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Latent splitting as a causal probe
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Generalizations of Bell’s framework to causal networks have yielded foundational insights and applications,
including the use of interventions to enhance the detection of nonclassicality in scenarios with communication.
Such interventions, however, become uninformative when all observable variables are space-like separated.
To address this limitation, we introduce the latent splitting procedure, a generalization of interventions to
quantum networks in which controlled manipulations are applied to latent quantum systems. We show that latent
splitting enables the detection of nonclassicality by combining observational and interventional data even when
conventional interventions fail. Focusing on the triangle network, we derive analytical witnesses that robustly
certify nonclassicality, including nonlinear inequalities for minimal binary-variable scenarios and extensions of

the nonclassical region of previously proposed experiments.
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I. INTRODUCTION

The central aim of science is to uncover relationships
between natural phenomena by formulating hypotheses that
explain the often hidden causal mechanisms underlying ob-
servable events. In this context, Bell’s theorem [1] revealed
a fundamental incompatibility between the predictions of
quantum mechanics and any classical theory based on local
hidden variables. Owing to its minimal set of assumptions,
the Bell framework provides particularly strong guarantees for
information-processing tasks, including device-independent
randomness certification [2], quantum key distribution (QKD)
[3-5], and other cryptographic protocols [6,7], as well as
communication-complexity problems [8,9]. Beyond these
applications, the violation of Bell inequalities remains a cor-
nerstone of the foundations of quantum theory [10].

It is therefore natural that considerable effort has been
devoted to extending and generalizing the standard Bell
scenario [11]. From a practical perspective, rapid experi-
mental progress motivates the development of theoretical
frameworks capable of supporting increasingly complex
quantum technologies [12—15]. These include large-scale
quantum communication networks [16-20], architectures
for distributed quantum computing [21,22], quantum clock
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synchronization protocols [23], and related applications. From
a foundational viewpoint, exploring network scenarios beyond
Bell has revealed novel features: the indispensability of com-
plex numbers in quantum theory [24], forms of nonclassicality
that do not rely on measurement choices [25-30], refined
notions of multipartite nonlocality [31,32], and new avenues
for the self-testing of physical theories [33].

Despite this progress, most existing results focus exclu-
sively on observational data generated by a quantum network,
namely, on correlations between measurement outcomes at
different nodes. While such correlations can demonstrate the
incompatibility of quantum predictions with classical causal
explanations, they neglect a central concept from causal in-
ference: interventions [34,35]. An intervention consists of
actively setting a variable to a chosen value, thereby sever-
ing its causal dependence on other variables in the network.
The additional information obtained through such controlled
manipulations can substantially strengthen causal tests and
reveal nonclassical features in scenarios that would otherwise
admit a classical explanation based solely on observational
data [36-39].

While interventions on observed variables play a central
role in classical causal modeling, a fundamental distinction
between classical and quantum descriptions of latent variables
leads to markedly different possibilities in quantum networks.
In classical causal models, latent variables represent uncon-
trolled or unobserved external factors and are, by definition,
inaccessible to experimental manipulation. In quantum causal
models, by contrast, latent nodes correspond to intrinsically
nonclassical degrees of freedom, typically quantum systems,
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that mediate correlations between observed variables. Cru-
cially, unlike their classical counterparts, such quantum latent
systems can be prepared, transformed, and controlled using
well-established experimental techniques [40,41].

Motivated by this observation, we introduce the notion of
latent splitting, defined as a type of intervention applied not to
observable nodes but to an edge of a latent node in a quantum
causal network. We develop a general framework for such
interventions and demonstrate that they provide a powerful
tool for causal modeling, capable of revealing causal and
operational features of a scenario that remain inaccessible to
standard Pearl interventions. To illustrate the strength of this
approach, we analyze several aspects of the triangle scenario,
the simplest nontrivial causal structure where latent splitting
becomes meaningful and where traditional interventions are
inherently uninformative.

The paper is organized as follows. In Sec. II, we review
the essential background on causal modeling with directed
acyclic graphs, the triangle network scenario, and the stan-
dard Pearl-like interventions. Section III presents our main
contribution: the framework of latent splitting. In Sec. 1V,
we first demonstrate how the proposed framework encom-
passes standard Pearl-like interventions. We then apply it to
the triangle network and present two main results. First, by
combining latent splitting with the inflation technique [42],
we extend the range of nonclassicality of the RGB4 family
of probability distributions [26], demonstrate robustness to
small amounts of noise, and derive polynomial inequalities
capable of witnessing this behavior. Second, we show that
latent splitting enables the certification of nonclassicality in
the minimal triangle scenario, in which all observable vari-
ables are binary, by explicitly constructing a nonlinear Bell
inequality. This resolves an open question in the literature
[43,44] and, furthermore, we show this inequality can only
be violated if we consider interventional data. Finally, Sec. V
concludes and outlines future research directions.

II. PRELIMINARIES

This section introduces the basic concepts of causal model-
ing [34], the triangle scenario [25], and interventions. We also
establish the notation used throughout the manuscript.

A. Causal modeling

The derivation of a Bell inequality can be viewed as a spe-
cific instance of a more general problem in causal inference:
determining whether an observed behavior is compatible with
a given causal structure. This task is known as causal compat-
ibility. In the context of quantum networks, causal modeling
[34] provides a natural framework to represent such scenarios
as directed acyclic graphs (DAGs). In this representation,
measurement settings and outcomes are treated as observable
classical variables, while the sources are modeled as latent
variables. The central question is whether the correlations
generated within a given network configuration—namely, the
probability distributions of outputs conditioned on inputs—
can be reproduced by the corresponding classical causal
model.
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FIG. 1. DAGs describing Bell and triangle scenarios. Roman
letters denote observed variables, while Greek letters denote latent
variables. (a) In a bipartite Bell scenario, a latent variable A influ-
ences the outcomes of two parties, with inputs X,Y and outputs
A, B. Notice that the inputs are just a particular instance of observed
variables. (b) In the triangle scenario, three independent sources,
given by latent variables «, §, y, influence the observed variables
A,B,C.

Formally, a DAG is a graph G = (V, E) defined by a finite
set of nodes (or vertices) V and a set of directed edges £ €
V x V, where each edge is an ordered pair (v, v;). In causal
modeling, each node v € V represents a random variable. We
distinguish between observable variables (Vp), denoted by
Latin letters (e.g., A, B), and latent variables (V,), denoted
by Greek letters (e.g., o, B). Directed edges encode direct
causal relations: an edge A — B indicates that A is a direct
cause of B. The acyclic property ensures that no variable is a
cause of itself. An illustrative example of a DAG is shown in
Fig. 1. While disconnected nodes do not directly influence one
another, they may nonetheless be correlated through common
causes.

Consider a graph G with observable variables A, ..., A, €
Vo and latent variables Ay, ..., A, € V.. The graph G en-
codes the causal structure of the network through the notion
of parenthood. For any node X € V, we define its set of di-
rect causes, or causal parents,asPa(X) :={Y eV | Y — X}.
Conversely, the set of direct effects, or causal children, is
definedas Ch(X) :={Y eV | X —> Y}.

A classical causal model associated with G consists of
a collection of conditional probability distributions (causal
parameters) p(X | Pa(X)) for each node X € V. Whenever
Pa(X) = @, the corresponding distribution reduces to p(X).
Throughout this work, we assume that Pa(A ;) = @, i.e., latent
variables have no causal parents. A probability distribution
P(ay, ..., a,) over the observable variables is said to be clas-
sical with respect to G if there exists a set of causal parameters
such that it admits the decomposition

Pa,...,a) = Y [[p0 [ ] pajiPata;)). (1)

Mok i=1 j=1

If the sources instead distribute quantum systems, the
latent variables Ay, ..., A, are represented by normalized
density matrices pp,, ..., pa,- 1o each observable variable
Ay, ..., A, we associate a positive operator-valued measure
(POVM), described by operators E, p,0,,), Where Pa®(A;) :=
{YeVo|Y — A;} denotes the observable parents of A;.
The Hilbert space of each source p,, is labeled by the set
of its children variables, Ch(py,) :={Y € V| A; = Y}, and
each operator E, p,0(, ) acts nontrivially on the Hilbert space
associated with party A;.
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A probability distribution Py(ay, ..., a,) is said to admit a
quantum causal model if it can be written as

Po(ar.....an) = Tl @ pn, Q Eqpiciay |- @
i=1 j=1

where the operators satisfy Zai E, jpa@,) =1 and
Tr(pa,) = 1.

B. The triangle scenario

A key insight emerging from generalizations of Bell’s
theorem to causal networks is that quantum nonclassicality
can arise solely from the network structure of indepen-
dent sources. In particular, quantum nonclassicality can be
demonstrated even in the absence of measurement inputs
[25,43,45], meaning that all observers perform a single, fixed
measurement—an outcome in stark contrast with the stan-
dard Bell scenario. Prominent examples of such input-free
nonclassicality have been identified in the triangle network
[26,43,46,47], depicted in Fig. 1(b).

The triangle network has attracted considerable recent in-
terest, serving as a testbed for different forms of entanglement
[48] and nonlocality [26], as well as for demonstrating the
power of the inflation technique [49,50]. It consists of three
parties—Alice, Bob, and Charlie—and three independent bi-
partite sources «, B, and y, arranged such that each pair of
parties shares exactly one source.

The set of probability distributions that are classically com-
patible with the triangle network is given by

P(a,b,c)="Y_ p(e)p(B)p(y)p(alB, y)p(ble, y)p(cla, B),

a.B.y
3

where p(«), p(B), and p(y) denote the probability distri-
butions associated with the three sources, and p(a|B, y),
p(bla, y), and p(c|a, B) are the local response functions of
Alice, Bob, and Charlie, respectively.

In the quantum case, the set of compatible probability
distributions in the triangle scenario is given by the Born rule,

Po(a,b,c) =Tr(E, @ E» @ E.(py ® pp ® po)),  (4)

where p,, pg, and p, represent the quantum states distributed
by the sources y, B, and «, respectively, and E,, Ep, and
E. are POVM elements satisfying E; > 0 and Zi E; =1 for
i € {a, b, c}. The characterization of quantum correlations in
this scenario is particularly challenging, largely due to the
assumption of source independence.

C. Interventions

Interventions are a central tool in the causal inference
framework, serving as a key mechanism for understanding the
causal relationship between variables [34]. In the context of
causal inference, an intervention is any action taken by the
experimenter to change a variable systematically, such that it
is possible to observe the effects associated with some of its
outcomes, eliminating any bias from its natural confounding
causes. In the following, we will see different approaches for

studying interventions and we start by considering Pearl-like
interventions.

Statistics under a Pearl-like intervention are formally de-
scribed by do-probabilities. A do-probability quantifies the
likelihood of an event after an external intervention modifies
the system. This intervention is modeled by excising the vari-
able’s natural causal mechanism from the model and replacing
it with a specific, fixed value. These operations, often termed
Pearl-like interventions, apply exclusively to the observed
variables within the network. As such, they can be considered
node interventions.

One of the primary examples that showcase the importance
of Pearl-like interventions in modern science are medical
trials [51,52]. Medical trials are designed to certify causal-
ity between treatment, usually implemented by a drug, and
the patient’s recovery. In this setup, we can consider binary
random variables A, B, where A corresponds to administering
a drug or not, if a =0 or a = 1, respectively, and B simi-
larly corresponds to the outcome of the patient, for example,
whether the patient recovers from the illness. In this context,
the probability P(a, b) represents the joint probability of the
treatment being administered and the recovery occurring, and
it is well known that a correlation between treatment and
recovery is not enough to infer a cause-and-effect relationship
between them. If we observe a correlation, that is, P(a, b) #
P(a)P(b), the most general causal model explaining such
correlations might involve direct influences and confounding
factors, denoted by A, which for a variety of reasons might not
be directly observed. These reasons can include age, genet-
ics, preexisting medical conditions, and others. Formally, this
means that the conditional observational distribution P(a, b)
can be decomposed as

P(a,b) =Y p()palM)p(blr, a). ®)
A

To ensure that any differences in recovery between the two
groups can be attributed to treatment rather than confounding
factors, participants are randomly assigned to the treatment
group (in which they are forced to receive treatment) or to
the control group (in which they receive a placebo). This
experiment implements an intervention where we can repre-
sent the probability of recovery (B) given that the treatment
(A) was administered as P(b|do(a)), where the “do(a)” no-
tation indicates that the treatment was actively applied, as
opposed to simply observing the treatment happen naturally.
The do-conditional P(b|do(a)) isolates the causal impact of
the treatment on the recovery by eliminating confounding
factors, i.e., it can be written as

P(bldo(a)) =Y p(Mp(bl1, a), (6)
A

essentially erasing the influence of p(a|A) from the model. In
the classical regime, confounding factors play the role of the
variables that are inaccessible to the experimenter, and thus,
to leverage interventional data there must be a direct causal
influence between the observed variables in the experiment.

Moreover, in the context of quantum networks, i.e., when
latent variables are described by a density operator, one can
analogously define Pearl-like interventions:
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Definition I (Pearl intervention). Consider a network of n
parties, Ay, ..., A,, with m independent sources, Ay, ..., Ay,
where each source distributes states p;. A Pearl interven-
tion is defined relative to one of the n parties of the
network. Therefore, given a party A; € Vp, a Pearl interven-
tion performed on A; is represented by the do-conditional

play, ...,a;-1,a;41, - .., ay|do(a;)), given by

Py, ... |doGa) = Tr| Q) oi| | @) Eajireciay | ©1 ] |-
i j#l

where p(ay, ...|do(a;)) takes statistics over all nodes A; €
Vo/{A;}. The definition essentially replaces the operator
E, () by an identity 1, and leaves the remaining objects
unchanged.

Notably, Pearl-like interventions have recently been shown
to be a powerful tool in detecting nonclassicality in scenar-
ios with communication where the measurement outcomes
of one party may influence the choice of measurement ba-
sis of another [36,53,54]. In such cases, we may define an
alternative experiment in which we force the choice of the
measurement basis of the party that was originally influenced
by the outcome of the other and, from this setup, estimate the
do-conditional probability. This extra data set allows us to cer-
tify quantum nonclassicality in a new data regime, which may
show significant advantages such as better threshold detection
efficiencies [55] and noise robustness [38].

However, in scenarios like the triangle network, where
there are no direct causal influences between the observed
nodes, Pearl-like interventions would not give us any new
information other than the observational distribution. To see
this, one can consider the graph shown in Fig. 1(b) and fix the
variable A, where the resulting do-probability is

P (D, c|do(a)) := Zp(a)p(bla)p(CIot) =Pb.c), (8

where P(b, c) is just the marginal of the observational distri-
bution written in Eq. (3). Then, a natural question becomes
how to include interventions in scenarios where all variables
are space-like separated.

In the next section, we propose a generalization of
Pearl-like interventions for quantum networks answering this
question. We consider some examples in the triangle network
and show that this generalization allows for a stronger certifi-
cation of nonclassicality.

III. LATENT SPLITTING

In this section we propose a framework for interventions
called a latent splitting, which can be understood as a natural
generalization of a Pearl-like intervention. Notably, we will
show in the following sections that we can always estimate all
do-conditionals available in a network by performing latent
splitting; however, the converse is not true: there are cases
where latent splitting reveals information that Pearl interven-
tions cannot.

A key distinction between classical and quantum causal
models lies in the nature of their latent variables. In the
classical regime, latent variables are typically defined as

inaccessible properties used to explain observed correlations.
Causal inference is then concerned with interventions on the
observables in the presence of these unobserved confounders.
In quantum networks, however, latent variables represent the
quantum state p, a physical property. While not directly
measured, this state is experimentally controllable. The key
difference, therefore, is the possibility of performing interven-
tions directly on the latent source itself (e.g., by manipulating
the preparation of p), which expands the class of possible in-
terventions beyond those considered on the observables alone.

A simple example is to consider a source producing two
photons [for example, through spontaneous parametric down-
conversion (SPDC)]: one distributed to Alice and the other to
Bob. In this setup, the state of the photons may be, in principle,
unknown to both Alice and Bob. Although the state may be
unknown, Alice has a certain control on the states sent by the
source: for example, she can still block the path of her photon
and replace it by preparing any other state of her knowledge.
This is an example of what we call latent splitting: it is the
action in which a party discards its shares of certain incoming
quantum states and replaces them with new locally prepared
states of its own. In the following sections, we show that latent
splitting can be understood as a generalization of Pearl-like
interventions.

Here, we will consider two-layer networks composed of n
parties, Ay, ..., A,, and m independent sources, Ay, ..., Ay,
where each source distributes states pu,, or simply p;. And, for
our purposes, we will consider the case where Alice simply
reprepares the source of the experiment locally.

Definition 2 (Latent splitting). The latent splitting proce-
dure is defined relative to an edge of one of the m sources of
the network. Therefore, given an edge of the network, which
connects the source Ay € Vi to aparty A; € Vp, latent splitting
is the action of discarding the share of A that goes to A; and
repreparing an independent share py; := Try,\(4,)(0k). As a
result, the global state of the original network pobs := Q); i

is changed to a new state ,oi(rlft’l) given by

pin = (Prs ® Tra (00) @ [ @) o1 |- )
ik

By collecting the corresponding statistics of this new experi-
ment we will have

P&Day, . an) = Tr| " Q) Eajpagtay |- (10)
j

This formalizes the procedure of latent splitting performed
on an edge of a latent variable in the quantum network. This
concept naturally extends to scenarios where multiple parties
may simultaneously perform multiple latent splittings on their
respective subsystems by consecutively applying this defini-
tion for each latent splitting procedure.

While it is operationally possible for a party to replace their
discarded share with any arbitrary quantum state, we restrict
our definition of latent splitting to the repreparation of the
partial trace Qi ;. This restriction ensures that the marginal
distributions of the unintervened systems remain identical to
the observational scenario. This allows our framework to be
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FIG. 2. Illustration of a latent splitting. (a) The original causal
structure, where party A, is influenced by several sources. The link
from source Ay to A; is highlighted in red. (b) The effective causal
structure after the intervention, where party A; has replaced its in-
coming state from source Ay, effectively severing that causal link.

related to special instances of the inflation as described below.
It also ensures that any detected nonclassicality stems gen-
uinely from the original network’s causal structure rather than
from the injection of new quantum resources. Furthermore, as
shown in Appendix A, this specific choice is mathematically
necessary to recover standard Pearl-like interventions.
Notably, we can understand latent splitting defined above
graphically. When performing latent splitting, for each inter-
vention, we select an edge of the source A in the original
DAG. Latent splitting can be understood as the action that
erases this edge from the original causal structure and sub-
stitutes it by another latent node, denoted p; with the
same outcoming structure, see Fig. 2. This is represented in
the definition by the independent preparation py; @ Tra, (ox)
and can be composed sequentially, i.e., we can consider

A natural consequence of our definition is that given a
causal structure, one can define alternative causal structures
after splitting that mirrors certain aspects of the original
network. In the context of causal inference and network non-
locality, these alternative experiments can be understood as
a particular instance of the inflation technique, a subclass of
scenarios denominated nonfanout inflations. Nonfanout in-
flations are a class of inflations that are accessible for any
general probabilistic theory (GPT), which consists of causal
structures composed of independent copies of the variables
in the original DAG. The latent splitting procedure estab-
lishes that some nonfanout inflations will be experimentally

accessible by performing this type of intervention. Namely,
the nonfanout inflations that are available via latent splitting
are the ones that may have many copies of the sources rewired
in the network but only one copy of each observable variable
of the original causal structure.

As will be shown in Theorem 1, the standard notion of
a Pearl-like (node) intervention can be recovered by suit-
ably combining different latent splittings. In this sense, latent
splitting generalizes node interventions. Another important
distinction arises when comparing latent splittings with mea-
surement inputs. In the case of measurement inputs, the
intervention corresponds to modifying the POVM operators
Eq;\Pag(a;) as a function of the inputs Pap(a;) in Eq. (10). That
is, the input state remains fixed, while the measurement device
is changed. By contrast, latent splitting acts in the opposite
way: the measurement device, and hence the POVM operators
describing it, are kept fixed, whereas a portion of the input
state is modified—specifically, the component associated with
the edge on which the latent splitting is performed.

IV. RESULTS

In this section, we present the core results of our frame-
work. We begin by establishing a general equivalence in the
context of causal inference: Theorem 1 demonstrates that
any Pearl-like intervention can be perfectly recovered by a
suitable composition of latent splittings. We then show that
while standard interventions are uninformative in space-like
separated scenarios like the triangle network, latent splitting
provides the necessary leverage to derive analytical wit-
nesses for nonclassicality. To demonstrate this power, we
integrate our framework with the inflation technique [42]
to certify nonclassicality in two paradigmatic cases: the
RGB4 distribution—where we provide robust noise-tolerance
bounds—and a binary coarse-grained version of the Fritz-like
protocol, which remains classically reproducible without the
use of latent splittings.

A. Pearl interventions from latent splitting

Our first result shows that latent splitting can always esti-
mate Pearl interventions. Operationally, a Pearl intervention
on A; is implemented by removing the mechanism that gener-
ates the outcomes of A; and replacing it with a mechanism that
forces the variable A; to take some value a;, while keeping all
the other causal influences intact. In the following, we show
that latent splitting can reproduce this effect and, to show this,
we prove that one can always estimate do-conditionals from
data originated from latent splittings. We state this result in
the following theorem.

Theorem 1. Let us consider a two-layered network, with
sources Ay, ..., Ay, each distributing a system p;, and par-
ties Ay, ..., A,, performing measurements EajlpaO(aj). Then,
any do-conditionals on this network, representing a Pearl-like
intervention, can always be inferred by data from a collection
of latent splittings and the observational distribution.

We leave the proof of Theorem 1 to Appendix A, and here
we give the main ideas of the proof.

Sketch of proof. First, we show that composing all latent
splittings that an arbitrary party A; can perform on the sources

062415-5



ZAMORA, LAUAND, VEEREN, PODERINI, AND CHAVES

PHYSICAL REVIEW A 113, 062415 (2026)

to which it is connected produces a state pj,; given by
Pint = Tra, (Pobs) ® Lo (11)

where pggs is simply the portion of pys that is distributed to
A;. Then, the statistics of this intervention yields

Pu(ar, ..., ay) = P(ay, ... |do(a)P(a|do(Pa®(a))). (12)

If Pa®(4;) = @, then P(a;|do(Pa®(a;)) = P(a;), and we are
done. However, if Pa®(A;) # @, then we must apply this
procedure inductively. That is, since the causal structure
is acyclic, there must be at least one variable A such
that Pa®(A;-) = ¢, then we can estimate its do-conditional
P(ay, ...|do(a;+)) and use this do-conditional to estimate the
other interventions for variables which are children of Aj-.
By doing this procedure, we cover all observable variables in
the network with finitely many steps and, thus, estimate all
Pearl-like interventions. |

Theorem 1 shows that all possible do-conditionals that one
could consider given a generic network can be expressed as a
classical postprocessing of pops and a collection of pj,, from
different latent splittings. Therefore, we can consider latent
splitting as a procedure that subsumes the typical notion of
interventions over observed variables. In the next sections,
we will show how one can leverage latent splitting in the
triangle network, where Pearl-like interventions are trivial,
and in Appendix B, we show particular cases where both kinds
of interventions coincide.

B. Quantum nonclassicality with latent splitting

Early demonstrations of nonlocality in networks often
relied on standard bipartite Bell tests, showing that bi-
partite nonlocality can be effectively “disguised” within a
network, thereby giving rise to network-nonclassical distribu-
tions [25,28]. This line of work naturally raised the question
of whether entirely new forms of quantum nonlocality, in-
trinsically linked to the structure of the network itself, could
arise. Subsequent studies have provided evidence that such
genuinely network-specific nonlocal correlations can indeed
occur [26,43,46,56], or at least that no straightforward reduc-
tion to a bipartite nonlocality test is known. These examples
rely crucially on the interplay between the network topology
and the use of entangled measurements.

Typically, whether a probability distribution admits a clas-
sical model is assessed through the violation of a Bell
inequality. In the standard Bell scenario, the algorithms used
to characterize which probability distributions are classically
realizable are well understood. By contrast, deriving Bell-like
inequalities in network scenarios is substantially more chal-
lenging, primarily due to the intrinsic nonconvexity of the cor-
responding classical sets. Although some numerical methods
are available—most notably the inflation technique [42,57]—
their computational complexity often limits their practical ap-
plicability. Here, to overcome these difficulties, we employ la-
tent splitting to derive robust Bell-like inequalities for the tri-
angle network. These inequalities allow us to certify the non-
classicality of the paradigmatic RGB4 family [26] of probabil-
ity distributions in the triangle network with four outcomes.

The family of distributions studied in Ref. [26] can be
generated from measurements on bipartite quantum states

(a) b _ A

A<4+— 3 —>»C

NN
VARV

FIG. 3. Latent splitting in the triangle scenario. (a) The latent
splitting performed by A, cutting effectively the influence from y.
(b) The joint DAG resulting from the intervention.

distributed according to the triangle network (see Fig. 1)
and admits an interpretation in terms of excitation counting
[46,56]. Consider the three sources in the triangle network,
Pa> Pp, and p,, each distributing an entangled two-qubit state,

[¥) = 20 [01) + A1 [10), (13)

with positive real coefficients Ao and A; satisfying A3 + A3 =
1. These states can be interpreted as an excitation being sent
either to the left (]10)) or to the right (|01)). In what follows,

3

Each party then measures the total number of excitations it
receives. The states |0) = |00) and |2) = |11) correspond to
receiving zero or two excitations, respectively, while single-
excitation events are measured in a superposition basis defined
by the projectors onto the states |1+) = «|01) 4+ v |10) and
I1—) =v|01) —u|10), with 0 <u <1 and v =+/1—u2.
When all parties perform this measurement, the resulting
statistics define a family (RGB4 family) of observational dis-
tributions P% (a, b, ¢).

obs

we focus on the case Ay = \/E .

1. Robust certification and witnesses

We now show how latent splitting allows for a robust
certification of nonclassicality of the RGB4 distribution. As-
sume that the parties can implement latent splittings via local
operations acting on their respective shares of the sources. In
particular, we consider Alice performing a latent splitting on
the source she shares with Bob, that is, on the edge y — A. In
Fig. 3(a) we show the intervened edge.

Operationally, this requires all parties to recollect their
data while considering a new global state, given by pi, =
Pa ® pg ® (Trpp, ® Tryp, ), which in turn gives rise to a cor-
responding family of interventional distributions P (a, b, ¢).
Our goal is to show that there cannot exist a single classi-
cal causal model—specified by the collection of probability
distributions p(a), p(B), p(y), p(alB,y), p(ble,y), and
p(cla, B)—that simultaneously satisfies

Pia.b.c)= Y p)p(B)p(y)palB.y)
o,By
x p(ble, y)p(cla, B),
Pi(a,b.c) =" pl)p(B)p(y)p(alB)p(bla. y)p(cla, B),

a,By
(14)

where p(alB) := 3, p(?)palB, P).
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FIG. 4. The RGB4 distribution for distinct values of u. Here,
we compare different intervals of certification corresponding to
nonclassical correlations Py  and Py . The green lower intervals,
u € (0,0.223) and u € (0.816, 1), indicate the result proved in Ref.
[26], which exclude imperfect preparations or noisy measurements.
Our work (red upper intervals) identifies first a broader region,
u € (0,0.4), and, a slightly smaller region, u € (0.84, 1), obtained

through the inflation technique.

To show this, we assume the contrary. We assume that there
exists a classical model such that reproduces both probability
distributions. Then, B can be copied and distributed to a party
A, representing the after-intervention version of variable A.
This new scenario has associated the causal structure shown
in Fig. 3(b). In this scenario, there must exist a probability
distribution g(a, a, b, c) satisfying

Y qla.a.b, o),

> gla.a.b,c). (15)

s (a, b, €) =

obs
Pi@,b,c) =

To assess the existence of such a distribution, we use the
python Ip inflation package provided in Ref. [58]. This pack-
age imposes the usual inflation constraints (see Ref. [42])
and allows to manually add constraints (15). Remarkably, as
demonstrated by the results in Fig. 4, by considering the infla-
tion shown in Fig. 5, which is obtained by only considering a
single copy of 8, one can already prove the nonexistence of g,
showing the nonclassicality of the distribution. We emphasize
that with this same level of inflation, the LP can find a feasible
solution when considering only the observational distribution,
showing the relevant role of the intervention.

By looking at the dual program one is able to extract a
witness Z. For example, for the choice of parameter u = 0.85,
after some algebraic manipulation one obtains the inequality

I =P

obs
—P"[(3 0,{1,2}) + Pl (b =2) (Pl (a = 3))
(a =3)Py.({0,2},0,{1,3}) —2P;,(3,2,2)
— P (a=1{0,2})Py (a=3,c={1,2})
+ ( — Pi(a=3))[Pe(3.2.{0, 1) + 2Pi§‘n(3, 2,2)]

(a = 3)F5,({0,2},{0,2},{0,2}) > (16)

(@=3,c={1,2)) ~ P4(3.2,{0, 1))

obs

obs ob§

The notation Py (3,2, {0, 1}) indicates one should sum

over the values of ¢ =0 and c¢=1: P”t(3 2,{0,1}) =
“(3,2,0)+ P*(3,2,1). When a marginal is present, we

mt int

N

A°<—BO—>C’0

\ /
N/

FIG. 5. Inflation of the joint DAG in the triangle scenario. An
inflation of the joint causal DAG shown in Fig. 3(b). The duplicated
source is B8, and since it is a classical latent variable it can distribute
copies of share randomness to copies of A, A, and C.

AO

denote explicitly the parties through the label outcome for
example, P (a = 3, c = {1, 2}). After substituting Py and
Py, in the left-hand side of Ineq. (16), one obtains Z ~ —2.5 x
10~* < 0 witnessing the nonclassical behavior.

In Fig. 4, we show certification intervals for the RGB4
distribution as a function of the measurement parameter u and
compare our methods with previous results proved by Renou
et al. [26] obtained by the token counting technique. The dif-
ferent intervals indicate regions of u such that the correlations
obtained are certifiably nonclassical. While Ref. [26] certifies
nonclassicality only for # € (0, 0.223) and u € (0.816, 1), our
method based on the inflation technique identifies an extended
lower region u € (0, 0.4) and a slightly narrower upper one
u € (0.84, 1). As mentioned previously, if we consider only
the observational distribution, we can find a feasible solution
with the same level of inflation used in this work, showing a
clear detection of nonclassicality improvement by considering
latent splitting. Furthermore, by only employing a small infla-
tion level, the framework remains highly relevant for practical
implementations, as latent splitting offers additional power
to derive network Bell-like inequalities that can be directly
tested in realistic scenarios. This is in contrast to other tech-
niques, such as token counting, which, although powerful,
fail to consider distributions that are close to but outside the
RGB4 family (such as those that may arise in experimental
realizations). In what follows we explore the noise tolerance
of the RGB4 distribution under the latent splitting framework.

For each source, we consider depolarized states of the form

pp =v|¥) (Y| + 1A —v)l/4. a7)

To account for sources with different levels of noise, we define
the visibilities vy, vg, and v, . First, we consider the symmet-
ric case, when all sources are equal so v, = vg = v, =v.In
this case we obtain a minimum visibility of v = 0.9971. In the
asymmetric case, we can find lower visibilities and, further-
more, the asymmetry on the causal structure [see Fig. 3(b)]
reflects on the minimum visibility of each individual source.
For example, if vg = v,, = 1, a minimum visibility of v, =
0.9946 is needed for the distribution to be nonclassical. On
the other hand, when v, = vg = 1, the minimum visibility
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for the last source is v, = 0.988. Finally, when considering
vy = v, = 1, the minimum visibility for pg is vg = 0.9854.
This hierarchy of critical visibilities (vg < v, < vy) provides
insight into the structural dependencies of the postinterven-
tion network. It indicates that the nonclassical correlations
are most sensitive to noise in source o, while exhibiting the
greatest resilience to noise in source f.

In summary, our derivation shows that our framework of
latent splitting allows to detect nonclassicality in quantum
networks while obtaining analytical witnesses in the process.
The witness Z, combined with the noise tolerance analysis,
motivates the use of latent splitting as not only a theoretical
feature but also as a robust enough tool that allows for proofs
of nonclassicality in realistic experimental implementations
with imperfect sources.

C. Beyond quantum nonclassicality with latent splitting

Here, we show how one can go beyond the standard notion
of network nonclassicality using latent splitting. That is, we
show the existence of statistics which would never admit a
certification of network nonclassicality but, nevertheless, do
not admit a classical causal model explanation when we con-
sider all the available data from the experiments. In particular,
we show here a quantum strategy in the triangle network such
that its observed statistics admit a classical explanation, but
when we consider additional data from latent splitting we can
prove their incompatibility. The strategy is based on the “Fritz
trick,” which we briefly review in the following.

The first strategy that was provably nonclassical in the
triangle network was the Fritz model [25]. The idea is to have
Alice and Bob perform a standard CHSH Bell test. To achieve
this, Alice and Bob share a maximally entangled Bell state
[Ty = %(|00) +|11)), and the inputs that are required to
test the CHSH inequality are provided by the two additional
sources. The sources « and 8 provide a uniformly random bit,
y=20,1 and x = 0, 1, respectively. Upon receiving their ef-
fective inputs x and y, Alice performs the Pauli measurements
o, or o, and Bob performs (o, + 0.)/V2 or (o, — 0,)/v/2,
obtaining binary outputs a’ and &'. Finally, Alice outputs a =
(d',x),Bob b= (V,y), and Charlie ¢ = (x, y).

Fritz proved that since the values of the outputs x(y) are
perfectly correlated between Charlie and Alice (Charlie and
Bob), these outputs must be independent of the source con-
necting Alice and Bob [25]. Note that it is crucial that Charlie
also outputs the values of x and y to ensure this independence.
The resulting distribution Pr (a, b, c¢) is nonlocal whenever the
conditional distribution P(d’, b'|x, y) violates the CHSH Bell
inequality. Notably, this argument is not limited to the CHSH
inequality and can be applied to any bipartite Bell inequality.

This strategy yields a distribution with four outcomes for
each party, and when adding noise to the Bell state shared
by Alice and Bob, one finds a critical visibility of v = %2
However, even though four outcomes are sufficient to show
nonclassicality in the triangle network, the authors in Ref. [43]
showed that coarse grainings of the Fritz distribution Pr can
also be certifiably nonclassical. Using the inflation technique,
they show that the resulting distribution, with cardinality 3-
3-2, is nonlocal for visibility greater than v ~ 0.87, higher
compared to the critical visibility of the original Fritz distri-

@

A <4—°7Y —>» B

X\
\/

N (b) .

A B
N ~
y N S .

A <4—"°7 —» B

I5] «
C
FIG. 6. Latent splittings in the triangle network. In (a), we show
the DAG of the triangle network and highlight the edges correspond-

ing to a latent splitting on § — A and o — B. In (b), we show the
inflated DAG for the classically equivalent joint scenario.

bution. Using numerical methods based on machine learning,
they find that the distribution still has a critical visibility
close to the original value of \/% ~ 0.71. Additionally, they

show that further coarse graining of the distribution, to bi-
nary outcomes, can be classically reproduced with excellent
accuracy. Here, we show that latent splitting can help us go
beyond the standard certification of network nonclassicality,
i.e., even though the observational distribution of the Fritz
strategy can be reproduced by a classical model when coarse
grained to binary outcomes, this is not true anymore if we
consider latent splitting. By incorporating this extra data, we
can certify the nonclassicality of this distribution using the
inflation technique.

In particular, we consider a distribution Pyps(a, b, ¢) in the
binary-outcome configuration of the triangle network and, ad-
ditionally, we assume that Alice and Bob can perform a latent
splitting on the sources f and «, respectively. Then, we ob-
tain the interventional distributions Piﬁt(a, b,c), P (a,b,c),
and Pgtﬂ (a, b, ¢) representing the cases when we suppress the
edge f — A, the edge @ — B, or both. Here, our proof uses
the inflation technique: we start assuming that there exists a
classical causal model for our strategy, i.e., there exists causal
parameters p(«), p(B), p(y), and p(alBy), p(blay), p(claB)
such that it recovers all data tables. Consequently, we can
distribute the classical information of y to other parties and
we consider a new version of y that sends information to
A and B, which correspond to the variables that are probed
with interventions; this scenario is shown in Fig. 6. In this
new scenario, there must exist a global probability distribution
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g(a, a, b, b, ¢) which satisfies

Pos(a, b,¢) = qla, &, b, b, c),
ab

Paa,b,c), =" qla,a,b,b,c),
a,b

Piﬁt(a’ b’ C) = Z q(a7 21, b’ I;a C)a
a,b

Pela,b.cy= q(a.a.b.b. o). (18)
a,b

Additionally, since we are only removing the causal con-
nection without changing any other mechanism, we also
assume that the latent variables @, B have the same distri-
bution as « and . This condition constraints the marginals
Puss(a, b), PP (@, b), P2 (a, b) and P (a,b) to be all equal.
Now, defining the variables

Egbs = Pops(a = b, ¢) — Pops(a # b, ©),

Ej :=Ph(a=b,c)— Ph(a#b,c),
Ej :=Pg(a=b,c)—Pi(a#Db,o),

Eyp =Pyl (@ =b)— Pyl (a # b),

int
we are able to prove the following inequality:

S = EqpPobs(c = 1) + 2Pops(c = 1) — By  — E, — E; > 0.
(19

This inequality and the strategy that violates it can be
understood as a CHSH game that uses the intervened edges
and the value ¢ of Charlie to define settings, and, thus, it can
be seen as the interventional version of the original “Fritz
trick” in the triangle network. In particular, we consider that
the sources maintain their distributions and that we are not
free to modulate the distributions of the o and 8 sources.

We will now show that we can violate (19) with the follow-
ing quantum strategy: y prepares a maximally entangled state
[ T) for Alice and Bob, o and 8 distribute classical bits, with
pla =1)=p(B =1) =¢, and Alice and Bob will perform
the standard measurements for the CHSH violation based on
« and 8. However, Alice outputs a, Bob outputs b, and Charlie
outputs ¢ = B, i.e., the logical and of « and B. Using this
configuration, we can easily compute the value of (19):

4 2 2, 2
ﬁ(e—l)e —Ee + 2¢€7, 20)

and we achieve Sp < 0 for € < 1 —+/+/2 — 1 & 0.3564 (see
Appendix C for a detailed derivation). If we consider instead
anoisy state, o, = v [ ") (Y| + (1 — v)I /2, the values of €
leading to a violation are € < 1 —‘/«/E/ v — 1, which in turn
means that to be able to see a violation for a fixed € we need

a visibility of vy = 25

So =

V. FINAL REMARKS

In this work, we introduced and formalized the framework
of latent splitting, a causal tool tailored to quantum networks.
Motivated by the operational ability to prepare, transform,

and control quantum systems, latent splitting extends Pearl’s
notion of intervention beyond observed variables to the latent
quantum resources that mediate correlations. As a conse-
quence of our interventional probing scheme, we are able to
incorporate a class of nonfanout inflations as experimentally
accessible data that can be used to increment the analysis of
quantum nonclassicality. Furthermore, we showed that this
framework strictly generalizes standard Pearl-like interven-
tions: the classical do-calculus emerges as a special case,
providing a unified language for classical and quantum causal
manipulations.

The advantages of this generalization are particularly pro-
nounced in network scenarios where standard interventions
are either trivial or uninformative. Focusing on the triangle
network, we demonstrated that latent splitting unlocks forms
of nonclassicality that remain hidden at the purely obser-
vational level. For the RGB4 family of distributions [26],
we combined latent splitting with the inflation technique to
derive polynomial inequalities witnessing genuine network
nonlocality, extending the range of detectable nonclassical
correlations and establishing robustness to noise. Moreover,
we showed that latent splitting enables the certification of
nonclassicality in the minimal triangle scenario with binary
variables, by explicitly constructing a nonlinear Bell inequal-
ity. This result sheds light on a longstanding open question
concerning the classical reproducibility of the minimal Fritz
distribution.

Beyond these concrete results, latent splitting provides a
conceptual perspective on causality in quantum networks. By
allowing controlled manipulations of latent quantum systems,
they bridge causal inference and operational quantum the-
ory more closely than is possible with observational data
or standard interventions alone. Looking ahead, this frame-
work can be applied to more general network topologies,
such as networks containing intermediate latent variables
[59], potentially revealing new forms of nonclassicality and
strengthening device-independent certification protocols for
quantum information processing tasks such as randomness
generation and quantum key distribution in networked set-
tings.
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DATA AVAILABILITY

The code used to generate the results in this paper is avail-
able on GitLab [60].

APPENDIX A: PROOF OF THEOREM 1

In this Appendix we give the proof of Theorem 1: Con-
sider a network with sources Ay, ..., A, each distributing a
system p;, and parties Ay, ..., A,, performing measurements
E4;1pao(a;)- Then any do-conditional on this network repre-
senting a Pearl-like intervention can always be inferred by a
collection of latent splittings and the observational distribu-
tion.

Proof. First, let us define the sources connected to A;,

Pa"(A)) := {A, € Vi|A, — A}
Similarly, the set of disconnected sources is
(Pa"(A))" == {A, € VLIA, & A}

These two sets constitute a partition of all the original sources.
As a consequence, we can write the global state as

pors=Qoi=| Q vl @ n»

i€V, iePak(4;) i¢Pal(A))

(AL)

Now consider the collection of latent splittings given by
{(Ag, AD}a, for Ay € Pal(A;), which we further denote by
{(Ag, A}y for g € Paf(A;) for simplicity. Here, each latent
splitting will transform the state p, emitted by the source A,
to the state p,; ® Try,(0,), Where p,; is a state prepared by
A;. The composition of all these interventions yields a global
state iy, given by

®Pi®

i¢Pal(A))

® (i1 ® Tra, (p1))

iePal(A))

Pint = (A2)

Note that the states in (,4p,(4,) 0 are emitted by the sources

in (Pal(4, ))c, so the partial trace Try, (-) does not act over this
product state,

Try, ®pi = ® pi | ®

ieVy i¢Pal(A))

Q) Tra (o)

icPal(A))
(A3)
Therefore, we can rewrite pj, as

Pint = Ty, ®Pi ® ® Pi

i€V, icPal(4))

The share Q) cp,: (4, Pi1 1s inside A;’s laboratory, and thus, it
can be subjected to any local operation performed by A;. In
particular, A; can apply a quantum channel £ on its subsys-
tems and prepare the final state

on =& (A4)

Q) b

icPal(4;)

After all latent splittings and the application of the channel &£,
the global state pi,c becomes

Pint = TrA/ (pobs) ® 04 - (AS)

The statistics are given by

Pine = Tr | [Try, (pobs) ® 04, ] ®Ea,-\Pao(a/)
Jj€Vo

= Tr| | Tra,(Pobs) ® E(ljlpao(aj)

J#l

Tr(oa, Eqpacan)-

In particular, A; by definition reprepares the state oy, :=
Try, /141 (Pobs ), 1.€., A; prepares pg‘gs. the partial state relative
to A; of pobs. In this case, by comparing with Definition 1, we

can rewrite the pj, as

Pu(ar, ... a,) = P(a, ...|do(a;))P(a;|do(Pa’ (a))).
(A6)
Note that Eq. (A6) is valid for an arbitrary part A; of the
network. However, by definition, the network is represented
by a DAG and thus, there must be at least one observable
variable A;+, such that Pa®(A;+) = @. Note that if such a node
A+ does not exist, one can show that the causal structure
must be cyclic. Therefore, we may use this general prop-
erty of DAGs to estimate the do-conditional corresponding to

P(ay, ...|do(a;+)), by using Eq. (A6) as
Puay, ..., ay) = P(ay, . .. [do(a;))Pobs(ar),

and therefore, one can always use classical postprocessing to
Py, Pops to obtain P(ay, ... [do(a)).

Now, we can perform this procedure inductively. If we
consider another node from A; € Vp/{A;<} and Pa®A)) = 9,
we return to the previous case. However, if this is not the
case, then there must be some node A, € Pa®(A;) such that
Pa®(A,) = @ and, thus, we can use Eq. (A6) to estimate
the corresponding do-conditional of that intervention. Then,
after estimating this do-conditional, we are able to extend
this to interventions on the children variables of A,, i.e.,
{X € Vp|A, — X}. Using this procedure, we can cover all
the observable variables in causal structure and, therefore, all
possible Pearl-like interventions. |

APPENDIX B: EQUIVALENCIES BETWEEN LATENT
SPLITTING AND PEARL INTERVENTIONS

Here, we will show two instances of Theorem 1 for the
cases of the instrumental scenario and the unrelated co-
founders (UC) scenario, shown in Fig. 7. These two networks

DA TS

FIG. 7. DAGs describing (a) the instrumental and (b) the UC
scenarios.
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have already been explored in the context of Pearl inter-
ventions [36,38,55], and here we show that collecting data
from latent splittings is sufficient to obtain all data from do-
conditionals.

First, let us consider the instrumental scenario, with obser-
vational distribution Poys(a, b|x), given by

Pobs(a, blx) = Tr(p(Eap ® Epja)), B

where p is a quantum state shared between A and B, and the
do-conditional statistics P(b|do(a)) are given by

P(bldo(a)) = Tr(p(1 ® Epja)). (B2)

Now, consider a latent splitting performed by either party on
the source p, to obtain pi, = pa ® pp, Where py := Trz(p)
and similarly for pp, and the interventional statistics

Pii(a, blx) :=Tr(pa ® pp(Eqix @ Epja))
= Tr(paEax)Tr(ppEp|a)- (B3)
By using partial trace properties, we have the identities

Tr(p(Eqx ® 1)) = Tr(Trg(p)E,y), and similarly, Tr(p(1®
Epa)) = Tr(Tra(p)Ep,). This allows us to derive

Pini(a, blx) = Pops(alx)P(bldo(a)). (B4)

Therefore, the interventional statistics reveal exactly the cor-
responding do-conditionals P(b|do(a)). Conversely, one can
always infer Py (a, b|x) from Pyps(a, b|x) and P(b|do(a)).

Now, we may consider the UC scenario, shown in Fig. 7,
with Pyps(a, b, c) given by

Pops(a, b, c) =Tr(y @ a(Eqp Q@ Ep @ Eqpp)), (BS)
and the do-conditionals, given by
P(aldo(b)) = Tr(yaEap)
and
P(cldo(b)) = Tr(acEcp),

where y4 1= Trp(y), and ¢ := Trp(a).
Here, it is sufficient to consider the latent splitting per-
formed by Alice on y, denoted by Pﬁ/n(a, b, c), and by Charlie

on o, denoted by Py, (a, b, c¢), which are computed as

Pl(a,b,c):=Tr(ya ® vz @ a(Esp @ Ep ® Ecpp))
= Tr(yaEap)Tr(yp ® a(Ep ® Ep))
= P(a|d0(b))P0bs(ba C),

and similarly, P (a, b, ¢) = Pops(a, b)P(c|do(b)). Therefore,
one can always infer the do-conditionals from latent splittings
and vice versa.

APPENDIX C: THE INTERVENTIONAL FRITZ TRICK

In this Appendix, we provide a step-by-step derivation of
Eq. (20) from Eq. (19) using the quantum strategy defined in
the text: A and B share the maximally entangled state |y ),
and they perform the optimal measurements for the bipartite
Bell scenario such that the corresponding correlations are
(AoBo) = —1/+/2 and (A,B,) = 1/+/2 for xy € {01, 10, 11}.
Alice’s inputs are determined by B, Bob’s inputs are deter-
mined by «, and Charlie outputs ¢ = . The sources « and

distribute classical bits, with p(¢ = 1) = p(8 = 1) = €. Our
goal is to calculate the expression

S = (Eap + 2DPors(c = 1) — Ejy —E, —E;,  (Cl)

obs

where

Egbs = Pops(a = b, ¢) — Pops(a #* b, c),
Ej=Pl(a=b.c)—Ph(a#b.o)

int int
~

b9 C) - I)izt(a # E’ C)a
Eyp = Pyl (a=b)— Pyl (a #b),

int

Ey =Py la =

as defined in the main text.
First, let us begin by calculating Pops(c = 1). Since C out-
puts ¢ = o B, then ¢ = 1 implies ¢ = B = 1. Then,

Pops(c = 1) = pla = D)p(B = 1) = €. (C2)
Now we can calculate EL . Again, c=1, so a =8 =1.

Notice that in the observational case, Alice’s inputs are sent
by the source 8, while Bob’s inputs are sent by the source «.
Therefore, x = y = 1, and we have that

Elys = Pas(a=b,1) = Pas(a # b, 1)
= <A|Bl)Pobs(C =1)

€2

= —. C3
7 (C3)

Now consider the interventional terms. In the case of E_, the

intervention is over «. Then, B obtains his input from source

& with probability p(&) = € (since & and ¢ are uncorrelated):
. N

E, =P (a=b,1)

1ni

= p(@)(AiBa) Pi(c = 1)

—Pi(a#b. 1)

= [e (A1B1) + (1 — €) (A, By)]€?

62

=< C4
7 (C4)

Analogously, when the intervention is performed on S, Alice
obtains her input from . Therefore,

I
B =7 (C5)

The last correlator E, 4 corresponds to the scenario where the
two sources « and 8 have been intervened. In this case, both
Alice and Bob receive their inputs from sources B and &,
respectively. Therefore,

Eup = p@ = Dp(B =1)(A\B))
+ p& = 1)p(B = 0) (A1)
+ p& =0)p(B =1) (A1 By)
+ p(& = 0)p(B = 0) (A¢By) . (C6)

Substituting tIAle probabilities p(& =1) = p(B =1)=c¢€,
p@=0)=p(B=0)=1—¢€¢ and the values of the
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correlators yields
€2 +2(1 —¢€)— (1 —¢€)? _ —2€>+4e —1
V2 B '

Enp =
(o0))

Finally, by substituting all terms into the expression for S and
rearranging, we recover Eq. (20),

4 2
— (e — 1)62 — et 2%

=4 NG

(C8)
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