y0(ix) = iI0(x) − 2K0(x)/π with x real and positive.

The quantities κ and d−, or k and d+, are then obtained by
simultaneously solving Eqs. (8) and (10b) [with f (r) given by
Eq. (15) or Eq. (14), respectively] for a given choice of the
coupling parameter η [112].

In Fig. 1, the dimensionless healing distances kFd± ver-
sus the coupling parameter η are shown for the attractive
[Fig. 1(a)] and repulsive [Fig. 1(b)] branches. We first notice
that kFd− < 2, while kFd+ > 2 for all coupling strengths.

This can be understood by observing that in the absence of
interaction, the average distance of a fermion from a given
boson rn is given by rn = 1/(πnF)1/2 = 2/kF. The healing
distance d is thus smaller than rn for an attractive interaction
and larger than rn for a repulsive one. Clearly, this uncorre-
lated value is reached in the weak-coupling limits of the two
branches, corresponding to η → −∞ for kFd− and η → +∞
for kFd+. In the strong-coupling limit η → +∞ of the at-
tractive branch, which corresponds to the formation of tightly
bound BF molecules of radius aBF, one has d− ∼ aBF and thus
kFd− → 0. For the attractive branch, the overall behavior of
kFd− as a function of η is then just a monotonic evolution
between these two limits.

For the repulsive branch, instead, kFd+ first increases
as the effective repulsion, proportional to kFaBF = e−η, in-
creases (i.e., when η decreases from η → +∞ to smaller
values), to reach a maximum for η 
 0. When the effective
repulsion increases further, kFd+ starts to decrease, reaching
the uncorrelated value of 2 in the strongly repulsive limit
η → −∞.

We note in this respect that η < 0 corresponds to kFaBF >

1. For a genuine repulsive potential, for which the range r0

of interaction is of the same order (or larger) than aBF, this
means kFr0 > 1. Therefore, the system is outside the univer-
sality regime of the interaction, with the results depending
on the detailed form of the potential and not only on the
scattering length aBF. In addition, when η approaches −∞,
the bound-state energy of the attractive contact interaction ap-
proaches the scattering threshold, making the repulsive branch
increasingly unstable towards decay to the attractive branch.
Therefore, the region η < 0, which we report here for com-
pleteness, should be taken with care. Still, we observe that for
a genuinely repulsive interaction, the limit kFaBF → ∞ is a
high-density limit in which the Pauli pressure dominates over
the BF interaction. The distribution of the fermions should
therefore not be affected by the presence of bosons, and the
correlation distance d+ should recover the uncorrelated value
rn, as indeed observed in Fig. 1.

The corresponding correlation functions f −(r) and f +(r)
are shown in Fig. 2 for representative values of the interaction
strength η. In Fig. 2(a), f −(r) is found to be consistently
larger than the uncorrelated asymptotic value (dotted line) and
highly peaked at short distances, as expected for an attrac-
tive type of interaction. We also report the pair-distribution
function g−(r) [= f −(r)2 apart from constants] in the corre-
sponding inset: we note that the diverging behavior at small
distances is due to the choice of a zero-range interaction and it
is not observed for finite-range interactions [120,125], where
a strong but finite enhancement of pair correlations is found at
short distances.

In Fig. 2(b), f +(r) is consistently smaller than the uncor-
related value (upper dotted line) and displays a node whose
position shifts to larger distances as the repulsion strength
increases (η → 0+). In particular, the node is located at r 

aBF. Therefore, coming from large r, the pair-correlation func-
tion g+(r) = f +(r)2 is progressively suppressed at smaller
r until r 
 aBF (see inset), reflecting the expected behavior
for a repulsive potential [89,122,126]. For r � aBF, however,
one is in the nonuniversal region of the correlation function,
and the underlying attractive nature of the contact interaction
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FIG. 2. (a) Correlation function f −(r) for the attractive branch,
for several interaction strengths ranging from η = −2 (weak attrac-
tion) to η = 2 (strong attraction). Inset: Pair-correlation function
g−(r) = f −(r)2 for η = −2 (solid line) together with its small r
asymptotic behavior ∝ ln2(r/aBF ) (dash-dotted line). (b) Correla-
tion function f +(r) for the repulsive branch, for three interaction
strengths ranging from η = 0 (strong repulsion) to η = 2 (weak re-
pulsion). Inset: Pair-correlation function g+(r) = f +(r)2 for η = 1.

emerges, producing strong attractive correlations at short
distances.

IV. ATTRACTIVE AND REPULSIVE ENERGY BRANCHES

With the solutions of Eq. (9), the energy density (6) now
reads

E±
BF = nFEFG + nBλ±, (16)

where λ− and λ+ represent the interaction energies per BF
pair and are given by

λ− ≡ − κ2

2mr
= 1 + b

2b
A− εF, A− = −2

κ2

k2
F

, (17)

λ+ ≡ k2

2mr
= 1 + b

2b
A+ εF, A+ = 2

k2

k2
F

, (18)

with b ≡ mB/mF the boson-fermion mass ratio.
The dimensionless quantities A− and A+ determine the

contribution of the BF interaction to the energy density (16)
for the attractive and repulsive branches, respectively. Within

the LOCV approximation, A± depends only on the dimension-
less interaction strength η. In the single-impurity limit (nB →
0) and for equal masses, A± corresponds to the energy of the
polaron normalized by the Fermi energy εF. More generally,
once multiplied by the coefficient (1 + b)/2b, A± corresponds
to the contribution of the BF interaction to the boson chemical
potential μB for the two branches (normalized by εF). In the
weak-coupling limits of the attractive (η � −1) and repulsive
(η � 1) branches, the quantities A± are expected to recover the
leading-order perturbative expression of the boson chemical
potential due to the BF interaction, as computed in Ref. [89],

A± = 1

η
+ O(1/η2). (19)

In the strong-coupling limit of the attractive branch
(η � 1), all bosons are expected to bind with fermions into
molecules with binding energy ε0. In this limit, μB 
 −ε0

[77], which implies

A− 
 − 2b

1 + b

ε0

εF
= −8e2η−2γ , (20)

to leading order.
Both quantities A± are shown in Fig. 3 as a function

of η, along with their weak-coupling (19) (dotted lines)
and strong-coupling (20) [dash-dotted line in Fig. 3(a)]
benchmarks. In particular, we have numerically verified that
in the strong-coupling limit, A− approaches (20) with a
subleading correction linearly proportional to η. The 2D
attractive and repulsive polarons have been the subject of
both experimental and theoretical investigations. Specifically,
the attractive branch was experimentally studied in a two-
dimensional Fermi-Fermi mixture by measuring its spectral
function by momentum-resolved photoemission spectroscopy
in Ref. [127]. The repulsive polaron was computed with
fixed-node diffusion Monte Carlo simulations in Ref. [123],
adopting hard- and soft-disk potentials.

In the inset of Fig. 3(a), we compare A− with the exper-
imental data for the polaron energy of the attractive branch
from Ref. [127], showing a very good agreement between the
two quantities.

In the inset of Fig. 3(b), A+ is compared with Monte Carlo
data for the polaron energy of the repulsive branch from
Ref. [123], as well as with the value A+ = 1 at ε0/εF = 2.7
(corresponding to η = 0.034) obtained in [128] within a T -
matrix approximation. Our results for the repulsive polaron
energy agree very well with the QMC results for the repulsive
polaron, including the strongly repulsive region close to η =
0. This result is noteworthy, considering also that the QMC
simulations were performed for a purely repulsive potential,
while our results are for the repulsive branch of an attractive
contact interaction. This agreement, besides validating the
LOCV approximation, corroborates our previous statement
(and the finding of Ref. [123] obtained by comparing different
repulsive potentials) that the region η > 0 can be considered
universal, i.e., independent of the details of the two-body
interaction.

As a final remark on the polaron limit, we wish to empha-
size that the LOCV approximation does not coincide with the
widely used Chevy ansatz [108,129], as can be checked by
comparing the corresponding integral-differential equations.
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FIG. 3. Dimensionless quantities A− and A+ determining the
BF interaction energy as a function of the interaction strength η =
− ln(kFaBF ) for the attractive and repulsive branches, respectively.
Insets: (a) comparison between A− (line) and experimental data
for the attractive polaron energy normalized by εF [127] (squares);
(b) comparison between A+ (line) and QMC results for the po-
laron energy normalized by εF for hard-disk BF repulsive interaction
[123] (squares); the value obtained in [128] within a T -matrix ap-
proximation is also reported (asterisk). Dotted lines in both panels:
weak-coupling approximation (19); dash-dotted line in (a): strong-
coupling approximation (20).

Rather, the LOCV approximation provides a distinct varia-
tional approach based on a real-space two-body Bose-Fermi
correlation function f (r) subject to the healing constraint.
The physical content of the LOCV approximation is the
inclusion of short-range two-body Bose-Fermi correlations
in a nonperturbative way, while neglecting explicit higher-
order correlations such as multiple particle-hole excitations,
irreducible three-body correlations, and correlations among
bosons. The good agreement shown in Fig. 3 with experi-
mental and quantum Monte Carlo results indicates that LOCV
provides a reasonable estimate of the polaron energy in the
considered regimes. However, higher-order correlations may
become important at strong Bose-Fermi coupling and large
boson density. In particular, effects such as the formation of
many-particle clusters, discussed for the Bose polaron limit in
Refs. [130,131], are clearly out of reach of the present LOCV
wave function.

V. MECHANICAL STABILITY

The Bose-Fermi mixture described by the Hamiltonian
(1) is, in general, mechanically unstable. For a weak BF
interaction, perturbative calculations show that the compress-
ibility matrix of a BF mixture in the absence of BB repulsion
is negative definite for both repulsive and attractive BF inter-
actions [89]. Like for 3D dilute BF mixtures [132], for a small
boson concentration, this instability can be interpreted as due
to the attractive nature of indirect BB interactions mediated
by the fermions. To prevent this instability, it is necessary to
include an additional BB interaction term HBB that provides
sufficient repulsion among the bosons and contrasts their in-
direct attraction.

For a dilute weakly interacting Bose gas, the BB interaction
can be modeled as a contact potential,

HBB = 1

2
gBB

∑
i �= j

δ(�ri − �r j ). (21)

In two dimensions, the coupling constant gBB can be
expressed in terms of the gas parameter nBa2

BB as gBB =
(4π/mB)ζ , with ζ ≡ −1/ ln(nBa2

BB). In this way, in the ab-
sence of BF interactions, the expectation value of HBB over
the variational ansatz (2) reproduces the ground-state energy
of a dilute 2D Bose gas to leading order in the dimensionless
BB coupling strength ζ [133].

We notice in this respect that the use of the uncorrelated
form (3) for �B(�r) in the variational wave function (2) as-
sumes a weak BB repulsion (such that BB Jastrow factors
can be ignored). A comparison of the condensate fraction of
a 2D Bose gas computed with quantum Monte Carlo (QMC)
simulations [116] with that obtained by the Bogoliubov weak-
coupling theory [133] shows that the two results start to
disagree as nBa2

BB � 10−2 (whereby the condensate fraction
falls below about 80%) [116]. We can thus take the condition
nBa2

BB � 10−2, corresponding to ζ � 0.2, as an approximate
upper boundary above which the BB repulsion cannot be
considered weak and the use of an uncorrelated �B(�r) is no
longer justified.

After a lengthy calculation [112], the expectation value of
HBB on the Jastrow-Slater wave function (2) acquires the form
[61,134]

EBB = 1

A

〈�|HBB|�〉
〈�|�〉

= 1

2
gBBnB

2

{
1 + 4nF

∫
d2r [ f (r) − 1]2

}
. (22)

Adding the contribution of the direct BB interaction, the
total energy density of the mixture becomes

EBF + EBB = 1

2
εFnF + 1 + b

2b
A εFnB + 1

2
gBBn2

B(1 + 4D),

(23)

where the quantity

D ≡ nF

∫
d2r [ f (r) − 1]2 (24)

can be interpreted approximately as a relative conden-
sate depletion [(nB − n0)/nB] due to the BF interaction
[61,103,135].
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FIG. 4. Relative quantum depletion coefficients (a) D− and (b)
D+ as a function of the interaction strength η = − ln(kFaBF ) for the
attractive and repulsive branches, respectively.

Figure 4 reports this quantity for both the attractive (D−)
and repulsive (D+) branches. For the attractive branch, we find
that the behavior of D− is analogous to its 3D counterpart
in [61] and that it converges asymptotically to 1, showing
no transition to the normal state, as also found in the 3D
system [61].

Differentiating the energy density (23) with respect to nF

and nB, one obtains the chemical potentials of the two species,

μF

εF
= 1 + 1 + b

2b

[
A(η) − 1

2
A′(η)

]
x − 2

b
D′(η) ζ x2, (25)

μB

εF
= 1 + b

2b
A(η) + 1

b

[
1 + 4D(η)

]
(2ζ + ζ 2) x, (26)

where x ≡ nB
nF

is the boson concentration and we have made
explicit the dependence of the two quantities A and D on the
BF coupling strength η. A discussion of the behavior of the
chemical potentials μB and μF is presented in Appendix A.

The mechanical stability of the mixture requires that the
stability matrix (or inverse compressibility)

M =
(

∂μF

∂nF

∂μF

∂nB

∂μB

∂nF

∂μB

∂nB

)
(27)

be positive definite. This corresponds to the conditions

TrM = ∂μF

∂nF
+ ∂μB

∂nB
> 0, (28)

det M = ∂μF

∂nF

∂μB

∂nB
− ∂μF

∂nB

∂μB

∂nF
> 0, (29)

to be satisfied simultaneously [82].
Given that M is symmetric by construction, condition (29)

implies that its diagonal elements must have the same sign.
On the other hand, the quantity ∂μF/∂nF is always positive
due to Fermi pressure, so, once condition (29) is satisfied, it
follows that ∂μB/∂nB is guaranteed to be positive and condi-
tion (28) is automatically satisfied. Therefore, condition (29)
alone determines in practice the stability of the mixture.

It is interesting to notice that in the polaron limit
nB → 0, with simple manipulations, one can write det M =
(∂εF/∂nF)Fμ. Here, Fμ is the polaron-polaron mediated in-
teraction at constant medium chemical potential discussed in
recent works [136,137]. We thus see that in this limit, the
stability of the mixture is equivalent to the requirement that
the polaron-polaron mediated interaction at constant medium
chemical potential be repulsive. We further notice that the
factor 4D appearing in Eq. (23) produces an enhancement of
the boson-boson repulsion, in line with the medium enhanced
polaron-polaron repulsion Fn at constant medium density,
pointed out in [136,137].

Returning to the stability condition (29), one obtains, for
the determinant of the stability matrix within the LOCV ap-
proximation,

det M =
(

εF

nF

)2

[c0 + c1ζ + c2ζ
2 + c3ζ

3 + c4ζ
4], (30)

with coefficients

c0 = −
(

1 + b

2b

)2

A2
1, (31)

c1 = 2

b

[
D0 + 1 + b

2b
(4D′A1 − A2D0)x

]
, (32)

c2 = 1

b

[
3D0 + 1 + b

2b
(4D′A1 − 3A2D0)x

+ 4

b
(D2D0 − 4D′2)x2

]
, (33)

c3 = 2

b

[
D0 − 1 + b

2b
A2D0x + 1

b
(3D2D0 − 8D′)x2

]
, (34)

c4 =
(

2

b

)2

(D2D0 − D′2)x2, (35)

having defined A1 ≡ A − 1
2 A′, A2 ≡ 1

2 A′ − 1
4 A′′, D0 ≡ 1 +

4D, and D2 ≡ D′ + 1
2 D′′.

It is worth noting that the coefficient c0 is always negative,
thus showing that a nonzero BB repulsion is required for sta-
bility. For a fixed BF coupling η, the solution of the equation
det M = 0 provides the critical BB coupling ζc below which
mechanical stability is lost.

In Fig. 5(a), this critical curve is reported for the attractive
branch, at different boson concentration x for mB = mF. In
the weak-coupling regime, this curve recovers the perturbative
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FIG. 5. Critical value of the BB repulsion strength ζc as a func-
tion of the BF interaction strength η = − ln(kFaBF ) for mB = mF and
different values of the boson concentration x for the (a) attractive and
(b) repulsive branches. The system is stable for ζ > ζc.

result [89] (dotted line),

ζc 
 1

2η2
. (36)

Moving towards intermediate values of the BF coupling
strength η, the BB interaction required for stability steadily
increases. At small boson concentration, this increase can
be interpreted as to compensate for the increasing indirect
attraction among the bosons.

Beyond intermediate couplings (η � 0), the critical BB
coupling strength ζc first decreases, and then increases again
with η for even larger values (η � 1). The initial decrease of
ζc is similar to what is observed in 3D with the LOCV ap-
proximation [61] and by diagrammatic methods [78]. This is
the expected physical behavior since the original BF mixture
progressively becomes a Fermi-Fermi mixture of fermionic
BF molecules and unpaired fermions, with a stabilizing effect
of Fermi pressure. The subsequent increase of ζc at large
η is observed only in 2D. We attribute it to a shortcom-
ing of the present approach. It has been observed already
in 3D that the Jastrow-Slater wave function (2) becomes
progressively less reliable in the strong-coupling limit when
fermionic BF molecules form. In this regime, correlations
between BF molecules and unpaired fermions or among
molecules become important. These direct three-body and

four-body correlations are missed by the JS wave function (2),
which directly describes only two-body BF correlations (with
three-body correlations arising only indirectly). In 3D, this
shortcoming leads to a critical repulsion ζc that progressively
decreases but never vanishes at large η, contrary to what is
expected on physical grounds for the fermionic weakly inter-
acting FF mixture that is effectively obtained in this limit. In
2D, its consequences are even more drastic and lead to a ζc

that increases indefinitely at large η. On these grounds, for
the attractive branch, the regime of validity of our results for
ζc is effectively limited to η � 1–2, after which the large η

growth of ζc sets in. This growth is, however, just an artifact
of the LOCV approximation, and ζc is expected to continue to
decrease at large η. Therefore, we can safely conclude from
Fig. 5(a) that for mB = mF, a BB repulsion ζ as small as ∼0.2
is sufficient to stabilize attractive BF mixtures with x � 1 for
all values of the BF interaction η.

Concerning the nature of the instability occurring below ζc,
we have numerically verified that for the attractive branch, the
signs of the off-diagonal matrix elements are always negative.
We thus conclude that the unstable eigenmode of the stability
matrix corresponds to in-phase density fluctuations of the two
components, leading to collapse [82] (which could possibly
be arrested by droplets formation [79,138,139]).

For the repulsive branch, instead, we present in Fig. 5(b)
the critical BB repulsion ζc for η > 0 since, as previously
argued, only above this coupling can the results for the repul-
sive branch be considered universal. In addition, in our case
in which a repulsive potential is mimicked by the repulsive
branch of an attractive contact potential, the instability to-
wards decay into the attractive branch becomes increasingly
important when η becomes large and negative, as pointed
out above. Therefore, it would be meaningless to discuss the
mechanical stability of the repulsive branch in a regime in
which, for an attractive contact potential, this branch would
be dynamically unstable towards decay into the attractive one.

We observe in Fig. 5(b) that the amount of BB repulsion
needed for stability increases with increasing BF repulsion
(η → 0+). When the regime of strong repulsion η < 1 is en-
tered, a marked dependence of ζc on the concentration sets in,
while in the weakly repulsive regime (η → +∞), the critical
BB repulsion ζc becomes independent of the concentration,
consistently with the perturbative result (36) (dotted line) [89].

Concerning the nature of the mechanical instability, for the
repulsive branch we have numerically verified that the signs
of the off-diagonal matrix elements are always positive. The
unstable mode of the stability matrix is thus out of phase,
indicating an instability towards phase separation [82].

Finally, we wish to discuss the dependence of ζc on the
mass ratio mB/mF. Given the weak dependence of ζc on the
concentration x for both branches in the respective physical
regions (η � 2 for the attractive branch and η � 1 for the
repulsive one), in Fig. 6 we focus on the case of equal densities
nB = nF and present ζc as a function of the mass ratio mB/mF

for different coupling strengths for both branches. We see that
the mixtures with equal masses are the most stable ones. This
result can be understood by neglecting in Eq. (30) all terms
of order higher than one in ζ (since ζ is a small number
in the relevant coupling region) and setting x = 0 (since the
results depends only weakly on x). In this way, one obtains
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FIG. 6. Critical BB coupling ζc as a function of the mass ratio
mB/mF for nB = nF and different values of the BF coupling strength η

for the (a) attractive and (b) repulsive branches. The system is stable
for ζ > ζc.

the approximation

ζc 
 (1 + b)2

8b

[
A(η) − 1

2 A′(η)
]2

1 + 4D(η)
, (37)

which shows that the minimum value of ζc is obtained for
b = 1, independently of the coupling strength η. A similar
equation in the limit x → 0 was obtained in 3D in [61].

VI. CONCLUSIONS

In this work, we have investigated the mechanical stabil-
ity of two-dimensional homogeneous Bose-Fermi mixtures at
zero temperature in the presence of a tunable BF interaction
and a weak BB repulsion. We have modeled the tunable BF
interaction with a properly regularized attractive contact po-
tential. The use of the lowest-order constrained variational
approach allows the investigation of both attractive and re-
pulsive BF mixtures by selecting the so-called attractive and
repulsive branches when solving the LOCV equations for
the underlying attractive contact interaction. In the single-
impurity limit (nB → 0), the results for the polaron energy
compare well with experimental data [127] for attractive BF
mixtures and quantum Monte Carlo data for repulsive BF mix-
tures [89]. At finite bosonic densities, we have successfully

benchmarked our results with perturbative calculations [89]
(in the regimes where perturbation theory is valid).

By analyzing the inverse compressibility matrix, we have
determined the critical BB repulsion required for stability as
a function of the tunable BF interaction for different density
and mass ratios. For equal masses, we have found that a BB
repulsion ζ 
 0.2 (corresponding to nBa2

BB 
 10−2) is suffi-
cient to provide stability of attractive BF mixtures from weak
to strong values of the BF interaction strength η.

Finally, we have found that for both attractive and repulsive
mixtures, the critical BB repulsion ζc for stability increases
when the mass ratio mB/mF is varied from one.

Our results provide a quantitative stability criterion for
experimentally realizable two-dimensional Bose-Fermi mix-
tures with tunable interactions, and identify the parameter
window where homogeneous mixtures can be realized without
collapse or demixing. These findings are relevant for ongoing
experiments in quasi-two-dimensional geometries and may
serve as a guide for the exploration of mediated interactions,
polaron physics at finite-impurity concentration, and possible
collective or pairing phenomena in mixed quantum gases.

As a perspective, it would be interesting to improve
the present approach in the molecular regime in which the
inclusion of three- and four-body correlations becomes in-
creasingly important. This could be done, in principle, by
extending the JS single-determinant wave function with a
Pfaffian wave function [66,140,141], whereby the correct
nodal structure stemming from the simultaneous presence of
single-particle and pairing states can be accommodated.
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APPENDIX A: CHEMICAL POTENTIALS
AND MOLECULAR LIMIT

In this appendix, we analyze the behavior of the fermionic
and bosonic chemical potentials μF and μB obtained in Sec.
V and given by Eqs. (25) and (26), respectively. These two
quantities are shown in Fig. 7 for both the attractive [Figs. 7(a)
and 7(b)] and repulsive [Figs. 7(c) and 7(d)] branches and for
a representative BB repulsion strength ζ = 0.1. For the chem-
ical potential μB, we subtract the leading contribution −ε0

of the molecular binding energy, thus removing its diverging
behavior in the strong-coupling limit.

We start by considering the attractive branch. In the single-
impurity limit (x = 0), we see that μF recovers the Fermi
energy of a noninteracting gas, whereas μB represents the
binding energy of the polaron, A−εF. At finite concentration
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FIG. 7. (a) Fermionic chemical potential μF and (b) shifted bosonic chemical potential (μB + ε0 ) (normalized by εF) for the attractive
branch as a function of the coupling strength η for several concentrations x. (c) Fermionic chemical potential μF and (d) bosonic chemical
potential μB (normalized by εF) for the repulsive branch as a function of the coupling strength η for several concentrations x. In all panels, we
have used mB = mF and ζ = 0.1.

x and in the weak-coupling regime of η, our results recover
the perturbative expressions

μF

εF
= 1 + x

η
, (A1)

μB

εF
= 2 x ζ + 1

η
, (A2)

valid to leading order in the small parameters 1/η and ζ

[89]. The asymptotic expressions (A1) and (A2) (with ε0/εF

negligible in their regime of validity) are reported for x = 1 as
black solid lines in Figs. 7(a) and 7(b).

As the interaction η increases, we see that both μF and
μB + ε0 monotonically decrease, tending towards large neg-
ative values. We recall however that as already mentioned
above, at large values of η, the present approach is no longer
valid for the attractive branch.

For the repulsive branch, we observe in Figs. 7(c) and
7(d) a monotonic increase of both chemical potentials as the
intensity of the repulsion is increased, as expected on physical

grounds. In the weak-coupling region 1/η → 0+, our results
recover the perturbative benchmarks (A1) and (A2) (black
solid lines).

APPENDIX B: AUXILIARY CONDITIONS
TO THE LOCV EQUATION

In this appendix, we provide the equations obtained by
implementing the conditions (8) and (10b) in Eqs. (15) and
(14) for the correlation function f (r) in the attractive and
repulsive regimes, respectively. Condition (10b) provides the
relation between the quantity kd (or κd) and the scattering
length aBF and involves modified Bessel functions of order
one for the attractive branch,

ln(κaBFeγ /2) I1(κd ) = K1(κd ), (B1)

and Bessel functions of order one for the repulsive branch,

ln(kaBFeγ /2) J1(kd ) = π

2
Y1(kd ). (B2)

Upon analytical integration [143], the condition (8) reads

(κd )2[I0(κd )2 − I1(κd )2]

[
ln

(
κaBFeγ

2

)]2

+
√

π

2
G3,1

2,4

(
1, 3

2
1, 1, 1, 0

∣∣∣∣(κd )2

)
+ 1√

π
ln

(
κaBFeγ

2

)
G2,1

1,3

(
3
2

1, 1, 0

∣∣∣∣(κd )2

)

=
(

2κ

kF

)2[
K0(κd ) + ln

(
κaBFeγ

2

)
I0(κd )

]2

, (B3)
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(kd )2[J0(kd )2 + J1(kd )2]

{
π2

4
+

[
ln

(
kaBFeγ

2

)]2}
+ √

π ln

(
kaBFeγ

2

)
G2,0

1,3

[
3
2

1, 1, 0

∣∣∣∣(kd )2

]

+ π
3
2

2
G3,1

3,5

[
1, 3

2 , 3
2

1, 1, 1, 0, 3
2

∣∣∣∣(kd )2

]
=

(
2k

kF

)2[
π

2
Y0(kd ) − ln

(
kaBFeγ

2

)
J0(kd )

]2

, (B4)

for the attractive and repulsive branches, respectively, where the Meijer G-function [144] is used.
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