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In parity quantum computing, multiqubit logical gates are implemented by single-qubit rotations on a suitably
encoded state involving auxiliary qubits. Consequently, there is a correspondence between qubit count and the
size of the native gate set. One might then wonder, what is the smallest number of auxiliary qubits that still allows
for universal parity computing? Here, we demonstrate that the answer is 1 if the number of logical qubits is even,
and 2 otherwise. Furthermore, we present a sufficient condition for a given parity gate set to be universal. This
leads to a variety of different universal parity gate sets corresponding to different numbers of auxiliary qubits
and more generally contributes to the understanding of which entangling gates are required to augment the set
of single-qubit unitaries to perform universal quantum computing. As a consequence, we obtain (i) minimal
implementations of the parity framework on, e.g., a triangular lattice, (ii) hardware-specific implementations of
the parity flow framework on, e.g., a heavy-hex lattice, and (iii) novel universal resources for measurement-based

quantum computation.
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I. INTRODUCTION

In the near-term era of quantum computation, the number
of physical qubits is low, and the fidelity of, in particular, mul-
tiqubit gates is relatively poor. Consequently, much work has
gone into developing different gate sets and new techniques
in order to reduce the required resources for specific quantum
circuits and architectures.

The novelty of the parity quantum computing framework
[1,2] consists in the trade-off between physical qubit number
and the ease of performing multiqubit rotations. Specifically,
a logical state on n qubits is encoded to a new state using k
additional qubits, which allows multiqubit logical rotations
to be implemented via single-qubit rotations on the latter.
In effect, the parity encoding assigns to each auxiliary qubit
certain information pertaining to some subset of the logical
qubits, which defines the support of the logical rotation. This
framework originates in the quantum annealing community,
with each Z ® Z term of an Ising Hamiltonian being mapped
to a separate additional qubit, and has since found application
in quantum optimization [3-6].

As each auxiliary qubit, often called a “parity’ qubit, cor-
responds to a specific multiqubit rotation, there is a direct
correspondence between the number of qubits and the native
gate set implementable in the framework. In Ref. [2], a uni-
versal gate set was presented consisting of single-qubit Pauli
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X and Z rotations for each of the n logical qubits as well as
Z ® Z rotations between each pair of logical qubits, which is
to say, one parity qubit for every two-qubit rotation involved
in the computation. Accordingly, this gate set can be described
by a generating set containing %n(n + 3) Hamiltonians, all of
which are single- and two-body Pauli strings.

Recently, it was demonstrated that the minimal possible
generating set containing only Pauli strings and that permits
universal computation contains just 2n + 1 elements [7]. Due
to the correspondence between elements of the generating set
and the number of physical qubits in the parity framework, it
is prudent to ask how much can we minimize the number of
parity qubits while still ensuring universality?

In this work, we answer this question via two main results.
In the first, we present a sufficient condition for universal-
ity based on the properties of the set of subsets of logical
qubits whose parities are mapped to parity qubits by the parity
encoding. This condition pertains to both the size of each
subset as well as their mutual intersections. As a consequence,
we obtain parity encodings for various numbers of auxiliary
qubits that all permit universal computation. Included in these
encodings are the minimal cases involving a single parity
qubit when the number of logical qubits n is even, and two par-
ity qubits when 7 is odd. The second main result demonstrates
the impossibility of performing parity quantum computing
with less than two parity qubits in the latter case, indicating
that, in the parity quantum computing framework, the lower
bound of Ref. [7] can only be obtained in the case of n even.

The are a number of implications of these results. Since
any generating set that contains a subset that satisfies the con-
ditions outlined above is also universal by default, our results
provide a method for demonstrating universality for parity
encodings tailored to different physical layouts. For exam-
ple, we demonstrate below that the generating set sufficient
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conditions can lead to a variety of possible arrangements on
a triangular lattice using different numbers of parity qubits.
Furthermore, due to the recent development of the parity flow
framework [8], which effectively performs parity quantum
computation without the use of auxiliary qubits, our results
produce a range of options for performing quantum algo-
rithms in a manner suited to specific hardware constraints
but without the need for swap gates. In particular, we present
a universal circuit ansatz tailored to nearest-neighbor inter-
actions on a heavy-hex layout typical of devices such as
those currently provided by IBM Quantum [9]. Finally, as
demonstrated in Ref. [10], there is a connection between par-
ity quantum computation and measurement-based quantum
computation (MBQC) [11-14], which allows us to leverage
the generating set sufficient conditions in defining families of
universal resource states [15] for the latter computing frame-
work.

The remainder of this paper is structured as follows: In
Sec. II, we present a brief introduction to the relevant informa-
tion from quantum control theory relevant for understanding
universal generating sets for quantum computation as well as
the parity quantum computation framework. In Sec. III, we
provide our main results, namely Theorems 1 and 2, with
the former presenting the sufficient conditions used through-
out the rest of this work. In Sec. IV, we investigate some
implications of these results for implementing the parity quan-
tum computation and the parity flow frameworks on different
two-dimensional layouts of physical qubits. We conclude in
Sec. V with a discussion of possible further implications of
our results. The proofs of the main results are given in the
Appendixes.

II. BACKGROUND

In this work, we are concerned with universal quantum
computing within the parity computing framework. Ac-
cordingly, we require an understanding of what constitutes
universal quantum computing, as well as how this looks in the
context of parity quantum computing. The concepts related
to the former are drawn primarily from the field of quantum
control theory; the reader is directed to, e.g., Refs. [16—-19] for
further information.

A. Universal quantum computing

For our present purposes, a quantum computer is taken
to be a closed, finite-dimensional quantum system with state
space described by a Hilbert space H. A quantum computation
then consists of evolving an initial state |yy,) € H, which
represents the input to the computation, to a final state |{oy) €
‘H, which represents the logical output. Quantum theory tells
us that the evolution taking |¥,) to [oy) can be described by
a (special) unitary Ucomp such that

|1p0ut> = Ucomp |¢‘in> . (1)

Moreover, we know from Schrodinger’s equation that
Ucomp can be specified via reference to a (traceless, time-
independent) Hamiltonian H and an evolution time ¢ by

Ucomp = e_iHcompt . (2)

From the perspective of quantum control theory, the operator
Heomp is considered to describe how the system is controlled,
leading to the evolution described by Ucomp.

Typically, the overall evolution Ucomy is constructed from a
sequence of component evolutions, that is,

Ucomp — e*lH,'ktk . e*lsztzelej]t] , (3)

where the Hj, are all (traceless, time-independent) Hermitian
operators drawn from a fixed set {H;}; and the #; are positive
real values. The set {H;}; represents all the different ways
the system can be controlled and may be determined by, e.g.,
specific experimental considerations.

For a given system to act as a universal quantum computer,
we need to be able to select a sequence of controls, i.e., a
sequence of operators from {H;}; and times for which they
are applied, to produce Ucomp for any pair of states [vi,)
and |Yoy). That is, we must be able to solve Eq. (3) for
every Ucomp € 5u(N), where su(N) denotes the Lie group of
N x N special unitary matrices (N denotes the dimension of
the Hilbert space H). Equivalently, we must be able to solve

—iHoompt _ ,—iHjti | |

e —e ¢~ Hit p=iHj 1 4)
for all # € Ry and all iHcomp € 5u(N), where su(N) denotes
the Lie algebra of N x N traceless, skew-Hermitian matrices
[20].

The consideration of the Lie algebra su(N) (and subal-
gebras thereof) is common when treating problems within
quantum control theory, and several tools from Lie algebra
theory will be useful for the questions of universality in which
we are interested. In brief, a Lie algebra g is a (real) subspace
of the space of m x m complex matrices M,,(C) equipped with
aLie bracket [, -] : g X g — g that satisfies certain properties
(see, e.g., Ref. [20]). In the cases pertinent to this work, the
Lie bracket is given by the matrix commutator, that is, for any

A,B e M,(O),
[A, B] := AB — BA. (5)

Using the Lie bracket, it is possible to define a so-called
adjoint map associated with each element A of the Lie algebra
defined as

adg:g—> ¢
B [A, B]. (6)
Below, it will also be useful to denote the r-fold composition
of the adjoint map ad(-) by ad’(-), i.e.,
ad{(B) := [A, [A, [A, - - - [A, B]]]]. (7)
—

r

Of particular importance for treating expressions such as that
appearing on the right-hand side of Eq. (4), is the following
formula, which is defined for any (matrix) Lie algebra g. For
any A, B € g, the formula states

oo 1 ,4(r)
efe™ = eBJrZ’:‘ mady (B) (8)

To see how this relates to Eq. (4), let us suppose for a moment
that Ucomp can be produced by just two component evolutions,
given by applying H;, for a time of #; followed by applying
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FIG. 1. Parity quantum computing consists of four phases, depicted in panel (a), which are repeated for the duration of the computation.
Initially, the state of the n base qubits (in blue) represents the current logical state of the computation |y). The k parity qubits (in red) are each
initially prepared in the state |0) and are disentangled from the logical qubits. In phase (i), an encoding procedure is applied to the n + k qubits
to produce the encoded state denoted [LHZ, ). In phase (ii), single-qubit Z rotations are applied to each of the k parity qubits, and in phase
(iii) a decoding procedure is performed through which the base qubits enter a new logical state and the parity qubits return to state |0). In the
final phase, further single-qubit rotations are applied, completing the universal gate set. Panel (b) depicts the base and parity qubits for n = 4
and k = 6 arranged on a square lattice along with a unitary encoding or decoding procedure consisting of a sequence of CNOT gates between
nearest neighbors. For the encoding procedure, the CNOTS are applied in order from bottom to top. The parity sets are S; = {1, 2}, S, = {2, 3},

83 = (3,4}, 84 = {1,3}, S5 = {2,4}, and Ss = {1, 4}.
Hj, for a time of ,, meaning that

o iHeompt — g=iHjy12 p=iH 11 HiHts 9)
By taking A = —iH,t, and B = —iH} t; in Eq. (8) allows us

to write

o0
: : 1 .
—iHeompt = —iH}t + ) ;ad(_’gsztz(—ijltl). (10)
r=1

In other words, we are able to write iHcomp as a real linear
combination of iH t{, iH,t,, and sequences of nested com-
mutators between them. For the general case where more than
just two controls are used, the situation is analogous, where
now the sequences of nested commutators may include more
than two distinct elements.

We are thus able to state what we mean by universal
quantum computation: the set of controls {H;}; is universal
if linear combinations of elements of G := {iH;}; as well as
nested commutators of elements of G generate all of su(N).
Defining

G = fadg, -~ adg,(Gra1) s G, ... Gy €G), (1)

we can state this more formally as {H;}; is universal if

spang {g g } = su(N). (12)
r=1

Below, we will largely work with the set G rather than {H;};
(i.e., with the skew-Hermitian operators rather than the Her-
mitian ones). The elements of G are called generators and G
itself will be called a generating set.

B. Parity quantum computing

Let us turn to the specific quantum computing framework,
that of parity quantum computing [1,2,21], the universality of
which we are interested in investigating. In particular, we will
see that the parity framework comes with a native family of
generating sets, which will be the objects under consideration
below.

Parity quantum computing typically proceeds by iteratively
applying four phases: (i) an encoding phase where the cur-
rent logical state is embedded in a larger Hilbert space, (ii)
the application of physical single-qubit rotations on the ex-
tended space that result in logical multiqubit rotations, (iii)
a decoding procedure to obtain the new logical state on the
original space, and (iv) the application of physical single-qubit
rotations that result in logical single-qubit rotations. These
four phases are depicted in Fig. 1(a).! The generating set
associated with this framework, called the parity generating
set and denoted Gty below, features in phases (ii) and (iv);
accordingly, we focus on those phases in the following. More
information on the parity computing framework can be found
in, e.g., Refs. [1,2,21].

Let |1) be an n-qubit state representing the current logical
state of the computation. At the commencement of phase (i), n
physical qubits, called base qubits throughout, are in the state
|vr) while k additional physical qubits, called parity qubits,

Tt should be noted that there are several proposals for parity
quantum computing in which a full decoding is not required in phase
(iii), with the logical single-qubit Pauli-X rotations implemented in
a nonlocal fashion. As these proposals still use the same logical gate
set, the specific details of these different proposals are not relevant
here.
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are each prepared in the |0) computational basis state. An
encoding unitary U, is then applied to all n 4 k qubits to
produce the state

ILHZy) = Uenc [0)%* |) . (13)

The encoding unitary U, consists of a product of CNOT gates
between base and parity qubits, arranged in such a way that
the k parity qubits encode parity information of |{) (whence
the name parity qubits). For example, forn = 2 and k = 1, the
state

1
W) =Y ajlij) (14)

i,j=0

is mapped to the state

1
ILHZ,) = Y a;1i @ ) lij) (15)

i, j=0

by the unitary U,y consisting of the product of two CNOT gates
each with one of the base qubits as control and the parity
qubit as target (the notation “@®” denotes modulo 2 addition).
For larger values of n and k, U, can be defined similarly;
see, e.g., Fig. 1(b) for a depiction of the encoding for n = 4
and k = 6. We would like to emphasize that the Hamiltonian
corresponding to the unitary Uy, is not included in the gener-
ating set considered below because it does not directly enact
a logical operation but rather facilitates the implementation of
the logical multiqubit rotations via single-qubit rotations on
the encoded parity qubits.

For our purposes, a useful perspective of the encoded state
[LHZ,) arises from stabilizer theory. Let us identify each

of the n base qubits with a label i € {1, ..., n} and each of
the k parity qubits with a label given by a (nonempty) set
S; € {l,...,n}, j=1,..., k. This labeling convention also

extends to unitary operations performed on data and parity
qubits; that is, Z; denotes the single-qubit Pauli-Z rotation on
base qubit i while Zg; denotes a single-qubit Pauli-Z rotation
on the parity qubit labeled by S j_z The idea is that a parity
qubit labeled by S; encodes parity information of the base
qubits whose labels are contained in the set S;. Let us define
P:={S;:j=1,...,k}. Then, for any |y), the state [LHZ )
satisfies the following equation for each §; € [P:

Zs, ®Zi ILHZ,) = [LHZ,) . (16)

i€S;

where Z denotes the Pauli-Z operator (we denote the Pauli-X
and Pauli-Y operators similarly by X and Y), the label §; in-
dicates the relevant parity qubit, and the labels i € S; indicate
the relevant base qubits. As a consequence of this, we have
that

e LHZy) = O ILhzy) . (a7)

This means that, in effect, single-qubit Z-rotations performed
on the parity qubits in the encoded state enact a multiqubit

2Note that, in the literature, the notation of a unitary indexed by a
set is defined to be the tensor product of many copies of that unitary,
one for each element in the set. We do not employ this notation here.

rotation on the logical state. These rotations are precisely
the operations pertaining to phase (ii) of the computational
process. Regarding the generating sets we ultimately aim to
consider, let us define

Gp =i 72,5 € P¢. (18)

quj

Phase (iii) of the computation consists of the decoding
phase where the logical state is mapped back to the n base
qubits. There are a couple of equivalent ways in which this
decoding procedure can occur: for example, one can apply
the decoding unitary Uge. = anc as done in the original pro-
posal for universal parity quantum computing [2]; otherwise
decoding can proceed by measuring each parity qubit in the
Pauli X-basis and performing suitable corrections for cer-
tain measurement outcomes as suggested in Ref. [22]. The
latter procedure has close links to measurement-based quan-
tum computation (MBQC) [11-14] as was shown in Ref.
[10] (see Appendix D for a brief introduction to MBQC
and an overview of the correspondence between the two
frameworks). As the decoding phase has no bearing on the
generating sets for the computation, we need not specify a
particular decoding method here.

In the final phase, phase (iv), single-qubit rotations are
applied to each of the base qubits, which are now disentan-
gled from the parity qubits after the decoding step in phase
(iii). Explicitly, we may apply e~ and e~ for each
Jje{l,....,n}andanyt,t’" € Rso. Accordingly, we define the
generating set pertaining to this phase as

Gsq = 1iX;,iZ;|j=1,...,n}, 19)

where the subscript “s.q.” stands for “single-qubit.” Thus, the
entire parity generating set is

gparity = g&q. U gIP~ (20)

In what follows, we will always consider Gpairy to contain
Gsq. for the number of base qubits n, and investigate the
consequences for universality as the set Gp (equivalently P)
varies. In the original demonstration of the universality of the
parity computing framework [2], the set [P contained all pairs
of labels from {1, ..., n}, which we denote for later reference
by

Poairs 1= Ui Yl j=1,....nsti<j}. (1)

III. MINIMAL UNIVERSAL PARITY GENERATING SETS

Using the notation introduced above, we can now state the
question we are interested in: for which P is |P| minimized
while maintaining that

[o.¢]

spang {gpmy U g;ﬁi{iy} = su(2")? (22)
r=1

There are a couple of features of the generating set Gparity

that are pertinent to the above question. First, this generating

set consists entirely of Pauli strings, i.e., contains only terms

consisting of products of Pauli operators. That is, defining

Pp={PIQP,®...0 PP €{l,X,Y,Z}}, (23)
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we have that Gy C iP,. We use the notation iP, to denote
the set obtained by multiplying every element of P, by the
imaginary unit i (note also that P, is the set of Pauli strings,
not the Pauli group on n qubits). The inclusion of Gy in iP,
is significant in part due to the fact that elements of iP, exhibit
nice commutation relations: any two elements of i’P either
commute or anticommute, with the latter operator being pro-
portional to an element of iP. Noting that /P := iP, \ {i/®"}
forms a basis of the space of traceless, skew-Hermitian oper-
ators, it follows that, to show that Eq. (22) holds, it suffices in
this case to demonstrate that?

(o]
Gparity | Gy = P (24)
r=1

A second noteworthy feature of Gty pertains to the com-
mutation relations present in the subset Ggq. In particular,
each element of G, anticommutes with precisely one other
element: iX; anticommutes with iZ; if and only if j = j/,
while iX; and iX; (respectively iZ; and iZ;) commute for
all j, j/ € {1, ..., n}. Since we ultimately consider sequences
of nested commutations between elements in G4 (as well
as Gp), these relations play a role in establishing the results
presented below.

To begin to understand the possible limits on the minimal
choices of P, let us consider what is already known regarding
generating sets consisting of Pauli strings. In Ref. [7], it was
demonstrated that any universal generating set G C iP; is
such that |G| > 2n 4 1 and moreover that generating sets exist
that obtain this bound.* Since

|gpaxity| = |gs.q.| + P (25)

and |G, q | = 2n, there is, at least in principle, nothing prevent-
ing the possibility of choosing P such that |P| = 1. The results
presented in the remainder of this section demonstrate when
this is and is not possible.
Our first result provides a sufficient condition on P that
ensures the universality of Gpaigy:
Theorem 1. Let n > 2 and G, 4 be as above. For any 1 <
k <n—1andsets Sy, ..., S, such that
(1) |S;lisevenforall j e {l,..., k},
@ U, si=(,....n)
(3) ifk > 2, then
(i) SinS; =9 for all 1< j <k such that j#i—
1,i,i+1,and
(ll) S,’ N S,‘+1 = {S,’} for all
{1, ..., n} all distinct.

i<k—1, with s; €

3To be fully precise, the following notion of equality should be
considered element-wise equality of the two sets up to a real constant.
That is, all the elements in the left-hand set will be of the form
i2" P while those in the right-hand set are of the form iP. This real
constant is unimportant in light of the real span taken in Eq. (22), so
we continue with the abuse of notation here.

4This conclusion can also be drawn from results presented in
Ref. [23].

For P = {Sjlj =1,...,k} and gparity = gs.q. Ugp, we
have that

Gparty | Gy = P (26)
r=1

The proof is given in Appendix B. In particular, it makes
use of a mapping between iP* and the symplectic space F3V
which is presented in Appendix A.

There are a number of consequences of this result for
the parity computing framework. First of all, for any even
n, taking k =1 and S = {1, ..., n} satisfies the conditions
of the theorem. Similarly, for odd n, it is possible to take
k = 2 and define S| and S, that satisfy the required conditions
(for example, taking S| = {1,...,n— 1} and S, = {n — 1, n}
suffices). Accordingly, we have the following corollary:

Corollary 1. For n > 2, universal parity quantum comput-
ing is possible with just

(1) asingle parity qubit, if n is even, and

(2) two parity qubits, if n is odd.

In the case of even n, the generating set Gpuiry has 2n + 1
elements, so by the results of Ref. [7] it is provably minimal.
For the odd-n case, a priori there is still a chance that we may
be able to find a single element of i?; which extends G4 to
a universal generating set. The following result demonstrates
that this is not the case:

Theorem 2. Letn > 2 be odd and G 4 be as above. For any
iP € iP;,G = Ggq U {iP} is such that

oo
gl o cip;. @7
r=1

The proof is given in Appendix C and again makes use
of the mapping mentioned above. This result demonstrates
two things. First, it completes the claim made earlier that
for n even and odd, the minimal number of parity qubits
required for universal computation are 1 and 2, respectively.
In the former case, the resultant generating set has size 2n + 1,
which we know is optimal, whereas the requirement of at
least 2n 4 2 generators in the latter case demonstrates that not
every generating set of 2n Pauli strings can be extended to
a universal set by simply appending a single additional Pauli
string.

There are two final observations worth making here. The
first is that, for any [P that contains a subset of sets that satisfies
the conditions of Theorem 1, the generating set G,y U Gp
is universal. For example, if we consider the set Py that
was used in the original proof of universality of the parity
framework [2], we see that it contains the sets

Wi+ li=1,...,n—1}, (28)

which satisfy the conditions of Theorem 1. This provides an
alternative proof of the universality of Gsq UGp,,, to that
given in Ref. [2] and also demonstrates that, from the point of
view of universality, there is redundancy in the set of parities
[Ppairs-

The second observation is that, even though there are sets
P satisfying the conditions of Theorem 1 which correspond
to generating sets with greater than 2n + 1 elements, they can
still be considered to be minimal from a certain perspective.
Specifically, they are minimal in the sense that by removing
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any single element of [P, the generating set then fails to be uni-
versal. Again this contrasts with the case of Pp;rs from which
it is possible to omit elements and still maintain universality.

IV. IMPLICATIONS

The parity sets that satisfy the sufficient conditions of
Theorem 1 are distinct from those considered to date in the
literature. In this section we elucidate certain implications
of using such parity sets within the parity quantum comput-
ing framework. In particular, we first demonstrate that, for
the generating sets Gpaiy Where |P| =1 if n is even and
|P| =2 if n is odd, it is possible to implement the rotation
of any n-qubit Pauli string in constant depth. Thereafter, we
focus on the ability to perform parity quantum computing
using nearest-neighbor interactions between physical qubits
arranged on a triangular lattice and on the ability to natively
implement the recently developed parity flow framework [8]
suited to the specific connectivity of current quantum devices,
such as those provided by IBM Quantum [9]. Finally, we
briefly outline the implications for universal measurement-
based quantum computing.

A. Implementing Pauli string rotations in constant depth

One pertinent question to ask when considering the univer-
sal generating sets related to Theorem 1 is how well they scale
in terms of compiling specific unitaries. In this subsection,
we provide a partial answer to this question for the minimal
possible universal sets, that is, for the minimal sizes of P.

Consider the set Gpqriey With

 MHizv®---®2Z,), n =0 mod 2

T HZi®---®Z,iZ;®---®Z,}, n=1mod?2
(29)
for some even number j € {2,...,n — 1}. As a consequence

of the results presented in Sec. III, we know that, for any
even n € Nxo, Gpariy defined in this way is universal. Apart
from the dependence on n being even or odd, the size of P
does not depend on 7. This is in contrast with other choices
of parity set such as {iZ; ® Zj;1|j = 1,..., n — 1}. This lack
of independence of |P| on » may seem innocuous, but it has
an interesting consequence for implementing unitaries of the
form ¢" for P € P*. Specifically, any such rotation can be
implemented in constant depth using the generating set Gparity
with P as above.

This claim follows from a part of the proof of Theorem 1
(namely Lemma B2), which we elaborate upon below. Before
doing so, let us comment on what “depth” means in this
context. Clearly, as n increases, the size of G,  does also.
Accordingly, the value R < oo for which

R
ad”  _
gparity U gparity - an (30)
r=1
will increase as n increases. The value R corresponds to
the minimum value such that there always exists a sequence

Gi, ..., Gg € Gparity With R* < R such that

1
adG] oo adGR,fl (GR/) = FIP (31)

for each iP € iP;. However, what this value R does not take
into account is that most of the elements G, in the sequence
will come from G, 4, that is, they are single-qubit operators
and hence can be implemented in parallel in a circuit. In light
of this, we can define the sequence depth of implementing iP
as the minimum number of multiqubit Pauli-string rotations
from the parity set Gp required to generate iP by nested
commutation. Let us consider the corresponding quantity

seq-depth(iP) := (lmlg HG, e Gplr=1,...,R}. (32)

s.t.([31])holds

We have the following:
Proposition 1. Let G,y be as in Eq. (29). For any iP €

iPyr,

3, n=0mod?2

6. n=1mod?2. (33)

seq-depth(iP) < {
The proof follows as a corollary of Lemma B2. The proof
of Lemma B2 is constructive in the sense that, for each iP €
iPy,itproduces G, ..., Gg € Gpariyy that satisfy Eq. (31). For
the even-n case, these sequences are given explicitly below.
Before giving the sequences, let us consider the question:
how does one actually go from such a sequence to the circuit
implementing ¢”? One possible answer is given by Eq. (8)
presented earlier. As demonstrated in, e.g., Ref. [7], if the
sequence Gy, ..., Gp satisfies Eq. (31) then

e%Gl - e%GR’—leeck’/e_%GR/—l - e_%Gl — eiOP_ (34)
Pursuant to Proposition 1, even though this product contains
2R’ — 1 terms, and R’ grows with n, at most 5 (11) of them
are entangling unitaries for all even (odd) n. Thus, the im-
plementation of ¢®” is constant also in circuit depth, if each
entangling gate and each parallel implementation of single-
qubit gates are considered to have constant depth.’

The sequences for a given iP € iP; have a different struc-
ture depending on whether n is even or odd and on whether
the Pauli string P = P} ® - -- @ P, has an even or odd num-
ber of tensor factors. We focus on the even-n case here; the
odd case can be obtained by applying Lemma B2 twice. Let
us write Z:=7, ® ---® Z, for the single-parity operator.
Let us write {j;,..., ji} € {l1,...,n} for the subset of la-
bels j for which P; # I. Similarly, we write {ki, ..., k,—/} 1=
{1,...,n}\ {j1, ..., ji}. If | is odd, then the sequence

ﬁ,...,G}H:iZ, iXj,...,iX;,iZ (35)
is such that
adg; - oadG;H(G;H) xXiP[®: QP (36)

where Pj/. = X;Z; for each j € supp(P) and PJ’- = [ otherwise,
that is, the Pauli string on the right-hand side has the same

support as P. Accordingly, there exists a sequence G7, ..., G/
consisting only of elements of G o such that
adg - --adg/(iP| ® --- ® P,) o iP. 37)

SThere exist measurement-based implementations of all the en-
tangling gates considered here that have constant depth (see, e.g.,
Ref. [24]).
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The sequence Gi, ..., G, is then taken to be GY,..., G/,
G G,
1> Upgo- )
In the case, where [ is even, the sequence
U ! . . . .
G, .. Gay gy s = 1X5, 12, X, oo, Xy,
iZy, ..., iZ, ,, IiZ, X,
). CORNN ). CR V / (38)

is such that

adg; - - -adg (Ghusies) o iP® - ®P, (39)

gn—3/+4
where P; = Z; if j € supp(P) and P; = I otherwise. Similarly
to above, it means that P = P, ® - - - ® P, has the same sup-
port as P, so there again exist G, ..., G/ € G, such that

adgy -+ adgy (i ® - - ® B,) o iP. (40)

The sequence Gy, ..., G, is again taken to be the concatena-
tion of the two sequences.

If we substitute these sequences into Eq. (34) and abbre-
viate notation to highlight the splitting into local Clifford
rotations and global rotations, we get, in the case where P has
even support,

¢ = U Vi 72V T2 (41)

where U, and V|, are products of local Clifford operations.
In the case where P has odd support, we get that " is
produced by the product of unitaries

Uie. €52 Vi 52 Wie 2 W 752V 752U | (42)

where U, Vi, and W, are also all products of local Clifford
operations. The analogous sequences for the case where n is
odd are longer, which is due to the fact that, in such cases,
[P contains two elements (this is the source of the factor of 2
difference between the sequence depths in Proposition 1).

B. Arrangement on a triangular lattice

One advantage of the parity framework is that long-range
multiqubit logical operations are performed by single-qubit
physical rotations on an encoded state, which was moreover
prepared using nearest-neighbor interactions. For example,
when computing using the layout depicted in Fig. 1(b), it is
possible to implement the logical operation Rz gz, (6) on the
non-neighboring qubits 1 and 4, by performing the rotation
Rz, ., (0) on the parity qubit related to the set {1, 4}. As the
figure demonstrates, the encoded state permitting this can be
prepared by arranging the physical base and parity qubits on a
square lattice and then by applying a sequence of CNOT gates
between nearest neighbors.

Here, we consider what conclusions can be drawn from
Theorem 1 for designing possible layouts for the parity frame-
work. In particular, we focus on arranging the physical base
and parity qubits on a triangular lattice, while still requiring
that the encoding unitary U, be implemented via nearest-
neighbor CNOT gates. In Fig. 2, we portray several examples
of possible layouts for n = 10 base qubits corresponding to
different choices of the sets Sy, ..., Sx from Theorem 1.

There are a couple of benefits of performing parity comput-
ing using the layouts presented here. First, the layout in, e.g.,

Fig. 2(a) can be extended to any number of base qubits and
in each case the corresponding unitary encoding has constant
circuit depth. This contrasts with the circuit depth for the en-
coding unitary for the layouts of the form depicted in Fig. 1(b),
corresponding to the parity set Ppair5, Which scales with 7 (al-
though a constant-depth encoding using measurements does
exist [22]).

Second, the layouts in Fig. 2 may be advantageous for
physical device design in certain architectures. For example,
in each of the layouts depicted, the topology ensures that it
is possible to draw a path from the perimeter of the lattice
to every two-qubit gate without crossing any other two-qubit
gate. In the context of, e.g., superconducting qubits, this
could allow for chip design where no reliance on so-called
air-bridge crossovers [25,26] for the required control lines
for the implementation of two-qubit gates, thereby simpli-
fying the fabrication process. Moreover, in such a context
it is often common to implement two-qubit gates between a
control qubit with high frequency and a target qubit with low
frequency [27,28]. Since the layouts in Fig. 2 all have fixed
orientations of CNOTS (certain qubits are only ever targets and
others are only ever controls), this suggests a natural distribu-
tion of high- and low-frequency qubits throughout the chip.

C. Minimal parity flow

So far, we have presented the parity computing framework
as encoding an n-qubit state as an (n + k)-qubit state. As
developed in the parity flow formalism of Ref. [§], it is in fact
possible to perform parity quantum computing on n qubits by
appropriately tracking how the parity information changes “in
place,” that is, by allowing a given physical qubit to act as a
parity qubit at various times throughout the circuit.

Let us consider an explanatory example. Recall from above
that, for the case n = 2 and k = 1, the encoded state for the
parity computation with logical state |) = Zl] =0 %ij [7) 1)
is

1
ILHZy) = D" aij i@ j) i) 1) - (43)

i,j=0

By applying Rz(0) to the parity qubit and then decoding
(either unitarily or via measurements), we obtain the logical
state Rzg7(0) |¥). Equivalently, we could avoid the use of the
parity qubit altogether by considering instead the state

1
(10X0I @ I + 11| @ X) |¢) = Z o i) i@ j)  (44)
i, j=0

instead of [LHZ, ). In this case, we can arrive at the same
final logical state by applying the rotation / ® Rz(6) followed
by the cNOT gate (|0X0| ® I + |1)1| ® X).° By inspecting
Egs. (43) and (44), we see that the parity information that is
mapped to the auxiliary qubit in the former case is encoded
in the second base qubit in the latter. In Ref. [8], this line

®This example, as well as its extension of implementing a Z ® Z ®
-+ ® Z rotation by a sequence of CNOTS and a single Z rotation has
appeared in a number of places in the literature; an inexhaustive list
includes the Refs. [24,29-32].
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FIG. 2. This figure depicts several possibilities for performing universal parity quantum computing using 10 base qubits and varying
numbers of parity qubits arranged on a triangular lattice. In each case, the base qubits are shown in blue, the parity qubits in red and the green
shaded indicate which base qubits pertain to each parity set, i.e., each blue base qubit touching a corner of a green shape indicates that that
qubit features in the parity set for that shape. For example, in panel (a) all the sets S; have two parities, namely S; = {i, i + 1}; in panel (b),
each parity set has four elements with §; = {1, 2,9, 10}, S, = {2, 3,7, 8}, and S5 = {4, 5, 6, 7}; in panel (c), the parity sets each have differing
numbers of elements with S; = {1,2,3,8,9,10}, S, = {3,4,5, 6}, and S; = {6, 7}. Each of these choices of sets satisfies the conditions of
Theorem 1, and hence each layout supports universal parity quantum computing.

of reasoning is extended to the full parity encoding [i.e., for
PP = Ppairs as in Fig. 1(b)], where the resource benefits for
implementing certain algorithms were also shown. Figure 3(a)
depicts an example of how the parity information changes for
the parity computation using the parity encoding shown in
Fig. 1(b) using n = 4 physical qubits.

We know from Theorem 1 above that smaller parity sets
than Pp; still allow for universal computation. In the for-
malism where parity sets are mapped to additional physical
qubits, this resulted in a lower total qubit count. But what does
it mean in the parity flow formalism where n qubits are used
in any case? In essence, different choices for P correspond to
different choices of the number and orientation of the CNOTS
comprising the unitaries that transport the parity information
(i.e., the unitaries between the filled circles in the circuits
depicted in Fig. 3). For example, Figs. 3(b) and 3(c) depict
the unitaries and corresponding flow of parity information for
the minimal parity set examples for n = 4 and n = 5 qubits,
respectively. As can be seen, there is a reduced CNOT cost for
implementing the parity flow for the minimal set P for n = 4
base qubits as compared to the original case with Ppgi.

To obtain a circuit ansatz allowing universal computation
from each of the circuit structures presented in Fig. 3, we can

associate the different elements of the generating sets Gparity
to the different components of the circuit. Just as with the
original parity quantum computing framework, we can obtain
a universal computation by inserting single-qubit rotations
in the appropriate locations. For example, by placing single-
qubit Z- and X-rotations at the location of every solid blue
circle in Figs. 3(a)-3(c), we cover the elements of Gty corre-
sponding to G o, while placing a single-qubit Z rotation at the
location of every red circle covers the elements corresponding
to Gp. Accordingly, the key differences between the different
parity sets in the parity flow picture amount to differences in
the two-qubit gate placement of the corresponding circuits.
Similarly to the previous subsection, it is possible to lever-
age Theorem 1 and the differences in circuit structure between
different parity sets to find favorable implementations of the
parity flow formalism. For example, let us consider the ar-
rangement of physical qubits on a heavy-hex lattice as in
Fig. 3(d). The qubits marked with both blue and red represent
the qubits that represent both parity and base qubits at various
times throughout the circuit (those in blue only ever represent
base qubits). These base or parity dual qubits are the target of
several CNOT gates with each of the neighboring qubits acting
as controls. As the corresponding parity sets for this layout
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FIG. 3. In the parity flow framework of Ref. [8], the parity information of the n base qubits is tracked through time in an n-qubit circuit.
A circuit ansatz permitting universal computation can be obtained from panels (a)—(c) by inserting single-qubit Z rotations at every location
containing a red circle, and single-qubit Z rotations and certain unitaries for implementing single-qubit X rotations at every location containing
a solid blue circle (in most cases, “certain unitaries” means the single-qubit X -rotation itself but, depending on the parity flow, extra CNOTS may
be required—see Ref. [8]). The faded blue circles indicate the parity information for the corresponding qubit at the given point in the circuit,
but no rotations are required to be placed there for universality. In panel (a), the flow of parity information is depicted for the computation
corresponding to the parity encoding shown in Fig. 1(b) for n = 4 and k = 6. As can be seen, all four base qubits and all six parity sets
S1, ..., Se are present at least once in the circuit fragment shown [the parity sets are the same as in Fig. 1(b)]. In panel (b), the flow of parities
for the minimal number of parity sets for n = 4 qubits is shown, i.e., with §; = {1, 2, 3, 4}. In panel (c), the flow of parities for the minimal
number of parity sets for n = 5 is shown, namely with S; = {1, 2, 3, 4} and S, = {4, 5}. In panel (d), the parity flow formalism is mapped to
a heavy-hex layout, typical of the quantum devices provided by IBM Quantum [9]. Each parity set contains four elements indicated by the
four qubits touching or contained within each green triangle. The qubits colored both blue and red are those that represent both base and parity
qubits at various times throughout the circuit, while all blue qubits only represent base qubits. The gray qubits and dotted lines indicate part of

the heavy-hex lattice not involved in the computation.

satisfy the conditions of Theorem 1, we know that universal
computation can be performed by placing single-qubit Z and
X gates at appropriate locations in the circuit, in the manner
explained above. The heavy-hex layout considered here is
of practical relevance as it is the common layout across a
range of current quantum devices made available by IBM
Quantum [9]. Moreover, it is in fact possible to directly map
the circuits arising in the parity flow formalism to equivalent
circuits using the native gates supported by the IBM Quantum
platform, namely by replacing all CNOTS with CZ gates and by
changing all X rotations to Z rotations and vice versa for the
dual base and parity qubits.

D. Resources for MBQC

As mentioned in Sec. I B, one method to perform the
decoding phase of a parity computation via single-qubit Pauli
X measurements on each of the parity qubits, followed by

conditional corrections based on whether a positive (no cor-
rection required) or negative (correction required) outcome
is obtained [22]. In Ref. [10], it was demonstrated that,
in such a case, parity quantum computation corresponds
to measurement-based quantum computation (MBQC) using
specific classes of bipartite graph states and measurements
in the YZ-plane of the Bloch sphere. Accordingly, a further
consequence of the results presented here is that we can define
novel classes of universal resources for MBQC to complement
those already known in the literature (see, e.g., Ref. [15]),
which we elaborate upon below.

Formally, a universal resource for MBQC is a family of
states, which we denote by W, such that for any state |y) on
n qubits there exists a state |¢) € W on m > n qubits such
that |y) can be obtained deterministically from |¢) via local
operations and classical communication [15]. In this context,
the local operations and classical communication (LOCC)
are taken to be the single-qubit projective measurements and
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FIG. 4. Since parity quantum computing can be viewed as a specific type of measurement-based quantum computation (MBQC), the
sufficient conditions from Theorem 1 in the main text allow us to derive different families of universal resources for MBQC. In this figure,
graph states are depicted relating to the minimal possible generating sets for parity quantum computing, treating the two cases of an even
number of base qubits [panel (a)] and an odd number of qubits [panel (b)] separately. In each case, vertices correspond to qubits prepared in
the |+) state and edges correspond to cz gates between them. In panel (a), n different linear cluster states (with blue vertices) are connected
via the red vertices, which correspond to the parity qubits under the mapping from parity quantum computing to MBQC. In panel (b), the n

n+1

different linear cluster states are connected via two lots of red vertices, each of which connect to = linear cluster states, with one in common.
In both cases, universal MBQC is performed by measuring each red vertex in the YZ plane of the Bloch sphere and all blue vertices in the XY
plane of the Bloch sphere. The measurement order is depicted by the left-to-right ordering of vertices.

classical feed-forwarding of measurement results upon which
MBQC is based (a brief introduction to MBQC and the re-
quirements for deterministic computation in that framework
is given in Appendix D).

So, since our aim is to construct a universal resource for
MBQC related to the generating sets presented above, we
also need to consider different generating sets Gpariry for dif-
ferent numbers of qubits n. As Theorem 1 identifies various
different choices of P and hence different gpamy, there are
several different ways one can construct such universal re-
sources; to simplify the discourse, we focus on the choices
for P containing the minimal number of elements. Even with
this restriction, there are typically various choices for how
to choose P when n is odd (i.e., for n > 3)—in such a case,
we make the further choice to take P to consist of S| and S,
such that |§;| = |S2]| = % Let us then define the following
notation that makes the n dependence explicit: let

o {{1,2,...,n}} ifnmod2 =0
o {{lZ%}{"—;ln}} if nmod2 =1,
(45)

and then let us define 'QéZZiW* = gg';; U G, where g§’3 =

{iX1,iZ,, ..., iX,, iZ,} is the same as in Eq. (19) but with the

extra superscript allowing reference to different numbers of

qubits when necessary. Note also that P is the same as that
__ n+l

considered in Sec. IV A, with j = =

From the results of Theorem 1, we know that Q(’;I)ity is
a universal generating set for each n. Accordingly, fpor any
given n-qubit state |y), there exists a sequence of rotations
of elements of g;’;)ity that produces a unitary U, taking |[+)®"
to |y). To construct a universal resource for MBQC, it suffices
to produce a family of graph states that can implement U,, for
any n and any |y).

In fact, we can proceed by combining the graph states that
support computations corresponding to gs(f])_ with those that

support computations corresponding to Gpm . Explicitly, since
the rotations of elements of gg('(']) are tensor products of single-

qubit rotations, the corresponding graph states are tensor
products of linear cluster states, which are known to support
single-qubit rotations via measurements in the XY-plane of
the Bloch sphere (see, e.g., Fig. 2 of [14]). In particular, to
implement a Z rotation followed by an X rotation, it suffices
to use a three-qubit cluster state:

(0,40l CZ12CZ5 |+ + +) 103 = e e 7 |4);, (46)

where (44| ({(+,]) denotes the positive projector for the
measurement of the operator e~ %X ¢®1Z applied to the first
qubit (e~™%X ™7 applied to the second qubit), and where the
output of the computation is given as the state of qubit 3. The
tensor products of linear cluster states supporting sequences
of rotations of elements from QS("A). are depicted in Fig. 4 (the
subgraphs containing blue vertices only).

As identified in Ref. [10], the graph states supporting ro-
tations of elements of Gp are bipartite graph states with the
qubits related to parity sets forming one partition and the n
qubit associated with the logical state forming the other. For
the choice P that we consider here, that means that the
corresponding graph states consist of n + 1 qubits if n is even
and n+ 2 if n is odd. Rotations of elements of Gpw are then
implemented by performing measurements in the YZ plane
of the Bloch sphere on the corresponding parity qubits; for
example, for n even (i.e., P" = {S1}) we have that

JESI

— 67[95121®"'®Zn |+ T +>1 (47)

where (O | is the positive projector associated with the oper-
ator e~ "%1XZe% X applied to the parity qubit and where the
computational output is a state on the n-qubits making up
the partition corresponding to the base (i.e., nonparity) qubits.
These bipartite graph states are depicted as subgraphs of the
graphs in Fig. 4 comprising the red vertices and their nearest
neighbors.

The universal resource is then constructed by combining
the linear cluster states and bipartite graph states together in
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an appropriate way. Specifically, consider n linear clusters
states of length 2/ arranged as in Fig. 4. Then, we identify
the n qubits in every second column with the n qubits that
form the nonparity partition of a copy of the bipartite graph
states above, producing the graph states shown in Fig. 4(a)
for the case of n even and in Fig. 4(b) for the case of n
odd. Let us denote the resultant graph states as |G, ;) and let
\ijarily = {|Gn,l) |}’l,l € N}

That the family Wy is a universal resource follows from

the fact that Q(Zgi[y* is a universal generating set for all n. By
measuring eac% red vertex in the YZ plane and each blue qubit
in the XY plane (and performing the appropriate corrections

when necessary—see Appendix D), the final output state is

I n
l—[ l_leiir‘l’bxbeii%‘hziz l_[ g*igﬂ-sc Rues. Zi |+)®n (43)

a=1 b=1 S(.e[Pi”)

Up.p.x

where the angles 6 are given by the measurements e =X Z¢0X
on the red vertices, the angles t are given by the measure-
ments e 74X e? on the blue vertices neighboring the red
vertices, and the angles ¢ are given by the measurements
e 92X %7 on the non-neighbors of the red vertices. The
universality of g;’;gity* ensures that, for large enough / and
appropriately chosen 6, 7, and ¢, we get Up 4 ; = U,, meaning
that the output state is indeed |y) as required.

As mentioned earlier, the different choices of P that satisfy
Theorem 1 all lead to universal resources for MBQC via an
analogous construction to that presented above. To conclude
this section, let us briefly comment on one other choice of
P, namely Ppa [recall Eq. (21)], which contains the sub-
set {{i,i+ 1}]i =1,...,n— 1} that satisfies Theorem 1. If
we construct graph states corresponding to Gpariy for Ppairs,
we obtain graph states that have previously been identified
as well-suited for implementing the quantum approximate
optimization algorithm (QAOA) (see Ref. [33] for the origi-
nal QAOA and, e.g., Ref. [34] for the QAOA-suitable graph
states). This is consistent with the focus on QAOA present in
several works using the parity quantum computing framework
(see, e.g., Refs. [35,36]).

V. DISCUSSION

Much of the focus in quantum computation research in the
near-term will center around optimizing implementations of
certain algorithms to minimize the total resource requirements
while satisfying hardware constraints on connectivity. The
generating sets presented here establish both the limits of
how far the total qubit count can be minimized for the parity
quantum computing framework as well as further avenues for
implementing connectivity-aware universal computation.

To conclude this work, we briefly outline further implica-
tions of our results that have not been covered above and point
out possible directions for future research. We comment on (i)
the implications for compilation strategies for IBM Quantum
architectures, (ii) the implications for noise-mitigation strate-
gies for the parity framework that derive from purification
protocols in the context of MBQC, and (iii) the possible con-

nections to other areas of quantum information theory, such as
quantum cellular automata.

The implications for compilation for IBM Quantum com-
puters arise from the results presented above for Pauli flow
[recall Fig. 3(d)] in conjunction with the compilation algo-
rithm presented in Ref. [7]. In the latter work, the algorithm
PAULICOMPILER was developed which, given a generating
set G C iP’ and a target Pauli string P as input, outputs
a sequence of elements from G that produce P via nested
commutation. In other words, PAULICOMPILER specifies the
unitary circuit using gates specified by G whose logical effect
is to implement the rotation e F. As the generating sets
considered in this work are also strictly contained in iP;, they
can be used with the PAULICOMPILER (possibly with some
preprocessing). In particular, using the PAULICOMPILER with
the generating sets permitting parity flow computations on the
heavy-hex lattice may lead to efficient compilation strategies
for IBM Quantum devices, which typically use such a heavy-
hex layout [9].

As discussed in Sec. IV D above, there are connections be-
tween the parity quantum computing framework and MBQC.
One consequence of this is that purification protocols de-
veloped for graph states in the latter context (see, e.g.,
Refs. [37,38]) can be readily adapted to the former, as a
method of mitigating the effects of noisy implementations
of gates in current devices. The properties of these pu-
rification protocols, such as their success probability and
maximal reachable fidelity, depend on the properties of the
graph states being purified. Consequently, the different possi-
ble implementations of universal parity quantum computing
corresponding to the different generating sets considered
here (and hence also to their corresponding graph states)
would exhibit different levels of noise mitigation. However,
as demonstrated in Ref. [7], different Pauli-string generat-
ing sets also exhibit compilation rates for a given unitary,
which indicates a possible compilation rate vs noise mitiga-
tion rate trade-off for different parity quantum computations.
This trade-off is currently a topic of active research.

Finally, there are connections to other areas of quantum
computation and information that are also worth highlighting.
As demonstrated in Ref. [39], there are connections between
MBQC and Clifford quantum cellular automata (CQCA). In
the latter context, a Clifford operation satisfying certain prop-
erties (translation invariance and locality-preservation—see
Ref. [39]) is repeatedly applied, interspersed with single-qubit
rotations. Since the parity flow framework similarly consists
of repeatedly applying a unitary comprised of a sequence of
CNOT gates and single-qubit rotations, and, moreover, since
connections exist between the parity framework and MBQC,
it would be an interesting endeavor to clarify the similarities
and differences between the parity flow and the CQCA pic-
tures.
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APPENDIX A: MAPPING PAULI STRINGS
TO SYMPLECTIC VECTORS

In the main text, several of the results made use of specific
properties of the set of Pauli strings and their relation to the
Lie algebra su(2"). In fact, these properties allow us to map
any discourse regarding nested commutation of Pauli strings
to a different setting, namely, that of the symplectic space F3".
One advantage of doing so is that, in many cases, the questions
at hand reduces to a question of linear algebra, which can be
simpler to work with. In this appendix, we provide an abridged
presentation of this mapping compared to that given in the
supplementary material of [7]. The reader is referred to that
work for further details.

Recall that P, :={Pi®---P,|Pe{l,X,Y,Z}}, P/ :=
P, \ {I®"}, and su(2") = spang{iP}}. Recall also that, for any
A, B € iP?, the commutator [A, B] is either the zero operator

n?

0 if A and B commute, or is proportional, up to some real

J

scalar, to some element of iP; otherwise. However, for the
purposes of demonstrating universality, the proportionality up
to a real scalar can safely be ignored since ultimately we are
taking linear combinations over R in any case. Consequently,
all the relevant information regarding [A, B] can be encoded
in a binary value: O if they commute and 1 otherwise. This is
a key aspect of the mapping.

The next observation we need is that the single-qubit Pauli
operators satisfy ¥ = iXZ. Accordingly, we can rewrite any
element A € iP; as

n n
— atl 1_[ aj 1_[ Antj
A=1i Xj Zj ,
j=1 j=1

where (i) y4 € N is the number of tensor factors of A that
are a Y, and (ii) @ € F3" is a binary vector such that a; = 1
and a,,; = 0 if the jth tensor factor of A is a X, a; = 0 and
an+; = 1ifthe jth tensor factorof AisaZ,anda; = a,1; =1
if the jth tensor factor of A is a Y. This is the mapping that
we consider: each element A € iP; is mapped to a binary
vectora € [F%". This is a common mapping used in the context
of, e.g., stabilizer quantum mechanics, quantum error cor-
rection, and classically simulating Clifford circuits efficiently
[19,40-42].

So, we have a mapping from P} to F3", but so far the
latter simply has the structure of a vector space rather than
of a symplectic space as promised above. Let us recall that
a symplectic vector space is a vector space V over a field [
equipped with a symplectic bilinear form A : V xV — F. A
symplectic bilinear form is a mapping which is (i) linear in
each of its two arguments, (ii) satisfies A(v,v) =0 for all
v €V, and (iii) if A(v,w) =0 for all w € V, then v = 0.
In the present context, the symplectic form encodes the com-
mutation relation between elements of iP;. For example, for
A, B € i'P}, we can use the notational convention in Eq. (A1)
to write

(AD)

[A, B] = Ppatys+2 li[X;lf ﬁ Z;lnﬂ' ﬁxj’/ ﬁ Zj?rfrf _ li[XJb/ ﬁ Zj’nﬂ' ﬁxjfl/ ﬁ Z;w;‘ (A2)
j=1 Jj=1 Jj=1 Jj=1 j=1 Jj=1 j=1 j=1

n
— i)r,\+y3+2[(_1)2';:] anjb; (_1)2'}:] a,b,,+j:| l—[X;H-b/’

j=1

The term in the square brackets in the final line en-
codes all the information about the commutation relation
between A and B: if A, B commute, then Z?:l ajb,yj =
23;1 a4 jbj mod 2, which can be equivalently written as
> o1 @jbuj + anyjbj = 0 mod 2, otherwise } ', a;bnyj +
an+jbj =1 mod 2. This expression can be written succinctly
using the vectors a, b as

(A4)

where in 0 in the matrix denotes an n x n block consisting
entirely of zeros while /,, denotes a block containing the n x n

l_[ ijz+_/+h/z+_/ (A3)
j=l1

(

identity matrix. This matrix is precisely how we define the
relevant symplectic bilinear form for [F%": for all a,b € [F%”,
we define

I 0 (AS)

Aa,b) := aT|:0 I”i|b.
In the following, we will denote the matrix also by A.
Let us take stock of what we have established so far with
the mapping between iP* and the symplectic space [3". Every
element A € iP’ is mapped to a unique element of F3". Note
that no element of i is mapped to the zero element 0 € [3"
(this is convenient for considering commuting operators, as
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we will see in a moment). Moreover, every other element
of F3" is uniquely associated with an element of P and
vice versa. Consequently, the task of generating all of iP; as
stated in the main text, reduces to generating all of F3" under
the mapping. For any A, B € iP; with corresponding vectors
a,be F%”, the operator [A, B] is mapped to a' Ab(a + b) €
F3". That is, if A, B commute, they get mapped to 0 € [5"
since a” Ab = 0, otherwise they get mapped to a + b (note
that the vector addition is element-wise and binary). This
indicates the utility of this mapping: commutation of operators
in the setting of P, corresponds to simple vector addition in
F2.

To conclude this section, let us establish some notation for
later use. Below, we will often refer to a symplectic basis of
F3". A symplectic basis of F3" is a basis {vy, ..., v3,} such
that for each v; there is precisely one v; such that v Av =1
We will write any symplectic basis to which we refer using
the suggestive notation {x, ..., X,, Z1, - - . , 2y} Where

xiTAz_,- = (Sijv
x/Axj =z Az; =0V i, j. (A6)

This notation is suggestive as these constraints mirror the
commutation relations of the single-qubit operators in Gg .,
but in general we do not enforce that the x; € F3" are the im-
ages of the iX; € Gy C iP; and similarly for the z;.” It will
be convenient below to make use of the following notation,

where S C {1, ..., n}:
ZS = ZZ]‘,
jes

S._ ,
X = E x;.

jes

(AT)

This notation is also suggestive, since, if the z; are the images
of the iZ; € Gqq then z° is the image of Q)5 Z; € Gp. If
S =@, then we definex®* =725 =0 ¢ [F%”.

Let {x1,...,X;,21,...,2,) C F3" be a fixed symplectic
basis. We can write any v € F3" uniquely (with respect to this
basis) as

v=) ax +hz; (A8)
i=1
where «;, B; € F, foralli =1, ..., n. Let us define
X(v) :={i € [n]lo; # 0}, (A9)
Z(v) :={i € [n]|B: # 0}, (A10)
wt(v) := | X (v) U Z(v)|. (A11)

The latter quantity is the equivalent notion in the symplectic
space picture of the usual definition of the weight of a Pauli
string (i.e., the number of nonidentity tensor factors).

"Note that any symplectic basis of 3" can be mapped to the set of
elements that are the images of G, by a symplectic transform. This
corresponds to a Clifford operation at the level of iP;;.

In direct parallel to the adjoint map defined for general Lie
algebras [recall Eq. (6)], let us define, for each a € [F%”, the
map ad,(-) via

ad,(d) :=a' Ab(a +b). (A12)

When a set G C F3" is specified, we define (again, directly
paralleling the notation in the main text) the quantity

G = {ad,,ad,, - - ady (v,4)|v1, ..., V41 € G} C FY
(A13)

in order to be able to make statements about G | 72, GM”.
As we will be considering sequences of adjoint maps, typi-
cally for elements from a choice of symplectic basis of F3", it
will be convenient to have compact notation for representing
both the sequence of elements as well as the corresponding
compositions of adjoint maps. For S C {1, ..., n} with ele-

ments iy, ..., is|, we define
XS 1= Xi Xiyy -+ Xig)s (A14)
ady,(+) = adx‘.] adx‘.2 ~~adx,.‘s‘ ), (A15)

and similarly for zg and ad,(-). Note the differences in nota-
tion to Eq. (A7) above: the set S in the superscript indicates
a sum of elements while the set S in the subscript indicates
a sequence.® In the cases where the latter notation is used,
the specific ordering of the elements of S will not matter; the
important factor is that each element appears in the sequence
precisely once.

These notational conventions provide a compact way of
writing certain elements and adjoint sequences, which will
be useful below. For example, for any v € [F%" written as in
Eq. (A8) with respect to a given symplectic basis, we can write

v =xtW 4 20 (A16)
Furthermore, if S € T C {1, ..., n}, we can write
ade, (z") = ady, - -ade @) =x" 42" (A7)

APPENDIX B: PROOF OF THEOREM 1

In this section, we present the proof of Theorem 1 in the
main text. We make use of the mapping and notation presented
in Appendix A. In the statement of Theorem 1, we start with
the set G, and consider what sets Gp ensure that Gy =
Gsq. U Gp are universal. Under the mapping outlined above,
i’P} becomes H_%” \ 0, G . becomes a symplectic basis of F2n
and Gp becomes {z5]S € P}. With these changes, Theorem 1
can be stated equivalently as follows:

Theorem Bl. Let n € N> and let G’ C F2" be a symplec-
tic basis with elements {x|, ..., x,, 21, ..., Z,} Which satisfy
Eq. (A6). Let Sy, ..., S forsome 1 < k < n — 1 be such that

(1) |S;|isevenforalli € {1,...,k},

@ Uiy Si=nl,

8We would like to highlight that the use of sets as sub- and su-
perscripts appears in the notation in distinct ways in this work. For
example, using a set S as a subscript on a lower-case z representing
a vector in F3" is not the same as a subscript on the capital Z,
representing a Pauli Z rotation on a parity qubit.
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3) ifk > 2, then

i) SinS;=9@forall1 < j<ksuchthat j #i,i+1,
and

(i) S;NS;rp = {s;} for all i < k — 1, with the s; € [n]
all distinct.
Then, for G := G' U {¢%|i = 1, ..., k}, we have that

G| JG" =" (B1)

r=1

Before proving the theorem, we state and prove two lem-
mas that are used in the proof of the theorem. The first allows
us to reduce the task of showing that G [/, GM” = F3" even
further by making use of the properties of the symplectic basis
G’, while the second abstracts some of the structure present in
the proof of the theorem.

Lemma BI. Let G' = {x1,...,X,,21,...,2:.} C [F%” be a
symplectic basis satisfying Eq. (A6) and let T < {1, ..., n}.
Then for any w € F3" that can be written as

w = Za,-xi + Bizi

ieT

(B2)

for «;, B; € {0, 1} are not both zero for each i € T, there
exists a sequence of elements uy,...,u, € G’ for some r

J

B B c
XA,ZA\(BNC)» X", XA\(BNC)» %, XBNC» %
B B c
XA,24,27, XAU(BNC)» ZBNC» X" XBNC» X
B B ... B C
Xa, 2" X7, 27, %5 XZunC)> BNC> X5 XBNC» &

pl""’pl =

B . ~ B C
Xa, 27, X7, L1\ (BnC)» &> XA\(BnC)» & s XBNC> L

where any element with a subscript or superscript that is an
empty set is simply removed from the sequence. Then

ady, - -ady,  (p;) ="V (B10)

Proof. First note that each of the four cases in Eq. (B9)
have the same right-hand end of the sequence, namely
28, xpnc, 26, If C is empty, this shortens to z8. When C
is nonempty, we will use that, due to the requirement that
[BNC| =1, %) T Axprc = 1, so we can write

C) — xBﬂC + Z(BUC)\(BF]C).

adgrad,, (2 (BI1)

As the expression above on the right reduces to z? for C =
), we can treat both the cases when C is empty and when it
is nonempty simultaneously. Furthermore, let us note that, if
|A] = 1 mod 2, then (z%) " Ax* = (z*)TAx* = 1, and if |A| =
0 mod 2, then (z%)T Ax* = 1. Finally, note that if A N C # @,
thenANC =BNC.

For the case where A N C #£ ¥ and |A| = 1 mod 2, we have
that

adI’l e ade] (p)) = ady, adZA\(BmC) adzs adxA\(BmC)

% (xsmc + z(BUC)\(BﬂC)) B12)

= ad,, adzA\(m.) ad,s (xA + Z(BUC)\(BQC))
(B13)

= ady,ad;, ., ot +2%) (B14)

such that

ady, --- adu,.(zT) =w. (B3)

Proof. By assumption, w is such that X'(w), Z(w) € T
and moreover that 7 \ Z(w) C X (w) (the latter constraint
comes from the fact that o; and B; cannot both be 0).
Let uy,...,u, be the sequence zr\z(w), Xx(w).- Using the
Eq. (A6), we then have

ady, - -ad,, ") = ad;, ,,,ady ., @) (B4)
=ad, ,, ("™ +z")  (BS)

=xX¥w T4 T\Zw) (B6)

= x4 2@ (B7

=w, (B8)

as required. ]

Lemma B2. Let A, B,C C [n] be such that A, B # {, A C
B, |Bl =0mod 2, and |[BNC| =1if C # @ (C is allowed to
be empty, while A and B are not). LetA := B \Aand,ifA # ¢
and |A| = 0 mod 2, let a € A be a distinguished element such
that a ¢ ANC and define A := A U {a}. Let us define the
sequence

ifANC #%, Al = 1 mod 2
ifANC =0, |Al =1 mod 2

ifANC £, ]A| = 0 mod 2 (B9)
ifANC =0, |A =0 mod 2, A # 0.
|
= ad,, (& +27) (B15)
= A (B16)
_ AVIC\BNO) (B17)

where the equivalence in the last line arises from the fact
that ANC = BN C # @. For the case where ANC =) and
|A| =1 mod 2, we have that

adp, - --adp_ (p;) = ady,ad;,ad,» adxAu(BmC) adg,

X (xBﬂC + z(BUC)\(BﬁC)) (BIS)

= ady,ad,, adrady, ., (7€ +259)
(B19)
= ad,, ad;, ads(x* +z57) (B20)
= ad,, ad,, (x" + z6\E"0) (B21)
= ad,, (x* 4 zVIC\BNON (B22)
— zAU[C\(BﬂC)]. (B23)

For the case where ANC # ¥ and |A| = 0 mod 2, we have
that

adp, ---ady,  (p;) = ady,adpad, ad; adsad ad

XZusne) < iBnC

X (xBﬂC + Z(BUC)\(BQC)) (B24)
= ad,,adsad, ad; adsady; e
% (xBﬁC + ZBUC) (B25)

032606-14



MINIMALLY UNIVERSAL PARITY QUANTUM COMPUTING

PHYSICAL REVIEW A 112, 032606 (2025)

= ady,adsady ad;_ad,s o + 2896y

(B26)
= ad,, adzsadxA,ade(xX 4 ZC\BN0)y

(B27)
= ad,, adrad, (x} 4 ZAVC\EOly

(B28)
= ad, ad;s(x, + ZXU[C\(BnC)]) (B29)
= ady, (x, +2'%) (B30)
— AU B3
= AVIC\BNO), B3

For the case where ANC = @, |A| = 0 mod 2 and A # 0, we
have that

adp, ---adp,_ (p;) = ady,ad;s adxxadz;\(m)adzsadx;\(m)
X (xBﬂC + z(BUC)\(BﬂC)) (B33)
= ady,adsadyad; | adgs
% (xg_’_z(BUC)\(BﬁC)) (B34)

= ady, adgadyad, (e +25) (B3S)
= ady,adpad, (" +7"%) (B36)
= ady, ads (x, +7°%C) (B37)
— ad,, (1, + VBN (B38)
— ZAU[C\(BOC)]. (B39)

m

Proof. Since it is trivial to produce a sequence that gener-
ates 0 € 5", for example by considering the sequence x, x1,
we focus our attention on generating F3" \ {0}. In fact, we
know from Lemma B1 that it suffices to demonstrate that for
each subset T C {1,...,n},z" e G2, G, As the case
where T = { corresponds to zI = 0, we only consider T #
henceforth. For 1 <i < j <k, let us define the following
notation:

J

Sei =S (B40)
I=i

Ti:j =TnN Si:j~ (B41)

If i = j, we simply write S; and T;.
The proof proceeds by demonstrating the following two

points:
(i) There exist sequences Uy, ..., u#, and wy, ..., w, such
that
ad,, ---ad,,_ (u,)=2z", (B42)
ady, - - ady, , (w,) =z, (B43)
(ii) If k > 2 and there exist sequences u'y,...,u’, and
w'q, ..., wy such that
ady, ---ady, () =2, (B44)
ady, - -ady,_ (wy) = 2/ (B45)

for a given 1 < j <k —1, then there exists a sequence
uy,...,u, such that

ad,, ---ad,,  (u,) =z"", (B46)

and, if in addition j 4 1 < k, there also exists a sequence
wy, ..., w; such that

ady, - ady, | (w,) =g/, (B47)

Before proving these two points, let us comment on why
they suffice for establishing the theorem. If k = 1, then 7T} =
T and we are finished using the first point alone. If k > 2, then
from the first point we know we can produce z'' and z71Vé1}
so by the second point we know we can also produce z72 and
zl2Y2} | By iteratively applying the second point, we know
we can produce M for all 1 < J < k, including j = k itself,
for which T1.; = T'. That is, in the case where k > 2, the proof
proceeds inductively, with the first point being the base case
and the second point the inductive step.

Proof of (i). If T} = @, defining uy, ..., u, to be the se-
quence xp,x; trivially gives the desired result. Otherwise,
we define u;,...,u, to be the sequence p,,...,p;, from
Lemma B2 forA = T{, B =S, and C = {J. As a result of that
lemma, we get that

zAU[C\(BﬂC)] — le

ady,, ---ad,, ,(u,) = (B48)

as required.

For the sequence wy, ..., w,, we again use Lemma B2,
now with A = T; U {s;} instead (meaning that A # (J regard-
less of whether 77 is empty). Defining wy, ..., w, to be the
resultant sequence py, ..., p;, we get that

adw| L. ade (w,) = ZAU[C\(BQC)] — ZTIU{JI}.

Proof of (ii). Suppose that k > 2 and that there exist se-

(B49)

quences &'y, ...,u’, and w’y, ..., w’y such that for a given
I1<j<k—1,

adu'l T adu/rr,l ') = Zh s (B50)

ady, - - adwrz’—l (w'y) = 71V (B51)

If T1.; = @, then we are in an analogous situation to point (i),
and so the same reasoning applies. If T;, is also empty, then
the required sequence is trivial same as above; otherwise, we
can leverage Lemma B2 to obtain the desired sequences by
defining B := §;; and A := T}, to obtainuy, ..., u,, and, if
in addition j + 1 < k, by defining B :=S§;;; andA :=T;;, U
{sj+1} to obtain wy, ..., w,. Henceforth, let us assume that
Ti.; # 0.

To construct the new sequence uy, ..., u, and wy, ..., w,
we can make further use of Lemma B2. For the former, we
first note that if 7,1 = @, then Ty, ;1 = T.; so we merely take
uy,...,u, tobeuy,.. ., u'. Otherwise, taking A = Tj;,
B=S5;11 and C =Ti,;; U {s;}, we get that BN C = {s;} and
furthermore that the sequence p, ..., p; from Eq. (B9) is
such that

ad,,] L ade (pl) — ZAU(C\BﬂC) — ZT/+|U(T|:,'\{S,'}) — ZTI:/+I.

(B52)
Noting that in each case in Eq. (B9), p, = z/%Y}, which is
the element produced by the adjoint sequence w'y, ..., w’y
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by assumption, defining u;,...,u, to be the sequence
Pi»---sDi_1>, W, ..., w gives the desired result.

If j + 1 < k, we can apply similar reasoning to produce the
sequence wy, ..., w;. Taking A =T, 1 U{sjy1}, B=Sj41,
and C =T;.; U {s;}, Lemma B2 ensures that the sequence
Pis - .., p; from Eq. (B9) satisfies

adpl . adp/,l (pl) — ZAU(C\BQC) — Z(T/+1U{SHI})U(Tl:j\(S/})

Tij1Ufs 1}

=z . (B53)

As above, taking wy, ..., w, to be the concatenated sequence
Dis---sPi_1, W, ..., w gives the desired result. |

APPENDIX C: PROOF OF THEOREM 2

In this section we prove an equivalent form of Theorem 2
using the mapping and notation from Appendix A. In partic-
ular, we will make use of the quantity wt(-) which is with
defined with respect to a given symplectic basis. We assume
that such a basis, denoted {xi,...,x,,21,...,2Z,}, 1S given
throughout this section. For the proof of the theorem, we make
use of the following lemma:

Lemma CI. Letu, v € F3" be such that v # u, wt(v) = n
and ad,(u) # 0. Then wt(ad,(u)) =n — wt(u) + o, where
1 < o < nis an odd integer.

Proof. Let us write

v=) axi+ f, (€
i=1
w= Y yx+oa, (€2)
ieX(u)UZ(u)

where «;, B;, vi, 8; € {0, 1}. Since wt(v) = n, we have that for
all i € [n], o; and B; are not both zero, and, similarly, for all
Jj € Xw)U Zu), y; and §; are not both zero . Suppose that
ad,(u) # 0. In particular, this means that

v Au = Z

ieXw)UZ(u)

Ol,'(S,' + ,Biyi = 1 mod 2. (C3)

For this to be the case, there must be an odd number of i €
X(u)U Z(u) such that «;8; + B;y; = 1. This can only occur
if either «; and §; are both 1 and at most one of 8; and y; is 1,
or B; and y; are both 1 and at most one of «; and §; is 1. Let us
define o := |{i : «;6; + Bivi = 1}].

Next, note that ad, (1) # 0 also means that

ad,(u)=v+u= Z

ieXw)JUZ(u)

+ > ax; + Bz;. (C4)
JeMN\(X @)UZu))

(i + yi)xi + (Bi + 8:)zi

It follows that

wit(ad,(u)) = wt Z

ieXw)UZ(u)

+ wt Z

JEMN(X @)U Z ()

(a; + y)xi + (Bi + 8:)z;i

(Xij+/3ij . (CS)

Due to the requirements on the «; and B;, we know that

wt Z

JEMN(X @)UZu))

=\ (X@)U Z@))| =n—wt).  (C6)

ax;+ Bjz;

Finally, the implications of the fact that v Aw = 1 discussed
above ensure that

wi[ Y @yt Btz | =0, (€7
i€X W)UZ @)
which completes the proof. ]

The equivalent statement to Theorem 2 in the symplectic
picture is the following theorem:

Theorem C1. Let G be a symplectic basis of [F%" as above.
Then for any v € [F%", we have that

(GU v}, S (C8)

Proof. The proof is established by demonstrating that, for
any choice of v € F3", there is always some element w € [3"
such that w ¢ (G U {v})[..;. Since the trivial case v = 0, re-
sults in (G U {v})..; = G € [3", we assume from now on that
v # 0. We consider two cases:

1) wt(v) < n,

(i) wt(v) = n.

Before presenting the proofs of these cases, let us note that,
along with the relations defining the symplectic set Eq. (A6),
we also have that

x[ Av & i€ Z(v), (C9)

Z/Av = ie X(v). (C10)

Proofof (i). Suppose that v € [F%” \ {0} is such that wt(v) <
n. Then there exists some j € [n] such that j ¢ X (v) U Z(v).
The proof proceeds by showing that

)Xt X,
w .=
zi +xj,

for some i € X(v) if X(v) # 0

for some i € Z(v) otherwise. (C1D)

Note the case where both X' (v) and Z(v) are empty is dis-
allowed by the assumption that v # 0. In the following, we
assume X'(v) is nonempty, but the case where only Z(v) is
nonempty proceeds analogously by replacing x; by z;.
Suppose for a contradiction that x; +x; € (G U {v})[. .

This means there exists a sequence of elements u,, ..., u, €
G U {v} such that
ady, ---ad,,_ (u,) =x; +x;. (C12)

Since x; +x; ¢ GU{v}, it must be that r > 2. More-
over, since x;,x; are linearly independent, it must be that
x;+x;#0.Forad,, ---ad,,_, (u,) # 0 to hold, it must be that

adu,"'adu,,](ur)=ul+"'+ur¢0 (C13)

for all t =1, ..., r — 1. Furthermore, for u; +---+u, to
equal x; +x;, it must be the case that there is some [ €
{1, ..., r} such that u; = x;. However, since for u € G U {v},
ijAu =1 if and only if u =z, it follows that the only
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possible sequences uy, ..., u, containing x; and satisfying
ady, ---ad,, ,(u,) #Oforallt =1,...,r — 1 are of the form

e X X, 25,25, X5, X5,25,X;
ul,...,urz{ A RIS R RS Rl R RS ERed) ) (C14)

c3 2,2, X5, Xj,25,27,Xj,Z;.

That is, the sequence is comprised only of x; and z;, and only
in a specific alternating form. In any case, the resultant adjoint
sequence is

X
ady, ---ad,, ,(u,) = 1z;
xJ'+Zja

(C15)

none of which equal x; + x;, providing the desired contradic-
tion.

Proof of (ii). Now suppose that v is such that wt(v) =
n. The proof proceeds by demonstrating the claim that
wt(uy, ..., u,) is odd for any sequence uy, ..., u, € G U {v}
such that ad,, ---ad,, ,(u,) # 0. This proves case (ii) since
any w € [F%” with wt(w) even is such that w ¢ (G U {v})[. ..

We prove the claim by induction on the length of
the sequence, and by making use of Lemma CI1. Since
n is odd, the elements of G U {v} all have odd weight,
so the base case of sequences of length 1 holds true.
Suppose that wt(ad,, - --ad,,_ (u,)) is odd for any se-

quence uy, ...,u, € G U {v} such that ad,, ---ad,,_, (u,) # 0
and let u € G U {v}. Since ady, ---ad,, ,(u,) # 0, we have
that ad,, ---ad,, ,(u,) =u; +--- +u,, and hence also that

wt(u; + - - - +u,) is odd by the assumption. There are two
cases to consider: (a) u = x; or u = z; for some i € [n] or (b)
u = v. Since the claim is concerned with adjoin sequences
that are nonzero, let us assume thatu" A(u; + - - - +u,) = 1.

For (a), if u =x;, then u' A(u; +---+u,) =1 if and
only if z; appears in the sequence an odd number of times
[including in the expansion of any u; = v using Eq. (AS8)].
Similarly, if u = z;, then u"A(w, + - +u,)=1ifand only
if x; appears in the sequence an odd number of times. In
either case, if u'A(u; +---+u,) =1, then wt(u +u, +
---~4u,) =wt(u; + --- +u,), and hence is odd.

For (b), since we are assuming that u'Awy,...,u)=1,
we are in the scenario covered by Lemma C1. Accordingly,
we know that

wtuw+u; +---+u,)=n—wtlu; +---+u,)+o (Cl6)

for some odd integer o. Since n and wt(u; + --- + u,) are
both odd, the right-hand side of the above expression is guar-
anteed to be odd. This completes the inductive proof of the
claim and thus also of the theorem. ]

APPENDIX D: MEASUREMENT-BASED
QUANTUM COMPUTATION

In Sec. IVD of the main text, we presented a family
of graph states related to the generating sets presented in
Theorem 1, and claimed that this family represents a uni-
versal resource for MBQC. Recall that a universal resource
for MBQC is a family of states W, such that for any state
|y) on n qubits there exists a state |¢) € W on m > n qubits
such that |y) can be obtained deterministically from |¢) via
local operations and classical communication (LOCC). For
the family W = {|G,.;) |n, [ € N}, the first requirement of the

definition of universal resource, namely, that any state |y)
can be obtained from some |G, ;), follows from Theorem 1
and the construction of |G, ;) as discussed in the main text.
Establishing the remaining requirement, that |y) can be ob-
tained deterministically, is the purpose of this appendix. This
necessitates a brief review of some background on MBQC,
with which we begin.

In MBQC, a computation is specified by the following: (i) a
choice of graph describing the graph state for the computation,
(i1) designated subsets of vertices of the graph whose qubits
represent the input and output of the computation, (iii) a set of
single-qubit measurements performed on the graph state, the
positive projectors of which produce the desired logical uni-
tary applied to the input. However, since quantum-mechanical
measurements are inherently probabilistic in general, there is
no guarantee that the positive outcome will be obtained for
each measurement. Accordingly, there is a further requirement
for performing the desired unitary operation with certainty,
namely, (iv) that there is an ordering of the measurements
and a method for conditionally adapting them if a negative
measurement outcome occurs, so that the overall result is the
same logical unitary operation. This method is based on the
properties of the stabilizers of the graph state being consid-
ered, which we now briefly review.

Let |G) denote a graph state corresponding to the simple,
connected graph G with vertex set V and edge set E. For each
v € V, the graph state |G) satisfies the equation

X, @ 2,16) =1G),
V'eNT

— —
=K,

(D1)

where NY denotes the neighborhood of v in G. As a con-
sequence of this equation, it is possible to “correct” for the
occurrence of a negative measurement outcome by the follow-
ing reasoning: Suppose the qubit corresponding to vertex w is
measurement in the basis {|+g), |—4)}, i.e., it is measured in
the XY plane of the Bloch sphere. Let v € V be a neighbor of
w in G. Then, since |—y) = Z |+4), we have that

(=0lu 1G) = (+6, Zw 1G) = (+ol, X ) ZvIG).
v'eNG\w

(D2)

In this case, we see that we have effectively obtained the
desired measurement outcome on w at the cost of needing to
apply the remaining operations of K,. However, if the mea-
surements on the qubits that would receive these operations
are suitably chosen and yet to be performed, these operations
can be effected by changing the measurement bases appropri-
ately. For example, suppose that qubit v and each qubit v’ €
NE\ w are to be measured in the XY plane with respect to
the bases {|+,) , [—¢,)} and {|44,) , |—4,)} for v’ € NS\ w.
Using that X |+y) = |+_y) and Z |£¢) = |Ee4r), We see that

(ol (+al, @ (+4,1,16)

v'eNG\w

= (+0, 1y (+conly @ (+@,1mly 1G) .

v'eNS\w

(D3)
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This example has assumed measurements in the XY plane
of the Bloch sphere, however measurements in the XZ- and
YZ-plane are also possible, by that analogous reasoning (for
measurements in the YZ plane, the positive and negative
projectors differ by the application of an X, while those of
measurements in the XZ plane differ by a Y'; in the latter case,
this requires a product of the operators K,). In each case, there
are common features of the correcting process, namely, that
(1) the negative outcome is “corrected” by “completing” a
stabilizer K, (or product thereof) on other qubits of the graph
state, and (2) that the measurements on those qubits are yet to
be performed.

So, to ensure that a computation can proceed with certainty
on a given graph state, we need to find a sequence of mea-
surements such that every measurement can be corrected by
the above method. It turns out that whether this is possible is a
property of the graph underlying the graph state in conjunction
with the assignment of planes of the Bloch sphere (i.e., XY,
XZ, and YZ) to each of the qubits, indicating which type
of measurement is to be performed there. If it is possible to
correct for every measurement, then the graph is said to have
gflow [43], which is characterized in the following definition:

Definition 1. Let G = (V, E) be a graph, I and O be in-
put and output subsets of V respectively, and w : V \ O —
{XY, XZ, YZ} be a map assigning measurement planes to
qubits. The tuple (G, I, O, w) has gflow if there exists a map
g:V\ 0 — 2"V where 2"V denotes the powerset of V \ I,
and a partial order over V such that the following hold for all
veV\O:

(1) if v’ € g(v) and v’ # v, then v < v’

(2) if v € Odd(g(v)) and v’ # v, then v < V';

3) ifw(v) = XY, then v ¢ g(v) and v € Odd(g(v));

4) if w(v) = XZ, then v € g(v) and v € Odd(g(v));

(5) if w(v) =YZ, thenv € g(v) and v ¢ Odd(g(v));
where Odd(K) :={p €V : IN°NK|=1mod 2} for any
KCVv.

{fv+1,...,v+n},

In effect, the map g specifies the stabilizer or product of
stabilizers corresponding to the correction for each qubit, i.e.,
the correction occurs by completing [ [, o(v) K for each v.

It was shown in Ref. [43] that the presence of gflow is a
necessary and sufficient condition for ensuring determinism in
MBQC. Accordingly, to finish demonstrating that the family
of graph states presented in the main text is a valid universal
resource, it suffices to show that each member graph state has
gflow. In general, there are many different choices for gflow
for a given graph state, which has led to, e.g., the development
of blind quantum computing protocols [44], albeit ones with
imperfect security guarantees [45]. For our purposes, we need
only specify one choice of gflow for each member graph state,
which we turn to now.

Consider Fig. 5, which depicts the same graph states |G, ;)
as Fig. 4 in the main text but now with labels assigned to
the vertices. Recall that each vertex colored red is to be
measured in the YZ plane of the Bloch sphere, while every
vertex colored blue is to be measured in the XY plane. We
will consider the leftmost column of blue vertices as the input
set and the rightmost column of blue vertices as the output
set. We can define a gflow |G, ;) with partial order given
by the lexicographical order of the labels and with map g
defined by sending each vertex v colored red to the set {v}
and every vertex w colored blue to the set {w'} where w’ is
the nearest neighbor of w to the right. The remainder of this
appendix defines this gflow formally.

We are considering the graph G, ; with vertex set V given

{1,...,12n+ 1)}

by
V= {{1,...,1(2n+2)}

We can specify the edge set E by stating the sets of neighbors
for each vertex, which is more convenient for verifying the
choice of partial order and mappings defined below are valid
gflows. For n even, we have that

if n =0 mod 2

if n =1 mod 2. (D4)

ifv=j2n+1)+1forsome j € {0,...,] — 1}

{1,v+n} ifv=iforie{2,...,n+1}
Ne={{v—n—1,jCn+ 1)+ 1L v+n} ifv=j2n+D+iforje{l,....I—1},ief{2,....n+1} (D5)
{v—n} ifo=0-1)2n+1)+iforie{n+2,...,2n+ 1}
(v—nv+n+1}, ifv=j@2n+1)+iforje{0,....,1 =2} ie{n+2,...,2n+1}.
For n odd, we have that
v+2,... v+ 1425 ifv=j2n+2)+1forje{0,...,1—1}
v+ 1+ v+n) ifv=j@2n+2)+2forjef0,...,1—1}
{1,v+n}, ifv=iforie{3,...,1+2
(2,v+n}, ifv=iforie 3+, ..., n+2}
NG = 1L 2.0 +n}, ifv=2+21
v T Mfv—n—2,jCn+2)+1,v+n}, ifv=j@n+2)+iforjefl,....I—1}ie{3, ....,1+ 2}
(v—n—2,j2n+2)+2,v+n}, ifv=j@n+2)+iforjefl,....—1}ie{(3+2 .. ,n+2}
v—n—2,jCn+2)+1,jCn+2)+2,v+n}, ifv=jCn+2)+2+ forje(l,....I -1}
{v—n}, ifv=>0—-D2n+2)+iforie{n+3,...,2n+2}
{(v—n,v+n+2} ifv=j2n+2)+iforje{0,....,1 =2}, ie{n+3,...,2n+2}.

(Do)
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FIG. 5. This figure depicts fragments of the graph states |G, ;) that form the universal resource introduced in the main text but with vertices
labeled to aid the definition of gflow presented in this appendix. Panel (a) depicts |G, ) for n even and panel (b) depicts |G, ;) for n odd.

The input and output sets are defined to be

_J{2,...,n+1} ifn=0mod2
1_{{3,...,n+2} ifn = 1 mod 2, (D7)
and
0= {d-DC2n+1)+n+2,...,12n+ 1)}, ifn=0mod?2 DS)
T HE-DR2r+2)+n+3,...,12n+2)}, ifn=1mod?2.
[
In the case where n is even, the map w that specifies the planes In both cases, the partial order on vertices can be taken to
of measurement is defined by w(v) = YZif v = j2n+ 1) + be the order of the corresponding labels, ie., | <2 <--- <
1 for some j € {0, ..., I — 1}, with all other vertices being as- I2n+1)intheevenncaseand 1 <2 < --- <I(2n+2) in
signed XY. Similarly, in the case where n is odd, w is defined the odd case. We define the map geyen via
by w(v) =YZifv=j2n+2)+ 1lorv=j2n+2)+2for
some j € {0, ..., — 1}, and w(v) = XY otherwise.
|
{v}, ifv=j2n+1)+1forsome j € {0,...,1 —1}
Zeven(V) = { {v + n}, ifv=j2n+1)4+iforje{0,...,l -1}, ie{2,...,n+ 1} (DY)

w4+n+1), ifv=jCn+D+iforje{0,....0—1hie{n+2,...,2n+1}
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Similarly, the map goqq is defined via

(v}, ifv=jn+2)+iforje{0,....1—1},ie{l,2}

{v +n},
{v+n+1},

8even(V) =

Since both geven and godq assign singleton sets to each vertex,
it follows that for each v, Odd(geyen(v)) (resp. Odd(goqq(v)))
is just the sets of neighbors of the vertex in geven (V) [godda(V)]-
By observing Eqs. (D5) and (D6), it can be verified that both
Zeven and goqq satisfy the requirements of Definition 1 for the
choice of partial order outlined above. For example, for n
even, we see that the elements of geyen(v) \ v and Ngircn(v) \v
all have labels greater than v and hence are later than v in

ifv=jn+2)+iforjel0,....[—1},ie {3, ....,n+2)
ifv=jn+2)+iforjel0,....0—1},ie{n+3,...,2n+2}.

(D10)

(

the choice of partial order, meaning that conditions 1 and 2
are satisfied. For v = j2n+ 1)+ 1 with j € {0, ..., — 1},
we have that w(v) = YZ and moreover that geven(v) = {v}
and that Odd(geyen(v)) = {v+ 1, ..., v+ n}, so condition 5
holds. For all other v, we have that w(v) = XY and that
Zeven (V) contains a neighbor of v meaning that v ¢ geven(v) but
v € Odd(geven(v)) so condition 3 is satisfied. The reasoning
for goqq proceeds analogously.
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