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Measuring space-time curvature using maximally path-entangled quantum states
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Experiments at the interface of quantum field theory and general relativity would greatly benefit theoretical
research towards their unification. The gravitational aspects of quantum experiments performed so far can be
explained either within Newtonian gravity or by Einstein’s equivalence principle. Here, we describe a way to
measure components of the Riemann curvature tensor with maximally path-entangled quantum states of light.
We show that the entanglement-induced increase in sensitivity also holds for gravitationally induced phases in
Mach-Zehnder interferometers. As a result, the height difference between the two interferometer arms necessary
to rule out flat space-time by measuring gravity gradients can be significantly reduced.
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Quantum field theory and general relativity are the cur-
rent best theories for describing the interactions observed in
nature. Despite having been confirmed independently with
remarkable accuracy over the last century [1–3], experiments
demonstrating unambiguous signatures of both theories si-
multaneously are still lacking. The first experiment in this
direction observed a phase shift induced by the evolution
of the quantum wave function of single neutrons in spatial
superposition of paths at different gravitational potentials [4].
However, this and all subsequent experiments using matter-
wave interferometry (see Ref. [5] and references therein) do
not require concepts from general relativity to interpret the ex-
perimental results—Newtonian gravity remains an adequate
description [6,7].

In 2011, Zych et al. proposed using massive quantum
systems with internal degrees of freedom to measure the
evolved proper time along each path of an interferometer
[8]. According to general relativity, the clocks evolve into
different states depending on the path taken, which provides
which-way information and correspondingly reduces the in-
terferometric fringe contrast. Similar effects are predicted to
occur in single-photon interferometry experiments [7]. While
the interferometric areas required to observe this effect with
photons seem to be out of reach with present-day technol-
ogy, measurements of gravitationally induced phase shifts are
feasible [9–11]. Compared to the massive case, gravitational
phase shift experiments with photons escape a purely Newto-
nian description as there is no Newtonian gravitational force.
Although it is possible to reproduce the weak-field predictions
of general relativity in a Newtonian language by associating
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an effective refractive index to the gravitational field [12] or
by assigning an effective gravitational mass to the photon
[7], such descriptions are restricted to the weak-field regime
and are typically not considered as fundamental. While phase
shifts of photons in a homogeneous gravitational field can be
explained using the weak equivalence principle (using notions
from flat space-time only), this is no longer true for inhomo-
geneous fields. Thus, the study of gravitational phase shifts
on photons due to inhomogeneous gravitational fields offers
an interesting approach to measuring the interplay between
general relativity and quantum theory.

In this Letter, we describe an experiment that probes the
properties of maximally path-entangled optical NOON states
in general static space-times. We consider a Mach-Zehnder
interferometer placed vertically in Earth’s gravitational field
(Fig. 1). If two indistinguishable photons are sent into the two
interferometer input modes, they bunch in either the upper
or the lower path due to the Hong-Ou-Mandel effect [13],
creating the two-photon NOON state 1√

2
(|20〉 + |02〉) [14].

Since the phase evolution for Fock states is directly propor-
tional to the number of photons in the mode [15], the two
parts of the superposition above acquire the relative phase
difference 2�φ upon propagation through the interferometer,
where �φ is the phase between the arms as measured by a
coherent or single-photon input state. This enhancement in
phase sensitivity makes this class of states particularly useful
for quantum metrology, as it allows for phase measurements
at the Heisenberg limit [16]. In what follows, we show that
the same factor-of-two enhancement in phase sensitivity over
coherent and single-photon states is expected for gravitation-
ally induced phase shifts. The sensitivity gain provided by
this maximally path-entangled quantum state can be used to
measure components of the Riemann curvature tensor, which
cannot be modeled using the equivalence principle alone. The
extension of this formalism to NOON states with higher pho-
ton numbers is straightforward.
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FIG. 1. Schematic drawing of a Mach-Zehnder interferometer in
a gravitational field. If the two input modes (âin, b̂in) are excited by
indistinguishable photons, the first beam splitter (BSI) acts as an
entangling gate generating a maximally path-entangled two-photon
NOON state. In the presence of gravity, the symmetry between
the two arms of physical length l , separated vertically by a height
difference h, is broken and the probability of obtaining both photons
in either of the two output modes (âout, b̂out) becomes nonzero.

To model the behavior of such multiphoton states in a static
gravitational field, we consider a general static space-time,
whose metric tensor g can locally be written in the form

g = −c2N (x)2dt2 + hi j (x)dxidx j, (1)

where c is the speed of light in vacuum, N is the dimension-
less norm of the hypersurface-orthogonal Killing vector field
Kμ = (1, 0) generating time translations, x = (xi ) are local
coordinates on the spatial slices of constant “Killing time” t ,
and hi j are the components of the spatial metric tensor (i.e., the
Riemannian metric induced on the hypersurfaces of constant
t) [17].

Neglecting the gravitational perturbation of light polariza-
tion (an effect too small to be within current experimental
reach [18]) the spatial modes of definite polarization decou-
ple, and can thus be modeled by independently quantized,
minimally coupled, massless scalar fields. Restricting the dis-
cussion to a single spatial mode of definite polarization for
simplicity of exposition, the electromagnetic field can thus be
modeled as a quantized massless scalar field whose quantum
field operator ϕ̂ can be decomposed as [19]

ϕ̂(t, x) =
∫

dω[â(ω)e−iωt uω(x) + â†(ω)e+iωt ūω(x)], (2)

where â(ω) and â†(ω) are annihilation and creation opera-
tors for photons of Killing frequency ω [related to proper
angular frequency measured by a static observer at position
x by ωx = ω/N (x)], and overlines denote complex conju-
gation. The mode functions uω(x) satisfy N−1�(Nuω ) +
(nω/cN )2uω = 0, where � is the spatial Laplacian, and n is
a refractive index (which is to be set to unity in vacuum).
We normalize the mode functions such that the ladder op-
erators satisfy [â(ω), â†(ω′)] = δ(ω − ω′). In flat space-time,
the mode functions can be taken to be plane waves with wave
vector |k| = nω/c (and, since the discussion is restricted to a
single spatial mode, such plane waves have identical propaga-
tion direction and polarization).

We assume the quantum field to be in the vacuum state
which is annihilated by all â(ω) operators, i.e., the ground
state with respect to Kμ. In the exterior Schwarzschild space-
time, this corresponds to the Boulware vacuum [20].

To describe the mode coupling at a symmetric lossless
beam splitter placed at x∗, one introduces mode decomposi-
tions of the same form as in Eq. (2) in each of the four input
or output regions. In flat space-time, the standard beam splitter
coupling between plane-wave input modes â1, â2 and output
modes â3, â4, with phases chosen such that all modes have
phase −ωt at x∗, is given by(

â3
â4

)
=

(
T R
R T

)(
â1
â2

)
, (3)

where T and R are the complex transmission and reflection
coefficients of the beam splitter. The coefficient matrix is
unitary by virtue of the energy conservation relations |T |2 +
|R|2 = 1 and T̄ R + R̄T = 0. Since this relation applies to
all modes equally (neglecting the frequency dependence of T
and R, which is admissible for sufficiently narrow spectral
distributions as considered here), this implies

ϕ̂3(t, x∗) = T ϕ̂1(t, x∗) + Rϕ̂2(t, x∗), (4)

ϕ̂4(t, x∗) = Rϕ̂1(t, x∗) + T ϕ̂2(t, x∗), (5)

which, by the equivalence principle, also holds in curved
space-times. In the case of single spatial modes considered
here, this entails that in a general static space-time the beam-
splitter relations take the form(

â3(ω)u3,ω(x∗)
â4(ω)u4,ω(x∗)

)
=

(
T R
R T

)(
â1(ω)u1,ω(x∗)
â2(ω)u2,ω(x∗)

)
. (6)

Note that this transformation does not relate mode functions
associated to different observers, but instead expresses the
transmission and reflection of photons at a beam splitter at
rest in the coordinate system considered. The appearance of
the same frequencies ω on both sides of the equations is neces-
sitated by energy conservation, and is not to be confused with
the “single-mode approximation” commonly used to describe
the Unruh effect [21].

For the interferometer sketched in Fig. 1, we choose the
mode functions such that all modes at the first beam splitter
and the output modes at the second beam splitter have a phase
of −ωt . The phases of the modes â and b̂ in the interferometer
arms, evaluated at the second beam splitter, are then fully
determined by the field equations; we shall denote them by
φ′ and φ′′, respectively. These can be computed, for example,
using the geometrical optics approximation [22], according
to which the phase shift between two monochromatic rays of
equal Killing frequency ω evaluates to

�φ ≡ ω�t =
∮

�

nω

cN
k̂idxi, (7)

where n is the refractive index of the medium at rest (i.e.,
with four-velocity equal to cKμ/N), k̂i is the spatial part of
the wave covector kμ, normalized with respect to the spatial
metric tensor hi j , and � = �′ − �′′ is the closed loop formed
by the spatial trajectory of the first ray, �′, followed by the
second ray, �′′, in reverse.
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So far, no assumption on the gravitational field strength
was made. For weak fields, however, the expressions simplify
considerably: In the Newtonian [23] and also to leading or-
der in the post-Newtonian approximation [24], one has N ≈
1 + �/c2, where � is the gravitational potential. This leads
to �φ ≈ nω�l/c − ∮

�
(nω�/c3)k̂idxi, where �l is the differ-

ence in arm length (measured using the spatial metric tensor
hi j). For equally long interferometer arms placed at elevations
z′ and z′′, respectively, this reduces to �φ ≈ nωl[�(z′′) −
�(z′)]/c3 (neglecting the vertical segments of the ray paths,
which is warranted whenever horizontal variations of � are
negligible), in agreement with the detailed analysis of fiber
modes in a post-Newtonian gravitational field in Ref. [25].
Note that the further approximation �φ ≈ −nωlg�z/c3 in
Earth’s gravitational field, with g being the local gravitational
acceleration, is only applicable for height differences much
smaller than Earth’s radius R⊕ since the series expansion of
(R⊕)−1 − (R⊕ + �z)−1 in powers of �z/R⊕ converges only
for |�z| < R⊕ which is satisfied in low Earth orbit, but vio-
lated at the altitude of GPS satellites.

Using the general rule relating mode operators described
above, the relation between the input and output mode opera-
tors can be written as(

â†
in(ω)

b̂†
in(ω)

)
= U(ω)

(
â†

out(ω)

b̂†
out(ω)

)
, (8)

where U(ω) is the unitary matrix

U(ω) ≡
(

α(ω) −β̄(ω)eiγ (ω)

β(ω) +ᾱ(ω)eiγ (ω)

)

=
(TI RI

RI TI

)(
e−iφ′(ω) 0

0 e−iφ′′(ω)

)(TII RII

RII TII

)
, (9)

where TI,RI and TII,RII are the transmission and reflection
coefficients, of the first and second beam splitter, respec-
tively. Since U(ω) is unitary, the complex parameters α =
TITIIe−iφ′ + RIRIIe−iφ′′

and β = RITIIe−iφ′ + TIRIIe−iφ′′
sat-

isfy |α|2 + |β|2 = 1, and γ is a real phase parameter,
related to the determinant of U(ω) by eiγ (ω) = det U(ω) =
e−i[φ′(ω)+φ′′(ω)](T 2

I − R2
I )(T 2

II − R2
II ).

We consider a separable two-photon input state

|�〉 =
∫

dω1 dω2 ψ
(a)
1 ψ

(b)
2 â†

in,1b̂†
in,2 |0〉 , (10)

where, for brevity, we write ψ
(a)
1 = ψ (a)(ω1), and similarly for

the ladder operators. Here, the spectral functions ψ (a) and ψ (b)

are taken to be normalized according to
∫

dω|ψ (a)(ω)|2 =∫
dω|ψ (b)(ω)|2 = 1, so that 〈�|�〉 = 1. In terms of the out-

put mode operators (we work in the Heisenberg picture), one
has

|�〉 =
∫

dω1 dω2 ψ
(a)
1 ψ

(b)
2 [α1â†

out,1 − β̄1eiγ1 b̂†
out,1]

× [β2â†
out,2 + ᾱ2eiγ2 b̂†

out,2] |0〉 . (11)

Assuming a flat frequency response of the detectors, the prob-
abilities p, of measuring one photon at each mode, and q, of

finding both photons in the same output, evaluate to

p =
∫

dω1 dω2
{∣∣ψ (a)

1

∣∣2∣∣ψ (b)
2

∣∣2
(|α1|2|α2|2 + |β1|2|β2|2)

− 2ψ̄
(a)
1 ψ

(b)
1 ψ̄

(b)
2 ψ

(a)
2 (ᾱ1β1α2β̄2)

}
, (12)

q =
∫

dω1 dω2
{∣∣ψ (a)

1

∣∣2∣∣ψ (b)
2

∣∣2
(|α1|2|β2|2 + |β1|2|α2|2)

+2ψ̄
(a)
1 ψ

(b)
1 ψ̄

(b)
2 ψ

(a)
2 (ᾱ1β1α2β̄2)

}
. (13)

The consistency condition p + q = 1 is readily verified from
|α|2 + |β|2 = 1, and we note that the phase γ has canceled.

For illustration, consider identical beam splitters with T =
1/

√
2, R = i/

√
2, and set both ψ (a) and ψ (b) equal to

ψ (ω) = ei(ω−ω0 )t0

(2πσ 2)1/4
exp

(
− (ω − ω0)2

4σ 2

)
. (14)

In the time domain, and when evaluated at the position of the
first beam splitter, xin, this corresponds to a Gaussian wave
packet of spectral width σ and central frequency ω0, centered
at time t0:

ψ̃ (t, xin ) = (2σ 2/π )1/4 exp[−σ 2(t − t0)2]e−iω0t . (15)

One then finds

q = 1
2 [1 − cos(2ω0�t ) exp(−σ 2�t2)], (16)

or, when expressed in terms of proper frequencies ω0in and σin

as measured at the interferometer input

q = 1
2

[
1 − cos(2Ninω0in�t ) exp

(−N2
inσ

2
in�t2

)]
, (17)

where Nin = N (xin ). These probabilities are identical to those
obtained in flat space-time where a phase shifter is placed
in one of the interferometer arms. However, this equivalence
is restricted to the detection probabilities p, q only, as such
a phase shifter could not mimic the gravitational redshift
of the wave packets arriving at the detectors (which can
be demonstrated in a setup similar to the Pound-Rebka
experiment [26]).

For comparison, we note that if only a single photon is sent
into the interferometer, into mode âin, say, the detection prob-
ability in the âout mode is 1

2 [1 − cos(ω0�t ) exp(−σ 2�t2)].
Hence, the two-photon detection probabilities are not obtained
from the one-photon probabilities by a rescaling of the time
delay �t .

The sensitivity of the effect to space-time curvature can
be assessed by relating the observable probabilities to com-
ponents of the Riemann curvature tensor Rμνρσ . For the
space-time metric tensor given in Eq. (1), the only nonvan-
ishing components are

R0i0 j = c2N∇ i∇ jN, Ri jkl = Ri jkl , (18)

where ∇ is the spatial covariant derivative and Ri jkl are the
components of the spatial curvature tensor [27]. As a conse-
quence, the Einstein vacuum equations reduce to

�N = 0, ∇ i∇ jN = NRi j, (19)

where Ri j = Rk
ik j are the components of the spatial Ricci

tensor.
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FIG. 2. The difference between the detection probabilities q for
photons of the waveform given by Eq. (14) in a −GM/(R⊕ + h)
potential and a linear potential gh (excess probability) is a measure
for the space-time curvature component R0303. Two-photon NOON
states exhibit a doubled fringe frequency and thus allow for a mea-
surement of space-time curvature with the second arm located at
lower altitudes than would be possible for coherent or single-photon
states. For example, at height differences of 180 km, the excess
probability for two-photon NOON states is more than twice as large
as for single photons, owing to the fact that the two-photon NOON-
state detection probability is not obtained from the single-photon
probability by any rescaling of the time delay.

This shows that experiments which are sensitive only
to first derivatives of N cannot measure space-time curva-
ture. In agreement with the weak equivalence principle, the
solution hi j = δi j and N = 1 + gz/c2 (which suffices to ex-
plain measurements insensitive to gravity gradients) describes
accelerated coordinates in flat Minkowski space-time [23].
It follows that experiments incompatible with a linear de-
pendence of N on z directly demonstrate the presence of
space-time curvature and are thus beyond a description based
on the weak equivalence principle. In the framework of New-
tonian gravity, ∇ i∇ jN corresponds to the tidal tensor ∇ i∇ j�,
which is the relevant quantity for matter-wave measurements
of space-time curvature [28,29]. Note, however, that in a non-
relativistic model the Newtonian gravitational field does not
couple to the Maxwell equations of electrodynamics.

In contrast, experiments which allow resolving second
variations of the phase shift �φ with height permit measure-
ments of the space-time curvature tensor via

R0303 = c5

nωl

∂2

∂h2
�φ. (20)

To quantify the sensitivity to this curvature component,
we plot the excess probability δq = q − q̃, where q is
computed using the 1/(R⊕ + h) potential, while q̃ is com-
puted from a linear potential (Fig. 2). For illustration, we

have set l = 100 km (which is readily accomplished us-
ing fiber optic spools), λ = 1500 nm, and δλ = σλ2/2πc =
1 nm. Compared with single-photon states, the entangled
NOON state exhibits double the fringe frequency and an
associated increase in curvature sensitivity. In particular,
NOON states allow for a significant reduction of the alti-
tude necessary to measure space-time curvature. Measuring
the second variation of the phase shift with altitude thus
constitutes a direct measurement of R0303. This can, for
example, be realized in satellite experiments with orbits sim-
ilar to those in redshift measurements by eccentric Galileo
satellites [30].

Whereas analogous effects for massive particles are ex-
plicable entirely using quantum theory in a Newtonian
gravitational field, the effect described here is inherently
relativistic as the equations of electrodynamics couple to grav-
ity via the general relativistic generalization of Maxwell’s
equations, while there is no generally accepted coupling of
electromagnetism to Newtonian gravity (other than taking
the weak-field limit of general relativity, which is equivalent
to the aforementioned methods based on either an effective
refractive index of the gravitational field or an effective grav-
itational mass of the photon). Moreover, due to the sensitivity
to space-time curvature, the proposed experiment is not expli-
cable using the weak equivalence principle alone (as would be
sufficient for experiments on smaller scales). Finally, as the ef-
fect clearly relies on two-photon entanglement over distances
across which the space-time curvature is non-negligible, it
constitutes a genuine test for quantum field theory in curved
space-time.

An experiment of this kind exhibits unambiguous
signatures of both general relativity and quantum theory, as
it probes the behavior of entangled two-photon NOON states
in a regime of non-negligible curvature while simultaneously
eluding a Newtonian description. Whereas previous proposals
concerning gravitational NOON-state interferometry have
suggested measurements of the gravitational redshift [31],
frame dragging [32], and parametrized post-Newtonian
(PPN) parameters [33], these analyses have disregarded
gravity gradients. The analysis provided here shows that
such setups can also be used to demonstrate the presence
of space-time curvature at altitudes below the threshold for
determining curvature with classical or single-photon probes,
and that two-photon NOON states provide a larger signal than
would be produced by single photons propagating over twice
the height difference.
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