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More global randomness from less-random local gates
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Random circuits giving rise to unitary designs are key tools in quantum information science and many-body
physics. In this work, we investigate a class of random quantum circuits with a specific gate structure. Within
this framework, we prove that one-dimensional structured random circuits with non-Haar-random local gates can
exhibit substantially more global randomness compared to Haar-random circuits with the same underlying circuit
architecture. In particular, under a solvability condition, we exactly diagonalize the second-moment operators for
these structured random circuits by establishing a link to free-fermionic models, and we show that their spectral
gaps can exceed those of Haar-random circuits. While solvable structured random circuits exhibit free-fermionic
behavior, the underlying fixed gate need not be a matchgate. Our findings have applications in improving circuit
depth bounds for randomized benchmarking, in generating approximate unitary 2-designs from shallow random
circuits, and in enabling exact analyses of quantum many-body dynamics.
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I. INTRODUCTION

Randomness is a ubiquitous concept across various sub-
fields of physics, mathematics, and computer science. In
particular, random unitary ensembles have a wealth of appli-
cations in quantum information processing, such as the error
estimation via randomized benchmarking [1–4], providing
computational advantage over classical computers [5–11], and
verification of the state or process through quantum tomog-
raphy [12–16]. Presumably, the most commonly considered
random unitaries, particularly in theoretical studies, are the
global Haar-random unitary ensemble, for which a unitary
is chosen uniformly at random from the entire unitary group
acting on the target system. However, while compelling math-
ematically, such a construction is notoriously impractical for
systems of intermediate size. Consequently, genuine Haar
randomness is often sacrificed for practicality by employing
a sequence of local random circuits, which have their own
wealth of applications in quantum science, such as modeling
quantum chaotic many-body dynamics [17–24] and exploring
the expressiveness of unitary operations [10,24–34], as well as
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the applications for quantum information processing we have
raised above.

Building on the seminal work by Brandão, Harrow, and
Horodecki, which has shown that local random circuits can
approximate n-qubit Haar-random ensembles up to kth or-
der in O(nk10.5) depth under brick-wall architecture [26],
there has been intensive pursuit to quantify how precisely
the local random gate structure affects global randomness
[22,27–29,35–41]. Most studies have assumed a fixed ge-
ometry of local random unitary gates, showing that a linear
number of Haar-random local gates in n can generate approxi-
mate unitary k designs [27,28,37,39,42]; recent advances have
achieved logarithmic depth scaling with n through gluing of
logarithmic-size random circuits [40,41,43]. Moreover, as a
seminal result, a linear growth of approximate design orders
has recently been achieved [29].

An outstanding and practically relevant question that arises
is as follows: Do local Haar-random gates actually constitute
the best randomizer to achieve global randomness? Similar
questions have also been raised in Refs. [39,40,44] as open
problems. While this statement may be intuitive, recent works
have suggested that Haar-random gates need not be optimal.
Indeed, Gao et al. [7] and Ware et al. [8] have numerically
demonstrated that Haar-random gates do not extremize global
randomness in the context of the quantum computational
advantage. Earlier works by Žnidarič [45,46] have also nu-
merically shown that the convergence rate of random circuits
can be improved by adding a gate structure in the context
of entanglement dynamics, and have provided an analytical
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FIG. 1. Setup and main results. Structured random gates consist of a fixed two-qudit gate u and four Haar-random single-qudit gates
sandwiching it. We consider two models of random circuits, where structured random gates are applied in the (a) local random circuit
architecture and (b) brick-wall circuit architecture, where the boxes are two-qudit gates and the balls are single-qudit Haar-random unitaries.
As stated in Theorems 2 and 5, we show that if the entangling power of a structured random gate is greater than that of Haar-random gates, the
structured random circuits satisfying a solvability condition are more random than Haar-random circuits with the same architecture (c).

argument for all-to-all interacting circuits in the large system
size limit.

In this work, we analytically and rigorously answer the
above question by investigating the model of random cir-
cuits with non-Haar-random local gates, consisting of a fixed
interacting gate u sandwiched by single-qudit Haar-
random gates, which has been previously considered in
Refs. [7,8,45,46]. We quantify the global randomness by the
spectral properties of the second-moment operators of struc-
tured random circuits. We identify a solvability condition on
the gate structure such that we can obtain all the eigenvalues
and eigenvectors, not only the spectral gap. As a consequence,
we prove that random circuits consisting of structured random
local gates can be substantially more random than those of
Haar-random local gates.

A key technique of our work is the mapping of structured
random circuits to free-fermionic models, which identifies
a gate set with desirable properties and yields new exactly
solvable models of quantum many-body dynamics. We find
that the second-moment operators of structured local ran-
dom circuits correspond to the anisotropic XY model [47]
under the solvability condition and, without the condition,
a frustration-free XYZ chain in a magnetic field [48–50].
We exactly diagonalize the second-moment operator by the
free-fermionic technique [47]. Interestingly, these solvable
models include fixed nonmatchgates u that behave as free
fermions only because of the surrounding single-qudit Haar-
random unitaries. Here, matchgates refer to the class of
two-qubit unitaries that generate free-fermionic unitary dy-
namics [51–53]. We also discuss possible applications of our
results, such as reducing depth bounds for the filtered ran-
domized benchmarking by random quantum circuits [54] and
the convergence rate to unitary 2-designs in shallow quantum
circuits [15,40,41,43].

II. SETUP FOR STRUCTURED RANDOM CIRCUITS

We investigate how the precise structure of random local
gates affects the global randomness of an entire system, and
to this end we introduce models of random circuits with
non-Haar-random gates. Concretely, we consider a random
two-qudit gate generated by fixing a two-qudit gate u and
sandwiching it by single-qudit Haar-random gates acting on
the inputs and the outputs, as shown in Fig. 1(a), which we

call u-structured random gates. Formally, let u ∈ U(d2) be a
fixed two-qudit unitary operation and let νH denote the Haar
measure on U (d ). A u-structured random gate is a random
unitary U ∈ U(d2) generated as follows:

U = (v1 ⊗ v2) u (v3 ⊗ v4), v1, v2, v3, v4 ∼ νH. (1)

We consider a one-dimensional system of n qudits, where
the local dimension is d . A sequence of random gates specifies
a probability distribution ν in the unitary group, which we
interchangeably refer to as the random circuit. We consider
the following circuit architectures of one-dimensional struc-
tured random circuits: (1) u-structured local random circuit
νL

u , where we pick a neighboring pair of qudits uniformly
at random and apply a u-structured random gate, which is
illustrated in Fig. 1(a), (2) u-structured brick-wall random cir-
cuit νB

u , where we apply staggered two layers of u-structured
two-qudit gates on nearest neighbors, which is illustrated in
Fig. 1(b). For technical simplicity, we assume that the number
of qudits n is even and the system satisfies the periodic bound-
ary condition. To exclude a trivial case, we also assume that
n > 2. For a nearest-neighbor pair of sites (i, i + 1) and a two-
qudit unitary gate G, we write Gi,i+1 for the two-qudit unitary
acting nontrivially on qudits i and i + 1 and as the identity on
all other sites. Formally, we define structured random circuits
as follows.

Definition 1 (u-structured random circuit). Let us con-
sider n-qudit one-dimensional systems (Cd )⊗n with even n
under periodic boundary conditions, where n > 2. Let μu be
the distribution of the two-qudit structured random gate with
u on U(d2). The local and brick-wall architectures are defined
as follows:

(1) u-structured local random circuit. A random uni-
tary U ∼ νL

u is generated by first drawing a site index i ∈
{1, 2, . . . , n} uniformly at random and then sampling a two-
qudit gate G ∼ μu. One then applies G to the neighboring pair
(i, i + 1), that is, U := Gi,i+1.

(2) u-structured brick-wall random circuit. The one-layer
distribution νB

u on U(dn) is defined by

U :=
(⊗

i: odd

Gi,i+1

)(⊗
i: even

Gi,i+1

)
, (2)
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where all two-qudit gates Gi,i+1, for i ∈ {1, 2, . . . , n}, are
drawn independently from μu and the index i runs over the
odd or even sites of the n-qudit chain.

For local random circuits, we apply single-qudit Haar-
random unitaries on all qudits for technical convenience [55].
We also define local and brick-wall Haar-random circuits by
νL

H and νB
H, respectively, where we apply two-qudit Haar-

random gates in the corresponding architecture.

Characterization of randomness

Here, we characterize randomness using the moment op-
erator [25,42]. Given a random circuit ν, the second-moment
operator is defined by

Mν :=
∫

U ⊗2 ⊗ U ∗⊗2dν(U ), (3)

where U ∗ is the complex conjugate of U . We denote moment
operators for u-structured local and brick-wall random circuits
in one step by ML,u and MB,u, respectively. For Haar-random
circuits, they are defined by replacing the subscript u by H.
The moment operators of these circuits with t steps, or t depth,
are obtained by multiplying them t times, namely (Ma,u)t for
a = L, B. We apply single-qudit Haar-random unitaries on
all qudits in both architectures, which become the projector
onto the 2n-dimensional subspace span{|I〉, |S〉}⊗n by the fact
that the second-moment twirling map is the projector onto
the subspace spanned by the permutation operators [26,56].
Here, |I〉 and |S〉 are the vectorization of the identity and
SWAP operators acting on Cd2

. It is thus enough to consider
Ma,u restricted to the subspace, for a = L, B. Later, we show
the diagonalization results in this subspace. We write the
eigenvalues of Mν in nonincreasing order in absolute value
|λ1| � |λ2| � · · · , where we have λi = 1 for i = 1, 2. The
largest eigenvalue is 1, and the corresponding 1-eigenspace
includes the subspace V1 spanned by the n-fold vectorization
of the identity and SWAP gate, that is,

V1 = span{|I〉⊗n, |S〉⊗n}, (4)

where n is the number of qudits. This subspace V1 turns out
to be the entire 1-eigenspace if a fixed u is an entangling gate
because an entangling gate and the single-qubit gates form a
universal gate set [57], and then the 1-eigenspace of Mν is
equal to that of the second-moment operator of the n-qudit
Haar random unitary MH [26], where the 1-eigenspace of MH

is exactly V1.
We focus on structured random gates with an entangling

gate u. The gap between the largest and second-largest eigen-
values of Mν in absolute value, which is 1 − |λ3|, is called the
spectral gap, denoted by �ν . The eigenvalues of Mν determine
the convergence rate to unitary 2-designs [25,26,58,59], where
unitary k-designs are ensembles whose kth moment agrees
with that of global Haar-random unitaries [42]. Concretely,
when the eigenvalues of Mν are small and hence its spectral
gap is large, we have fast convergence to unitary 2-designs.

We then formalize what “more randomness” means in two
ways, where the former is based on the spectral gap, and
the latter is rooted in the entire property of second-moment
operators.

Definition 2 (More random with respect to spectral gaps).
Let ν and μ be probability distributions of random circuits.
The distribution ν is said to be more random with respect to
spectral gap than μ if �ν > �μ.

Definition3(Morerandomwithrespect topositivity). When
Mν and Mμ are Hermitian operators, ν is said to be more
random with respect to positivity than μ if the restriction of
the operator Mμ|V ⊥

1
− Mν |V ⊥

1
is a positive operator, where V ⊥

1
is the orthogonal complement of V1.

The spectral gaps of the ensembles forming exact unitary
2-designs are 1, and, therefore, they are the most random
ensembles by Definition 2. We note that ML,u is always Her-
mitian, as discussed later. More generally, when the circuit
architecture of ν is invariant under the time reflection, Mν is
Hermitian. We note if λ3 � 0 for both random circuits ν and
μ, and ν is more random with respect to positivity than μ,
we have that ν is also more random with respect to spectral
gap than μ, where this follows from Weyl’s monotonicity
theorem [60].

We remark on the definition based on positivity. One par-
ticular feature of Haar-random unitaries is that an expectation
value is highly concentrated around its mean value [61]. In this
context, the bound on the second-moment implies the bound
on the variance. Specifically, more randomness of ν than μ

with respect to positivity implies that, for a state vector |ψ〉,
the probability distribution of |〈ψ |U |ψ〉|2 with U drawn from
a structured random circuit ν is more concentrated around its
mean value than that of another structured random circuit μ.
This kind of concentration bound has been used, for example,
to prove the equilibration of random product states [62] and
lower bound the circuit complexity of the random unitary
ensemble [21,44].

III. ENTANGLEMENT AND MOMENT OPERATORS

When the fixed gate u is an entangling gate, the gate set
becomes computationally universal and, eventually, random
circuits converge to Haar-random unitaries [26,63], while
when u is not entangling, random circuits do not. This simple
observation suggests that we can parametrize the randomness
of structured random circuits by the entanglement property
of u. In fact, we discuss that the second-moment operators
of structured random circuits depend only on the entangling
power eu [64–67], which is the linear entanglement entropy of
a random product state applied by u, and its complementary
quantity gu, called the gate typicality [65–67]. Below, in this
section, we first review the entangling power and gate typical-
ity and then

A. Entangling power and gate typicality

One of the common possible ways to define the entangling
power of a unitary is as follows: The entangling power eu of
a two-qudit unitary u is quantified by the amount of entangle-
ment of random product states applied by u:

eu = d + 1

d − 1

∫
Elin(u|ψ〉 ⊗ |φ〉)d|ψ〉d|φ〉, (5)

where the integration is over the single-qudit Haar-random
state and Elin(|�〉) := 1 − Trρ2

A, with ρA = TrB|�〉〈�|, is
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the linear entanglement entropy. Here, |�〉 is a state
in a two-qudit system, where we have defined the sub-
systems A and B by the individual qudits. A similar
entanglement measure of a unitary u is the operator en-
tanglement entropy. Let |u〉 be the normalized vectoriza-
tion of a two-qudit unitary u, where |u〉 = (1/d2)(uA1,B1 ⊗
IA2,B2 )

∑d
i, j=1 |i, j, i, j〉A1,B1,A2,B2 , and ρA(u) = TrB1,B2 |u〉〈u|.

Then, the operator entanglement [68] of u is defined by

E (u) := 1 − TrρA(u)2, (6)

and this is equal to

E (u) = 1 − 〈I| ⊗ 〈S|u⊗2,2|I〉 ⊗ |S〉
d4

. (7)

Since TrρA(u)2 is the purity of ρA(u), the operator entan-
glement is bounded as 0 � E (u) � 1 − 1/d2. As shown in
Ref. [64], the entangling power of a two-qudit unitary u can
be rewritten as

eu = 1

E (SWAP)
[E (u) + E (u · SWAP) − E (SWAP)], (8)

where SWAP denotes the two-qudit swap gate, and it takes the
maximum of the operator entanglement as

E (SWAP) = 1 − 1

d2
. (9)

Throughout this work, we use SWAP for the two-qudit SWAP
gate acting on one physical system and S for the swap opera-
tion acting on two copies of physical systems. For two-qubit
gate u, the entangling power can take all the value within 0 �
eu � 2

3 , where, for example, the CNOT gate and the iSWAP
gate have the maximum value eu = 2

3 . For two-qudit gate u
with local dimension d � 3, the value takes 0 � eu � 1. For
Haar-random two-qudit unitary gates, the averaged entangling
power is

eH :=
∫

eudμH(u) = d2 − 1

d2 + 1
. (10)

For example, in the case of qubit system, we have eH = 3
5 .

In addition, the gate typicality gu [65–67], which is a com-
plementary quantity to eu, is defined by

gu = 1

2E (SWAP)
[E (u) − E (u · SWAP) + E (SWAP)]. (11)

For two-qudit gate u with local dimension d � 2, the value
takes 0 � gu � 1, where gu = 1 and 0 if u is the two-
qudit SWAP gate and the identity gate, respectively. For
Haar-random two-qudit unitary gates, the averaged gate
typicality is

gH :=
∫

gudμH(u) = 1

2
. (12)

We finally remark that there are limitations of feasible eu

and gu, i.e., there does not necessarily exist a unitary gate u
for eu and gu satisfying the conditions above. For a two-qubit
unitary u, the values eu and gu are feasible if and only if
they satisfy 2gu(1 − gu) � eu � 2gu, eu � 2 − 2gu, and eu �
2
3 [66]. For a two-qudit unitary with d � 3, the constraint
eu � 2

3 is replaced by eu � 1, and the ranges of eu and gu are
numerically shown in Ref. [66] (see the reference for more

details). In general, for an arbitrary two-qudit gate u, we have

eu � 2 − gu

gH
, eu � gu

gH
, (13)

which follow from the definitions of eu and gu with the bound
0 � E (u) � E (SWAP). The two-qudit unitary gates satisfy-
ing eu = 2 − 2gu are called dual-unitary gates [69–72], and
those satisfying eu = 1 and gu = 1

2 are called perfect tensors
[73,74].

B. Second moment of structured random gates

Here, we relate the second-moment operators of u-
structured random gates with the entangling power and
the gate typicality. The second-moment operator of the u-
structured random gate is

W u :=
∫

[(v1 ⊗ v2)u(v3 ⊗ v4)]⊗2,2
4∏

i=1

dνH(vi ), (14)

where νH is the Haar measure on the single-qudit unitary
group U(d ) and we use the notation U ⊗k,k = U ⊗k ⊗ (U ∗)⊗k .
The second-moment operators of u-structured random circuits
with the local and the brick-wall architectures are written as,
respectively,

M (2)
L,u = 1

n

n∑
i=1

W u
i,i+1, (15)

M (2)
B,u =

(⊗
i: odd

W u
i,i+1

)(⊗
i: even

W u
i,i+1

)
, (16)

where Wi,i+1 is the operator acting nontrivially on sites i and
i + 1 as W and as the identity on all other sites, and by pe-
riodic boundary conditions we have that W u

n,n+1 = W u
n,1. They

are direct consequences of the definition of the architectures:
the local circuit architecture randomly picks up i and then
applies Wi,i+1, which yields Eq. (15), and the brick-wall archi-
tecture applies Wi,i+1, for odd or even i, which yields Eq. (16).

We can integrate over the single-qudit unitaries in Eq. (14)
using the Weingarten calculus [75] to get∫

v⊗2,2dνH(v)

= 1

d2 − 1

(
|I〉〈I| + |S〉〈S| − 1

d

(|I〉〈S| + |S〉〈I|))
= |̃I〉〈I| + |̃S〉〈S|, (17)

where we have defined

|̃I〉 := 1

d2 − 1

(
|I〉 − 1

d
|S〉
)

,

|̃S〉 := 1

d2 − 1

(
|S〉 − 1

d
|I〉
)

. (18)

The pair of the sets {|I〉, |S〉} and {|̃I〉, |̃S〉} is a biorthogonal
system because they satisfy 〈σ |̃τ 〉 = δσ,τ , where δσ,τ = 1 for
σ = τ and δσ,τ = 0 for σ 	= τ . We also introduce the or-
thonormal basis

|0〉 := 1√
2d (d − 1)

(|I〉 − |S〉),

|1〉 := 1√
2d (d + 1)

(|I〉 + |S〉). (19)
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In this basis representation, we have that∫
v⊗2,2 dνH(v) = |0〉〈0| + |1〉〈1|. (20)

With the orthonormal basis {|0〉, |1〉}, Eq. (14) becomes

W u =
∑

si∈{0,1}
W u(s1, s2, s3, s4)|s1〉 ⊗ |s2〉〈s3| ⊗ 〈s4|, (21)

where we have defined

W u(s1, s2, s3, s4) = (〈s1| ⊗ 〈s2|)u⊗2,2(|s3〉 ⊗ |s4〉). (22)

We now express the matrix elements of W u in terms of
the entangling power and the gate typicality. To this end, by
Eqs. (8) and (11), we calculate that

E (u) = d2 − 1

2d2
(eu + 2gu),

E (u · SWAP) = d2 − 1

2d2
(eu − 2gu + 2), (23)

where we have used E (SWAP) = (d2 − 1)/d2. Then, we ob-
tain by Eq. (7)

〈I| ⊗ 〈S|u⊗2,2|I〉 ⊗ |S〉 = d4

(
1 − d2 − 1

2d2
(eu + 2gu)

)
,

〈I| ⊗ 〈S|u⊗2,2|S〉 ⊗ |I〉 = d4

(
1 − d2 − 1

2d2
(eu − 2gu + 2)

)
.

(24)
We represent the operator W u in the orthonormal ba-

sis {|0, 0〉, |0, 1〉, |1, 0〉, |1, 1〉}, where |s1, s2〉 = |s1〉 ⊗ |s2〉
with si ∈ {0, 1} and |0〉 and |1〉 are defined in Eq. (19). In this
ordered basis, from Eq. (24), the matrix form of W u is⎛⎜⎜⎜⎜⎝

1 − d+1
2(d−1) eu 0 0

eu

2
0 1 − gu gu 0

0 gu 1 − gu 0
eu
2 0 0 1 − d−1

2(d+1) eu

⎞⎟⎟⎟⎟⎠. (25)

We give the derivation of 〈0, 0|W u|0, 0〉 below. The other
matrix elements are obtained in a similar way. Let U := u⊗2,2

and use the orthonormal basis vector

|0〉 = a
(|I〉 − |S〉), (26)

where a = 1/
√

2d (d − 1) is the scalar coefficient. We then
have that

|0, 0〉 = a2(|I, I〉 − |I, S〉 − |S, I〉 + |S, S〉), (27)

and by defining cX ∈ {1,−1} as the coefficient of |X 〉 in the
expansion above for X = {II, IS, SI, SS}, we obtain that

〈0, 0|W u|0, 0〉 = a4
∑

X,Y ∈{II,IS,SI,SS}
cX cY 〈X |U |Y 〉. (28)

Using U |I, I〉 = |I, I〉 and U |S, S〉 = |S, S〉, we have that

〈0, 0|W u|0, 0〉 = a4[4d2(d − 1)2 + 〈I, S|U |I, S〉
+ 〈S, I|U |S, I〉 + 〈I, S|U |S, I〉
+ 〈S, I|U |I, S〉 − 2d2(d2 − 1)]. (29)

Substituting Eq. (24) to it, we find that all terms proportional
to gu cancel out, and we obtain

〈0, 0|W u|0, 0〉 = 1 − d + 1

2(d − 1)
eu. (30)

C. Solvability condition

We identify the condition under which a second-moment
operator becomes a free-fermionic model. To this end, we
begin by observing that the operator W u in Eq. (25) admits
an expansion in the Pauli basis of the form

W u =
(

1 − eu

4eH
− gu

4gH

)
II − deu

2(d2 − 1)

(
ZI + IZ

)
−
(

eu

4eH
− gu

4gH

)
ZZ + eu + 2gu

4
XX − eu − 2gu

4
YY,

(31)

with the qubit-Pauli operators {I, X,Y, Z}.
We find that if u-structured random gates satisfy the condi-

tion
eu

gu
= eH

gH
, (32)

the coefficient of the ZZ interaction in Eq. (31) becomes zero,
and the operator W u can be regarded as an interaction term of
the XY model. The XY model in a one-dimensional system
can be mapped to free fermions via Jordan-Wigner transfor-
mation [47], and the Hamiltonian is exactly diagonalizable.
Therefore, we call the condition (32) the solvability condition.
Under the solvability condition, we treat eu as a free parameter
and take gu as a function of eu. Clearly, the Haar-random case
where eu = eH and gu = gH satisfies the condition.

We now turn to identifying the two-qubit gates that satisfy
the condition: The two-qubit gates take the general form u =
exp[−(i/2)(θxXX + θyYY + θzZZ )], up to single-qubit gates,
where θx, θy, and θz are real numbers [76]. Here, the choice
of single-qubit gates is irrelevant to the moment operator
since structured random gates are sandwiched by single-qudit
Haar-random gates. With this parametrization, the solvability
condition on the parameters is

f (θx, θy) + f (θy, θz ) + f (θz, θx ) = 0, (33)

where f (x1, x2) = sin2(x1)[cos2(x2) − 3
5 ]. For example,

when θx = θy = θz, the solvability condition yields

u = exp[−(iθ/2)(XX + YY + ZZ )] with cos θ = ±
√

3
5 .

A derivation of Eq. (33) is written in Appendix B. We remark
that we can map the moment operators to free-fermion chains
under the solvability condition, although the two-qubit gates
are in general different from matchgates [51–53]. Intuitively,
structured random circuits under the solvability condition are
free-fermionic “on average,” while the individual instances
are rather chaotic.

IV. STRUCTURED LOCAL RANDOM CIRCUITS

In this section, we diagonalize the second-moment op-
erator of a u-structured random quantum circuit under the
solvability condition. We also show that its spectral gap in-
creases monotonically with both the entangling power and the
gate typicality. We summarize the results of the section below.
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To state the theorem, we define two sets as

K0 :=
{

k = (2m − 1)π

n

∣∣∣∣m = −n

2
+ 1,−n

2
, . . . ,

n

2

}
,

K1 :=
{

k = 2mπ

n

∣∣∣∣m = −n

2
+ 1,−n

2
, . . . ,

n

2

}
, (34)

where n is the number of qudits. The exact spectrum is ob-
tained under the solvability condition.

Theorem 1 (Exact spectrum). Let u be a two-qudit unitary
gate satisfying the solvability condition (32). Then, the eigen-
values of ML,u are given by

Eu({nk}) = 1 − 1

n

∑
k∈Kp

εknk, (35)

where p ∈ {0, 1}, {nk}k∈Kp ∈ {0, 1}×n such that
∑

k∈Kp
nk is

even, and

εk := eu

eH

(
1 − 2d

d2 + 1
cos k

)
. (36)

In particular, the spectral gap of ML,u is

�L,u = 2eu

neH

(
1 − 2d

d2 + 1
cos

π

n

)
. (37)

The proof for Theorem 1 is given in Sec. IV B.
Beyond the solvability condition, we obtain that the mono-

tonicity of u-structured local random circuits with respect to
the positivity and spectral gap as the entangling power and
the gate typicality of u increase. Specifically, we show that
structured local random circuits with large eu and gu are more
random than the corresponding Haar local random circuits.

Theorem 2 (More global and less local randomness).
Suppose a two-qudit unitary gate u satisfies both eu > eH

and gu > gH. Then, u-structured local random circuits νL
u

are more random than the corresponding Haar local random
circuits νL

H with respect to both the spectral gap and positivity,
in the sense of Definitions 2 and 3.

The proof for the part of positivity is provided in Sec. IV C.
The proof for the part of the spectral gap combines the results
of Theorem 1 and more randomness with respect to positivity,
which is given in Sec. IV D.

A. Exact diagonalization of XY models

We briefly review the exact diagonalization of XY models
by the Jordan-Wigner transformation [47]. Readers familiar
with free-fermion techniques may skip this subsection and
proceed directly to Sec. IV B.

Let us consider an n-qubit system with an even number
n. The Hamiltonian HXY of a one-dimensional XY model is
given by

−J
n∑

j=1

(
1 + γ

2
XjXj+1 + 1 − γ

2
YjYj+1

)
− h

n∑
j=1

Zj, (38)

where we consider the regime J > 0, γ ∈ [0, 1], and h is a
real number. We impose the periodic boundary condition on
the system. We map the spin operators to fermionic operators

c j and c†
j by the Jordan-Wigner transformation:

c j =
⎛⎝ j−1∏

l=1

−Zl

⎞⎠σ−
j , (39)

where the lowering operator is σ−
j = 1

2 (Xj − iYj ) and the
raising operator is σ+

j = (Xj + iYj )/2. The fermionic opera-

tors satisfy the relations {ci, c†
j } = δi, j . The periodic boundary

condition, namely σ±
n+1 = σ±

1 , implies the following boundary
condition for the fermionic operators:

cn+1 = −(−1)N c1, (40)

where N = ∑n
j=1 c†

j c j is the total fermion-number operator.
By this mapping, the Hamiltonian HXY is written in terms

of fermionic operators as

HXY = −
n∑

j=1

(J (c†
j c j+1 + c†

j+1c j )

+ Jγ (c†
j c

†
j+1 + c j+1c j ) + 2hc†

j c j − h). (41)

The Hamiltonian commutes with the parity operator (−1)N ,
and the system decomposes into two parity sectors: the even
and odd sectors, where (−1)N = 1 and (−1)N = −1, respec-
tively. When the parity is even (odd), the boundary condition
becomes antiperiodic cn+1 = −c1 (periodic cn+1 = c1).

The Hamiltonian can be diagonalized in the momentum
space via a Fourier transform:

ck = 1√
n

n∑
j=1

e−ik jc j . (42)

We use the same notation of c fermions for the real and mo-
mentum spaces, as we believe that there will be no confusion.
In each parity sector, the values that k can take depend on
the parity so that the fermionic operators satisfy the bound-
ary conditions. Concretely, the sets of the wave numbers k,
denoted by Kp for p = 0, 1, are defined by Eq. (34). Due to
the assumption that n is even, the values of m are integers in
Eq. (34). Here p = 0 (p = 1) refers to the even (odd) sector.
With these definitions, the inverse Fourier transform is given
by

c j = 1√
n

∑
k∈Kp

eik jck, (43)

where Kp depends on the parity sector on which c j acts. We
note that the total fermion-number operator transforms as N =∑n

j=1 c†
j c j = ∑

k∈Kp
c†

kck . We can then write the Hamiltonian
(41) in the momentum space as

HXY =
∑
k∈Kp

[
ξkc†

kck − i

2
�k (c†

kc†
−k − c−kck )

]
+ nh, (44)

where ξk = −2(J cos k + h) and �k = 2Jγ sin k. The Hamil-
tonian has the Bogoliubov–de Gennes (BdG) form [77]

1

2

∑
k∈Kp

�
†
k

(
ξk −i�k

i�k −ξk

)
�k, (45)

where �k = (ck, c†
−k )T is the Nambu spinor. The Bogoliubov

transformation to quasiparticles �k = (ηk, η
†
−k )T is defined by
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�k = Uk�k , with the unitary matrix

Uk =
(

cos θk
2 −i sin θk

2

−i sin θk
2 cos θk

2

)
, (46)

where cos θk = ξk/εk , sin θk = �k/εk , and εk =
√

ξ 2
k + �2

k .
This transformation diagonalizes the BdG form as

HXY =
∑
k∈Kp

εk

(
η

†
kηk − 1

2

)
, (47)

with the single-particle energy

εk = 2
√

(J cos k + h)2 + (Jγ sin k)2. (48)

In the p-parity sector, the ground-state vector of the Hamil-
tonian is obtained by

|GS〉p = (c†
0)p

∏
k∈Kp:0<k<π

(
cos

θk

2
+ i sin

θk

2
c†

kc†
−k

)
|vac〉c,

(49)
where |vac〉c is the vacuum of the fermions ck , namely, for any
k ∈ Kp, ck|vac〉c = 0. Here, for the purpose of the subsequent
discussion, we have assumed that J > |h| and hence ξ0 < 0,
so that the zero-momentum mode must be occupied in the
ground state, yielding c†

0 in the odd sector (p = 1) in Eq. (49).
The occupation of the k = 0 mode guarantees that the ground
state in the odd sector contains an odd number of fermionic
operators ck . The ground state satisfies ηk|GS〉p = 0 for any
k ∈ Kp, and the corresponding eigenenergy is

EGS = −1

2

∑
k∈Kp

εk. (50)

Moreover, for occupation numbers {nk}k∈Kp ∈ {0, 1}×n such
that

∑
k∈Kp

nk is even, the eigenvectors of HXY are

|{nk}〉 =
∏
k∈Kp

(η†
k )nk |GS〉p, (51)

and the corresponding eigenvalues are

E{nk} = EGS +
∑
k∈Kp

εknk . (52)

Requiring
∑

k∈Kp
nk to be even guarantees that the parity of

|{nk}〉 coincides with that of the ground state.

B. Exact diagonalization of structured local random circuits

We apply the exact diagonalization of the XY models to the
second-moment operators of structured local random circuits
under the solvability condition. As we discussed in Sec. III B,
the second-moment operator of a u-structured local random
circuit is

ML,u = 1

n

n∑
i=1

W u
i,i+1, (53)

where W u
i,i+1 is given by Eq. (25). From Eq. (31), we have that

ML,u = I − 1

n
Hu, (54)

where we write the Hamiltonian Hu as

Hu = n

(
eu

4eH
+ gu

4gH

)
I −

n∑
i=1

[
eu + 2gu

4
XiXi+1

− eu − 2gu

4
YiYi+1 −

(
eu

4eH
− gu

4gH

)
ZiZi+1 − eud

d2 − 1
Zi

]
.

(55)

When the solvability condition holds, it becomes

Hu = neu

2eH
I − eu

2(d2 − 1)

n∑
i=1

(d2XiXi+1 + YiYi+1 − 2dZi ).

(56)
Up to an additive constant, we identify this as the Hamiltonian
of the XY model with the parameters

J = eu

2eH
, γ = eH, h = − eud

d2 − 1
. (57)

The parameters in the BdG form (45) are given by

ξk = − eu

eH

(
cos k − 2d

d2 + 1

)
,

�k = eu sin k.

(58)

Then the Bogoliubov transformation turns out to be(
ηk

η
†
−k

)
=
(

cos θk
2 −i sin θk

2

−i sin θk
2 cos θk

2

)(
ck

c†
−k

)

= 1√
2εk

( √
εk + ξk −i

√
εk − ξk

−i
√

εk − ξk
√

εk + ξk

)(
ck

c†
−k

)
. (59)

We also obtain the single-particle energy from Eq. (48):

εk = 2
√

h2 + 2hJ cos k + J2 cos2 k + J2γ 2 sin2 k

= eu

eH

(
1 − 2d

d2 + 1
cos k

)
. (60)

In the basis of {|0〉, |1〉}⊗n, the eigenvectors of Z are |0〉
and |1〉 with the eigenvalues 1 and −1, respectively, and
the vacuum is given by |vac〉c = |1〉⊗n. We note that in this
basis, c fermion is occupied for |0〉 and not occupied for |1〉.
We derive the ground states |GS〉p. Because we know that
the second-moment operator ML,u has two eigenvectors with
eigenvalue 1, namely |I〉⊗n and |S〉⊗n, the ground states are
superpositions of them,

|GS〉p = a0p|I〉⊗n + a1p|S〉⊗n. (61)

We expand as |I〉 = v0|0〉 + v1|1〉 and |S〉 = −v0|0〉 + v1|1〉,
where v0 = √

d (d − 1)/2 and v1 = √
d (d + 1)/2. It implies

that

|I〉⊗n =
∑

i1,i2,...,in∈{0,1}

n∏
j=1

vi j |i1, i2, . . . , in〉,

|S〉⊗n =
∑

i1,i2,...,in∈{0,1}

n∏
j=1

(−1)i j vi j |i1, i2, . . . , in〉, (62)
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and in the vector |S〉⊗n, the coefficient of the basis state is
positive if and only if the number of occurrences of 1 is even.
Since n is even, the parity of the number of 1 is equal to that of
0. Therefore, the ground-state vectors in even and odd sectors
are constructed as

|GS〉0 = 1√
2dn(dn + 1)

(|I〉⊗n + |S〉⊗n
)
,

|GS〉1 = 1√
2dn(dn − 1)

(|I〉⊗n − |S〉⊗n
)
, (63)

where we have normalized the states by using 〈σ |τ 〉 = d +
δσ,τ (d2 − d ), for σ, τ ∈ {I, S}.

The other eigenvectors are obtained by adding η fermions
to the ground states. Explicitly, for parity p and occupation
numbers {nk}k∈Kp ∈ {0, 1}×n satisfying the even-parity condi-
tion

∑
k∈Kp

nk ∈ 2Z, the eigenvectors are

|{nk}〉 =
∏
k∈Kp

(η†
k )nk |GS〉p, (64)

where ηk is given by Eq. (59). The corresponding eigenvalues
of Hu are then given by Eq. (52): for parity p and {nk}k∈Kp ∈
{0, 1}×n such that

∑
k∈Kp

nk ∈ 2Z,

Eu({nk}) = neu

2eH
+
∑
k∈Kp

εk

(
nk − 1

2

)
=
∑
k∈Kp

εknk . (65)

We derive the first excited energy. Since εk is monotonically
increasing with |k|, for 0 � |k| � π , the first excited state in
even (odd) sector is obtained by adding two quasiparticles
with k = ±π/n ∈ K0 (k = 0, 2π/n ∈ K1) to the ground state.
It implies that the first excited energies in the even sector
E (1)

u,even and in the odd sector E (1)
u,odd are given by

E (1)
u,even = ε π

n
+ ε− π

n

= 2eu

eH

(
1 − 2d

d2 + 1
cos

π

n

)
, (66)

E (1)
u,odd = ε0 + ε 2π

n

= eu

eH

[(
1 − 2d

d2 + 1

)
+
(

1 − 2d

d2 + 1
cos

2π

n

)]
,

(67)

where we have used Eq. (60). Because cos k is a strictly
concave function, we have that E (1)

u,odd > E (1)
u,even for a finite

n. The first excited energy is then given by E (1)
u,even. On the

other hand, the largest eigenvalue is obtained by filling all η

fermions, and it is∑
k

eu

eH

(
1 − 2d

d2 + 1
cos k

)
= neu

eH
. (68)

From ML,u = I − 1
n Hu, the corresponding eigenvalue of ML,u

is negative when eu > eH, and the absolute value of 1 − eu/eH

for eH < eu � 1 is less than 1 − (1/n)E (1)
u,even for n � 2. There-

fore, we obtain the spectral gap �L,u of the second-moment

operator ML,u as

�L,u = 2eu

neH

(
1 − 2d

d2 + 1
cos

π

n

)
. (69)

C. Beyond free fermions

We analyze the second-moment operator beyond the
regime satisfying the solvability condition. The main goal in
this subsection is to prove that u-structured random circuits
are more random with respect to positivity than Haar local
random circuits if eu > eH and gu > gH.

We begin by observing that more randomness with respect
to positivity is trivially true under the solvability condition.
From Eq. (56), the operator Hu is proportional to eu

eH
, which

implies that the eigenvalues of Hu monotonically increase in
eu. Moreover, it is clear from Eq. (59) that the eigenvectors
of Hu do not depend on eu. Thus, by ML,u = I − (1/n)Hu, we
have that, when eu > eH,

ML,u|V ⊥
1

< ML,H|V ⊥
1
, (70)

where we have used the fact that V1 = span{|I〉⊗n, |S〉⊗n} is
the ground eigenspace of Hu.

We now consider the general case, in which eu and gu

do not necessarily satisfy the solvability condition. From
Eq. (55), we have that Hu = (eu/eH)He + (gu/gH)Hg, where
Ha = ∑n

i=1 ha,i, for a = e, g, with

he,i = 1

4
I + 1

4
ZiZi+1 + d

2(d2 + 1)
(Zi + Zi+1)

− eH

4
(XiXi+1 − YiYi+1),

hg,i = 1
4 I − 1

4 ZiZi+1 − 1
4 (XiXi+1 + YiYi+1). (71)

In the basis {|0̄, 0̄〉, |0̄, 1̄〉, |1̄, 0̄〉, |1̄, 1̄〉}, the matrix represen-
tations are given by

he =

⎛⎜⎜⎜⎜⎝
(d+1)2

2(d2+1) 0 0 − eH
2

0 0 0 0

0 0 0 0

− eH
2 0 0 (d−1)2

2(d2+1)

⎞⎟⎟⎟⎟⎠, (72)

hg =

⎛⎜⎜⎜⎜⎝
0 0 0 0

0 1
2 − 1

2 0

0 − 1
2

1
2 0

0 0 0 0

⎞⎟⎟⎟⎟⎠. (73)

The eigenspectrum of he is {1, 0, 0, 0}, and hence he is positive
semidefinite. The matrix hg is also positive semidefinite and
the eigenspectrum of he is {1, 0, 0, 0}. The Hamiltonian Hu is
a sum of he and hg, and thus it is also positive semidefinite.

From the above discussion, the second-moment operator
ML,u = I − (1/n)Hu monotonically decreases in eu and gu, in
the sense that

ML,u(eu + e′, gu + g′) � ML,u(eu, gu), (74)

for e′, g′ � 0, where we explicitly write ML,u as a function of
eu and gu. It implies that, if eu > eH and gu > gH, we have

ML,u|V ⊥
1

< ML,H|V ⊥
1
, (75)
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where we have used that �ML,u := ML,u(eu, gu) − ML,u(eu +
e′, gu + g′) is strictly positive for e′, g′ > 0 because the kernel
of Hu is exactly V1 when eu > 0.

We remark that the above proof is independent of the cir-
cuit architecture, and therefore the operator inequality applies
to structured local random circuits in arbitrary spatial dimen-
sions and with arbitrary connectivity. In addition, the moment
operators ML,u without the solvability condition are equivalent
to frustration-free XY Z chains in a magnetic field, which are
mapped to interacting Kitaev chains [48–50].

D. Monotonicity of gap in structured local random circuits

We now prove that u-structured random circuits exhibit a
larger spectral gap than local Haar-random circuits when eu >

eH and gu > gH. Given the monotonic operator inequality in
Eq. (75), Weyl’s monotonicity theorem [60] guarantees that
the eigenvalues {λi} of ML,u|V ⊥

1
also monotonically decrease

as eu and gu increase. The spectral gap of ML,u(eu, gu) then
increases monotonically with eu and gu, when the eigenvalue
with the second-largest absolute value is strictly positive. In
the following, we prove that the second-largest eigenvalue
of ML,u in absolute value is positive whenever eu > eH and
gu > gH.

We write the maximum and minimum eigenvalues of
ML,u|V ⊥

1
by λmax(eu, gu) and λmin(eu, gu), respectively. We

consider the regime eu > eH and gu > gH, and we aim to show
that

|λmin(eu, gu)| � λmax(eu, gu), (76)

which implies that the second-largest eigenvalue in absolute
value is positive. We can focus on the case where λmin(eu, gu)
is negative since otherwise it is trivial that |λmin(eu, gu)| =
λmin(eu, gu) � λmax(eu, gu). To prove Eq. (76), we derive a
lower bound on the eigenvalues of ML,u by using the exact
results under the solvability condition. We define the parame-
ter

cu := max

{
eu

eH
,

gu

gH

}
. (77)

Then, from Eq. (75), it implies that

ML,u(eHcu, gHcu) � ML,u(eu, gu). (78)

From this operator inequality, the eigenvalues are bounded as

λmax(eHcu, gHcu) � λmax(eu, gu),

λmin(eHcu, gHcu) � λmin(eu, gu).
(79)

From Eq. (69), the maximum eigenvalue at the solvable point
is given by

λmax(eHcu, gHcu) = 1 − 2cu

n

(
1 − 2d

d2 + 1
cos

π

n

)
. (80)

Moreover, from Eq. (68), the minimum eigenvalue is bounded
by

1 − cu � λmin(eHcu, gHcu). (81)

We derive upper bounds on cu. Since the feasible values of
eu are 0 � eu � 2

3 (d = 2) and 0 � eu � 1 (d � 3), we have

that

eu

eH
� 10

9
(d = 2),

eu

eH
� d2 + 1

d2 − 1
(d � 3). (82)

Furthermore, under the assumption eu � eH, Eq. (13) implies
that gu

gH
� 2 − eH. This yields that

gu

gH
� 7

5
(d = 2),

gu

gH
� 2 − d2 − 1

d2 + 1
(d � 3). (83)

Combining them, we upper bound cu as

cu � 7

5
(d = 2),

cu � d2 + 1

d2 − 1
(d � 3). (84)

We use Eqs. (80) and (81) to have the difference

λmax − |λmin| = λmax + λmin

� 2 − cu

[
2

n

(
1 − 2d

d2 + 1
cos

π

n

)
+ 1

]
. (85)

Since 2/n and 1 − [2d cos(π/n)]/(d2 + 1) are both positive
and monotonically decreasing with n, their product is also
monotonically decreasing. The right-hand side of Eq. (85)
then increases monotonically with n. By calculating it at the
most stringent bound for n = 3, we obtain

λmax − |λmin| � 2 − cu

[
2(d2 − d + 1)

3(d2 + 1)
+ 1

]
. (86)

For d = 2, substituting cu � 7
5 into Eq. (86) yields

λmax − |λmin| � 1
25 > 0. (87)

For d � 3, substituting cu � d2+1
d2−1 into Eq. (86), we obtain

λmax − |λmin| � 1

3
+ 2

3

d − 2

d2 − 1
− 2

d2 − 1
> 0. (88)

Therefore, we prove Eq. (76) for all n � 3 and d � 2.

V. STRUCTURED BRICK-WALL RANDOM CIRCUITS

We extend the analysis of the previous section to the brick-
wall architecture and exactly diagonalize the second-moment
operator of structured brick-wall random circuits under the
solvability condition.

We summarize the results obtained in this section. We ob-
tain all the eigenvalues of the second-moment operator under
the solvability condition (32) as follows.

Theorem 3 (Eigenvalues of MB,u). Let u be a two-qudit
unitary gate satisfying the solvability condition. Then, the
eigenvalues of MB,u are given by∏

k∈Kp

(λk )nk , (89)
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where p ∈ {0, 1}, {nk}k∈Kp , for nk ∈ {0, 1}, satisfies that∑
k∈Kp

nk is even, and

λk =
(

akẽu +
√

a2
k ẽ2

u + 1 − ẽu

)2

, (90)

where ẽu := eu/eH and ak := [d/(d2 + 1)] cos k.
A proof for Theorem 3 is given in Sec. V C.
As a corollary, we obtain the following formula for the

exact spectral gap.
Corollary 1 (Spectral gap). The spectral gap of MB,u under

the solvability condition is

�B,u = 1 − max
(|λπ

n
|2, |λ0λ 2π

n
|), (91)

where λk is defined in Eq. (124). Moreover, when λ 2π
n

is a real
number, we have

�B,u = 1 − (
λπ

n

)2
, (92)

and when λπ
n

is not a real number, we have

�B,u = 1 − λ0

(
eu

eH
− 1

)
. (93)

A proof for Corollary 1 is given in Sec. V D.
Based on the formula, we show the monotonicity of the

spectral gap.
Theorem 4 (Monotonicity of the spectral gap). Suppose a

two-qudit unitary gate u satisfies the solvability condition.
Then, u-structured brick-wall random circuits νB

u are more
random than the corresponding Haar brick-wall random cir-
cuits νB

H with respect to the spectral gap if and only if eu > eH.
A proof for Theorem 4 is also given in Sec. V D.

A. Fermion mapping of brick-wall circuits

We map the second-moment operators of brick-wall ran-
dom circuits to fermionic chains via the Jordan-Wigner
transformation, as with the previous section. The moment
operator that we consider is

MB,u =
⎛⎝ ⊗

i≡1(mod 2)

W u
i,i+1

⎞⎠⎛⎝ ⊗
i≡0(mod 2)

W u
i,i+1

⎞⎠. (94)

Here, without imposing the solvability condition, we have

W u
i,i+1 = I − eu

eH
he,i − gu

gH
hg,i, (95)

where the operators he,i and hg,i are defined in Eq. (71).
We map the moment operator to a fermionic model. To this

end, we derive the logarithm ln W u
i,i+1 as

ln
(
W u

i,i+1

) = ln

(
1 − eu

eH

)
he,i + ln

(
1 − gu

gH

)
hg,i, (96)

where we have used the fact that {I − he,i − hg,i, he,i, hg,i}
are orthogonal projectors for each i. Throughout this work,
ln denotes the natural logarithm, namely, ln ≡ lne. Here, to
take the logarithm, we have assumed that eu, gu > 0, eu 	=
eH, and gu 	= gH. For a negative number z, we take the
value ln(z) = ln(|z|) + iπ . We note that MB,u is continuous at
eu = eH, and thus the eigenvalues and eigenvectors of MB,H

are given by substituting eH for eu. We now impose the

solvability condition (32), yielding

ln W u
i,i+1 = 1

2
ln

(
1 − eu

eH

)[
I − d2

d2 + 1
XiXi+1

− 1

d2 + 1
YiYi+1 + d

d2 + 1
(Zi + Zi+1)

]
. (97)

We introduce the transfer matrices of the even and odd layers
as MB,u = T1T0, where we define

Ta :=
⊗

i≡a (mod 2)

W u
i,i+1, (98)

for a ∈ {0, 1} and i ∈ {0, 1, . . . , n}. Since the local operators
W u

i,i+1 commute mutually, the logarithm of the tensor product
becomes the sum

ln Ta =
∑

i≡a (mod 2)

ln W u
i,i+1 (99)

of the local logarithms. To diagonalize the moment operator,
we express ln Ta, for a = 0, 1, in terms of a Nambu spinor.
We consider the set of wave numbers K+

p := {k ∈ Kp|k ∈
[0, π/2]}. For technical convenience, we also set K̃+

p := {k ∈
Kp|k ∈ (0, π/2]}, which removes the term k = 0 from K+

p

if it exists, and likewise K̄+
p := {k ∈ Kp|k ∈ (0, π/2)}. For

k ∈ K̃+
p , we write the four-component Nambu spinor as

�B,k = (ck, c†
−k, ck+π , c†

−k+π
)T . (100)

We also denote by �B,0 = (c0, c†
π )T for k = 0. The operators

ln Ta are then written in the BdG form with 4 × 4 Hamiltoni-
ans,

ln Ta =n

2
xu +

∑
k∈K̃+

p

wk�
†
B,kHa(k)�B,k

+ δ0
(
�

†
B,0Ha(0)�B,0 + xu

)
, (101)

where xu = 1
2 ln(1 − eu/eH), and for k ∈ K̃+

p ,

Ha(k) :=xu[cos α IZ − cos k ZZ + sin α sin k ZY

− (−1)a(sin k Y Z + sin α cos k YY )], (102)

with α defined by 2d/(d2 + 1) = cos α, and for k = 0,

Ha(0) := xu

(
cos α − 1 (−1)a sin α

(−1)a sin α − cos α − 1

)
, (103)

where the factor wk is defined by wk = 1 for all 0 < k < π/2
and wπ/2 = 1

2 , and δ0 is defined by δ0 = 1 if 0 ∈ K+
p and δ0 =

0 otherwise. The derivation for the BdG form in Eq. (101) is
written in Appendix C 2.

Since the quadratic operators �
†
B,kHa(k)�B,k commute for

different wave numbers k 	= k′ ∈ K+
p , the exponential of the

sum factorizes into a product of exponentials:

Ta = exu( n
2 +δ0 )

∏
k∈K+

p

exp(wk�
†
B,kHa(k)�B,k ). (104)

It is important for the later analysis that we have the relation
between H0(k) and H1(k) as, for k ∈ K̃+

p ,

H1(k) = Z1H0(k)Z1, (105)

where we have defined A1 := A ⊗ I for an operator A.
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B. Exact diagonalization

We now diagonalize the second-moment operator MB,u.
To this end, we diagonalize the BdG Hamiltonians Ha(k).
Although the matrix of k = 0 is a 2 × 2 matrix and can be
diagonalized easily, each wave number k ∈ K̃+

p gives a 4 × 4
matrix, which may not be straightforward to diagonalize. We
can still obtain the exact diagonalization for these 4 × 4 ma-
trices as follows.

The product of the two exponentials can be written as a
single exponential by the following lemma.

Lemma 1 (Two exponentials as one). Let k ∈ K+
p such that

k 	= 0, π/2 and �B,k be the Nambu spinor defined in
Eq. (100). If 4 × 4 matrices A and B satisfy the relation
eAeB = eC for some C, then we have that

e�
†
B,kA�B,k e�

†
B,kB�B,k = e�

†
B,kC�B,k . (106)

Lemma 1 is proven in Appendix D.
From the above lemma, for each k, we obtain

MB,u = exu(n+2δ0 )
∏

k∈K+
p

exp(wk�
†
B,kCk�B,k ), (107)

where 4 × 4 matrices Ck satisfy

exp (Ck ) = exp [wkZ1H0(k)Z1] exp (wkH0(k))

= {Z1 exp [wkH0(k)]}2. (108)

To diagonalize MB,u, it is sufficient to diagonalize the non-
Hermitian matrices exp(Ck ) for k ∈ K+

p . This is because if we
have exp(Ck ) = VkDkV

−1
k for some diagonal matrix Dk and

invertible matrix Vk , it yields Ck = Vk ln(Dk )V −1
k , and

MB,u = exu(n+2δ0 )
∏

k∈K+
p

exp(wk�̃B,k (ln Dk )�B,k ), (109)

where we have defined the right and left vectors of quasipar-
ticles �B,k := V −1

k �B,k and �̃B,k := �
†
B,kVk , respectively.

We write the elements of the right quasiparticle vec-
tor �B,k with annihilationlike operators η as �B,k =
(ηk,1, ηk,2, ηk,3, ηk,4)T. Because the diagonalizing matrix Vk is
not unitary in general, the left quasiparticle vector �̃B,k is
not simply the Hermitian conjugate of �B,k , and we write the
elements as �̃B,k = (η̄k,1, η̄k,2, η̄k,3, η̄k,4). It is straightforward
to show that, for an invertible matrix Vk , they satisfy the
canonical anticommutation relations, in the sense that for all
k ∈ K̄+

p and i, j ∈ {1, 2, 3, 4},
{ηk,i, η̄k, j} = δi, j, {ηk,i, ηk, j} = {η̄k,i, η̄k, j} = 0. (110)

With this relation, we have

wk�̃B,k (ln Dk )�B,k =
4∑

j=1

wk (ln λk, j )η̄k, jηk, j, (111)

where λk,i are the eigenvalues of Dk .
We define the non-Hermitian fermionic number operators

as n̂k, j := η̄k, jηk, j . From Eq. (110), they satisfy [n̂k,i, n̂k, j] = 0
and n̂2

k, j = n̂k, j . We thus have, for each k ∈ K̄+
p ,

exp

⎛⎝ 4∑
j=1

(ln λk, j )n̂k, j

⎞⎠ =
4∏

j=1

(λk, j )
n̂k, j . (112)

Likewise, for k = π/2, we have

exp

⎛⎝ 4∑
j=1

1

2
(ln λk, j )n̂k, j

⎞⎠ =
2∏

j=1

(λk, j )
n̂k, j , (113)

where we have used the fact that only two wave numbers
k = π/2 and −π/2 couple, and n̂k,1 and n̂k,2 are redefined
by the corresponding occupation numbers (see Appendix C 3
for detail).

We define a right vacuum state vector |R0〉 and a left vac-
uum state 〈L0| such that they are annihilated as follows: for all
k ∈ K+

p and j ∈ {1, 2, 3, 4},
ηk, j |R0〉 = 0, 〈L0|η̄k, j = 0. (114)

The right eigenvectors are obtained by applying some of
the creationlike operators η̄k, j to |R0〉, and the corresponding
eigenvalues of MB,u are the products of the eigenvalues λk, j

of quasiparticle η̄k, j (see Appendix C 4 for detail). The left
eigenvectors are obtained similarly. Their explicit eigenvalues
are given later in Eq. (C42).

C. Explicit formulas for the eigenvalues

It remains to diagonalize the 4 × 4 matrix exp(Ck ) =
{Z1 exp[wkH0(k)]}2, which yields the eigenvalues and eigen-
vectors of MB,u. To this end, we calculate

[H0(k)]2 = 2x2
u[I − n(k) · σ], (115)

where we have defined

n(k) := (cos α cos k, cos α sin k, sin α),

σ := (Z1,Y1, XX ).
(116)

Since |n|2 = 1 and the Pauli matrices in σ are mutually anti-
commuting, the operator

P(k) := 1
2 [I − n(k) · σ] (117)

is a projector. By definition, we have that [H0(k)]2 = 4x2
uP(k),

and thus [H0(k), P(k)] = 0. Since H0(k) is Hermitian, its
kernel is equal to that of [H0(k)]2, and P is the projector onto
the image of H0(k). Therefore, we have

[H0(k)]3 = 4x2
uP(k)H0(k) = 4x2

uH0(k). (118)

From the above relation, the higher power of H0 becomes
simply

(H0)l =
{

(2xu)l−1H0 (odd l � 1),

(2xu)l−2H2
0 (even l � 2).

(119)

The exponential of an operator is defined by its Taylor series,
and we obtain

ewkH0(k) =
∞∑

l=0

1

l!
[wkH0(k)]l

= cosh(x̃k ) + 1

2
I + sinh(x̃k )

2xu
H0(k)

− cosh(x̃k ) − 1

2
n(k) · σ, (120)

where we have defined x̃k := 2wkxu.
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We derive the eigenvalues of M̃k := Z1ewkH0(k), which im-
mediately yield the desired ones of exp(Ck ) as shown in
Eq. (108). To this end, we employ the following lemma, which
is proven in Appendix D.

Lemma 2 (Eigenvalues as reciprocal pairs). The eigenval-
ues of 4 × 4 matrix M̃k = Z1ewkH0(k), for k ∈ K̄+

p , form
reciprocal pairs: if λ 	= 0 is an eigenvalue, λ−1 is also an
eigenvalue.

Let us consider k ∈ K̃+
p . From Lemma 2, the matrices M̃k

have four eigenvalues in reciprocal pairs (μ0, μ
−1
0 , μ1, μ

−1
1 ).

We define μ̄0 := μ0 + μ−1
0 and μ̄1 := μ1 + μ−1

1 . The traces
of the matrix are related by

Tr(M̃k ) = μ̄0 + μ̄1,

Tr(M̃2
k ) = (μ̄0)2 + (μ̄1)2 − 4. (121)

On the other hand, from Eqs. (102), (116), and (120), we
obtain

Tr(M̃k ) = −2[cosh(x̃k ) − 1] cos α cos k,

Tr(M̃2
k ) = 4 cosh(x̃k )(1 + [cosh(x̃k ) − 1] cos2 α cos2 k).

(122)
We can solve these equations for μi, which yield the eigen-

values of MB,u. These solutions yield the eigenvalues of MB,u

that are given by, for each p ∈ {0, 1},∏
k∈Kp

(λk )nk , (123)

where {nk}k∈Kp , for nk ∈ {0, 1}, satisfies that
∑

k∈Kp
nk is even,

and

λk = (
akẽu +

√
a2

k ẽ 2
u + 1 − ẽu

)2
, (124)

where ẽu = eu/eH, ak = [d/(d2 + 1)] cos k, and we describe
the derivations of Eqs. (123) and (124) in Appendix C 5.

From the above result, we find that while the eigenvalues
of ML,u are always real, those of MB,u can be nonreal due to
their non-Hermiticity. We note that

λπ−k = (
akẽu −

√
a2

k ẽ2
u + 1 − ẽu

)2 = λ∗
k (125)

when a2
k ẽ2

u + 1 − ẽu < 0, where the eigenvalues come in
complex-conjugate pairs because Ma,u for a = L, B are real
matrices.

D. Exact spectral gap

We finally derive the spectral gap of the second-moment
operator MB,u, for u-strucrtured brick-wall random circuits
and prove that u-structured brick-wall circuits can be more
random with respect to spectral gap than brick-wall Haar
random circuits.

The absolute value of the eigenvalues |λk| satisfy |λk| �
1 for all k ∈ Kp, and in particular |λk| < 1 for an entangling
gate u. Then, the largest eigenvalue is obtained by choosing
nk = 0 for all k ∈ Kp in Eq. (123). It implies that the largest
eigenvalue is 1, as expected for a moment operator.

We next derive the second-largest eigenvalue. From the ex-
pression for λk , we find that |λk| is monotonically decreasing
in k for 0 � k � π . Therefore, the second-largest eigenvalue

in absolute value in the even- and odd-parity sectors are |λπ
n
|2

and |λ0λ 2π
n
|, respectively. We note that λ0 is a real number for

any integer d � 2 and real number 0 � eu � (d2 − 1)/d2. We
then obtain the spectral gap as

1 − max
i, j∈Kp

(|λiλ j |) = 1 − max(|λπ
n
|2, |λ0λ 2π

n
|). (126)

With Eqs. (C39) and (C41), Eq. (126) is the exact formula for
the spectral gap.

We further compute the right-hand side in Eq. (126). When
λ 2π

n
is a real number, λπ

n
is also real. In this case, we have that

(λπ
n

)2 � λ0λ 2π
n

due to the concavity of ln λk , and the gap 1 −
(λπ

n
)2 monotonically increases with eu. We remark that λ 2π

n
is

real at least in the regime 0 � eu � eH. On the other hand, λk

can be a complex number, for some 0 < k � π/2, if eu > eH.
When λk is not real, we have |λk| = eu

eH
− 1, which does not

depend on k. Additionally, when λπ
n

is not a real number, so
λ 2π

n
is, and in this case we have that max(|λπ

n
|2, |λ0λ 2π

n
|) =

λ0|λ 2π
n
| = λ0(eu/eH − 1). Here, we have used that λ0 is a

real number for any integer d � 2 and 0 � eu � (d2 − 1)/d2,
which is true under the solvability condition and Eq. (13).
Therefore, if λπ

n
is not real, the spectral gap of MB,u is

1 − λ0

(
eu

eH
− 1

)
, (127)

which, in contrast, decreases monotonically with eu.
We finally prove more randomness with respect to the spec-

tral gap for structured brick-wall random circuits, as follows.
When λπ

n
is real, the spectral gap also increases monotonically

at least for eu � eH. As a special case corresponding to Haar-
random gates, the spectral gap is obtained by setting eH = eu

in Eq. (126), yielding

1 −
(

d

d2 + 1

)4(
2 cos

2π

n
+ 2

)2

, (128)

which agrees with the spectral gap derived in Ref. [30]. When
λπ

n
is a nonreal number, we have that

1 − λ0

(
eu

eH
− 1

)
� 1 −

(
d

d2 + 1

)4(
2 cos

2π

n
+ 2

)2

,

(129)
where we have used eH < eu � (d2 − 1)/d2 and n � 4.
Therefore, the gap of u-structured brick-wall circuits is larger
than that of brick-wall Haar-random circuits if and only if
eu > eH.

VI. NUMERICS

Along with the analytical solutions, we numerically calcu-
late the second-largest eigenvalues in absolute value |λ3| =
1 − �ν of ML,u and MB,u, as shown in Fig. 2. The solvability
condition is illustrated as the solvable lines there, and we con-
firm that the analytical results agree with the numerical results
on the lines. Figure 2 clearly illustrates our main statement
that the spectral gap becomes larger than that of Haar points
when eu > eH, where eH = 3

5 for d = 2 and eH = 4
5 for d = 3.

We find an interesting difference between local random
circuits and brick-wall circuits as follows. In Figs. 2(a) and
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FIG. 2. Numerical results on the second-largest eigenvalues in absolute value |λ3| of ML,u (local) and MB,u (brick-wall) for general eu and gu

in qubit system (d = 2) and qutrit system (d = 3) in the case of n = 14. The x axis and the y axis refer to the entangling power eu and the gate
typicality gu, respectively. We derive analytical solutions of them on the solvable lines (the broken red lines) satisfying the solvability condition.
At the Haar points (the orange dots), the second-moment operators of structured random circuits are equal to those of the Haar-random circuits
with the same architecture, and the points are on the solvable lines. Only the values between the thick white lines are feasible for eu and gu, as
discussed in Sec. III A and also in Ref. [66].

2(b) in the case of local random circuits, the spectral gap
monotonically increases in gu, as proven in Theorem 2. How-
ever, in Figs. 2(c) and 2(d) in the case of brick-wall random
circuits, it reaches the minimal value, which is close to the line
eu = 2 − 2gu (the thick upper white line shown in each plot),
when we change gu with fixed eu. The two-qudit gates on the
line eu = 2 − 2gu are the dual-unitary gates, which serve as a
toy model of chaotic dynamics [78]. We leave it as an open
problem to determine whether a dual-unitary brick-wall ran-
dom circuit achieves the largest spectral gap in the structured
brick-wall random circuits with a given entangling power.

VII. APPLICATIONS

We suggest that our work may open up a number of
compelling applications. We can apply the enhancement of
randomness in terms of the second moment to the following:
(1) Reduction of circuit depth for randomized benchmark-
ing. Randomized benchmarking (RB) [3] is a widely used
technique for estimating the quality of quantum gates in quan-
tum computers. Moreover, random unitary circuits consisting
of random local gates serve as tools for assessing the error
rate, known as the filtered RB, and the circuit depth for
realizing it is upper bounded by the inverse of the spectral
gap of the second-moment operator in a sufficiently large
depth [54]. Combining it with our enhanced spectral gaps,
we can improve the required circuit depth for the filtered
RB while maintaining a theoretical performance guarantee.
(2) Improved bound on unitary 2-designs in shallow random
circuits. Unitary 2-designs have a range of applications, such
as computational advantage [79,80], quantum channel fidelity
estimation [58], random coding [81,82], and randomized mea-
surement [14,83]. Recently, Haar-random circuits have been
shown to form approximate unitary designs in depth ln n by
the technique of gluing small random circuits [40,41]. Since
the structured random circuits can have better upper bounds
on the depth generating approximate unitary 2-designs, com-
bining it with the technique by gluing small structured random
circuits, we can improve the approximate 2-design time. (3)
Exact result on quantum chaotic dynamics. More physically
motivated applications of our results manifest themselves
by the connection between the second-moment operator and

indicators of quantum chaos, such as out-of-time ordered
correlators (OTOC) and the Rényi-2 operator entanglement
entropy [19,20,24,84]. Because we derive the eigenvalues
and eigenvectors of the second-moment operators satisfying
the solvability condition, in principle, one can obtain closed
formulas for these indicators in structured random circuits
satisfying the solvability condition.

VIII. DISCUSSION AND CONCLUSION

In our work, we have developed a theory of structured
random circuits by the technique of exact diagonalization and
have proven that random circuits with non-Haar-random gates
can be more random than those with Haar-random gates. We
expect that the solvable random gates introduced in this work
will be of independent interest for the study of quantum many-
body dynamics, where exact results on real-time evolution
play a central role, as exemplified by the case of dual-unitary
gates [78]. Moreover, our work also applies beyond the solv-
able free-fermionic regime since Theorem 2 does not rely on
the solvability condition. Also, more randomness with respect
to positivity in structured local random circuits is true for
an arbitrary spatial dimension, not only a one-dimensional
system.

The additional structure improves the convergence rate to a
unitary 2-design ensemble, which will be particularly impor-
tant when we use large-scale quantum computers. Since we
have considered the second moment, the Haar-random single-
qudit gates in the structured random gates can be replaced by
any gates forming unitary 2-design locally, keeping our results
the same.

While we have focused on the diagonalization of moment
operators in the main text, we also derive the bounds on the
frame potential in structured random circuits by the statistical
mechanical mapping [17,85], as shown in Appendix E.

We note that Ref. [30] has also derived the spectral gap
of brick-wall Haar-random circuits, and our result at the Haar
point of eu = eH and gu = gH agrees with it. Also, the spec-
tra of matchgate brick-wall circuits have been considered in
Ref. [86], and we expect that our results on the diagonaliza-
tion of brick-wall circuits are also applicable to matchgate
unitary circuits. Within the context of entanglement dynamics,
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phenomena displaying a faster decay of purity in certain struc-
tured random circuits, which is similar to more randomness in
our setting, have been observed in the early works on random
circuits [45,46] (see Appendix A for further details on related
works).

Our results open up numerous opportunities for future
work. It would be interesting to show more randomness
of structured random circuits in terms of higher-moment
operators, as well as other architectures, for example, higher-
dimensional brick-wall circuits. Other future directions are
finer analyses of the applications we have discussed above.
Also, investigating the randomness in Brownian Hamiltonian
dynamics [36,90,91] with an additional structure similar to
this work would be a physically interesting direction. At the
end of such a program stands an idea of how to best create
randomness with the smallest possible circuit complexity. We
hope that this work helps to identify the fundamental limits of
what notions of randomness one can achieve with reasonable
constraints on circuit complexity.

Note added. We also note that recently a few works ap-
peared that study a similar line of research from different
perspectives [87–89], which connect certain fixed gates, such
as dual-unitary gates, with the fast generation of randomness
measured by unitary or state designs.
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APPENDIX A: RELATED WORKS AND COMPARISON

References [30,93] also derive the exact spectral gap of
one-dimensional brick-wall Haar-random circuits, and the for-
mer reference considers Haar measures on various compact
groups. In this work, our interests are in non-Haar-random
gates, which exhibit more randomness, and we derive all the
eigenvalues and eigenvectors. References [29,35,44,94] also

consider other kinds of structured random walks to obtain
better upper bounds on convergence time than the existing
upper bounds on those of Haar-random circuits. We note that,
for our purpose, the upper bounds alone are not sufficient to
imply more randomness because the upper bounds alone do
not determine which moment operator has the larger spectral
gap compared to the other.

The early works on random circuits by Žnidarič [45,46]
have considered a type of structured random circuits in qubit
systems, in the context of entanglement dynamics. Refer-
ence [45] numerically observed that the purity of a quantum
state generated by a random circuit with a specific gate
structure can converge to the purity of Haar-random states
faster than Haar-random circuits (see also Ref. [95]). Ref-
erence [46] analytically diagonalizes the second moment of
one-dimensional Haar-random local circuits and obtains the
asymptotic formula for the spectral gap of local random cir-
cuits with all-to-all connectivity and specific gate structure.
Also, Gao et al. [7] and Ware et al. [8] have considered
a structured random gate with a fixed interacting gate and
single-qubit Haar-random gates in the context of the quan-
tum computational advantage, and the latter numerically
computed the spectral gaps of the second-moment opera-
tors, showing that Haar-random gates do not extremize the
spectral gap.

In this work, we focus on randomness generation within
the framework of unitary designs and extend the diagonal-
ization method to a broad family of random gates satisfying
the solvable condition, as well as the one-dimensional brick-
wall architecture, not only the local circuit architecture. Our
work derives exact spectral gaps of the second moment of
one-dimensional non-Haar-random circuits, which works for
an arbitrary number of qudits and can exceed the spectral
gap of Haar-random circuits with the corresponding circuit
architecture. Also, Ref. [96] has conjectured on the exact
spectral gap of structured dual-unitary random circuits, and
our exact diagonalization for the structured dual-unitary ran-
dom circuits satisfying the solvable condition can support
the conjecture. Moreover, our work further examines regimes
outside the solvable free-fermionic framework, namely,
frustration-free interacting fermionic chains, and extends the
analysis beyond one-dimensional architectures, as mentioned
in Sec. IV C.

APPENDIX B: SOLVABILITY CONDITION

We derive Eq. (31) as follows. We expand the operator W u

as

W u= a0 II + a1(ZI + IZ ) + a2 XX + a3 YY + a4 ZZ

=

⎛⎜⎜⎝
a0 + 2a1 + a4 0 0 a2 − a3

0 a0 − a4 a2 + a3 0
0 a2 + a3 a0 − a4 0

a2 − a3 0 0 a0 − 2a1 + a4

⎞⎟⎟⎠
(B1)

for qubit-Pauli operators {I, X,Y, Z} and some real coef-
ficients ai for i ∈ {0, 1, 2, 3, 4}. By comparing the matrix
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elements with the representation in Eq. (25), we obtain that

a0 = 1 − eu

4

d2 + 1

d2 − 1
− gu

2
,

a1 = − deu

2(d2 − 1)
,

a2 = eu + 2gu

4
,

a3 = −eu − 2gu

4
,

a4 = gu

2
− eu

4

d2 + 1

d2 − 1
, (B2)

which yields Eq. (31) with the definitions of eH and gH.
We next derive the solvability condition for a two-qubit

unitary gate in Eq. (33). For a two-qubit unitary gate u, its
dual operator ũ is defined by reshuffling the indices as

〈i| ⊗ 〈 j|ũ|k〉 ⊗ |l〉 = 〈i| ⊗ 〈k|u| j〉 ⊗ |l〉. (B3)

With the parametrization u = e− i
2 (θxXX+θyYY +θzZZ ) [76] we

can express 〈I, S|u⊗2,2|IS〉 in terms of its dual operator as
〈I, S|u⊗2,2|I, S〉 = Tr(ũũ†ũũ†), where we have defined

c± := cos(θx/2 ± θy/2), s± := sin(θx/2 ± θy/2),

ũ =

⎛⎜⎜⎝
e−iθz/2c− 0 0 eiθz/2c+

0 −ie−iθz/2s− −ieiθz/2s+ 0
0 −ieiθz/2s+ −ie−iθz/2s− 0

eiθz/2c+ 0 0 e−iθz/2c−

⎞⎟⎟⎠.

(B4)

By straightforward calculation, we obtain that

〈I, S|u⊗2,2|I, S〉 = 4[1 + cos2(θx ) cos2(θy)

+ cos2(θy) cos2(θz ) + cos2(θz ) cos2(θx )]
(B5)

and

〈I, S|u⊗2,2|S, I〉 = 〈I, S|(u · SWAP)⊗2,2|I, S〉
= 4[1 + sin2(θx ) sin2(θy)

+ sin2(θy) sin2(θz ) + sin2(θz ) sin2(θx )],
(B6)

where we have used SWAP = e− π
4 i(XX+YY +ZZ ) up to a phase

factor. From Eqs. (B5) and (B6) with Eq. (24), the entangle-
ment properties eu and gu are written as

eu = 2
3 [sin2 θx cos2 θy + sin2 θy cos2 θz + sin2 θz cos2 θx],

gu = 1
3 [sin2(θx ) + sin2(θy) + sin2(θz )]. (B7)

We note that Eq. (B7) has already been derived in Ref. [66].
The solvability condition (32) can then be rephrased as

f (θx, θy) + f (θy, θz ) + f (θz, θx ) = 0 (B8)

for the function

f (x1, x2) = sin2(x1)
[

cos2(x2) − 3
5

]
. (B9)

APPENDIX C: FERMIONIC REPRESENTATION
OF BRICK-WALL CIRCUITS

1. Free-fermion mapping

The second-moment operator of u-structured brick-wall
random circuits is given by MB,u = T1T0. Under the solvability
condition, we map ln Ta to a fermionic chain via the Jordan-
Wigner transformation, and we obtain

ln Ta = xu

[
A + BN −

∑
j≡a (mod 2)

h j, j+1

]

= xu

[
A + BN −

n∑
j=1

1 + eiπ ( j−a)

2
h j, j+1

]
, (C1)

where xu = 1
2 ln(1 − eu/eH), A := n(d − 1)2/[2(d2 + 1)],

B := 2d/(d2 + 1), and

h j, j+1 := c†
j c j+1 + c†

j+1c j + eH(c†
j c

†
j+1 + c j+1c j ). (C2)

Here, N = ∑n
i=1 c†

i ci is the number operator and the summa-
tion over i respects the parity-dependent boundary condition
cn+1 = −(−1)N c1. Concretely, the boundary term connecting
site n and site 1 is determined by the parity sector to which the
state belongs, as in Sec. IV A. For 0 < eu < eH, xu a negative
number. For eu > eH, it becomes a complex number, and we
adopt the branch

xu = 1

2
ln

(
eu

eH
− 1

)
+ iπ

2
. (C3)

Since the operators ln Ta are two-site translation invariant,
we transform the fermionic operators into momentum space
using the discrete Fourier transform, and the most right-hand
side of Eq. (C1) becomes

xu

(
A +

∑
k∈Kp

{
(B − cos k)c†

kck +
[

− ieH

2
sin k c†

kc†
−k

+ (−1)a

(
i

2
sin k c†

kck+π + eH

2
cos k c†

kc†
−k+π

)
+ H.c.

]})
,

(C4)
where the wave number is modulo 2π and “H.c.” denotes
the Hermitian conjugate of the preceding terms inside the
parentheses. To drive Eq. (C4), we have used the identities

n∑
j=1

eiπ jc†
j c

†
j+1 = −

∑
k∈Kp

eikc†
kc†

−k+π

= −
∑
k∈Kp

cos kc†
kc†

−k+π
(C5)

and

n∑
j=1

eiπ j
(
c†

j c j+1 + c†
j+1c j

) =
∑
k∈Kp

(−eik + e−ik
)
c†

kck+π

= −2i
∑
k∈Kp

sin k c†
kck+π . (C6)
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2. BdG form for brick-wall circuits

We transform the operator in Eq. (C4) into the BdG form.
We define the parameter α by the relation

2d

d2 + 1
= cos α. (C7)

We then have that

(d − 1)2

d2 + 1
= 1 − cos α (C8)

and eH = sin α. The parameters A and B can be written as A =
(n/2)(1 − cos α) and B = cos α. The operators (1/xu) ln Ta

for a ∈ {0, 1} are equal to

n

2
(1 − cα ) +

∑
k∈Kp

{
(cα − ck )c†

kck

+
[

− i

2
sαsk c†

kc†
−k + (−1)a

×
(

i

2
sk c†

kck+π + 1

2
sαck c†

kc†
−k+π

)
+ H.c.

]}
, (C9)

where we have introduced the abbreviations

ck := cos k, sk := sin k, cα := cos α, sα := sin α.

(C10)

In the following, we derive the BdG form for the boundary
sectors k = 0, π/2 and bulk sectors for 0 < k < π/2.

a. The k = 0 sector

If 0 ∈ Kp, k = 0 mode interacts with k = π mode, and the
relevant operator in Eq. (C9) is

O0 := (cα − 1)c†
0c0 + (cα + 1)c†

π cπ

+ (−1)asα (c†
0c†

π + cπc0). (C11)

We define the two -component spinor �B,0 := (c0, c†
π )T and

Ha(0) := xu

(
cα − 1 (−1)asα

(−1)asα −cα − 1

)
. (C12)

The eigenvalues of Ha(0) are 0 and −2xu. Using the canonical
anticommutation relation c†

πcπ = 1 − cπ c†
π , we find that the

BdG form

xuO0 = �
†
B,0Ha(0)�B,0 + xu(cα + 1) (C13)

is the contribution to ln Ta for k = 0, π . The eigenvalues λ0,1

and λ0,2 in Eq. (C41) are obtained by diagonalizing the 2 × 2
matrix exp[H̃1(0)] exp[H̃0(0)].

b. Bulk k sectors

For 0 < k < π/2, the modes k, −k, k + π , and −k + π

form a closed sector. By defining

Qk := {k,−k, k + π,−k + π},

where all momenta are modulo 2π , the corresponding contri-
bution in Eq. (C9) is

Ok :=
∑
q∈Qk

{
(cα − cq)c†

qcq +
[

− i

2
sαsq c†

qc†
−q

+ (−1)a

(
i

2
sq c†

qcq+π + 1

2
sαcq c†

qc†
−q+π

)
+ H.c.

]}
.

(C14)
Moreover, for 0 < k < π/2, we define (1/xu)Ha(k) by the
matrix⎛⎜⎜⎜⎝

cα − ck −isαsk i(−1)ask (−1)asαck

isαsk −cα + ck −(−1)asαck −i(−1)ask

−i(−1)ask −(−1)asαck cα + ck isαsk

(−1)asαck i(−1)ask −isαsk −cα − ck

⎞⎟⎟⎟⎠
= cα IZ − ck ZZ + sαsk ZY − (−1)a(sk Y Z + sαck YY )

(C15)

and

�B,k = (ck, c†
−k, ck+π , c†

−k+π
)T . (C16)

The similar calculation with the k = 0 sector yields that

xuOk = �
†
B,kHa(k)�B,k + 2xucα (C17)

is the contribution to ln Ta at Qk = {k,−k, k + π,−k + π}.

c. The k = π/2 sector

If π/2 ∈ Kp, the operator of the sum of the terms involving
π/2,−π/2 from Eq. (C9) is

Oπ/2 := cα (c†
π/2cπ/2 + c†

−π/2c−π/2)

+ [−isα c†
π/2c†

−π/2 + i(−1)ac†
π/2c−π/2 + H.c.].

(C18)

For the spinor �B,π/2 = (cπ/2, c†
−π/2, c−π/2, c†

π/2)T , we obtain
that

xuOπ/2 = 1
2�

†
B,π/2Ha(π/2)�B,π/2 + xucα, (C19)

where the factor 1
2 on the right-hand side compensates for the

double counting.
Let N+ be the number of the wave numbers in K̃+

p . It
satisfies the equality n = 4N+ + 2δ0, where δ0 = 1 if 0 ∈ K+

p
and δ0 = 0 otherwise. By summing the cα constants in O0 and
Ok , for k ∈ K̃+

p , we have

cα (2N+ + δ0∈Kp ) = n

2
cα, (C20)

which is canceled out with the cα term in (n/2)(1 − cα ) in
Eq. (C9), resulting in n/2.

Putting altogether, the operators ln Ta can be written in the
BdG form as

ln Ta = n

2
xu +

∑
k∈K̃+

p

wk �
†
B,kHa(k)�B,k

+ δ0(�†
B,0Ha(0)�B,0 + xu), (C21)

where wk = 1 for all 0 < k < π/2 and wπ/2 = 1
2 .
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3. Block diagonalization of BdG form

We show that the contribution to the moment operator from
k = π/2 becomes a block-diagonal form. The BdG Hamilto-
nian at k = π/2 has the form

Ha(π/2) = xu[cα I ⊗ Z + sα Z ⊗ Y − (−1)aY ⊗ Z].
(C22)

Since

[cα I ⊗ Z + sα Z ⊗ Y,Y ⊗ Z] = 0, (C23)

we have

[H0(π/2),H1(π/2)] = 0. (C24)

It implies that

exp[H1(π/2)] exp[H0(π/2)]

= exp [2xu(cα I ⊗ Z + sα Z ⊗ Y )], (C25)

where we obtain

2xu(cα I ⊗ Z + sα Z ⊗ Y )

= 2xu

⎛⎜⎜⎜⎝
cα −isα 0 0

isα −cα 0 0

0 0 cα isα

0 0 −isα −cα

⎞⎟⎟⎟⎠. (C26)

Therefore, its exponential matrix is also a block-diagonal ma-
trix:

exp[H1(π/2)] exp[H0(π/2)]

=
(

exp(2xuMα ) O

O exp(2xuM∗
α )

)
, (C27)

where the 2 × 2 matrix Mα is defined as

Mα =
(

cα −isα

isα −cα

)
. (C28)

The eigenvalues of Mα are ±1, and therefore those of the
second-moment operator at k = π/2 are e2xu and e−2xu .

4. Eigenvectors

The right and left eigenstates for given occupation numbers
n = {nk, j ∈ {0, 1}}k, j are constructed by

|Rn〉 :=

⎛⎜⎝∏
k∈K̄+

p

4∏
j=1

(η̄k, j )
nk, j

⎞⎟⎠
⎛⎝ 2∏

j=1

(η̄0, j )
δ0n0, j

⎞⎠

×
⎛⎝ 2∏

j=1

(η̄ π
2 , j )

δ π
2

n π
2 , j

⎞⎠|R0〉,

〈Ln| := 〈L0|
⎛⎝ 2∏

j=1

(ηπ
2 , j )

δ π
2

n π
2 , j

⎞⎠

×
⎛⎝ 2∏

j=1

(η0, j )
δ0n0, j

⎞⎠
⎛⎜⎝∏

k∈K̄+
p

4∏
j=1

(ηk, j )
nk, j

⎞⎟⎠. (C29)

Acting MB,u on a right eigenstate |Rn〉 yields the correspond-
ing eigenvalue

exu(n+2δ0 )

⎛⎜⎝∏
k∈K̄+

p

4∏
j=1

λ
nk, j

k, j

⎞⎟⎠ 2∏
j=1

λ
δ0n0, j

0, j

2∏
j=1

λ
δ π

2
n π

2 , j
π
2 , j . (C30)

Since ηk, j is a linear combination of ck , c†
−k , ck+π , c†

π−k , the
vacuum for η fermions is given by

|R0〉 =

⎛⎜⎝∏
k∈K̄+

p

c†
−kc†

π−k

⎞⎟⎠(c†
− π

2

)δ π
2
(
c†

0

)δ0 |vac〉η,p. (C31)

From Eq. (C4), the vector |R0〉 is an eigenvector of the mo-
ment operator MB,u with eigenvalue exu(n+2δ0 ).

5. Eigenvalues

By solving Eqs. (121) and (122), we find that, for j ∈
{0, 1},

μ̄ j = −(cosh(x̃k ) − 1)cαck

+ (−1) j
√

(cosh(x̃k ) + 1)
[
2 + (cosh(x̃k ) − 1)c2

αc2
k

]
.

(C32)

The first term in Eq. (C32) becomes

− (cosh(x̃k ) − 1)cαck = −2 sinh2

(
x̃k

2

)
cαck . (C33)

The expression inside the square root in Eq. (C32) becomes

(cosh(x̃k ) + 1)
[
2 + (cosh(x̃k ) − 1)c2

αc2
k

]
= sinh2(x̃k )c2

αc2
k + 2(cosh(x̃k ) + 1)

= 4 cosh2

(
x̃k

2

)[[
sinh

(
x̃k

2

)
cαck

]2

+ 1

]
. (C34)

By the notation qk = sinh(x̃k/2)cαck , we rewrite Eq. (C32) as

μ̄ j

2
= −qk sinh

(
x̃k

2

)
+ (−1) j cosh

(
x̃k

2

)√
q2

k + 1. (C35)

Equivalently, by the notation θk = arsinh qk, we have

μ̄0

2
= cosh

(
x̃k

2
− θk

)
,

μ̄1

2
= − cosh

(
x̃k

2
+ θk

)
. (C36)

Therefore, from μ j + μ−1
j = μ̄ j , we obtain

μ0 = exp

[
x̃k

2
− θk

]
,

μ1 = − exp

[
x̃k

2
+ θk

]
. (C37)

In terms of qk , this is

μ0 = ex̃k/2

(√
q2

k + 1 − qk

)
,

μ1 = −ex̃k/2

(√
q2

k + 1 + qk

)
. (C38)
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The eigenvalues λk,i of exp(Ck ) = M̃2
k , for k ∈ K̄+

p , are
obtained by the squares of μi, which are

λk,1 = e2(xu−θk ),

λk,2 = e−2(xu−θk ),

λk,3 = e2(xu+θk ),

λk,4 = e−2(xu+θk ), (C39)

where we have defined

θk := arsinh(sinh(xu) cos α cos k), (C40)

where arsinh is the inverse function of sinh. We note that θk =
θ−k . Also, we have that λk,1 = 1/λk,2 and λk,3 = 1/λk,4. For
k = 0, π/2, we obtain

λ0,1 = e−2(xu−θ0 ),

λ0,2 = e−2(xu+θ0 ),

λ π
2 ,1 = e2xu , λ π

2 ,2 = e−2xu , (C41)

where θ0 denotes θk evaluated at k = 0, and for k = π/2, we
relabeled λk, j by combining two eigenvalues with the same
wave number. The eigenvalues in Eq. (C41) are derived by
corresponding 2 × 2 matrices, discussed in Appendix C 2.
From these values, the eigenvalues of the second-moment
operator MB,u are given by

exu(n+2δ0 )

⎛⎜⎝∏
k∈K̄+

p

4∏
j=1

λ
nk, j

k, j

⎞⎟⎠ 2∏
j=1

λ
δ0n0, j

0, j

2∏
j=1

λ
δ π

2
n π

2 , j
π
2 , j , (C42)

where {nk, j}k∈K+
p , j is the set of the occupation numbers with

nk, j ∈ {0, 1}, and
∑

k, j nk, j is even so that it satisfies the
fermionic parity condition.

We now identify the largest eigenvalue. Since the real part
of

xu = 1

2
ln

(
1 − eu

eH

)
(C43)

is negative in the parameter regime considered here, the
largest eigenvalue is obtained by filling the quasiparticles with
eigenvalues λk,2 and λk,4 for all k ∈ K̄+

p , together with λ0,1,
λ0,2, and λπ

2 ,2 when the corresponding exceptional momenta
exist. The prefactor exu (n+2δ0 ) in Eq. (C42) is exactly canceled
by the factors e−2xu coming from these filled modes. Thus, the
largest eigenvalue is 1, as expected for a moment operator.

It is useful to rewrite the spectrum relative to this filled
configuration. For each k ∈ K̄+

p , the four-component Nambu
spinor contains the four wave numbers

k, −k, π − k, k − π. (C44)

Filling an originally empty mode with factor λk,1 gives the
multiplier λk,1. On the other hand, creating a hole in the filled
reciprocal mode λk,2 gives the multiplier λ−1

k,2 = λk,1. These
two equivalent multipliers are naturally assigned to the two
wave numbers k and −k. Similarly, λk,3 and λ−1

k,4 = λk,3 are
assigned to π − k and k − π .

Therefore, we define a quasienergy on the set Kp by

λk := e2(xu−θk ), k ∈ Kp. (C45)

Equivalently, for k ∈ K̄+
p ,

λk = λ−k = λk,1 = λ−1
k,2,

λπ−k = λk−π = λk,3 = λ−1
k,4. (C46)

For the exceptional wave numbers, the same notation gives

λ0 = λ−1
0,1, λπ = λ−1

0,2,

λ π
2

= λ− π
2

= λπ
2 ,1 = λ−1

π
2 ,2. (C47)

With this notation, the eigenvalues of MB,u take the compact
form ∏

k∈Kp

λ
nk
k , (C48)

where nk ∈ {0, 1} denotes the occupation number of the cor-
responding quasiparticle excitation and∑

k∈Kp

nk ∈ 2Z. (C49)

The choice nk = 0 for all k ∈ Kp corresponds to the largest
eigenvalue 1.

Finally, using xu = 1
2 ln(1 − eu/eH) and cos α =

2d/(d2 + 1), we can rewrite λk as

λk = (
akẽu +

√
a2

k ẽ2
u + 1 − ẽu

)2
, (C50)

where

ẽu = eu

eH
, ak = d

d2 + 1
cos k. (C51)

APPENDIX D: TECHNICAL LEMMAS

We prove the lemmas that we have used for the technical
derivation in Secs. V B and V C. The following is the restate-
ment of Lemma 1.

Lemma D1 (Lemma 1 restated). Let �B,k be the Nambu
spinor defined in Eq. (C16). If 4 × 4 matrices A and B satisfy
the relation eAeB = eC for some C, then the corresponding
relation

e�
†
B,kA�B,k e�

†
B,kB�B,k = e�

†
B,kC�B,k (D1)

for the fermionic operators holds.
Proof. For any matrices A and B, we define Â :=

�
†
B,kA�B,k and B̂ := �

†
B,kB�B,k , and then we have the com-

mutation relation

[Â, B̂] = �
†
B,k[A, B]�B,k . (D2)

This follows from the commutator identity [XY, ZW ] =
X {Y, Z}W − XZ{Y,W } + {X, Z}WY − Z{X,W }Y for opera-
tors X,Y, Z,W , and the fermionic canonical anticommu-
tation relations: {�†

B,k,i, �B,k, j} = δi, j and {�†
B,k,i, �

†
B,k, j} =

{�B,k,i, �B,k, j} = 0. By the Baker-Campbell-Hausdorff for-
mula, we have eÂeB̂ = eĈ , where Ĉ is given by an infinite
series of nested commutators:

Ĉ = Â + B̂ + 1
2 [Â, B̂] + 1

12 [Â, [Â, B̂]] − 1
12 [B̂, [Â, B̂]] + · · · .

(D3)
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Each term in Eq. (D3) is in the form
[X̂1, [X̂2, . . . , [X̂m−1, X̂m] . . . ]], for some X̂ j ∈ {Â, B̂}. By
using Eq. (D2) recursively, it becomes �

†
B,k[X1, [X2, . . . ,

[Xm−1, Xm] . . . ]]�B,k . Therefore, we obtain Ĉ = �
†
B,kC�B,k ,

where C satisfies eAeB = eC . �
The following is the restatement of Lemma 2.
Lemma D2 (Lemma 2 restated). The 4 × 4 matrix M̃k =

Z1ewkH0(k), where U = Z ⊗ I and Ha(k) is defined by
Eq. (C15), satisfies JOM̃T

k JO = M̃−1
k , where JO := Z ⊗ Y .

Consequently, its eigenvalues form reciprocal pairs: if λ 	= 0
is an eigenvalue, λ−1 is also an eigenvalue.

Proof. By taking the matrix transpose of H0(k), we obtain
that

H0(k)T = xu(cos α I2Z − cos k ZZ − sin α sin k ZY

+ sin k Y Z − sin α cos k YY ). (D4)

It is straightforward to show that

JOHa(k)T JO = −Ha(k), (D5)

which implies

JOM̃T
k JO = (JOewkH0(k)T

JO)U

= ewkJOH0(k)T JOU

= e−wkH0(k)U

= M̃−1
k . (D6)

Here, we have used the relation [U, JO] = 0.
We define the characteristic polynomial as P(λ) :=

det(M̃k − λI4). From Eq. (D6) and det(JO) = 1, we have

P(λ) = det
(
M̃T

k − λI4
)

= det
[
JO
(
M̃−1

k − λI4
)
JO
]

= det
(
M̃−1

k − λI4
)

= det
(
M̃−1

k (I4 − λM̃k )
)

= det(M̃k )−1λ4 det(M̃k − λ−1I4). (D7)

Because det(U ) = 1 and Tr[H0(k)] = 0, it holds that

det(M̃k ) = 1, (D8)

and we obtain P(λ) = λ4P(λ−1). This guarantees that if λ 	= 0
is an eigenvalue, λ−1 is also an eigenvalue. �

APPENDIX E: FRAME POTENTIAL

The kth frame potential [42] of random circuits ν with the
circuit depth t is defined by

F (k)
νt

=
∫

|Tr(U †V )|2kdνt (U )dνt (V ). (E1)

Equivalently, we can rewrite it in terms of the moment opera-
tor as

F (k)
νt

= Tr
[(

M (k)
ν

)t(
M (k)

ν

†)t]
. (E2)

From our diagonalization results in the main text, we can
obtain the exact value of the second frame potential in prin-

ciple since we have obtained all eigenvalues and eigenvectors.
However, the exact formula for the frame potential involves
t th power summation of eigenvalues, and it might not be
concise. In this section, we obtain the upper bound on the
frame potential of u-structured brick-wall circuits with slight
modification, by the standard technique of mapping to parti-
tion functions of Ising-type model [17,85].

1. Second-order frame potential

We consider the case of k = 2. The frame potential of
the ensemble of local random circuits can be mapped to the
partition function of a corresponding Ising model. This map-
ping has been studied for random circuits with Haar-random
two-qudit gates to calculate the entanglement entropy [97] and
the frame potential [85]. We average each single-qudit gate
over Haar measure in Eq. (E1); it is equal to the partition func-
tion of the classical statistical mechanics model consisting of
k-state spins (Fig. 3), where the states are {σi}i=1,...,k , and the
four-body Boltzmann weights are obtained by

W u(σ1, σ2, σ3, σ4) = (〈σ3| ⊗ 〈σ4|)u⊗2,2(|σ̃1〉 ⊗ |σ̃2〉), (E3)

where σ ∈ {I, S} and |σ̃i〉 for i = 1, 2 are given by Eq. (18).
Graphically, the weights are

(E4)
for σ3 	= σ4. Other weights are obtained by the spin-flip
symmetry W (σ1, σ2, σ3, σ4) = W (σ̄1, σ̄2, σ̄3, σ̄4), where Ī =
S and S̄ = I .

2. Frame potential in single-domain-wall sector

We consider a structured circuit in which we apply two
distinct layers alternatively. Specifically, we consider an an-
alytically tractable case where the interaction in the layers at
an odd time [blue triangles in Eq. (E6)] satisfies the 2-design
condition, that is, W u(I, S, I, S) = W u(I, S, S, I ) = 0, and the
interactions in the layers at even time can be arbitrary. We
use the notation a = W u(I, I, S, I ), b = W u(I, S, I, S), c =
W u(I, S, S, I ) for the Boltzmann weight in the layers at even
time [green boxes in Eq. (E6)]. In terms of the entangling
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FIG. 3. The frame potential (left-hand side) and the classical spin model (right-hand side).

power eu and the gate typicality gu, we have

a = d

d2 − 1
eu,

b =1 − d2 + 1

2(d2 − 1)
eu − gu,

c = − d2 + 1

2(d2 − 1)
eu + gu. (E5)

To exclude trivial examples, we assume that u is not locally
equivalent to the identity gate, namely, eu 	= 0 and gu 	= 0.
The solvability condition is equivalent to c = 0.

For technical simplicity, we apply the layer of Haar uni-
taries at the end of the circuit. Then, the frame potential can
be written in terms of the transfer matrix T as follows:

(E6)

where we have rotated the expression by 90◦, and the spins
(balls) with gray color are summed over, σi, τi ∈ {I, S}, and
we obtain

F (2) = Tr(T 2t ). (E7)

Now, the problem of computing the frame potential reduces
to computing the eigenvalues of the transfer matrix T . The
leading eigenvalues are 1 and the corresponding eigenvectors
are zero-domain-wall configurations, namely,

T |I〉⊗n = |I〉⊗n, (E8)

T |S〉⊗n = |S〉⊗n. (E9)

To obtain the next-leading terms, we consider the transfer
matrix T restricted to the subspace spanned by single-domain-
wall sector S1 = span{|i〉}n−1

i=1 , where we have defined |i〉 =
|I〉⊗i ⊗ |S〉⊗n−i, and we diagonalize the matrix in the sub-
space. We note that the diagonalization for Haar-random
brick-wall circuits is obtained in Ref. [93], and we extend
the result to structured random brick-wall circuits. In the
subspace, the I-type domain is always left side of the S-type
domain, and the other subspace, where the S-type domain is
left to the I-type can be treated in the same way. The diagonal
element 〈i|T |i〉 can be obtained by summing the four domain-
wall configurations as follows:

(E10)

where the black ball is I and the white ball S, and it implies

〈i|T |i〉 = b + 2
d

d2 + 1
a +

(
d

d2 + 1

)2

c

= 1 − d4 − d2 + 1

2(d4 − 1)
eu − d4 + d2 + 1

(d2 + 1)2
gu, (E11)

where in the first equality, we have used the equality
WH(I, I, S, I ) = d/(d2 + 1). The off-diagonal elements in the
single-domain-wall subspace are nonzero only for 〈i|T |i + 1〉
and 〈i + 1|T |i〉 because a domain wall can move at most
one site by one transfer matrix. Also, we have 〈i|T |i + 1〉 =

〈i + 1|T |i〉. They are a sum of the two configurations as

(E12)

which implies that 〈i|T |i + 1〉 is equal to

d

d2 + 1
a +

(
d

d2 + 1

)2

c

= d2

2(d2 + 1)2(d2 − 1)
[(d2 + 1)eu + 2(d2 − 1)gu]. (E13)

For most parameter regimes, the single-domain-wall sub-
space is not an invariant subspace of T . Indeed, unless a = 0
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(where the two-qudit interaction V is either identity or SWAP
up to single-qudit unitaries), the number of domain walls can
increase by one at a boundary and increase by two in the bulk
as the example configurations

. (E14)

Moreover, if there is more than one domain wall, unless c = 0,
the number of domain walls can decrease at a boundary, for
example,

(E15)

We first consider the solvable condition c = 0 and later
discuss the general case. When c = 0, the number of do-
main walls can only increase, but such configurations do not
contribute to the frame potential. This is because the frame
potential is the trace of T 2t , and the initial and final spin
configurations have to be the same, and therefore the number
of domain walls is the same for all time. Then, it suffices to
consider T restricted to the single-domain-wall subspace to
obtain the leading eigenvalues. Let P1 be the projector onto
the subspace S1. Then, we have that

P1T P1 =
(

1 − d4 + 1

d4 − 1
eu

) n−1∑
i=1

|i〉〈i|

+ d2

d4 − 1
eu

n−2∑
i=1

(|i〉〈i + 1| + |i + 1〉〈i|). (E16)

The last equation above is a Hamiltonian of the tight-
binding model with the open boundary condition, and for k =
1, 2, . . . , n − 1, the eigenvalues λk and eigenvectors |φk〉 are

λk = 1 − d4 + 1

d4 − 1
eu + d2

d4 − 1
eu cos

kπ

n
, (E17)

|φk〉 =
n−1∑
i=1

sin
kiπ

n
|i〉. (E18)

The second-largest eigenvalue is 1 − d4+1
d4−1 eu + d2

d4−1 eu cos π
n ,

and it becomes small when eu is large. This is a rough reason
why large eu makes the frame potential smaller than the case
of Haar-random gates. For the case of Haar-random gates, the
eigenvalues are not the same as those in Theorem 1 because
in this section we consider the open boundary condition.

We define

x := 1 − d4 + 1

d4 − 1
eu (E19)

and

y := d2

d4 − 1
eu. (E20)

The contribution of single-domain-wall configurations to the
frame potential, which we denote by f1, is,

f1 =
n−1∑
k=1

λ2t
k =

n−1∑
k=1

(
x + y cos

kπ

n

)2t

=
t∑

�=0

(
2t

2�

)
x2t−2�y2�

n−1∑
k=1

cos2� kπ

n

=
t∑

�=0

(
2t

2�

)
x2t−2�y2�

⎡⎣ n

4�

��/n�∑
m=−��/n�

(
2�

� + mn

)
− 1

⎤⎦
= n

�t/n�∑
m=−�t/n�

t∑
�=|m|n

(
2t

2�

)(
2�

� + mn

)
x2t−2�y2�

4�

− 1

2
[(x + y)2t + (x − y)2t ], (E21)

where we have used the equalities
∑n−1

k=1 cos2i+1( kπ
n ) = 0 and∑n−1

k=0 cos2i( kπ
n ) = n

4i

∑k=�i/n�
k=−�i/n�

( 2i
i+kn

)
for an integer i. More-

over, we have that

f1 = nx2t
�t/n�∑

m=−�t/n�

(
2t

2|m|n
)( y

2x

)2|m|n

× 2F1

[
|m|n − t, |m|n − t + 1

2

1 + 2|m|n ;
y2

x2

]

− (x + y)2t + (x − y)2t

2
, (E22)

where we have used the hypergeometric function

2F1

[
a, b

c
; z

]
=

∞∑
i=0

(a)i(b)i

(c)i

zi

i!
,

(a)i :=
i−1∏
j=0

(a + j). (E23)

These single-domain-wall configurations contribute domi-
nantly to the frame potential, and from the above expression,
we find that the contributions become small when eu is large.

Finally, we give a nonrigorous but intuitive argument for
the value of the frame potential for nonzero c, and we argue
that the single-domain calculation is not a good approximation
for c 	= 0 for �(n) depth. When c 	= 0, spin configurations
without conserving the number of domain walls can have a
nonzero value. As we discuss below, if t is much greater
than n, violation of the conservation of the number of the
domain wall should increase the frame potential compared

FIG. 4. Nonconservation of the number of domain walls.
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to the case c = 0. The weight of the spin configurations with
domain walls roughly decays exponentially in the total length
of domain walls. If there are domain walls k and the number
is conserved, then the total length is �(kt ), and the weight is

O(e−kt ). However, if the number does not conserve (for ex-
ample, Fig. 4), the domain-wall number can be one after O(n)
time steps, and the dominant weight of configurations starting
from k domain walls is only O(e−2nk−(t−2n) ) = O(e−t ).
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