PHYSICAL REVIEW A 114, 042411 (2026)
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Adiabatic quantum algorithms must evolve slowly enough to suppress nonadiabatic transitions while remain-
ing fast enough to be practical. In open systems, this trade-off is reshaped by decoherence. For Hamiltonians
subject to dephasing Lindbladians, Avron et al. [Phys. Rev. A 82, 040304(R) (2010)] showed that a unique
timetable exists that maximizes the fidelity with a target state. This optimal schedule is characterized by a
constant tunneling rate along the adiabatic path. In this work we revisit their analysis and apply it to the adiabatic
Grover search framework, obtaining closed-form expressions for the optimal evolution schedule, the minimum
runtime, and the resulting achievable fidelity. Moreover, by invoking an energy-time uncertainty argument, we
identify a critical dephasing threshold beyond which further noise-assisted acceleration is prohibited, showing
that the apparent advantage of strong dephasing is a Zeno-type stabilization mechanism rather than a conven-
tional algorithmic speedup over the unitary Grover search.
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I. INTRODUCTION

Identifying the ground states of quantum many-body
systems lies at the heart of quantum simulation, condensed-
matter theory, and optimization. Yet, even with major
advances in classical techniques such as density-functional
theory, quantum Monte Carlo methods, or tensor networks,
one cannot hope to develop a universal classically effi-
cient method, since the general problem remains theoretically
QMA-hard [1]. Quantum algorithms promise a way forward,
and among them, the quantum adiabatic paradigm occupies
a special place: It replaces the discrete logic of the circuit
model with a continuous interpolation between Hamiltonians
whose ground states encode computational solutions. Since
its introduction by Farhi ef al. [2] and the subsequent proof
of equivalence with the circuit model [3], adiabatic comput-
ing has become a cornerstone of quantum algorithm design.
Several works have suggested that its continuous dynamics
may offer a degree of intrinsic robustness to certain noise
processes [4,5], with the possibility that environmental inter-
actions could even enhance performance [6].

However, scalable adiabatic computation faces a funda-
mental bottleneck: the shrinking spectral gap that typically
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accompanies increasing problem sizes. According to the adi-
abatic theorem, the runtime must grow at least as fast as
the inverse square of the minimum gap, which for many
Hamiltonians decreases exponentially [7,8]. This sensitiv-
ity becomes especially acute near quantum phase transitions
where diabatic excitations proliferate [9]. At the same time,
realistic devices are never perfectly isolated; environmental
noise acts throughout the evolution, compounding the diffi-
culty of maintaining adiabaticity. Efforts to circumvent these
limitations have inspired a variety of shortcuts to adiabaticity
[10], most notably transitionless quantum driving [11], which
cancels diabatic transitions via auxiliary control fields, as well
as Zeno-based [12,13] and dissipation-based [14,15] search
protocols that exploit strong measurements or engineered
Lindbladians to drive the system toward the ground state.

Grover’s algorithm, which searches for a marked item in
an unstructured search space of size N, provides a particularly
clear setting in which to examine these issues [2,16]. Due to its
symmetry, its effective two-level structure enables analytical
access, and its optimal quadratic speedup highlights the power
of adiabatic computation in the ideal, closed-system case. At
the same time, the model features a vanishing minimum gap
gmin ~ N~1/2, making it sensitive to diabatic transitions [17].
For this reason, it has become a standard benchmark for un-
derstanding how realistic noise sources shape the performance
and limitations of adiabatic algorithms [18].

Among such noise processes, we focus on energy-basis
dephasing. It preserves energy populations while suppressing
coherences and, within the framework of the open-system
adiabatic theorem [19], the evolution of its instantaneous
steady states is governed by a geometric transport law. In this
case, the stationary manifold coincides with the Hamiltonian
eigenbasis, and slow driving induces a parallel transport
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within this manifold, defining the ideal adiabatic trajectory,
with deviations that scale quadratically in the interpolation
speed [20,21]. As we show in this work, Grover search illus-
trates this structure clearly: When noise respects the system’s
spectral geometry, it can, in certain regimes, stabilize and
guide the adiabatic trajectory rather than merely degrade it.

Of the many strategies proposed to accelerate or stabilize
adiabatic evolution, in this paper we focus on optimizing
the interpolation schedule, often referred to as the quantum
adiabatic brachistochrone [22]. In the specific context of un-
structured search, Roland and Cerf [17] identified an optimal
schedule for adiabatic Grover search that slows near the min-
imum gap and recovers the characteristic O(v/N) speedup of
the circuit-model algorithm. Extending these ideas to open
quantum systems, Avron ef al. [23] analyzed dephasing Lind-
blad dynamics and showed that the unique optimal schedule
maintains a constant instantaneous tunneling rate, while King
et al. [24] constructed the adiabatic optimal schedule for
arbitrary two-level systems governed by a dephasing Lind-
blad master equation. Related Grover-type speedups arising
from Zeno mechanisms have also been explored in different
settings, including repeated-measurement and decoherence-
induced regimes [13]. Building on this line of work, we study
adiabatic Grover search in the presence of energy-basis de-
phasing. In particular, we (i) revisit the analysis of Avron
et al. [23] to obtain the optimal interpolation schedule, min-
imal runtime, and resulting tunneling probability (infidelity)
for the Grover problem; (ii) compare the simulation times
of the unitary adiabatic Grover algorithm using the Roland-
Cerf schedule with dephasing dynamics under the schedule
derived here; and (iii) use an energy-time uncertainty argu-
ment to identify a critical dephasing rate beyond which further
noise-assisted acceleration is not possible for a universal bath.
We conclude that dephasing can assist by stabilizing a target
eigenspace in the Zeno regime, but it should not be interpreted
as a generic algorithmic improvement over the unitary Grover
scaling for an unstructured search.

II. ADIABATIC EVOLUTION IN CLOSED
AND OPEN SYSTEMS

In the ideal unitary setting, the system evolves according to
the Schrodinger equation and the adiabatic theorem ensures
that a system initialized in the ground state of the initial
Hamiltonian H (0) remains close to the instantaneous ground
state of H(t), provided the Hamiltonian varies sufficiently
slowly. In many systems, this condition is well approximated
by requiring the total runtime 7 to scale inversely with the
square of the minimum spectral gap gmin. This condition can
be quantitatively expressed as

T > max ”HZ(I)”. (1

min

More rigorous versions can be found, for example, in
Ref. [25].

In realistic scenarios, quantum systems are never fully
isolated but interact with external environments, leading to
nonunitary dynamics. The state of such a system, described by
the density operator p(t), evolves according to the Lindblad

master equation

d
5P = L(D)p(0), 2)

where L£(¢) is a time-dependent Liouvillian superoperator.
The Lindblad equation rigorously describes Markovian (i.e.,
memoryless) dynamics in the weak system-environment cou-
pling limit [26]. We restrict our analysis to finite-dimensional
Hilbert spaces H, allowing the time evolution of p(¢) to be
described by a quantum dynamical semigroup. Under these
conditions, the generator £(¢) takes the Gorini-Kossakowski-
Sudarshan-Lindblad (GKSL) form

L)p(t) = —i[H®), p(t)]
+ Y 2Li()pOLI (1) — {LEOL; (), p)}],
J

3)

where {A, B} = AB + BA denotes the anticommutator. Here
H(t) is the effective system Hamiltonian, potentially in-
cluding environment-induced corrections beyond the closed-
system term, while L;(t) are Lindblad (jump) operators
modeling dissipative channels. This structure ensures that the
evolution of p(¢) is governed by a completely positive and
trace-preserving (CPTP) map, which preserves the physical
properties of the density matrix throughout its evolution.

In the more general open-system setting, the adiabatic
theorem can be reformulated in terms of the instantaneous
stationary manifold of L£(¢). Let P(¢) denote the projection
onto this manifold. The parallel transport operator 7 (s, s'),
defined by

%T(s,s’):[?(s),P(s)]T(s,s’), T, sH=1, (4

describes the ideal adiabatic path that keeps the system con-
fined within the instantaneous steady-state subspace [20].
Here s and s” denote normalized time parameters, with s =
t/T and 0 < s < 1. The condition T(s’, s') = 1 ensures that
at the reference time s’ the operator acts as the identity, leaving
the initial state unchanged. Physically, 7 (s, s") generalizes
Berry’s geometric transport [27] to open systems and defines
the ideal adiabatic trajectory along which the system would
evolve in the adiabatic limit. In contrast, the actual evolution
of the system, including all nonadiabatic effects, is described
by the CPTP map U (s, 0). Avron et al. [20] showed that the
deviation between U(s, 0) and the ideal adiabatic evolution
T (s, 0) is bounded by

I

24 (s, 0) = T (s, OIPO)] < (&)

T
where the constant C was later determined by Venuti et al.
[28] as

C = [SOIIP I+ ISOIP O
+/ I(S"P" + SP")(o)lldo. (6)
0
The inequality (5) constitutes the quantum adiabatic the-

orem for open systems. For an initial steady state p(0) €
ker £(0), the ideal adiabatic evolution p(s) = T (s, 0)p(0)
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remains in ker £(s). Under the actual dynamics p(s) =
U(s, 0)p(0), the deviation obeys

C
llo(s) = P < U5, 0) = T(s, OIPO)] < T

Hence, if T > C/n for a target precision n > 0, the evolved
state remains within distance 7 (in trace norm) of the instanta-
neous steady state at all times. In the following, by evaluating
C as a function of system size N, we will determine the scaling
of the total runtime 7 with N for adiabatic Grover search
under dephasing.

III. DEPHASING DYNAMICS IN OPEN
QUANTUM SYSTEMS

Building on the general framework outlined above, we now
focus on dephasing Lindbladians, a subclass of GKSL gen-
erators describing energy-preserving decoherence. Following
the definition of Avron et al. [20], a generator L is dephasing
with respect to a Hamiltonian H if ker £* D ker[H, -], which
is equivalent to taking jump operators that are functions of the
Hamiltonian and hence commute with it,[L;, H] = 0.

Writing H in its spectral decomposition H = ) E,P,,
with orthogonal projectors P,, one obtains the general dephas-
ing Lindbladian (see Appendix A for the derivation)

L(p) = —ilH, p1+ 2 YarPapPy = Y VaalPar p}.  (7)

a,b a

where the positive-semidefinite matrix y,; encodes the de-
phasing rates induced by the bath. The particularly symmetric
case Y —> ¥ dap corresponds to uniform dephasing across all
levels, reducing Eq. (7) to the simple form

L(p) = —ilH,pl =y ) PupPy, ®)
a#b

which preserves populations p, = tr(P,p) while exponen-
tially damping coherences with rate y. Because tr[HL(p)] =
0, energy is conserved, and any state diagonal in the energy
basis is stationary.

Equation (8) should therefore be understood as pure
energy-basis dephasing rather than relaxation: It does not
drive an arbitrary state to the ground state, but suppresses co-
herences between instantaneous eigenspaces and can thereby
stabilize an adiabatic trajectory initialized in the ground-state
manifold. Physically, this model may be interpreted as contin-
uous weak measurement of the instantaneous energy. In the
Grover setting, such a coupling requires access to the oracle-
defined Hamiltonian structure, but not necessarily classical
knowledge of the marked state. A physical realization leading
to this type of dephasing dynamics was discussed in Ref. [24].

We now apply this framework to the adiabatic interpolation
between an initial Hamiltonian Hyp, with an easy-to-prepare
ground state, and a target Hamiltonian H;. Let H,, g € [0, 1],
be a path in the space of Hamiltonians, e.g., a linear interpo-
lation,

H, = —qHo +qH,, q<][0,1]. )

Further, assume that at each value of g,H, has a nondegenerate
spectrum

N-1

Hy =" Ed(q)Pu(q), (10)

a=0

with ordered eigenvalues Ey(q) < Ei(q) < --- < En_1(q)
and associated spectral projections P,(g). Instead of varying
q at a constant rate, we allow an arbitrary smooth schedule
q = q(s). Here s = et rescales physical time ¢ by the adia-
baticity parameter ¢ = 1/T, so that the full evolution takes
place over a runtime 7. The system, initially prepared in the
ground state Py(0) of Hy, then evolves under the dephasing
Lindbladian L := L, according to

ep(s) = Ly(p(s)). (11)

Here and in the following, overdots will denote derivatives
with respect to s and primes will denote derivatives with
respect to g. Because £, preserves populations in the instanta-
neous energy basis but damps coherences at rates determined
by its positive-semidefinite rate matrix, the choice of schedule
q(s) directly controls how much leakage, i.e., tunneling to
excited states, accumulates by the end of the run. We quantify
this leakage by the cost functional

Te(D) =1 = tr [Popge(1)], 12)

and our goal is to find ¢g(s) that, subject to g(0) =0 and
g(1) =1, minimizes .7, ,(1) in the adiabatic limit ¢ — 0.
The leading-order behavior of this tunneling functional in the
adiabatic limit is given by the following theorem due to Avron
et al. [23].

Theorem 1. Let L, be the dephasing Lindbladian in Eq. (8)
and let p,.(s) be the solution to Eq. (11). Under the gap
condition E,(q) # Ep(g) for all a # b and all g € [0, 1], the
tunneling probability (12) at s = 1 satisfies

1
Tpe(l) =2 / M(q)gq(u)*du + O(s%), (13)
0
where the g-dependent mass

/ 2
v ([P (q)Py(q)7] S0 (14)

M(q) = >
@ ; [Eo(@) — Eu(@)P +7(9)?

is independent of the particular parametrization s.

This result shows that, under dephasing, the leading-order
tunneling probability is a quadratic functional of the schedule
velocity ¢ and can be minimized by a suitable parametrization.
Avron et al. [23] derived the resulting optimal velocity and
minimal tunneling bound. To make the optimization structure
explicit, we briefly restate the variational formulation leading
to their result. One considers the functional

1
S[q] = / M(q)dPds. (15)
0

with boundary conditions ¢g(0) = 0 and g(1) = 1. The Euler-
Lagrange equation for f(q, §) = M(q)¢* is

d
T 2M(@)q) - M'(g9)¢* =0, (16)
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or equivalently

/
i+ i = an
Setting P = ¢ and integrating gives
P\/M(q) = const = 1, (18)
which yields the optimal velocity profile
ope(5) =~ (19)
M (qopi(s))

The normalization constant is fixed by the boundary condi-
tions as [23]

1
r:/ VM(q)dgq. (20)
0

Along the minimizing trajectory the quantity E := M(q)q>
is constant, since the effective Lagrangian is independent of
the reduced time s. Consequently, the protocol slows down
where M (q) is large (typically near small gaps) and speeds
up where it is small, keeping the instantaneous leakage rate
uniform. The corresponding minimal tunneling probability
[23]

Thin = 2612 + O(&2). (1)

Because the integrand depends only on the instantaneous
values of ¢ and ¢, the optimal schedule is time local, and
convexity guarantees a unique minimizer of the boundary-
value problem [23]. Integrating ds = /M (q)/t dq gives the
parametrization

1[4
s(q) = ;/0 VM (u)du, (22)

whose inverse defines the optimal schedule.

IV. APPLICATION TO THE ADIABATIC GROVER SEARCH

A. Adiabatic Grover problem in unitary dynamics

The Grover oracle problem is defined by a function f :
{0, 1} — {0, 1} with N = 2", promised to satisfy f(x) =1
for x e M C {0, 1}" and f(x) = 0 otherwise. For simplicity,
we restrict ourselves to a single marked item, M = {m}.
The goal is to identify m using as few oracle queries as
possible [29].

Classical algorithms for exhaustive unstructured search ex-
hibit an average query complexity that scales linearly with
the system size N. In contrast, adiabatic quantum comput-
ing encodes the problem in the ground state of the problem
Hamiltonian

H, =1 — |m)(m]|, (23)

whose unique ground state corresponds to the marked item
|m), while all other computational basis states are degenerate
with energy 1. The computation begins in the ground state
[Y0) of the initial mixer Hamiltonian

1 N—1
Ho = 1— [0) (ol |wo>=ﬁ2|i>. (24)
i=0

Within the adiabatic framework of Sec. III, we use the
linear interpolation (9) with schedule g(s) and slow time
s = et. By symmetry, the Grover Hamiltonian can be written
in the two-dimensional subspace spanned by |m) and |m*) =

\/A}f = > it |1). In this basis,

(1 - %t
H(q) = ( -
—(1 _q)_w/f;fvl

(1 — /AT
(1—q)¥% ) 05)
g+ -9+

with instantaneous eigenvalues Ey 1 (g¢) = %[1 F g(g)] and gap

4q(1 —q)

N (26)

8(q) = \/(1 — 297 +
which reaches its minimum value gmin = 1/+/N at g = %,
signaling an avoided level crossing whose width shrinks as
N~'/2_ For a linear schedule ¢(s) = s, the dynamics near this
avoided crossing is well described by the Landau-Zener model
[30], yielding an excitation probability

%> (27)

Tz >~ exp (— e

As a consequence, achieving a fixed target tunneling proba-
bility requires a runtime scalingas T = O(g;ﬁzn), which for the
Grover problem implies T = O(N). Thus, no linear (constant-
rate) schedule can realize the adiabatic trajectory in sublinear
time. To overcome this limitation, Roland and Cerf [17] pro-
posed a locally adiabatic schedule that adapts the evolution
rate to the instantaneous spectral gap, ‘;—‘t’ = cg*(q), where the
normalization constant ¢ is fixed by the boundary conditions
q(0) = 0 and g(T') = 1. Solving this equation yields the ana-
lytic schedule

gre(s) = % + 2\/% tan[(2s — 1)tan~' /N — 1]. (28)
The corresponding runtime
Tre = N ' NI (29)
c/N—1

restores Grover’s quadratic scaling, proven to be optimal in
scaling [31]. Although this protocol achieves the asymptotic
O(W ) scaling, it does not saturate the fundamental quan-
tum speed limit (QSL) along the same adiabatic path (see
Appendix C). By contrast, counterdiabatic quantum driving,
originally introduced by Demirplak and Rice [11] and Berry
[32], can in principle saturate the QSL, a result later confirmed
experimentally by Bason ef al. [33].

B. Adiabatic Grover problem under dephasing
1. Optimal schedule

Next we apply the Lindblad framework of Sec. III to the
adiabatic Grover search. In the effective two-level subspace,
we rederive the Bloch sphere velocity (also reported in Avron
et al. [23]) and solve Eq. (19) to obtain the explicit optimal
schedule. Writing the Hamiltonian in traceless form, it reads

H, = H, — 3Tr(H)1 = 37(q) - 3,
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11) 1) (%
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()

Dephasing Y < gmin

1.0 4
0.8 -
] |
0.6 4|= opt l
&~ : Qrc |
0.4_- - qiLz ‘
] T ey =
0.2 -
] N =219 y=0.0312, £agiap = 0.1
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0.0 0.2 04 0.6 0.8 1.0
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n
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1) )

Dephasing Y = gmin Dephasing y >> gmin

FIG. 1. Dynamics of a ten-qubit adiabatic Grover problem under different control protocols for a fixed total evolution time 7' = Trc as
defined in Eq. (29) (with ¢ = &4gia). (a) Optimal schedule gq, [Eq. (35)] for dephasing with y = gpis, With circles marking the numerical
solution to Eq. (34). Also shown are the Roland-Cerf [Eq. (28)] and Landau-Zener schedules. (b) Instantaneous ground-state fidelity
F(s) = (Y,(8)|p(s)|¥,(s)) plotted against dimensionless time s for the dephasing-optimal Lindbladian protocol (y = gmin) (blue solid line), (ii)
Roland-Cerf protocol (yellow dashed line), and (iii) Landau-Zener protocol (green dash-dotted line). (c) Bloch sphere trajectories for the unitary
Landau-Zener transition, unitary Roland-Cerf adiabatic schedule, and Lindbladian dynamics with an optimal schedule at three dephasing rates
0.1gmin,&min» and 10g,. Lindblad equations were solved numerically using solve_ivp with the high-order DOP853 Runge-Kutta integrator.

with Bloch vector components

=2(1-— ),/N—1 =0 =— " 2g——
Fy ) I ’ r :
a N Y ¢ N TN

Using (7 - §)> = |#|?1, the eigenvalues are #+|7#(g)|/2, so the
instantaneous gap is g(g) = |7(g)|. Differentiating Eq. (30)
shows that F(¢) moves at constant speed in the x-z plane;
for the normalized vector 7 (q) = F(q)/g(q), the angular

velocity is
v(q) = 17 (@)l 2 \V Lo €29
= ||F,..; = —_ = —;
q unit q g2(q) N N2

hence v(g) o g%(g), with the fastest rotation near g = %
For this two-level system, the mass term M (gq) from Eq. (14)
evaluates to

v V(@)
M(qg) = , 32
@=" &+ v 42
giving the Grover-specific form
N —1 1
M(q) = ¥ (g)( ) (33)

N? S @IE (@) + (@l

Now inserting M (g) into the variational condition (19) yields
the differential equation for the optimal speed along the adia-
batic path,

. TN 5 3
= _PVE@+rH, (34
4(s) V(N_l)gz(q) E@)+rie, (4

with t fixed by the boundary conditions ¢(0) = 0 and g(1) =
1. Integration leads to the explicit optimal schedule gqp(s)
(see the full derivation in Appendix D):

1 sinf/Ny2+1
2 /(N = DINyZ— (1 +Ny?)sin26]

1
Gopt (5) = E +

(35)

6 = (25 — 1)sin~"! (V— ”N_l>

VNy2+1
Figure 1(a) shows that the dephasing-optimal schedule closely

resembles the Roland-Cerf schedule: In both, the evolution
slows near the minimum gap and accelerates elsewhere.
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N

FIG. 2. Contour plot of the minimum tunneling probability Fpi,
of Eq. (36) versus the system size and dephasing strength for a fixed
simulation time 7' = 200, in the spirit of Ref. [24]. System sizes are
N =2"up to 11 qubits. Small values of F;, correspond to a large
overlap with the ground state.

2. Optimal tunneling rate and simulation time

Next we quantify the performance of the optimal schedule
by evaluating the final tunneling probability .7 . (1) defined in
Eq. (13), which measures leakage into the excited-state mani-
fold at the end of the evolution. For the dephasing-optimized
schedule, we substitute the constant timescale t into Eq. (21).
The constant T was computed using Mathematica by eval-
uating the integral in Eq. (20), which is equivalent to the
analytical expression derived in Eq. (D2) of Appendix D. This
yields the analytical minimum

2 1
Fin = — arctan( >
)/T[ yv/N

2
2 _ 1) —
+arctan< d+y )(IZ ! m>:| . (36)

Conversely, for a target tunneling probability .7, the minimal
simulation time consistent with this precision is obtained by
inverting Eq. (36), noting that the adiabaticity parameter is
e=1/T,

T 2t 2 [ . < 1 >
min = — = — | arctan | ——=
T yT y+/N

2
2 1) —
+arctan( d+y )(i ! \/N)] . 37

These expressions reveal the trade-off between dephasing
strength y, spectral gap gmin, and runtime 7': A smaller min-
imum gap (or larger system size) demands either stronger
dephasing or longer simulation times to maintain a fixed accu-
racy. Figure 2 shows contour lines of the analytical tunneling
probability Fi, as a function of N and y for a fixed runtime
T = 200. Complementary numerical simulations [Fig. 1(b)]
illustrate the time evolution of the instantaneous ground-state
fidelity F(s) = (Y¢(s)|p(s)|g(s)) for three protocols. The
Landau-Zener schedule exhibits a significant drop near the
avoided crossing, indicating irreversible tunneling out of

the ground state. The Roland-Cerf and dephasing-optimal
protocols also experience fidelity dips, but these are smaller
and partially recovered by the end of the evolution, with
the dephasing-optimal schedule achieving the largest final
fidelity. A detailed computational analysis of scaling follows
in the next section.

3. Computational scaling analysis

The adiabatic formulation of the Grover search fixes the
scaling of the minimum spectral gap, gmin = 1/+/N, but
leaves open how the dephasing rate y should be chosen to
scale with the system size N. To address this question, we
introduce the dimensionless parameter « := y\/N and an-
alyze the asymptotic behavior of the minimal runtime Ty,
from Eq. (37) in different dephasing regimes. We note that
a closely related scaling analysis was previously carried out
by Avron et al. [23], who estimated the runtime by evaluating
the characteristic timescale 7 in Eq. (19), using the estimate
T = 0(%32).

We note that for extremely low noise y < ¢ = 1/T, the
system effectively recovers the unitary scenario; as noted by
Avron et al. [23], this limit lies outside the dissipative adia-
batic framework, which requires the adiabatic parameter ¢ to
be the smallest energy scale, in particular ¢ < y. Physically,
the total evolution time must be much longer than the dephas-
ing time for the bath to produce the dephasing effect assumed
in the derivation. Therefore, Eq. (37) is a nonzero-dephasing
asymptotic formula and should not be expected to converge to
the Roland-Cerf runtime as y — 0. Indeed, its formal zero-
dephasing limit gives Ty, — 0, while Trc remains finite; this
signals the breakdown of the dissipative expansion rather than
a physical speedup.

Weak dephasing o < 1. In the regime ¢ < y < gmin, We
use the above-mentioned condition which directly leads to
Tin > % > O(\/ﬁ ). This scaling confirms that weak de-
phasing is computationally suboptimal but consistent with the
Grover bound.

Moderate dephasing o« = O(1). When the dephasing rate
scales with the minimum gap, y = a/~/N with o = O(1),
the bracketed factor in Eq. (37) becomes the constant c(«) =
arctan(e ") + arctan(a/2), leading to

2
Toin = 2“;,) JN = 0N, (38)

o

thus recovering the quadratic Grover speedup. As illustrated
in Fig. 3, this regime represents the maximum of the minimal
runtime, indicating that while the scaling with N is optimal,
the absolute prefactor is at its peak. The physical origin
of this peak lies in the resonance between the environment
and the system’s characteristic energy splitting. Much like a
laser tuned precisely to the transition frequency of an atom,
dephasing in this regime is most effective at driving transitions
out of the ground state. Because the noise is “tuned” to the
minimum gap gmin, it maximally induces leakage into the
excited state, requiring the longest possible evolution time to
satisfy the adiabatic condition and prevent population loss.
Strong dephasing o >> 1. For large dephasing, a leading-
order expansion of Eq. (37) shows that the sum of arctangent
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FIG. 3. Minimal runtime 7.y, to reach 90% fidelity for n = 30
qubits as a function of y. Shaded regions denote approximate weak
(green), moderate (yellow), and strong (red) dephasing regimes.

terms again tends to 7 /2, yielding
2

—1 —1/2\1 _
2yy[l—l—O(oz )+ O(N N =0/y). (39

Tmin i

In this regime, the runtime becomes independent of N and
decreases inversely with y, explaining the rapid decay on the
right side of Fig. 3. A caveat is that this asymptotic expression
is still obtained from the dissipative adiabatic expansion, and
must therefore be used only when the resulting time satis-
fies ¢ = 1/Tin < y. Remarkably, if the dephasing scales as
y ~ N~%2 the runtime follows T, = O(N%?), outperform-
ing Grover’s +/N scaling whenever a < 1.

To confirm this behavior, we evaluate the adiabatic quantity
C [Eq. (6)] entering the open-system adiabatic theorem by
Venuti et al. [28], introduced previously. While this frame-
work has mainly been studied in the context of general
dissipative dynamics and steady-state preparation [34,35], it
has rarely been applied to concrete quantum algorithms. In
particular, its implications for adiabatic quantum search in the
presence of dephasing have not been explored. As shown in
Fig. 4(b), strong dephasing (y > N~!/2) drives C to an N-
independent plateau, so that 7 = O(1) suffices for any N. This
should be understood as a Zeno-type stabilization of the target
eigenspace by a tailored dephasing mechanism, rather than
as a conventional algorithmic speedup for an unstructured
search. At first sight, this appears to contradict the optimality
proof for Grover search time in the presence of a universal
bath (see the Appendix of Ref. [17]). The resolution lies in
the physical limits on how large y can be made for a universal
bath, as we now explain.

4. Maximal dephasing rate under time-energy constraints

Pure dephasing in the energy eigenbasis, where each off-
diagonal element of the density matrix decays exponentially
with rate y, can be viewed as a sequence of weak mea-
surements of the projectors P, = |E;)(Ey| [36]. Using Kraus
operators

M():w/l—)/Al‘ﬂ, My =/ y AtFy,

one obtains

pii(t), i=j
(I —=yADHpei;®), i# ],

which reproduces the exponential decay in the limit y At <
1. Thus y is precisely the measurement rate of the system
Hamiltonian Hs. In the high-dephasing regime y > gmin one
would need Ar ~ % < gmL to suppress coherences on the
scale of the minimum gap gmin. Yet the time-energy uncer-
tainty principle forbids an unknown energy splitting AE from
being resolved in any shorter time than Af > &. In a two-
level subspace the maximum possible spread is AE,x = g/2
(see Remark 1), so resolving the smallest gap demands Az 2,
g/LZ > g%, up to factors of order unity.

A universal bath is defined by the interaction Hamiltonian

Hint = Og ® Boaths

[pt + AN = {

where Oy is an operator acting on the system Hilbert space
and By, 1S an operator acting on the bath degrees of freedom.
The Oy is chosen independently of the system Hamiltonian
Hj, so the bath has no prior information about the system en-
ergy eigenbasis. The resulting noise therefore generally mixes
different energy eigenspaces.

By contrast, a system-specific bath couples as

Hiy o Hg @ Bpah,  [Hint, Hs] = 0.

Because Hj,, commutes with Hy, the interaction is diagonal in
the energy eigenbasis and does not induce transitions between
energy levels. It therefore generates pure dephasing, which is
operationally equivalent to continuous measurements of the
energy projectors Py. Since strengthening this coupling only
increases the dephasing without changing the measurement
basis, the corresponding rate y can be taken arbitrarily large,
formally approaching the limit y — oo of infinitely frequent
measurements. This leads to the quantum Zeno effect, where
sufficiently frequent measurements suppress coherent tran-
sitions and effectively freeze the state in its instantaneous
eigenstate, without violating uncertainty bounds because the
measurement basis is already known. Hence, no universal
reservoir can induce dephasing faster than 7/gn;, for an
unknown Hamiltonian. It can only approach this bound by
effectively encoding system-specific information.

To quantify the maximal admissible rate consistent with the
Mandelstam-Tamm bound [37], which lower-bounds the time
required for a state with a given energy uncertainty to evolve
to an orthogonal state, we impose for each measurement in-
terval

mh
At 2 —— (40)

2AE
and require that the discrete measurement model reproduce
the exponential decay with tolerance § < 1: [e7 72 — (1 —

y At)] < 4. Setting x = y At, the equality condition e™ =
1 —x + 6 yields

x =148+ Wy(—e 1),

where W, is the principal branch of the Lambert func-
tion. Expanding for small §, x >~ +/25 + %8 . Note that x < 1
is required for the measurement channel to remain CPTP.
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FIG. 4. Scaling of the adiabatic quantity C from Eq. (6) with qubit number n for dephasing y oc N=%/? (blue circles, a = 0.1; green
triangles, a = 1; and orange squares, @ = 1.5). (a) Linear schedule ¢g(s) = s: C ~ N (weak or matched) and C ~ VN (strong dephasing).
(b) Optimized schedule gy (s): C ~ /N (weak or moderate) and C ~ const (strong). Gray dotted and dashed lines show N and VN,

respectively.

Substituting the minimal interval Afy, = wh/g gives the
maximal dephasing rate

2
Vo = (V25 +25), 0<5<1. (41)
wh 3

Any rate y > ymax Would require measurement intervals
shorter than the uncertainty limit, effectively inducing rapid
projective resets, i.e., a genuine quantum Zeno freeze with
runtime O(1).

For the adiabatic Grover problem, where the avoided-
crossing gap scales as gmi, o< N~!/2, this analysis imposes
a global upper bound & = O(N~/2). Choosing y =
O(gmin) keeps the system adiabatic, preserving the quadratic
scaling T = ©(+/N): Dephasing is strong enough to suppress
diabatic transitions yet weak enough to avoid Zeno freez-
ing. In practice, the best trade-off is achieved by letting the
dissipator track the instantaneous gap, y(s) = «g(s), with
k < Kkmax. This gap-tracking strategy saturates the local upper
bound while ensuring global consistency with the time-energy
constraint, maintaining Grover-like scaling across all system
sizes.

Numerical results in Fig. 5 confirm that gap-tracking de-
phasing reduces the simulation time compared to constant
dephasing, although the unitary protocol with the Roland-
Cerf (RC) schedule remains faster. Here we chose § = ¢!
in Eq. (41), which corresponds to x = 1, the maximal value
allowed for the measurement channel to remain CPTP. In the
same figure, we also confirm numerically that the RC schedule
does not saturate the unitary quantum speed limit, as discussed
previously. Thus, while dephasing can aid the dynamics, it

only surpasses unitary-optimized approaches within the Zeno
regime, which is relevant primarily when the solution is al-
ready known and the focus is on state freezing rather than
search speedup.

So far, we have derived a maximal dephasing bound con-
sistent with time-energy constraints for a universal bath. It is
natural to compare this with fundamental limits on evolution
imposed by QSLs, which bound the minimal time required
to evolve between states for a given dynamical generator. A
representative example is the Deffner-Lutz bound [38]

o sin®[£(po, pr)]
L = 7 7t 5 .~ ., <.
ST L (ool

where L; is the Lindblad generator and L(py, p.) the Bures
angle between initial and final states. For pure dephasing,
QSLs are tight and scale inversely with the dephasing rate,
Tost. = O(1/y) [39], meaning stronger dephasing increases
the instantaneous speed allowed by the bound without con-
straining the Lindblad rates themselves. By contrast, Eq. (41)
constrains the admissible generator for a universal bath lack-
ing prior spectral knowledge. In this sense, our bound is a
consistency condition on Lindbladians in adiabatic and al-
gorithmic settings, whereas open-system QSLs apply once
the generator is fixed. Quantum speed limits remain valid
for system-specific or engineered reservoirs, while Eq. (41)
identifies when such generators cease to be universal.

(42)

V. CONCLUSION

In this paper we revisited the adiabatic quantum search
in the presence of dephasing within the Lindbladian
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FIG. 5. Minimum simulation time to reach 90% fidelity under
dephasing Lindblad evolution [Eq. (8)] as a function of qubit number
nfor y = gmin and ¥ = knaxg(t) [Eq. (41), with § = e~! and other
constants set to one], compared with unitary Roland-Cerf dynamics.
The unitary QSL from Eq. (42) is shown for reference. Dashed lines
are color-matched /N fits.

framework introduced by Avron et al. [23] and applied it to
the Grover-type Hamiltonian. Using their optimal-schedule
construction, we derived explicit expressions for the time
schedule, minimum runtime, and minimum achievable fi-
delity. We supported these results with numerical simulations.
Our analysis showed that when dephasing acts along the in-
stantaneous energy eigenbasis, populations remain confined to
the adiabatic ground-state manifold while coherences between
energy levels decay. The dynamics is determined primarily by
the interpolation schedule and the dephasing rate y .

Three distinct dynamical regimes arise. When y < gmin,
the bath’s effect is negligible and the system exhibits closed-
system-like linear-time dynamics without speedup. When
¥ ~ gmin, the system retains Grover’s quadratic speedup T =
O(V/N) despite the presence of decoherence. In the opposite
limit y >> gmin, continuous environmental monitoring induces
a quantum Zeno effect that can freeze the dynamics, effec-
tively reducing the runtime to constant order.

The apparent conflict between Zeno-enhanced acceleration
and Grover’s optimal O(+/N) bound is resolved by recogniz-
ing that an arbitrarily fast Markovian bath cannot be universal:
The Lindblad operators must implicitly encode information
about the system Hamiltonian. This insight aligns with the
time-energy uncertainty principle, which restricts the monitor-
ing rate of an unknown Hamiltonian to the spectral gap, while
prior knowledge lifts this constraint, enabling Zeno freezing.

Overall, we found that dephasing only outperforms
unitary-optimized approaches in the Zeno regime, which is
primarily relevant when the solution is already known and
the goal is to freeze the state rather than perform the search.
Our analysis here focused on the theoretical scaling of the
simulation time, assuming idealized conditions. In practical
implementations on quantum hardware, additional overheads,
such as control errors, finite-temperature effects, and non-
Markovian noise, must be taken into account, which can alter
the effective runtime and achievable fidelity.
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APPENDIX A: DERIVATION OF THE
DEPHASING LINDBLADIAN

We outline here the derivation of the general dephasing
Lindbladian starting from the GKSL form (3). Let {Pa}Z:, de-
note the spectral projectors of H, satisfying P,P, = §,,P, and
>, P, = 1. To model an energy-preserving bath, we choose
Lindblad operators that are diagonal in the energy basis,

Li=) VuiPe Lj=) \7isPs
a b

where the non-negative coefficients #,; specify the coupling
strength of each level to bath channel j. Substituting this
ansatz into the dissipative part of Eq. (3),

D(p) =2 LipL] — > {LIL;, p},
J Jj

(Al)

we compute each term separately. For the first contribution,

2Y LipLl =2 \/TuiPpPupPs
J J.a.b

=2 Z YabPa o Py,
a,b

whf?r.e the ra}te rna.ltrix Vab = > ; V' Va jf/j;,, is Hermitian and
positive semidefinite, as it is a Gram matrix of the square-root
coefficients. For the second and third contributions, note that
for each j,

Lty = Y il = Yk
b,a a

(A2)

so that

=Y ALIL;, p} ==Y VaalPur p}. (A3)
J a

Combining the results above yields the general dephasing
Lindbladian

L(p) = —ilH, pl + 2 YarPabPs = Y YaalPur p}. (A4)
a,b a

This generator is CPTP because y,, > 0. Moreover, since
all L; commute with H, the average energy is conserved,
tr[HL(p)] = 0. When all energy levels dephase uniformly,
Yab = V8ap, Eq. (A4) simplifies to

L(p) = —ilH, p)+2y ) PupPa—y Y {Pup}. (A5
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Using the completeness relation ), P, =1, it follows that
> P.p=pand ) pP, = p. The anticommutator thus con-
tributes 2y o and cancels an equal term already present in
the sum over P,pP,, since p = ), , PupP, = Za#b P,pP, +
> 4 PapP,. Defining por := ), 2 PapPy for the off-diagonal
(coherence) part and replacing 2y — y, we obtain

L(p) = ~ilH, pl =y ) PupPs.
a#b
APPENDIX B: PROOF OF THEOREM 1

The original statement of this result was presented in
Ref. [23], where only a sketch of the proof was provided. For
completeness and to ensure full mathematical transparency,
we give here a detailed and self-contained derivation follow-
ing the same line of reasoning. We assume throughout that
g(s) is a C? monotonic schedule and that the spectrum of
the instantaneous Hamiltonian H, = }_; E;(q)P;(g) remains
nondegenerate.

Recall that for any linear map (superoperator) £ : B(H) —
B(H), its adjoint £* is defined with respect to the Hilbert-
Schmidt inner product (A, B) = tr(ATB), i.e.,

tr[A"£(B)] = tr[(L*(A))'B]V A, B. (B1)

For the purely dephasing Lindbladian £, associated with

H,, each spectral projector P;(q) satisfies
Ly(Pi(@)) =0, Ly(Pi(q))=0V].

Let g = g(s) be a C! schedule and let p(s) = Pq,s(s) solve
the master equation (11). Define the ground-state population

p(s) = tr[Po(g(s))p(s)].
Applying the chain rule gives
p(s) = tw[Py(q)p($)14(s) + tr[Po(q)p(s)]. (B2)

Using E;(Po(q)) =0, the Lindblad equation and (B1)
imply

tr[Po(q)o(s)]
1 1
= tr[Po(q)Ly(p(s))] = - tr[ L3 (Po(g))p(s)] = 0.

Thus, Eq. (B2) simplifies to

d
7 tr[Po(q)p(s)] = tr[Py(q)p()14(s). (B3)

We now switch to the Heisenberg picture, where the gen-
erator reads

LiA) = ilH, Al — y(q) Y PiAP.
J#k

When acting on off-diagonal blocks P,AP, with a # b, the
spectral decomposition implies

LZ(PLIAPI)) = _i(Ea - Eb)PaAPb - y(q)PaAPb
= [i(E, — Ep) — y1PAP,.

Differentiating Py(q)> = Py(q) shows P,Py(q)P, = 0 for
all a. Therefore, define

PuPy(@)Ps

X(q)=Y —+0od7b |
@ ; i(Ea—E)— 7
Then
L(PPy(q)Py) , ,
L@ =3 st = 3 PR = Fi(4).

a#b a#b

(B4)

Substitute this into the population derivative

d . .
7 tr[Po(g)p(s)] = [ Ly (X)p(s)]4(s)

= u[XLy(p(s)]1g(s) = e u[X p()]g(s),
(BS)

where we again used (B1) and the master equation.
Now evaluate the tunneling rate at the final time

d
Tge(1) =1 =tr[Py - pge(1)] = —/0 atr[Po(q)p(s)]ds.

Using Eq. (BS), we obtain

1
Tge(1) = —S/ tr[X p(s)1g(s)ds. (B6)

0

Define F(s) = tr[X(g(s))p(s)]. Differentiating and inte-
grating by parts gives

1 1
Tpe(l) = —¢ / GF ds+ ¢ / G tr[X'(q)plds
0 0

1 1
= —¢[gF1y+ e / GF ds+ ¢ / §* tr[X'(q)plds.
0 0
(B7)
The adiabatic theorem for dephasing Lindbladians implies
p(s) = Po(q(s)) + O(¢), so
F(s) =tr(XPy) + O(s).
Differentiate P; = P, to obtain PyP} + P;Py = P}. Sandwich-
ing with P,(-)P, and using orthogonality P,P, = §,,P, shows
that P, P)P, = 0 unless exactly one of a or b equals 0.

Thus, the nonvanishing blocks of P} connect the ground
space to the excited subspace, allowing us to write

X =) (@uPaPoPo + o PoPoFo),
a0
i(Eq — Ey) +y

T (Ea—EoR v

Using P,Py = 0 for a # 0, we get

a

XPy =Y aPuPPy = tr(XPy) = 0 = F(s) = O(e).
a#0

Insert p = Py + O(¢) and F = O(¢) into (B7). The bound-
ary term and the ¢ integral both become O(g?), so we obtain

1
Tge(1) = 8[ G’ () tr[X'(q(5))Po(q(s))lds + O(¢*). (B8)
0
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Finally, evaluate the trace

ulP(P)*]
(E. —E0? +yXq)

—wX'P) =2y(q) Y M(q),
a#0

so substituting into Eq. (B8) yields the tunneling formula
announced in Theorem 1.

APPENDIX C: COMPARISON OF THE ROLAND-CERF
TIME AND THE MANDELSTAM-TAMM QSL

In this Appendix we show that the Roland-Cerf adiabatic
schedule [17] does not saturate the geometric QSL along the
Grover adiabatic path. We do this by comparing the minimal
evolution time along the path, given by the Mandelstam-
Tamm bound, with the actual runtime of the Roland-Cerf
schedule.

For the nondegenerate instantaneous ground state |g(s)) of
the adiabatic Grover Hamiltonian H (s), the Fubini-Study line
element along the path satisfies

_ ds
- g(s)’

where g(s) = E|(s) — Ey(s) is the instantaneous spectral gap.
This result follows from the standard eigenstate derivative
identity [40,41], together with the fact that for the adia-
batic Grover Hamiltonian 0, = H, — H, is constant, and
|(e|osH |g)| = 1 in the large-N limit.

The instantaneous velocity of state evolution in projective
Hilbert space is given by the Anandan-Aharonov kinematic
expression [42] vaa = d{/dt = AE(t), where the instanta-
neous energy uncertainty is

AE@) = (Y ) HY (1)) — (Y @) H|Y ().

For a two-level system, AE..x = g(s)/2, achieved when
ground and excited populations are equal (cf. Remark 1).
The Mandelstam-Tamm bound [37,43] thus gives the minimal

evolution time along a fixed path:
2 f QAR
0 &)

. _/1 de _/1 de
FET v T Sy AEna(®)

By contrast, the Roland-Cerf local adiabatic rule § = £g*(s)
[see [17], Eq. (17)] implies

Ti _l lﬂ (C3)
RC_S/O 2(s)’

Since Trc = %TQSL, equality would formally require ¢ =
1/2. However, adiabaticity requires 0 < e <« 1 [17], and
moreover the QSL in Eq. (C2) is overly optimistic: It assumes
the state saturates the maximal energy uncertainty at all times,
while the actual adiabatic state remains almost entirely in
the ground-state manifold for most of the evolution except
near the minimum gap. A more realistic QSL along the adi-

abatic path would therefore be 7™ = [ x2Gy» Which is
larger than the bound in Eq. (C2). Consequently, although
the Roland-Cerf schedule achieves the optimal asymptotic
scaling, its actual runtime remains slower than the true QSL

forall V.

dt (ChH

Remark 1. In a two-level system with instantaneous
Hamiltonian H" = —$ o, any pure state |¢/) with ground-state
|2

population p = |(0|y/)|* has energy variance

g

4 bl

so the maximal energy spread AE..x = g/2 is attained at
1

P=3-

(AEY* = (H?) — (H')* = & p(1 — p) <

APPENDIX D: DERIVATION OF THE
ADIABATIC SCHEDULE

To derive the explicit form of the optimal schedule, we
symmetrize the interpolation parameter around the minimum
gap by writing

q(s) =% +u(s), —3<u<i,

so that the avoided crossing is centered at ¥ = 0. For nota-
tional convenience, we set £ := N — 1 and A := Ny>. For the
Grover two-level Hamiltonian, the gap and the square root of
the mass term in terms of u are

0<s<,

1+ 4¢u? yIN
gu)=———, VMu)= .
N (1 4+ u)/1+Lu?+ A

The optimal schedule is determined by integrating the ordi-
nary differential equation from Eq. (19), which leads to

u(s)

VMu)du = ts.

Step 1: Evaluation of I(u). Pulling out the constant C :=
VYN, setting x = 24/€u, and defining A := Ny2 yields

u(s) du
Iw)=C
—y2 (1 +40u?)\/1 + 40u® + Ny?

_\/y_N/X(S) dx
2 L ad+)VT+ 2+ A

We then use the substitution x = tan ¢, so dx = sec’ ¢ d¢
and 14+x>=sec?p. This gives 1+x>+A=
sec ¢+/1 + A cos® ¢, and the integral becomes

cospdo
V14 Acos® ¢ '

Next set y = sin¢, so dy = cos¢d¢ and cos’> ¢ = 1 —y?,
yielding

I(u) =
—1/2

I =

dy / dy
I= =
/,/l—i—A(l—yz) Va— by?

! i b +C
= — arcsin |,/ — \
Ja @

with @ := 1 + A and b := A. Alternatively, in terms of x, we

have
1 .X\/Z
J(x) = ——— arcsi +C
) marcsm( (1+A)(1+x2)>

The definite integral is therefore

1) = J(x(s)) — J(—/0), (D1)
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and the constant T reads

T =J(VO) —J(=VO)

C JIFA VIFA
YN —1 D2
JI+Ny2) b2

Step 2: Relating s and u. Dividing Eq. (D1) by the constant in
Eq. (D2) defines a strictly monotonic map u +> s, given by

s(u) = 1 + L arcsin A (D3)
226 Ja+aa+))

where x = 24/0u.

=20y, ©g:= sin~! (

Step 3: Inverting s(u) to obtain u(s). Equation (D3) can be
rearranged as

arcsin 2uyNWN — Dy =20 <s — 1)
VA FNyD)[1 +4(N — 1)i?] 2

Letting 6(s) := (25 — 1)®, and taking the sine of both sides,
we ask the SymPy solve routine to isolate u, obtaining

u(s) = 1 sinf(s)y/1 + Ny?2

2 /N —DINYE - (L L Ny D) sin? ()]

(D4)

Finally, reverting to g = % + u yields the explicit optimal
schedule quoted in the main text, Eq. (35).
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