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Rydberg tweezer arrays provide a versatile platform to explore quantum magnets with dipolar XY or van
der Waals Ising ZZ interactions. Here, we propose a scheme combining dipolar and van der Waals interactions
between two Rydberg states, where the amplitude of the latter can be greater than that of the former, realizing
an extended Hubbard model with long-range tunnelings in optical tweezer arrays. On the triangular lattice with
repulsive interactions, we predict the existence of a robust supersolid phase with a critical entropy per particle
S/N = (.19 accessible in current Rydberg tweezer experiments supported by large-scale quantum Monte Carlo
simulations. We further demonstrate the experimental feasibility by identifying pairs of Rydberg states in $’Rb
realizing the required interactions. Such a lattice supersolid is long lived, found over a wide parameter range
in an isotropic and flat two-dimensional geometry, and can be realized for hundreds of particles allowing one
to directly probe the defect-induced picture of supersolids. Its thermodynamical and dynamical properties can
hence be studied at a far larger scale than hitherto possible.

DOI: 10.1103/PhysRevA.111.L011305

Introduction. Supersolids are enigmatic states of mat-
ter in which the usually competing translational and U(1)
symmetries are simultaneously broken [1]. First conceived
theoretically by Gross [2], they can be pictured as a density-
modulated superfluid. Recent progress in cold atomic physics
saw flashes of such supersolids [3-7] in elongated traps for a
few droplets, following theoretical proposals [8—12]. Other re-
alizations are based on cavity-mediated all-to-all interactions
[13—15] or spin-orbit coupled Bose-Einstein condensates [16].
There exists, however, a complementary view on supersolids,
introduced by Andreev-Lifshitz-Chester [17,18], in which de-
fects such as vacancies and interstitials may delocalize on top
of a robust crystal with one atom per unit cell. As the original
claims of bulk supersolidity in “He are now understood differ-
ently [19-21], the realization of supersolids with spontaneous
symmetry breaking in the tight-binding limit has remained
elusive.

Such lattice supersolids for hard-core bosons have a long
theoretical history. Two decades ago, quantum Monte Carlo
simulations [22-26] confirmed mean-field predictions [27] for
the model with nearest-neighbor hopping and interactions,

“Contact author: lukas.homeier @jila.colorado.edu
TContact author: lode.pollet@physik.uni-muenchen.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOL

2469-9926/2025/111(1)/L011305(7)

L011305-1

establishing the existence of a supersolid phase for any filling
between 1/3 and 2/3 on the triangular lattice. In contrast, for
the same model on the square lattice no supersolid phase is
found, in line with the domain wall argument [25,28]. The
controversy at half filling was settled in favor of a first-order
transition between the supersolids found above and below half
filling [24,26]. The model attracted renewed interest when
polar molecules became a realistic option [29]; models with
dipolar repulsion found stable supersolids on the triangular
[30] and also on the square lattice [31]. With recent experi-
mental progress in magnetic atoms [7,32], itinerant Rydberg
dressing [33], and polar molecules [29], testing these pre-
dictions will soon become reality, and offer an alternative to
the spin supersolids concurrently sought in frustrated magnets
with anti-ferromagnetic spin exchange [34-39].

Rydberg tweezer arrays are another experimental cold
atom platform that has gained significant attention in both
analog [40—46] and digital quantum simulation [47-49]. In
the realm of analog simulation, studies have mainly focused
on two classes of Hamiltonians [50]: (1) A pair of atoms in
the same Rydberg state experiences a van der Waals (vdW)
interaction that can be used to implement Ising ZZ spin models
o« J;/ rfj [40—42,45,46]; here, r;; is the distance between atoms
atsite i and j. (2) The direct dipole-dipole interaction between
Rydberg states of different parity enables to study dipolar XY
spin models o< J / rfj [44,51]; this model can be mapped to
hard-core bosons [52] with long-range tunnelings.

In this Letter, we propose a scheme enabling the implemen-
tation of hard-core bosons with competing dipolar tunnelings
t and vdW extended Hubbard interactions V encoded in two
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https://orcid.org/0000-0002-6275-6204
https://orcid.org/0000-0003-2773-2554
https://orcid.org/0000-0002-0729-4377
https://orcid.org/0000-0002-2119-1841
https://orcid.org/0000-0002-7274-2842
https://ror.org/05591te55
https://ror.org/04xrcta15
https://ror.org/03vek6s52
https://ror.org/038t36y30
https://ror.org/03xjwb503
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.111.L011305&domain=pdf&date_stamp=2025-01-31
https://doi.org/10.1103/PhysRevA.111.L011305
https://creativecommons.org/licenses/by/4.0/

LUKAS HOMEIER et al.

PHYSICAL REVIEW A 111, L011305 (2025)

(a) Rydberg tweezer array

Local light shifts A,
A

(b) Ground-state phase diagram

Condensate fraction

Structure factor

T~ \ 20 04 20
Rydberg timé i 0
atoms = 10 . -
I i i
3 ; — 0.1
gou
= . 0.0 -20
10

o

10 20
Distance R (um)

20

FIG. 1. Dipolar and vdW model on the triangular lattice. (a) We propose to implement an extended Hubbard model in a specific set
of Rydberg states in 8’Rb featuring strong vdW density-density interactions V/ rfj and competing dipolar tunneling amplitudes o« —¢/ rfj
Equivalently, we can express the model as spin-1/2 particles with dipolar XY interactions and vdW Ising ZZ interactions. (b) Using quantum
Monte Carlo simulations, we calculate the ground-state phase diagram for repulsive extended Hubbard interactions (V > 0) and ferromagnetic
tunneling amplitudes (¢ > 0) on the triangular lattice; here, we tune the chemical potential u for particles in the system. We show the maximum
structure factor maxyS(Q) (right) and the condensate fraction n. (left) for a representative system size L, x L, = 15 x 15 and at temperature
Bt = 5. We find crystalline CDW order at 1/3 and 2/3 filling flanked by a supersolid region; the dashed (solid) black lines indicate first-order
(second-order) phase transitions [53]. The ratio V/t can be tuned by the lattice spacing R. The cross indicates an experimentally feasible regime

with R~ 7.1 wm and t = 27 x 0.45 MHz analyzed in Fig. 3.

Rydberg states [54,55], combining the previously established
models in tweezer arrays, see Fig. 1(a). For ferromagnetic
tunnelings ¢ > 0 and repulsive Hubbard interactions V > 0,
we show the existence of a long-lived lattice supersolid on
the triangular lattice using quantum Monte Carlo techniques,
see Fig. 1(b). Its critical temperature and entropy can be as
high as 7./t ~2 and S./N ~ 0.19, putting it well within
experimental reach and without concerns about an elon-
gated, confining geometry. For its experimental realization,
we propose a specific set of Rydberg states in 8’Rb and an
experimental protocol based on adiabatic state preparation
techniques [44], allowing one to prepare the supersolid in cur-
rent Rydberg tweezer arrays with hundreds of atoms, hence to
directly test the long-sought Andreev-Lifshitz-Chester picture
in existing experimental technology. In this defect-induced
picture of supersolidity, the energy gain through delocaliz-
ing and condensing vacancies is larger than their potential
energy cost of distorting the ideal, commensurate solid, giv-
ing rise to simultaneous diagonal and off-diagonal long-range
order.

Model. We consider hard-core bosons aj with Hamiltonian

H =H, + Hy

. 1 .
H, = —tZrT(ajaj—i—H.c.)

i<j i
. 1/ 1\/. 1 .
HVZVZF I’li—z nj—z —/,LGj, (1)
i<j U Jj

where 7; = &}& ; is the number operator on lattice sites j
of a triangular lattice, see Fig. 1(a). The distance between
two lattice sites is r;; = R - |[i — j|, and in the following we
set the lattice constant R = 1. Therefore, the Hamiltonian
(1) describes hard-core bosonic matter with ferromagnetic,
dipolar tunneling amplitudes r > 0 and repulsive, extended
vdW Hubbard interactions V > 0. The chemical potential u

controls the filling of particles such that u = 0 corresponds to
half filling.

Let us first discuss the various ordered phases that may
originate in the ground state, see Fig. 1(b). For V =0, we
expect a condensate with true off-diagonal long-range order
being possible in two dimensions even at finite temperature
because of the dipolar nature of the tunneling amplitudes.
The condensate is equivalent to an in-plane ferromagnet [56],
such as described by the XY model, and has been studied in
Refs. [44,57]. For V/t = oo, the system orders in a crystalline,
charge-density wave (CDW) with a wave ordering vector Q
depending on the filling factor. In this work, we restrict our-
selves to not too large values of V/t < 24 where only the
commensurate fillings 1/3 and 2/3 are relevant, as shown in
Fig. 1(b) left.

When the dipolar tunneling and repulsive Hubbard inter-
actions are in competition, we anticipate the existence of
a supersolid as the commensurate structure with filling 1/3
is doped with particles (or, equivalently, as the CDW with
filling 2/3 is doped with holes), in analogy to models with
short-range exchange [22-26], see Fig. 1(b) left. Next, we
corroborate the existence of the supersolid phase in numerical
simulations.

Quantum Monte Carlo simulations. We employ quantum
Monte Carlo (QMC) simulations with worm-type [58,59]
updates to study the model, Eq. (1), with ferromagnetic tun-
nelings t = 1 on the triangular lattice of linear size L with
periodic boundary conditions (PBC) and inverse tempera-
ture B. The code is based on an adaptation of Ref. [60].
The simulations were found to be challenging because of the
following reasons: (1) the parametric difference between the
dipolar kinetic and potential vdW terms, (2) strong first-order
transitions between the superfluid (SF) and CDW phases, and
(3) critical slowing down near the second-order crystalline
transitions. This is reflected in the data where the shown
statistical errors do not capture all the noise originating from
the systematic errors. In order to study the U(1) symmetry
breaking we analyze the experimentally accessible condensate
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fraction n. defined by
1

— +-
ne==,CT (@), )
d
where CT—(d) = (&T+d&j + H.c.) is the equal-time off-
diagonal correlation function at distance d from an arbitrary
reference site j, which can be directly obtained in the pro-
posed Rydberg tweezer setup by measuring the in-plane
spin-spin correlations ($757) in the spin picture. The criti-
cality of the analogous dipolar XY model has been analyzed
in Ref. [57], from which we extract the critical exponents
v=n=1.
The lattice symmetry breaking transition to a +/3 x+/3

order is caught by the structure factor

2

>, 3)

E ﬁkelQrk
k=1

with ordering vector Q = (4 /3, 0). Its critical exponent in
a finite size scaling analysis is 28/v. The vdW interactions
are short ranged; hence, no changes to the known critical
exponents are expected.

Ground-state phase diagram. We perform simulations for
linear system sizes L =9, 15,27 commensurate with the
expected 1/3 and 2/3-filling phases, at sufficiently low tem-
perature Bt = (T /t)~! = 10, which probes the ground state
of Hamiltonian (1) for all practical purposes. In Fig. 1(b),
we show the maximum structure factor maxgS(Q) and the
condensate fraction 7, for L = 15. In our simulations, we find
CDW lobes at 1/3- and 2/3-filling. Finite size effects can
be appreciated from the Supplemental Material [53]. In the
ground state, the phase diagram bears a strong similarity to
the models with a short-range exchange term [22-26,30].

In the following, we focus on the vicinity of the CDW 3
region, i.e., the lower lobe in Fig. 1(b) right. In analogy to
the defect picture of Andreev-Lifshitz-Chester, we start within
the lobe of constant particle density and increase the chemi-
cal potential above w/t 2 10. hence doping the system with
particles. For sufficiently large V/t 2 12, we find a reduced
but still substantial structure factor S(Q) for Q@ = (47 /3, 0),
establishing long-range order in the density-density (7;7;)
correlations. In addition, the dopants give rise to a conden-
sate fraction n., hence long-range order in the off-diagonal
(&j& ; + H.c.) correlations. The coexistence of both order pa-
rameters confirms the existence of a supersolid phase in the
ground state of our proposed model.

The experimentally accessible static structure factor and
the off-diagonal correlation function for the different phases
are shown in Fig. 2, where we set V/t =20 correspond-
ing to a fixed distance between Rydberg atoms. Hence, we
describe an experimentally realistic situation, where all the
above described phases can be realized at finite temperature
by a varying the chemical potential u [53], and distinguished
through their correlation functions.

We further characterize the phase transitions. In the vicin-
ity of the tip of the lobe, the CDW ;3 shows a first-order
phase transition directly into the SF phase without crossing a
supersolid region, as indicated by the dashed line in Fig. 1(b).
As we increase V/t the first-order line splits into two lines

1
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FIG. 2. Correlation functions. We show the off-diagonal correla-
tion function C*~(r) (upper) and static structure factor S(Q,) (lower)
in the four different phases: (N) normal (u/t = =9, V/t = 20, ft =
0.1), (SF) superfluid (u/t = —1,V/t =20, Bt = 0.5), (C) charge-
density wave (u/t = —9,V/t =20, Bt = 0.4), and (S) supersolid
(u/t = =5,V/t =20, Bt = 0.6). The system sizes are L =9, 15,
and 27 (light to dark). Deep in the normal and CDW phases, C*~ (r)
decays asymptotically as ~r~3; in the superfluid and supersolid
phases it is asymptotically constant. Only the peaks at Q, = 47 /3 in
the static structure factor in the charge-density wave and supersolid
phases are indicative of crystalline order; the others shrink to zero.

of second-order transitions indicated by the solid lines in
Fig. 1(b): (1) The CDW-to-supersolid transition described
above is the U(1) symmetry breaking of the XY ferromagnet.
(2) At intermediate V /¢, the supersolid loses the translational-
symmetry broken crystalline structure as we approach u =0
leading to a transition into the SF phase.

Finite temperature transitions. We choose a representative
parameter point u/t = —8,V/t = 16 where we expect a su-
persolid phase. As shown in Fig. 3, translational symmetry is
the first symmetry we break when lowering the temperature.
The transition is well described by the (2+1D) three-state
Potts model, with known critical exponents v = 5/6 and 8 =
1/9. When lowering the temperature further, a supersolid
phase forms at 7./t = 2.2. A finite size analysis [53] of the
superfluid stiffness and of the condensate fraction yield the
same critical temperature for the U (1) transition, with the
critical exponents v = n = 1, as expected from Refs. [44,57].
The critical entropy per site was found to be S/N =~ 0.14 for
L =27.For V/t =20, u/t = =5 the critical entropy was the
highest within our parameter range and found to be S/N ~
0.19 with a T./t =~ 1.9 [53]. These entropies are within reach
for the current generation of Rydberg tweezer experiments
[44,57,61-63].

Experimental proposal. We propose to encode the empty
and occupied lattice sites in two Rydberg states of 3'Rb.
The tunneling amplitudes ¢t = —C; arise from resonant
dipole-dipole interactions, while extended Hubbard in-
teractions V/R® = Euy + E.o — 2E,, = CS"/R® emerge via
second-order van der Waals interactions [64]. Here, E, 5
1/R® are the van der Waals interactions between a pair of
atoms in state | oo’) on neighboring sites, and coefficients
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FIG. 3. Finite temperature transitions. We perform a finite size
scaling analysis of the finite temperature transitions for u/t = —4,
V/t =16 from QMC simulations. The transition between the high
temperature magnet (N) and the insulating density wave phase (C)
belongs to the universality class of the 2D three-state Potts model
with v =5/6 and 8 = 1/9 (right panel). The U (1) transition to the
supersolid phase (S) has a mean-field exponent v = 1 (left panel).
The system sizes are L =9, 15, and 27 (light to dark). Cross-
ing points determine the respective critical temperatures; finite size
effects are seen to be small.

Cs and C{™ define the interaction strength. The mapping from
the Rydberg Hamiltonian to the extended Hubbard model in-
troduces an additional position-dependent chemical potential

Wi = % Zi Iri:(EOO — E,,), which is to a good approximation
ij
constant in the bulk but acts as a pinning field at the open

boundaries in an experiment.

For previous quantum simulations focusing on two
Rydberg states with identical principal quantum number n,
tunneling ¢ is typically much stronger than V [44]. Realizing
a regime where t < V requires the dipole matrix elements
between the chosen Rydberg states, which contribute to ¢,
to be smaller than the ones contributing to the dispersive
van der Waals interactions. Here, we propose Rydberg states
with different n where radial dipole matrix elements decay
rapidly. Additionally to n and the orbital angular momentum
! of the Rydberg states, interactions can be fine-tuned by
the total electronic angular momentum state J, their projec-
tion my, and the magnetic field B applied perpendicular to
the atomic plane. As one example, we find promising in-
teraction strengths for states |o) = |60Ps/;, m; = 3/2), and
|®) = [59D3,,, m; = 3/2), and a field amplitude B = 50G,
see Fig. 4. These states implement a model with attractive,
extended Hubbard interactions V < 0 and antiferromagnetic
tunnelings ¢ < 0. Hence, the highest energy state (negative
temperature regime) realizes the predicted supersolid, which
can be prepared adiabatically as we explain below. We are
confident that similar parameters can be found using different
parameters and atomic species, opening a wide range of the
accessible parameters.

State preparation protocol. In Rydberg tweezer experi-
ments, it iS customary to prepare an initial product state
followed by a ramp protocol in order to prepare a target
ground state [44,62]. Due to imperfections in the initial state
preparation, decoherence effects during the time evolution
(e.g., caused by finite Rydberg state lifetime), and rapid
spin exchange processes, local observables are often well
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FIG. 4. Realistic experimental parameters. (a) Extended Hub-
bard interactions V/R® (blue) and tunnelings ¢/R* (orange) between
the proposed Rydberg states at various distances. Similar interactions
can be expected to be found for other Rydberg states and atomic
species. (b) At a distance close to R~ 7.1 um where V/t ~ 16,
we expect the presence of a supersolid phase. (c) The underlying
diagonal Rydberg interactions [65] between |ee) and |oo) (red lines)
can be well approximated by E,.(R) ~ C¢*/R® and E,.(R) ~ C¢°/R®
(dashed black lines). Gray lines are other pair potentials which re-
main uncoupled and do not contribute. Interactions between |oe) and
|eo) have diagonal components o 1/R® contributing to V, as well
as off-diagonal exchange components oc 1/R? contributing to ¢, both
included in the fit.

described by an equilibrium grand canonical statistical ensem-
ble during the later stages of an experiment [57]. We proceed
as follows: (1) All atoms are prepared in the |e) state. (2)
Subsequently, local light shifts [A ;| > |¢|, |V acting on the
|o) state are applied to sites j € Cy, where Cy corresponds
to a realization of the CDW, 3 order [41] with N additional
excitations in the system, see Fig. 1(a). Depending on the
sign of the light shift, the system has a large overlap with the
ground state (A; > 0) or highest excited state (A; < 0).(3) In
the presence of the strong local light shift, a global microwave
pulse applies a 77-rotation U, = [ i¢Cy (&'; + a;) for the atoms
on site j ¢ Cy. (iv) To adiabatically prepare the ground state
(highest excited state), the local light shift | A ;| is decreased to
zero while maintaining an eigenstate for ramp speeds slower
than the gap size. We expect that the long-range interactions
give rise to large finite system size gaps advantageous for the
experiments. Previous experiments in similar systems were
mostly limited by infidelities in the initial state preparation
and not diabaticity [44,57]. To account for nonequilibrium
processes, we suggest to wait for a short time to reach thermal
equilibrium before preforming measurements. (5) Lastly, a
projective measurement on one internal state is performed.
In the above basis, this directly allow us to obtain the (7;7;)
correlations and static structure factor S(Q). An additional
global 7 /2 rotation around the (&' 4 &) direction prior to the
measurement gives access to the correlations of (@] a; + H.c.).
Therefore, the proposed protocol allows us to directly test our
predicted supersolid phase by a comparison to the correlation
functions obtained using QMC simulations, see Fig. 2.
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Discussion and outlook. We have introduced a model com-
bining long-range dipolar tunnelings of hard-core bosons with
dominant short-range vdW Hubbard interactions in Rydberg
tweezer arrays. On the triangular model and for ferromagnetic
tunnelings and repulsive extended Hubbard interactions, we
have established the phase diagram using large-scale QMC
simulations in the experimentally relevant parameter regime.
We have predicted the existence of a robust supersolid phase.
From a finite temperature analysis, we have extracted the
critical temperature and entropy, which we find to be within
reach in current Rydberg analog quantum simulators using
concrete calculations of pair states in 8’Rb. Our proposed
scheme makes the realization of the long-sought lattice su-
persolid with hundreds of particles viable.

In addition to the equal time correlation functions, it has
been demonstrated [61] that dynamical experiments give ac-
cess to the momentum resolved excitation spectrum of spin
models [66]. The application of this protocol to our model
allows to study the emergence of superfluid as well as crys-
talline phonons in the supersolid phase [67]. Furthermore,
the Hamiltonian (1) can be considered from the perspective
of a spin-ordered Mott insulator; hence extensions to three
Rydberg levels provide a route to explore supersolids with
additional mobile hard-core bosonic vacancies [68].

Our proposed experimental scheme is highly flexible:
The ability to probe either the ground state or the inverted
spectrum [44] as well as the freedom to engineer both
ferromagnetic and antiferromagnetic dipolar tunnelings by
choosing atomic m; sublevels enables to probe four dis-
tinct models. This includes the recently discovered transverse
quantum fluids [69,70] with ferromagnetic tunnelings and
attractive Hubbard interactions. A sign problem for antiferro-
magnetic tunnelings prohibits the exploration of large-scale

QMC simulation, but frustrated models host potential can-
didates for quantum spin liquids [71]. Hence, their quantum
simulation could give valuable insights into their quantum
phases of matter.

Note added. Recently, we became aware of another pro-
posal to study supersolidity with Rydberg tweezer arrays
based on three Rydberg states [72].
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