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Optimal limits of continuously monitored thermometers and their Hamiltonian structure
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We investigate the fundamental and practical precision limits of thermometry in bosonic and fermionic
environments by coupling an N-level probe to them and continuously monitoring it. Our findings show that
the ultimate precision limit, quantified by the Fisher information, scales linearly with N , offering an exponential
improvement over equilibrium thermometry, where the scaling is only log2 N . For a fixed Hamiltonian structure,
we develop a maximum-likelihood estimation strategy that maps the observed continuously monitored trajec-
tories of the probe into temperature estimates with minimal error. By optimizing over all possible Hamiltonian
structures, we discover that the optimal configuration is an effective two-level system, with both levels exhibiting
degeneracy that increases with N—a stark contrast to equilibrium thermometry, where the ground state remains
nondegenerate. Our results have practical implications. First, continuous monitoring is experimentally feasible
on several platforms and accounts for the preparation time of the probe, which is often overlooked in other
approaches such as prepare and reset. Second, the linear scaling is robust against deviations from the effective
two-level structure of the optimal Hamiltonian. Additionally, this robustness extends to cases of initial ignorance
about the temperature. Thus, in global estimation problems, the linear scaling remains intact even without
adaptive strategies.
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Introduction. High-precision temperature measurements
are crucial for the development of nanoelectronic [1,2] and
cold-atom technologies [3,4], with accurate low-temperature
sensing now fundamental for experimental tests in condensed
matter [5,6], many-body thermalization [7,8], and the re-
alization of small-scale thermodynamic devices [9]. Recent
thermometry techniques have been proposed across a wide
range of different systems, such as solid-state impurities
[10] optomechanical setups [11], quantum gases [12–15],
dephased impurities [16], and topological spinless fermions
[17]. However, there remains an ongoing search to find meth-
ods for probing the temperatures of many-body systems that
are simultaneously practical, accurate, and resource efficient
[18]. This ultimately entails designing a small probe that can
interact with the sample and encode information about its
temperature in an optimal manner, with estimation schemes
established through either local [18–25] or global methods
[26–30].
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One common approach is equilibrium thermometry
[31–36], where temperature estimates are obtained via energy
measurements of a thermalized probe. It has been shown
that the optimal energy structure of such an equilibrium ther-
mometer is an effective two-level system with a single ground
state and a maximally degenerate [(N − 1)-fold] excited state
at an optimal gap ε∗

eq [19]. Subsequently, several studies have
addressed how to simulate such an energy structure by using
physically realizable many-body models [32,35,37–40] and
even getting the right scaling and asymptotic behavior with
two-body interactions [17,41]. On the other hand, the degener-
ate energy structure also leads to long equilibration timescales
for the probe [42]; if one factors in time as a resource in
metrology [43,44], equilibrium thermometry may not be the
preferable approach [45]. This instead motivates the use of
finite-time probes that encode information about temperature
via nonequilibrium dynamics [46–53]. However, in these sce-
narios the question of optimality is not so clear, particularly
due to the need to use adaptive estimation schemes, repeatable
state preparations alongside measurements at precise times.

The aim of this Letter is to explore optimal thermometry
in an alternative approach based on continuous monitoring
[54–57]. This is a practical and convenient method that in-
volves monitoring the probe populations across time while
out of equilibrium [58]. Since the transition rates governing
the dynamics of the probe depend on temperature, one can
apply a maximum-likelihood estimation scheme directly to
the population trajectories [59]. This clearly has a resource
advantage over other approaches that reset or discard the
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probe after each measurement, and instead makes full use of
the information contained in the dynamical history of a single
probe. With recent advancements in continuous monitor-
ing methods such as photodetection, homodyne/heterodyne
detection [60,61], and other quantum nondemolition measure-
ments [62], this approach to thermometry is experimentally
realizable.

Given the feasibility of the continuous monitoring ap-
proach along with its advantages in terms of resources, one
remaining goal is to find the best energy structure for the
probe. Using a combination of both analytic and numerical
methods, we demonstrate that the optimal structure mirrors
that of an equilibrium thermometer, i.e., an effective two-
level system with a degenerate ground state and a degenerate
excited state. Investigating both fermionic and bosonic sam-
ples, we show that the precision of an N-level probe can
achieve linear scaling with the number of levels, thereby
providing an exponential improvement to equilibrium ther-
mometry methods such as Ref. [19]. Furthermore, this optimal
structure and its performance bounds apply universally across
all temperature ranges, thus bypassing the need for adaptive
measurement scheme such as Ref. [29]. Overall, our results
solidify the significant advantages offered by continuously
monitored thermometers.

Setup. We will begin by modeling a probe as a finite-
dimensional system with N energy levels, which is in weak
contact with a thermal sample at inverse temperature β =
1/kBT . It is assumed that the population dynamics of the
probe follow a Markovian rate equation of typical form

ṗ(t ) = p(t )�, (1)

with p(t ) = [p1(t ), . . . , pN (t )] being the vector of popula-
tions of the energy levels {ε1, ε2, . . . , εN }, and � being the
transition matrix. The matrix elements �i j quantify the rate
of jumping from state i into the state j, with conservation
of probability ensured by �ii = −∑

j �=i �i j . The rates are
assumed to satisfy detailed balance, �i j = e−β(ε j−εi )� ji, so
that the thermal distribution peq = {e−βε1/Z, . . . , e−βεN /Z} is
stationary, peq� = 0, and we further assume this is unique.

In order to use the probe as a thermometer for estimat-
ing temperature T , we will follow the scheme introduced
in Ref. [58] and continuously monitor its energy over time.
This is a jump unravelling process [63], and the schemat-
ics of this setup is shown in Fig. 1. The data output of
the continuous monitoring over some time window [0, τ ]
is represented by a stochastic trajectory of a discrete-time
process Xτ = {(n0, t0 = 0), (n1, t1), . . . , (nm, tm = τ )}, where
each (nk, tk ) denotes an observation of the nkth energy level
εnk at an intermediate time 0 � tk � τ , where tk = kτ/m.
The probability of this trajectory is of the form P(Xτ ) =
p(n0)p(n1|n0) · · · p(nm|nm−1) with each transition probability
determined by the rates in the master equation (1). Since
the trajectory probability is dependent upon the temperature
of the sample, P(Xτ ) = P(Xτ |T ), we can use the data to
construct an estimator T̂ . For large τ a suitable estimator
becomes unbiased and its maximum precision is fixed by
the Cramer-Rao bound, which bounds the mean-squared error
Var (T̂ ) � 1/F (T ) in terms of the Fisher information (FI),
defined F (T ) := 〈[∂T ln P(Xτ |T )]2〉. As the system obeys an

FIG. 1. (a) An N-level probe is in contact with a thermal bath at
temperature T . The transition rates between different energy levels,
�i j , are temperature dependent. (b) The trajectory that the N-level
system takes contains information about the temperature. The preci-
sion with which the trajectory can estimate the temperature highly
depends on the energy structure. (c) The optimal energy structure—
as we find in this Letter—is effectively two-level, with ground state
and excited state degeneracy that both increase linearly with N ,
and at some optimal gap ε∗. In the figure we have color coded the
degenerate gaps to tell them apart visually.

order-1 Markov process with unique fixed point peq, we can
use a result from Ref. [59] to express the Fisher information
directly in terms of the master equation rates and thermal
populations peq

i = e−βεi/Z ,

F (T ) = τβ4
∑

i

peq
i

∑
j �=i

|∂β�i j |2
�i j

. (2)

Our main goal will be to maximize (2) by choosing an optimal
energy structure of the probe, which determines the functional
behavior of the rates �i j . A key figure of merit will be its
scaling with respect to the number of levels, which is an
important cost in terms of the dimensionality of the system.
For example, a probe consisting of n two-level spin states is
related to the number of levels as N = 2n. One should bear in
mind that the optimal scaling of F (T ) will at most be linear in
N due to the bound

F (T ) � τβ4(N − 1) max
{i, j}

|∂θ�i j |2
�i j

. (3)

While this bound is not necessarily tight in a continuously
monitored setup, one can saturate it by using a measure-and-
reset strategy following a result from Ref. [48]. That is, if we
were allowed to reset the system after each jump, we would
choose an effective two-level Hamiltonian structure, with a
ground state and an (N − 1)-fold degenerate excited state at

a gap ε j chosen such that the fraction |∂θ�0 j |2
�0 j

is maximized
independent of N . After each measurement, one would reset
the system to the ground state, which comes with an unwanted
resource cost. Fortunately we now demonstrate that the linear
scaling suggested by (3) is in fact achievable in the continuous
approach, avoiding this need to reset.

Fermionic sample. We first look at the estimation of
a fermionic sample with a spectral density taken in the
wide-band limit. The transition rates of the probe are pro-
portional to the Fermi occupation nF (ω ji ) of each excitation
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FIG. 2. Numerical results for the optimal dimensionless FI rate
(6). We compare the exact solution obtained via global optimization
with the optimal two-level ansatz (7) (optimized over N0 and x).
The analytic value (8) obtained in the asymptotic N � 1 limit is
also plotted and shows good agreement with the exact solution for
n � 3. Inset: This plot depicts a histogram of the energy levels found
from a global optimization for n = 6. Our numerics suggest that an
effective two-level structure is optimal. We have thus also considered
an effective two-level ansatz which can be optimized more efficiently
due to fewer parameters. The FI rate of the two-level ansatz is shown
by the red curve in the primary figure which also as one can see
agrees very well with the global optimum for n � 3.

ω ji ≡ ε j − εi, namely

�i j = γ nF (ω ji ) = γ [eβω ji + 1]−1, (4)

with γ the coupling strength. It follows from (2) that the FI is

F (T ) = γ τβ4
∑

i

peq
i

∑
j �=i

ω2
ji

e2βω ji

[1 + eβω ji ]3
= γ τβ2F̃ ( f ), (5)

where we have identified the dimensionless FI rate,

F̃ ( f ) :=
∑

i

peq
i

∑
j �=i

x2
ji

e2x ji

[1 + exji ]3
, (6)

and set xi j = βωi j . The goal is now to optimize F̃ ( f ) over the
set of {xi = βεi}N−1

i=0 . As a nonlinear problem, we first turn
to numerics and run an optimization in MATLAB [64]. For
N = 2n with n ∈ {2, . . . , 8} we observe two situations: (1)
The optimal value F̃ ∗( f ) = max{xi} F̃ ( f ) grows linearly with
N . (2) For n � 3, an effective two-level degenerate structure
is able to reach the global optimum with small numerical
error—see Fig. 2. We therefore adopt an ansatz consisting of
N0 ground state levels and N − N0 excited state levels, with a

single dimensionless gap x = βω. In this case the FI rate reads

F̃ ( f )
2lev = N0(N − N0)

N0 + (N − N0)e−x

(
x2e2x

[1 + ex]3
+ x2e−3x

[1 + e−x]3

)
. (7)

To optimize further, there are two remaining free parameters
N0 and x. Figure 3 shows that x is tending to a constant
for large n, while the degeneracy appears to exponentially
increase with n. To see this analytically we look at the N � 1
regime and treat N0 as a continuous number, so that it can be
expressed as a fraction N0 = CN . Straightforwardly one can
show that, for a fixed x, the optimal solution of C depends on
the gap and reads C(x) = 1/(1 + ex/2). Substituting back in
the FI rate, we get

F̃ ( f )
2lev =Nx2 C(x)[1 − C(x)]

C(x) + [1 − C(x)]e−x

(
e2 x

(ex + 1)3 + e−3 x

(e−x + 1)3

)

= N f (x). (8)

Interestingly, the function f (x) has a unique maximum which
can be found numerically. Therefore, for large enough N ,
we have the optimal structure and its corresponding Fisher
information rate as F̃ ∗( f )

2lev ≈ 0.2596N , x∗ ≈ 2.9682, and N∗
0 ≈

max{floor(0.1848N ), 1}. As a comparison, note that the
bound in Eq. (3) that requires resetting the probe after each
measurement, gives x∗

reset ≈ 2.5331, and F ∗( f )
reset ≈ 0.4052N .

Finally, a key observation is that the width of the Fisher infor-
mation for the optimal continuously monitored thermometer
does not shrink with n = log2 N ; it actually remains constant,
as can be seen from its expression above and also Fig. 3, thus
avoiding the fate of the optimal equilibrium thermometer [19]
when our initial knowledge of the temperature is limited—
that is, global thermometry. While using adaptive schemes
as proposed in Ref. [29] may improve the precision up to a
coefficient, the scaling is not compromised if one does not
use them. In the Supplemental Material [65], we furthermore
show that even if the degenerate energy levels are not perfectly
prepared, the linear scaling survives, adding an additional
layer of robustness and practicality into the optimal scaling.

Bosonic sample. We now investigate the performance
of the probe when coupled to a bosonic sample. In this
case the transition rates are given by �i j = κ (|ω ji|)|nB(ω ji )|
where nB(ω) = [eβω − 1]−1 is the Bose-Einstein distribution
and κ (ω) represents the spectral density. Here, we restrict

FIG. 3. Left: Plot of the optimal free parameters for the two-level ansatz (7) for a fermionic probe as a function of n = log2 N , with optimal
ground state degeneracy N∗

0 (black) and optimal gap x∗ (red). The dashed lines give the values for the asymptotic optimal solution (8). Right:
Plot of FI rate normalized by its maximum value, for different values of n. Here, the gap is tuned to ε0 = x∗T0, such that the thermometer is
optimal for some assumed temperature T0.
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FIG. 4. Left: The optimal FI rate (9) for a bosonic case with ohmicity s = 2, using a global optimization (solid) and the two-level ansatz
(10) (red dashed). The asymptotic values are taken from Table I. Right: The optimal energy gap x∗ (red) for the two-level ansatz and its
asymptotic prediction from Table I and the ground state degeneracy of the optimal structure for the two-level ansatz (black) and its asymptotic
behavior from Table I.

attention to super Ohmic spectral densities of the form κ (ω) =
γωs with s > 1.

In analogy with (6), the figure of merit for the probe per-
formance is the FI rate,

F̃ (b) := F (T )

γ τT 2+s
=

∑
i

peq
i

∑
j �=i

x2+s
ji e2x ji

|exji − 1|3 , (9)

where we combined (2) with the bosonic decay rates. Note
that in this case, the nonflat spectral density means that we
must divide by an additional factor T s to preserve scale
invariance [66].

Similar to the fermionic case, numerics suggest again
that—for n > 3—a 2-level energy structure globally opti-
mizes (9). Taking a 2-level ansatz for (9) gives

F̃ (b)
2lev = N0(N − N0)

N0 + (N − N0)e−x

(
x2+se2x

|ex − 1|3 + x2+se−3x

|e−x − 1|3
)

, (10)

We numerically optimize this two-level structure to find the
optimal N0 and x as depicted in Fig. 4, and see similar
qualitative behavior as in the fermionic case. Looking at the
asymptotic regime N � 1 as we did with (8), the FI rate is

F̃ (b)
2lev = N

C(x)[1 − C(x)]

C(x) + [1 − C(x)]e−x

(
x2+se2x

|ex − 1|3 + x2+se−3x

|e−x − 1|3
)

= Nb(x). (11)

The ohmicity parameter is determinant on the optimal
gap, the ground state degeneracy, and the correspond-
ing FI. These are summarized in Table I for vari-
ous ohmicity parameters. Again, if we compare with

TABLE I. The optimal values of the gap and the corresponding
ground state degeneracy fraction C∗ and the FI coefficient b(x∗)
defined in (11) for various choices of spectral density (SD). The case
with s = 1+ is calculated for s = 1 + ε and then taken at the limit of
ε → 0.

SD x∗ C∗ b(x∗)

s = 1+ 3.0880 0.1760 1.0508
s = 1.5 3.7195 0.1347 1.9403
s = 2 4.2681 0.1058 3.8782
s = 3 5.2706 0.0669 18.4880

the reset-and-measure setting bound in Eq. (3), we
would get F ∗(b)

reset = {1.6786, 2.7144, 4.9953, 21.5120}N and
x∗

reset = {2.7144, 3.0430, 3.7240, 4.8890}, respectively, for
s = {1+, 1.5, 2, 3}.

Discussion. We have demonstrated that the optimal en-
ergy structure of a continuously monitored thermometer, for
both fermionic and bosonic samples, is an effective two-level
system that can achieve linear scaling with respect to the
number of levels. To complete the picture, we also derive the
corresponding maximum-likelihood estimator for this setup in
Appendix A of the Supplemental Material which allows sat-
uration of the Cramer-Rao bound used implicitly throughout
our analysis [65]. There are two distinct factors that highlight
the significant advantages offered by the continuous monitor-
ing approach. First, there is a clear exponential improvement
over the equilibrium thermometer; in the latter case the FI is
known to scale with log2 N , as we recap in Appendix B of
the Supplemental Material [65]. Second, we have found that
the width of the FI remains constant with increasing probe
size. This means that it is possible to achieve a linear scaling
without requiring an adaptive feedback approach. We further
show in Appendix C of the Supplemental Material [65] that
the optimal probe performs similarly even when one only has
access to the average populations, as quantified in terms of
the empirical FI rate [59]. On top of that, we also show in
Appendix D of the Supplemental Material [65] that the linear
scaling remains intact even in the presence of imperfections
in preparation of an optimal two-level structure. These add
another layer of robustness to the results. In summary, taking
into account the various resources needed for optimal ther-
mometry, our findings suggest that the continuous monitoring
approach performs best.

It should be emphasized that these results are predicated
on the assumption of the Markovian rate equation (1). An
interesting future direction would be to explore the role of
non-Markovian effects on the performance of the optimal
monitored thermometer. We have also neglected to study the
thermometry of sub-Ohmic samples since such systems are
not well described by (1). A promising subject for future
studies is thus to consider non-Markovian dynamics beyond
the rate equation.
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