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Experimental computations of atomic properties on a superconducting quantum processor
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We experimentally compute relativistic and correlation effects in the atomic properties by using a super-
conducting qubit processor. Specifically, we compute the relativistic ground-state energies and magnetic-dipole
hyperfine structure constants for four Li-like atomic systems ranging from very light to moderately heavy to very
heavy in terms of nuclear charge. A symmetry-conserving Bravyi-Kitaev transformation is used to reduce the
original six-qubit problem to a four-qubit problem, which is experimentally contrived by reducing the hardware
requirement by employing a virtual two-qubit gate. It enables the simulation of four-qubit circuits using two
physical qubits with additional circuit evaluations. The ground-state wave functions, required for computing
atomic properties, are obtained by using quantum state tomography. Our results show that the averaged relative
errors for the ground-state energies are ~0.3 &+ 1%. However, for the hyperfine structure constants, the mean
values of the relative errors are less than 15%, with their estimated upper bound of relative errors of ~ +10%
(with the exception of 7.2 4 47% for neutral "Li). Notably, our results for the hyperfine structure constants
exhibit higher sensitivity to errors as compared to energies; a trend which we also confirm through additional

numerical simulations.
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I. INTRODUCTION

The achievement of scalable, fault-tolerant computers that
can solve classically intractable problems is the holy grail
of quantum computing [1,2]. The currently available noisy
intermediate-scale quantum (NISQ) computers [3] are an im-
portant milestone in the journey towards achieving this goal.
These computers are restricted by fairly large error rates and
a limited number of qubits among other challenges. Despite
these limitations, NISQ devices are being actively explored
to harness their maximum quantum computational power and
broaden the scope of their applicability [4—10].

NISQ devices prominently utilize hybrid quantum-
classical algorithms, specifically tailored for their capabilities,
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such as the variational quantum eigensolver (VQE) [11,12].
VQE has gained substantial recognition for its adeptness in
approximating molecular ground-state energy, underscoring
the practical significance of NISQ devices amid existing quan-
tum hardware limitations. Early VQE applications largely
concentrated on computing the ground- and excited-state
energies of molecules [13-18]. Atoms and molecules, partic-
ularly those with strong electron correlation effects, hold the
promise of achieving quantum advantage due to their natural
entanglement [19]. There have been significant advances in
calculations of a wide range of atomic properties on classical
computers in the past two decades [20-22]. Some of these
properties are important ingredients in probing new physics
beyond the Standard Model of elementary particles [23].
However, ongoing advancements indicate that further
progress may eventually require using quantum computers.
The computation of properties beyond energies, such as the
hyperfine structure constant is considerably more challeng-
ing, especially on quantum hardware, due to its requirement
of efficiently capturing physical effects in the near-nuclear
regions. Hyperfine interactions are of crucial importance for
atomic systems, and they occur in a wide range of physical
situations [24]. The present definition of a second is based on
the transition between hyperfine levels of the ground state of
133Cs atom (F =3 — F = 4) [25,26], where F is the total

Published by the American Physical Society
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angular momentum. Further, the current best optical clocks
use the highly forbidden clock transitions J =0 — J =0,
which are induced by the hyperfine interactions [27,28],
where J represents the total electronic angular momentum.
Precise knowledge of hyperfine structures in atomic systems
also plays a crucial role in several applications, including
cosmology, particularly in the context of the 21-cm line [29],
and cold-atom physics [30,31]. An accurate description of
hyperfine interactions require precise knowledge of single-
particle wave functions in the nuclear region and they can
serve as a sensitive test for relativistic and correlation effects
in atoms and molecules [32,33].

In this work, we experimentally compute the relativistic
ground-state energies and magnetic-dipole hyperfine struc-
ture constants of four atomic systems, neutral 7Li atom
and three highly charged ions; Li-like ¥*Sc, Li-like '!'Pr,
and Li-like 2 Bi, on a superconducting quantum processor.
Henceforth, in this work, when ground-state energy and hy-
perfine structure constant values are mentioned, they refer to
the relativistic values of those two atomic properties. We also
study the trend of relativistic and correlation effects on the
two atomic properties in the above-mentioned atomic sys-
tems with increasing nuclear charge. The relativistic effects
are captured by employing the relativistic Dirac-Coulomb
Hamiltonian, while the electron correlation effects are ac-
counted for by the choice of a suitable ansatz for VQE where
the entangling gates facilitate the interorbital interactions.
Employing a NISQ technique for simulating large quantum
circuits with smaller quantum devices, we implement a vir-
tual two-qubit gate [34,35]. By utilizing the virtual two-qubit
gate, we simulate four-qubit circuits using two physical qubits
with additional circuit runs. Initially, VQE is implemented
on a classical computer to derive the optimized parameters
for the ground-state energies of the four systems. Subse-
quently, the same ansatz is executed on a quantum device
with the optimized parameters to compute the expectation
values corresponding to the respective ground-state energy
and hyperfine structure Hamiltonians. Furthermore, we obtain
the ground-state wave functions for the four systems using
quantum state tomography (QST).

The rest of the paper is organized as follows. In Sec. II,
we review the theory of hyperfine structure constants and dis-
cuss the atomic Hamiltonian and its transformation to a qubit
Hamiltonian. Section III presents the methodology adopted
in this work to obtain the optimized parameters from VQE,
which we then utilize to experimentally obtain the ground-
state density matrices for the four systems. In Sec. IV, we
provide details on the experiment and then present the results
obtained from it. In Sec. V, we analyze our experimental
results, providing explanations behind the observed trends.
These explanations are further corroborated through the nu-
merical simulations. Lastly, in Sec. VI we summarize our
work and discuss potential directions for future work.

II. THEORY

A. Hyperfine structure

We begin by considering the relativistic Dirac-Coulomb
(DC) Hamiltonian for atomic systems (in SI units)

Hpc as

Hpc = Z(C&i - Pi + Bimc?)
;

. 1 1 e’
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where ¢ is the speed of light, p; is the momentum of the ith
electron, m is the mass of the electron, e is the electron charge,
and 7; is the coordinate vector of the ith electron. &; and S;
are the Dirac matrix spinors. The permittivity of a vacuum
is represented by €. It is important to consider a nucleus
with a finite-size distribution for the computation of properties
that are sensitive to physical effects near the nucleus, like the
hyperfine interaction. Thus, the electron-nucleus interaction

term is given by
R
‘. / PR 4o )
e Jy |F — R|

where p, refers to the volume nuclear charge density (which
is a Fermi distribution [36] in our case), with 7 and R being
the electronic and nuclear coordinates, respectively, and the
volume element is denoted by dt. If we only consider the ef-
fect of the nuclear charge and not the higher-order multipoles

in the expansion of ﬁ, the expression for V() in Eq. (2)

V() = —

reduces to

o0
vy~ [ B g 3)
€0 Jo rs
where r. is the radial coordinate which represents the larger
of the two values between |7| and |R|, and dR is the radial
element. Hereafter, we use atomic units (a.u.), wheree = m =
h=4dmey=1.

The relativistic hyperfine interaction, which arises due to
the interaction of the electron current density and the vector
potential due to the nuclear magnetic dipole moment ji;, can
be expressed as [37]

5 3 “

where i refers to the ith electron. We then define an effective
hyperfine operator HSf = AT - J, where A is the magnetic-
dipole hyperfine structure constant. / and J are the total
nuclear spin and the total electronic angular momenta, re-
spectively. The expression for the expectation values of H]ffff
satisfies the relation

(WIHT W) = (V| He| V), (5)

where |V) = |W(UM))) ® |W(IM;)), J, M; and I, M; are the
electronic and nuclear quantum numbers, respectively. Keep-
ing in mind that experiments for the measurement of A are
performed in the stretched state, that is, M; = [, and M, = J,
from Eq. (5), we obtain

W (Fi x ;)
A= WU Y = E W), 6)
1J —~ |7l
An alternate but equivalent expression for .4 using

coupled angular momentum states can be found in the
literature [38,39].
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FIG. 1. Quantum circuit for computing ground-state energies and hyperfine structure constants of various electronic systems. The virtual
CNOT gate (Venor) is shown in a green box, which is implemented by sandwiching a virtual Cz gate (represented with a dashed line) between

two Hadamard gates (H) on the target qubit.

B. Atomic Hamiltonian

The second quantized form of Eq. (1) is given by

1
H = Z /’lpqaj;aq + z Z gpqr.va;a,;axara (7)
pq pqrs

where a’ and a are the creation and annihilation operators,
respectively. The indices p, g, r, s run over the chosen single-
particle basis. The coefficients, h,, and g,4,s are one- and two-
electron integrals, respectively.

To perform VQE, the electronic Hamiltonian is trans-
formed to a qubit Hamiltonian

Hy = "wP. ®)
k

where wy, are the real scalar coefficients that depend on &,
and gpgrs. P € {1,X,7Y, Z)}®N is a tensor product of single-
qubit Pauli operators on N qubits. In typical fermion-qubit
encoding techniques such as Jordan-Wigner transformation
(JWT [40]) and Bravyi-Kitaev transformation (BKT [41]),
the number of qubits required to encode the wave function
equals to the number of spin orbitals in the active space. In
this work, we use the 1s, 2s, and 3s orbitals as the active
space, which corresponds to a six-qubit problem. However,
we adopt a symmetry-conserving BKT (SCBKT [42]) for
the wave-function encoding, which allows us to reduce two
qubits based on the conservation rule of the numbers of
spin-up and spin-down electrons. Note that the two-qubit
reduction technique adopted in the SCBKT assumes nonrel-
ativistic atomic calculations in which electron-spin quantum
number S becomes a good quantum number. By using the
qubit reduction techniques for relativistic atomic calculations
as in this study is generally nontrivial. In the present work,
however, we consider only s-type orbitals (j = 1/2) as the
active orbitals, where j is the total angular momentum. In this
case the SCBKT is applicable directly to reduce the number
of qubits for the wave-function encoding. As discussed below,
we also “cut” one CNOT gate and employ a virtual CNOT gate,
which allows us to further reduce the number of physical
qubits from six in the original problem to two to simulate the

electronic structure of a neutral 'Li atom and Li-like ions.
In the hyperfine integral calculations, we use g; = u;/I =
2.17095, 1.35899, 1.71016, and 0.9134 for neutral 'Li, Li-like
8¢, Li-like "“!'Pr, and Li-like 2B, respectively. The u;
values were taken from the atomic and nuclear data tables
provided by Ref. [43]. The hyperfine Hamiltonian H, in the
qubit-operator form contains only one-body terms, and the
relevant integrals are generated in a manner similar to that of
the one-body part of the qubit Hamiltonian.

III. METHODOLOGY

Figure 1 shows the four-qubit circuit realized by using two
physical qubits. The labeling of these qubits is done as Q97
where g refers to the index of the qubit in the four-qubit circuit
and p refers to the index of the physical qubit in the device.
Single-qubit operations in the circuit are labeled as U (6)2-r,
where g and p are qubit indices. Moreover, i represents the
position of the gate layer in the circuit. The four-qubit circuit
can be considered as two subcircuits, labeled as subcircuits A
and B in Fig. 1, connected by a two-qubit gate between them.
We “cut” this two-qubit gate and employ a virtual two-qubit
gate in its place, which allows us to simulate the four-qubit
circuit with two physical qubits. We generate a virtual CNOT
gate (Venor) between (Q"! and Q*°) by implementing a vir-
tual CZ gate between the pair of qubits and applying Hadamard
(H) gates before and after the virtual CZ gate on the the target
qubit 0*°. The decomposition of a virtual CZ gate is written
as

(a5 +(5) (e

- 1 . -
® Rz(-%)) —5 > aIQZI:HaIZ Q@ Rz ((Olz‘l'l)%)

- i .
+ RZ((“I + 1)5> by Ha22:|, 9

\yhere a1, o € {—1, +1}. The superoperators 7~€z(:i:0) and
[1.; correspond to the operators Rz(+6) = ¢%20/2 and
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[yz; = £ Z)/2, respectively. I1y; represent projection
gates, which project the quantum state onto the respective
eigenbasis and are nonunitary [34]. The tilde (~) symbol
denotes a superoperator U, which corresponds to an operator
U. Its action on a density matrix p is defined as Up = U pU".
To implement a virtual CZ gate, five distinct local operations or
decomposition operators D,ﬁ must be applied to both the con-

trol qubit Q"' and the target qubit Q>°. In D}, the superscript
j e {0V, 0*9) refers to the qubit they are applied to, and
the subscript k € {1, 2, 3, 4, 5} refers to the kth decomposition
operator in the set D € {Rz(w/2), Rz(—n/2), iz, 1, Z}.
The projection gates D]_, = {I1.7} are implemented via mid-
circuit measurements. The details of implementing a virtual
two-qubit gate experimentally are presented in Ref. [35].

As a first step, we run the VQE algorithm to obtain the
optimized parameters @op for the circuit shown in Fig. 1,
corresponding to the ground-state energies of the four atomic
systems. This is performed on a classical computer using the
QULACS simulator [44]. We use the hardware-efficient ansatz
(HEA) [12] for the VQE, where two layers of single-qubit
gates and a layer of actual and virtual two-qubit gates are
implemented before measuring the expectation values for the
corresponding Hamiltonians for the ground-state energies and
hyperfine structure constants, respectively. An initial state
|0000) is fed into the VQE algorithm with the initial set of
parameters randomly assigned, and “BFGS” [45,46] is used
as the optimizer. The VQE convergence results for all the four
atomic systems are shown in Fig. 4. After obtaining @op, we
execute the circuit shown in Fig. 1 on a quantum device, using
@opt as the variational parameters to obtain the ground-state
wave functions of the four atomic systems. The details of the
experimental implementation is presented in Sec. IV.

We carry out calculations on a classical computer as a ref-
erence by taking into consideration all the excitations arising
from the electron—electron Coulomb interactions within 1s,
2s, and 3s orbitals. This is referred to as the complete-active-
space configuration-interaction (CAS-CI) calculation, which
is the full-CI treatment within a restricted space spanned
by all possible configurations that we consider in our work.
We denote the CAS-CI values for ground-state energies
and hyperfine structure constants for each atomic system as
ECASCL and ACAS-CL respectively. The Dirac-Hartree-Fock
(DHF) configuration is |(15)%(2s5)'(3s)°) (two electrons in
m; = +1/2 orbitals and one electron in m; = —1/2), and it
is the leading term of the ground-state CAS-CI wave function
for all the four atomic systems. In the DHF calculations, we
choose Gaussian-type orbitals for our single-particle basis
sets. In particular, we choose the universal basis [47] whose
ith basis function is given as the Gaussian function

gi(r) = rlie=er, (10)

where /; is the angular momentum quantum number and o;
is exponent of the Gaussian. The distance from the center of
the Gaussian to the origin is given as r. Furthermore, «; is
given as

o = apf !, (11)

for some constants oy and B. Since we truncate our Hilbert
space, we carefully choose the values of «y and B that still

TABLE I. Parameters of the superconducting transmon qubits
used in the experiments: the resonator frequency w;, the qubit
frequency wq, anharmonicity o, energy-relaxation time 7;, and Hahn-
echo time Thg.

Qubit 2 (GHz) <4 (GHz) ——(MHz) T (us) Tae (us)
2 2 2

0o 9.956
0 10.155

7.784
8.484

—-360 21.4 47.2
—434 27.1 19.1

give the optimal single-particle energies as well as the total
energy (g = 0.0009 and B = 2.15). The atomic orbitals are
expressed within the basis set as a linear combination of basis
functions [48]. We perform DHF calculations using 40 sy2,
39 P12, 39 P32, 38 d3/2, and 38 d5/2 basis functions [49]
The SCBKT reduces two qubits using the information of
the number of spin-up and spin-down electrons (the number
of electrons occupying m; = +1/2 or —1/2 orbitals in our
case) being either even or odd. When the VQE is carried
out using the HEA in conjunction with the SCBKT, it can
converge to odd-electron states other than the three-electron
state. This problem is very important for the calculations of
Li-like ions because five-electron state is much more stable
than the three-electron state we are interested in. To obtain the
desired three-electron state in VQE, we introduced a term

2

n=c| Y ala;—n|. (12)
J

which acts as a penalty in the cost function to be minimized.
Here, n. is the number of electrons in the target electronic
state and C is a coefficient that controls the strength of the
penalty. In this study we used C = 0, 100, 1000, and 5000
for neutral "Li, Li-like #3Sc, Li-like "*!'Pr, and Li-like 2*°Bi,
respectively. The density matrices for the DHF configuration
after applying SCBKT for all the four atomic systems, are
obtained as pPHF = |1011)(1011|. To check the ansatz for the
convergence to the CAS-CI values, we run our calculations
for all possible configurations of the ansatz by rearranging the
positions of the qubits in the calculations (see Appendix A).

IV. EXPERIMENT

For the experiments, we use fixed-frequency superconduct-
ing transmon qubits [50]. These qubits are part of a 16-qubit
device [51]. The experiments discussed here make use of two
of these qubits labeled as Oy and Q;. The parameters of these
qubits are summarized in Table 1.

After obtaining @ in the VQE on a classical simulator, we
execute the circuit shown in Fig. 1 on a quantum device, using
@opt as the variational parameters to obtain the ground-state
wave functions of the four atomic systems. The single-qubit
operations U (6)7P1 are implemented as a combination of
Rz(6) and Ry (5) gates expressed as U"””i(é) =Rz(6) x
Rx(F) x Rz(62) x Rx(5) x Rz(6s), where Ra(£0) =
e*9/2 for an operator A. The average gate fidelities of the
single-qubit Clifford gates for Qp and Q; are evaluated to
be 0.9981 £ 0.0006 and 0.9968 + 0.0002, respectively, via
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FIG. 2. Quantum state tomography for the considered atomic systems. The experimentally obtained ground-state wave functions of
(a) neutral "Li, (b) Li-like *Sc, (c) Li-like *'Pr, and (d) Li-like 2’Bi. Real (imaginary) parts of the density matrices are plotted on the

left (right) panels of the figures.

randomized benchmarking [52-54]. Here, we consider real
amplitudes ansatz [55], implying rotations around the Y axis,
resulting in real amplitudes wavefunction with 6; = 63 = 0.
This gives rise to one variational parameter per qubit in
each single-qubit gate as considered in the circuit shown
in Fig. 1. The actual CNOT gates and Veyor do not have
variational parameters. Hence, we obtain @op as a set of
eight optimized parameters. The implementation of R (6)
gates are performed through the efficient Z-gate technique
in which the rotations around Z axis are performed through
the frame changes in the control software [56]. The single-
qubit gates are implemented by calibrated shaped microwave
pulses [57]. CNOT gates are implemented by cross-resonance
(CR) gates [58,59] combined with single-qubit operations.
The two-qubit average gate fidelity obtained through inter-
leaved randomized benchmarking is 0.9756 £+ 0.0004.

We obtain the ground-state wave functions of the
four atomic systems through quantum state tomography
(QST) [60], which requires the measurement of {X,Y, Z}®*
observables for the circuit shown in Fig. 1. Since we divide
the four-qubit circuit into two subcircuits with each having
two physical qubits, we compute the expectation values of
the circuit shown in Fig. 1 from the sets of two-qubit circuit
expectation values by using Eq. (9). For the measurement of
I observable, we always take the outcome to be +1. For each
subcircuit and measurement of each observable, we run the
circuit 100 000 times, also called as the number of shots NV,
and take the average as the expectation value. For mitigating
the initialization errors, we apply a measurement pulse at
the beginning of the circuit and postselect only those shots
that were measured to be in the ground state initially. For

the measurement-error mitigation, we apply the least-square
method in the tensored-matrix mitigation technique [61,62].
Thus, we can obtain the four-qubit density matrices, which
we denote as {p[i", pe’ s Ppes Ppi } that refer to the atomic
systems, neutral 'Li, Li-like ¥Sc, Li-like "*'Pr, and Li-like
209Bi, respectively. The superscript “exp” denotes the exper-
imentally realized quantum states. The density matrices of
the experimentally obtained ground-state wave functions are
shown in Fig. 2.

By using the experimentally obtained expectation values
of {X,Y,Z)}®* observables from the QST experiments, we
use the relevant Pauli strings to compute the ground-state
energies E**P and hyperfine structure constants A*P by using
Eq. (8) as

E™P = (Hy) = ) wi(Pexp. (13)
k

AP = (Hi ) =" wi™ (P)exp. (14)
1

where w; and w}‘fs are the real coefficients corresponding

to the ground-state energy and hyperfine structure constant
Hamiltonians, respectively. The relative errors from the values
obtained in the CAS-CI are defined as

ESXp _ ECAS—CI

E
Ay = ECAS-CI > (15)
Aexp _ ACAS—CI
A _
Ay = ACAS-CI ’ (16)

respectively. The results are presented in Fig. 3. Here, we
calculate the error bars as follows. For each qubit, we
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FIG. 3. Relative errors of the experimentally obtained parameters with respect to the reference values from the CAS-CI calculations.
(a) Relative error for the ground-state energies, A%, (b) Relative error for the ground-state hyperfine structure constants A,

construct the transition matrix and then determine error
margins for ground-state energies and hyperfine structure con-
stants. To estimate these uncertainties, we calculate the upper
bound on errors for each expectation value [63] within each
subcircuit. The error bound § is expressed as

T

§ = —, 17
A (17)
where Y is defined as
1+ [k — xil
T = _— (18)
l_[ I — ki — xi

i={0,1}

with i representing the index of each physical qubit. ¥ and x
are the readout error rates describing 0 — 1 and 1 — 0 error
transition probabilities, respectively. Refer to Appendix B for
further details. It is important to note that these error bars
represent the upper bounds of the relative errors in the cal-
culated ground-state energy and hyperfine structure constant
values. This occurs when the expectation values of all the
Hamiltonian terms are consistently overestimated or under-
estimated. However, in practice, the actual relative errors are
significantly smaller, as overestimations and underestimations
tend to partially cancel each other out. The averaged rela-
tive errors for the ground-state energies AF are ~0.3 £ 1%.
The mean values of the relative errors for the hyperfine struc-
ture constants A* are <15%, with their upper bound of
relative errors around 10% (with the exception of 7.2 + 47%
for neutral "Li). This observed higher upper bound of rel-
ative error in the ground-state hyperfine structure constants
compared to the ground-state energies aligns with the expec-
tations, given the first’s inherent higher sensitivity to errors.
Further discussion about the obtained results is presented in
Sec. V.

We conduct a comparative analysis between the absolute
values of our experimental results for the ground-state en-
ergies and hyperfine structure constants of the four systems
and the corresponding DHF and CAS-CI values computed
on a classical computer, as detailed in Tables IV and V,
respectively. Additionally, in Table V, we incorporate the
results of spectroscopic experiments pertaining to the ground-
state hyperfine structure constants [64-67], designated as
“REX” to denote reference experiments. The observation that

the ground-state energies as well as the hyperfine structure
constants increase sharply as we move from the lightest,
neutral “Li atom, to the heaviest, Li-like 2%Bi, reflects the
increasing atomic number Z of the nucleus (and therefore
the increase in relativistic effects). In fact, our results in
Tables IV and V show that the hyperfine structure constant of
the heaviest system considered is larger than the lightest one
by over five orders of magnitude. Our hardware results reflect
this expected trend. See Appendix C for the details.

V. DISCUSSION

The obtained experimental results, as presented in Fig. 3,
show higher upper bounds of relative errors in the ground-
state hyperfine structure constants compared to the ground-
state energies. Because the upper bounds of the relative errors
are calculated by summing the standard deviations of the
expectation values of each Hamiltonian term, they become
larger when the sum of the absolute values of the coefficients
in the qubit Hamiltonian [|wy| and |wff5| in Eqs. (13) and (14)
for ground-state energies and hyperfine structure constants,
respectively] is large. To investigate the trend of the upper
bounds of the relative errors theoretically, we calculate the L1
norms of the Hamiltonians scaled by their respective CAS-CI
values, which can be expressed as

q— |ECAS»CI| - |ECAS—CI|’
hfs
rd — ||Hk?fs|| _ Zl‘wl ’ (20)
hfs — ACAS-CI - ACAS-CI ’

where I'y and F}?fs are the scaled L1 norms of the ground-
state energy and hyperfine structure constant Hamiltonians,
respectively. The calculated I'y and T, respectively, are
summarized in Table II. We confirm that the upper bounds of
relative errors in Fig. 3 are approximately proportional to the
L1 norms, and ')\, is more than one order larger than Ty for
all the four systems. The magnitude of Fﬁfs also explains why
the upper bound of relative error of the ground-state hyperfine
structure constant of neutral "Li is larger than that of other
Li-like ions.

The large Fgfs values can be explained by the nature of
the hyperfine Hamiltonian. In the hyperfine Hamiltonian, the
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TABLE II. L1 norms of the ground-state energy Hamiltonian
(T'y) and hyperfine structure constant Hamiltonian (') scaled by
their respective CAS-CI values.

System Iy e

Neutral "Li 1.244 55.249
Li-like ¥*Sc 1.224 20.278
Li-like '*'Pr 1.217 18.062
Li-like 2®Bi 1.217 16.426
spin-up (m; = 1/2) and spin-down (m; = —1/2) electrons

contribute to the hyperfine structure constant with the same
magnitude but opposite signs. Therefore, when both the spin-
up and spin-down orbitals are occupied, their contributions
to the hyperfine structure constant cancel out completely.
In the atomic systems being investigated, the contribution
to the hyperfine structure constant from the ls orbital is
very small because the ground-state wave function can be
well approximated by the Dirac-Fock electron configuration.
However, experiments with superconducting quantum devices
show an insufficient cancellation of these contributions from
the 1syp and Lsgown spin orbitals, due to hardware noises and
errors. Note that the |w;‘f5|/ ACAS=CL values with P, = ZI11,
which describes the contribution of the 1s,, spin-orbital to
the hyperfine structure constant are 20.57, 4.48, 3.70, and
3.18 for neutral 'Li, Li-like **Sc, Li-like "*'Pr, and Li-like
209Bi, respectively. Lighter elements are more affected by the
insufficient cancellation of contributions from the spin-up and
spin-down electrons.

The higher sensitivity of A®P to errors is also confirmed
from the numerical simulations [68] of the ground-state
energies and hyperfine structure constants with depolariz-
ing errors [60] and shot noise. The details are given in
Appendix D. We find that the ground-state hyperfine structure
constants are more sensitive to errors than the ground-state
energies, as also seen in the experiments. According to our
numerical simulations, the standard deviation of the relative
errors of the ground-state energy for 100 independent simu-
lations is less than 0.001% when we per’formlO5 shots, while
that of ground-state hyperfine structure constants is less than
2% (see Fig. 5). Again, we emphasize that the error bars
in Fig. 3 represent upper bounds on the relative errors, and
the standard deviation of the energies and hyperfine structure
constants obtained from 100 repetitions of the numerical sim-
ulations are smaller than the upper bound.

VI. CONCLUSION

In this work, we experimentally computed relativistic and
correlation effects in the ground-state energies and magnetic-
dipole hyperfine structure constants of atomic systems on
a superconducting quantum processor. We considered four
atomic systems; neutral 7Li and its three isoelectronic ions
that are intermediate, heavy, and very heavy in terms of
atomic number Z. After reducing the number of qubits from
six to four via the symmetry-conserving Bravyi-Kitaev trans-
formation, we further reduced the hardware requirement by
simulating the four-qubit circuit with two physical qubits by
implementing a virtual two-qubit gate. The hyperfine structure

values are highly sensitive to errors; we also found that from
the experimental results. While computing expectation values
with less errors were important to evaluate the energy values,
generating precise wave functions was equally important to
explore other atomic properties such as hyperfine structure
constants. We experimentally demonstrated the importance
of relativistic and correlation effects in atomic systems by
carrying out computations of ground-state energies and more
strikingly, ground-state hyperfine structure constants, of light,
medium-heavy, and very heavy atomic systems (where rela-
tivistic effects dominate). It is worth adding here that there
is a huge space that can be explored using NISQ techniques
such as virtual two-qubit gates, hybrid quantum-classical al-
gorithms, and quantum error mitigation which can pave a way
to compute many other significant physical properties and
phenomena.
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APPENDIX A: DIFFERENT ANSATZ CONFIGURATIONS

We check the ansatz employed in the circuit shown in
Fig. 1 to ensure convergence to the CAS-CI values. Taking
the example of neutral 'Li, we investigate the dependence
of our calculations on all the possible arrangements of the
entangling gates in the ansatz. For this purpose, we rearrange
the ordering of the Hamiltonian and calculated each arrange-
ment 100 times with randomly prepared initial parameters.
In the notation used in Table III, the arrangement [0,1,2,3],
for example, refers to CNOT gates connecting qubits 0 and
1, 1 and 2, and 2 and 3, where the first member in the pair
refers to the control qubit and the latter the target qubit. The
value pg refers to the probability of successful convergence
to the CAS-CI value for a given arrangement. As we see in
Table III, the arrangements converge to the CAS-CI values
albeit with different probabilities ps. Therefore, we chose the
default arrangement [0,1,2,3] for all the four atomic systems
in the experiments, for simplicity. The VQE convergence
results to the corresponding CAS-CI values for all the four
atomic systems under the [0,1,2,3] arrangement are shown in
Fig. 4.

APPENDIX B: QUBIT READOUT CHARACTERIZATION

To compute the transition probability matrix A, we start by
initializing the qubit in the ground state |0) and applying a
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TABLE III. Results from different arrangements of entangling gates for our choice of ansatz for neutral ’Li.

Ordering Ds ECAS-CI (Hartree) ACAS-CL (Hartree)

[0,1,2,3] 0.96 —7.433469 + 0.000035 (6.586025 4 0.025077) x 1078
[0,1,3,2] 0.99 —7.433463 £ 0.000049 (6.587089 + 0.025077) x 1078
[0,2,1,3] 0.97 —7.433455 £+ 0.000033 (6.586633 4 0.025685) x 1078
[0,2,3,1] 1.0 —7.433465 + 0.000037 (6.584809 4 0.025989) x 1078
[0,3,1,2] 1.0 —7.433466 £ 0.000033 (6.587697 & 0.024925) x 1078
[0,3,2,1] 1.0 —7.433467 £ 0.000036 (6.586785 4 0.026749) x 1078
[1,0,2,3] 0.92 —7.433451 +£ 0.000040 (6.585569 4 0.022189) x 1078
[1,0,3,2] 1.0 —7.433456 4+ 0.000057 (6.587393 +0.031916) x 1078
[1,2,0,3] 0.89 —7.433442 £ 0.000058 (6.588153 4 0.032524) x 1078
[1,2,3,0] 1.0 —7.433464 + 0.000042 (6.591800 4 0.023709) x 1078
[1,3,0,2] 1.0 —7.433460 £ 0.000027 (6.588609 + 0.023557) x 1078
[1,3,2,0] 0.98 —7.433456 £+ 0.000038 (6.588001 4 0.023405) x 1078
[2,0,1, 3] 0.96 —7.433455 £ 0.000038 (6.582833 4-0.023405) x 1078
[2,0,3,1] 1.0 —7.433451 4+ 0.000048 (6.586025 4+ 0.020214) x 1078
[2,1,0,3] 0.99 —7.433459 £ 0.000054 (6.582073 4 0.025989) x 1078
[2,1,3,0] 1.0 —7.433467 £ 0.000039 (6.582529 4 0.024469) x 1078
[2,3,0,1] 1.0 —7.433461 £ 0.000058 (6.580401 4 0.025533) x 1078
[2,3,1,0] 0.98 —7.433462 £ 0.000038 (6.585265 4 0.022949) x 1078
[3,0,1,2] 0.99 —7.433470 £ 0.000044 (6.583593 4 0.026445) x 1078
[3,0,2,1] 0.98 —7.433453 4+ 0.000049 (6.583441 4+ 0.024621) x 1078
[3,1,0,2] 0.98 —7.433450 £ 0.000043 (6.581921 4 0.023405) x 1078
[3,1,2,0] 0.92 —7.433457 £ 0.000039 (6.589216 4 0.022493) x 1078
[3,2,0,1] 0.94 —7.433447 4+ 0.000058 (6.589824 4+ 0.030093) x 1078
[3,2,1,0] 0.99 —7.433462 + 0.000040 (6.583289 4 0.022341) x 1078

Ry (r/2) gate. This is followed by two successive measure-
ment pulses to determine the qubit’s final state. Our aim is to
calculate the probability of detecting the qubit in a particular
state after it has been prepared in a specific initial state. The
resulting transition probability matrix A is defined as

1=« Xi
A= [ Ki 1- Xz:|’ (B1)

where «; represents the probability of incorrectly assigning a
measurement outcome of 1 when the qubit is initially prepared
in the state |0) (i.e., a0 — 1 error), and yx; is the probability of
incorrectly assigning a measurement outcome of O when the
qubit is prepared in the state |1) (i.e., a 1 — O error). Here, i
denotes the index of the qubit under consideration.

For Qp, we obtain xy = 0.2075+0.0174 and xo =
0.2149 £ 0.0174. For Q;, we find ko = 0.0634 £+ 0.0126
and xo = 0.1086 £ 0.0126, respectively. The average
readout assignment fidelity JF, for each qubit is
defined as

Fa =32 =i = x)- (B2)

APPENDIX C: ENERGY AND HYPERFINE
STRUCTURE CONSTANT VALUES

We list the ground-state energies and hyperfine structure
constants results for all the four atomic systems in Tables IV
and V, respectively. In Table V, we also included the results
from spectroscopy experiments performed for the four atomic
systems; neutral ’Li atom [64], Li-like **Sc [65], Li-like
141pr [66], and Li-like 2’ Bi [67]. These data serve the purpose
of showing the importance of relativistic effects in atomic
systems as their atomic number Z increases, and the absolute
values of the quantities of interest in this work.

APPENDIX D: EFFECT OF NOISES ON THE
GROUND-STATE ENERGY AND HYPERFINE
STRUCTURE CONSTANTS

To check the effect of depolarizing noise and shot noise on
the energies and hyperfine structure constants, we carry out
numerical simulations in the presence of single-qubit depolar-
izing error channel D;, whose action on an initial state p is

TABLE IV. Results for the ground-state energies of the four atomic systems. EPHF, ECAS-Cl and ESP correspond to the DHF, CAS-CI, and

experimental values of the ground-state energies, respectively.

ECASCL (Hartree) E®®P (Hartree)

System EPHF (Hartree)
Neutral 'Li —7.433513
Li-like ¥Sc —477.8354
Li-like "“!'Pr —4056.999
Li-like 2®Bi —8551.218

—7.433516 —7.454386 + 0.079829
—477.8357 —476.9458 + 4.9361
—4057.000 —4065.379 + 41.928
—8551.219 —8569.309 £+ 92.423
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FIG. 4. VQE optimization for the ground-state energies. (a)—(d) Ground-state energy convergence for neutral ’Li, Li-like **Sc, Li-like
41pr. and Li-like 2B, respectively. The calculations are performed by using QULACS simulator. In each figure, the dashed horizontal line

refers to the CAS-CI value of the ground-state energy.

given as where A is the probability of occurrence of an error. To cap-
ture the influences of the specified error sources, we assume

D, (p)=(1—1)p+ &(pr +YpY +ZpZ) (D1)  that our quantum circuit is capable of generating the CAS-CI
3 b

TABLE V. Results for the ground-state hyperfine structure constants of the four atomic systems. APHF, ACAS-Cl and AP correspond
to the DHF, CAS-CI, and experimental values of the ground-state hyperfine structure constants, respectively. AREX denotes the reference
experimental results for the ground-state hyperfine structure constants, which are obtained through spectroscopic measurements of energy

levels in atom and ions [64—67].

System APHF (Hartree) ACASCL (Hartree) AP (Hartree) AREX (Hartree)

Neutral "Li 6.4816 x 108 6.5871 x 108 (6.1128 +3.0410) x 1073 (6.1059 £ 0.0000) x 10~%
Li-like ©Sc 1.8884 x 10~* 1.9022 x 10~* (2.1680 £ 0.1973) x 10~* (2.2785 £ 0.0294) x 10~*
Li-like 'Pr 6.0338 x 1073 6.0525 x 1073 (6.1561 £ 0.5276) x 1073 (7.2212 £ 0.0441) x 1073
Li-like 2”Bi 2.6634 x 1072 2.6704 x 1072 (2.7239 4 0.2128) x 1072 (3.0134 + 0.0955) x 1072
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FIG. 5. Relative error from the reference values. Relative errors of the ground-state energies AZ and hyperfine structure constants A

obtained from numerical simulations with Pauli error channels.

wave function and all quantum gates can be executed without
noise. The depolarizing error channel is introduced before the
measurement in which Pauli-X, Y, and Z gates are applied
with the same probability A/3 = 0.001. In the calculation
of the expectation values we do not employ Pauli grouping,
and the number of shots for the computation of each Pauli
string is set to be 103, 10%, and 10°. The simulations are
performed 100 times for each computational condition. The

relative errors of ground-state energies and hyperfine structure
constants are plotted in Fig. 5. We can see from Fig. 5 that the
averaged relative errors of the ground-state energies are much
smaller than that of ground-state hyperfine structure constants.
Among the results of the hyperfine structure constants for all
the four atomic systems (bottom row of Fig. 5), we can see
that the standard deviation is largest for neutral "Li. Both of
these trends are in line with the experimental results.
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