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Time evolution of controlled many-body quantum systems with matrix product operators
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We present a method for describing the time evolution of many-body controlled quantum systems using
matrix product operators (MPOs). Existing techniques for solving the time-dependent Schrodinger equation with
an MPO Hamiltonian often rely on time discretization. In contrast, our approach uses the Magnus expansion
and Chebyshev polynomials to model the time evolution and the MPO representation to efficiently encode the
system’s dynamics. This results in a scalable method that can be used efficiently for many-body controlled
quantum systems. We apply this technique to quantum optimal control, specifically for a gate synthesis problem,
demonstrating that it can be used for large-scale optimization problems that are otherwise impractical to

formulate in a dense matrix representation.
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I. INTRODUCTION

The time-dependent Schrodinger equation (TDSE) is fun-
damental in quantum mechanics, as it governs the time
evolution of quantum systems. Solving the TDSE accurately
is crucial for the development of quantum technologies,
understanding quantum dynamics, and simulating physical
processes. In fields such as quantum computing [1], quantum
simulation [2], and quantum control [3], precise solutions to
the TDSE are required for the manipulation and generation
of quantum states and unitary transformations. Furthermore,
solving the TDSE is crucial for the understanding of many-
body quantum physics [4], where the interactions between
particles give rise to emergent phenomena such as entangle-
ment or quantum phase transitions [5].

However, this is a challenging task due to the exponen-
tial growth of the Hilbert space with the system size. As
a result, storing and manipulating state vectors and Hamil-
tonians become infeasible for large systems. If the system
presents localized interactions, we can encode the information
of the system’s Hamiltonian in a tensor network like a matrix
product operator (MPO) [6-14], which allows for a scalable
representation of the system.

Tensor networks have been used widely [15-24] in the
study of the time evolution of quantum systems, focusing
mainly on the manipulation of high-dimensional quantum
states. These methods make use of matrix product states
(MPSs) to efficiently represent the state and reduce computa-
tional complexity, allowing them to address multiple problems
in condensed-matter physics and quantum chemistry. In this
work we extend this approach by developing a method that
encodes the unitary evolution of a controlled quantum system
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in a tensor network, an MPO, which is useful for applications
like quantum control, where the unitary evolution operator is
essential for the design of gates in quantum computers.

The current uses of MPO Hamiltonians to model the
time evolution of many-body quantum systems often rely on
time-independent Hamiltonians in order to use methods like
Trotter-Suzuki decomposition or commutator-free Magnus
expansion [25-30], which generally consider efficient state
evolution instead of the unitary evolution. In this work we
develop a fundamentally different method to solve the TDSE
using tensor networks by representing the Hamiltonian as an
MPO. Our method considers the continuous time interval and
uses the Magnus expansion and Chebyshev polynomials to
approximate the unitary operator that solves the TDSE in a
scalable manner.

We apply our method to quantum optimal control prob-
lems, where finding the optimal control pulses to synthesize
unitary gates or to prepare quantum states is crucial. Tra-
ditional quantum optimal control methods like the gradient
ascent pulse engineering (GRAPE) [31] and chopped random
basis (CRAB) algorithms [32] are also limited by the ex-
ponential scaling, although tensor network approaches have
been explored to mitigate this issue [33—36]. By integrating
the method developed in this paper with the quantum control
via polynomial optimization (QCPOP) method [37,38], which
reformulates control problems as polynomial optimization
problems, we achieve a scalable and efficient framework for
solving quantum optimal control problems.

II. SOLUTION OF THE TDSE

We want to solve the Schrodinger equation (where we let
h=1)

%U(t) = —iHNOU@), U©O)=1. (1)
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We study a time-dependent Hamiltonian that is subject to a
control function u(t). Therefore, we have

H(t) = Hy + u(t)H., 2

where H is the free Hamiltonian and H, the control Hamilto-
nian.

The solution to Eq. (1) can be written as the Magnus
expansion [39,40]

U(T) = exp[Q>(T)], 3)

where

QENT) =" Qu(T). )

i=1

If we let H; = H(t;) we can write the first terms of this
sum as

T
szl<T>=—i/ dnH,, 5)
-1 T ’ f
Q(T) = 7/ dll/ di[Hy, H>], (6)
0 0

i T 1 153
Q3(T) = 8/ dtl/ dtz/ dt3([Hy, [Ha, H3]]
0 0 0

+ [[H:, H], H3)). @)

The nested commutators enclose the time-ordering effects of
the system, and absolute convergence is ensured [41] if

T
/ IH@)l2dt < 7. ®)
0

Furthermore, we can approximate the exponential of the
Magnus series truncated to a certain order n through a Cheby-
shev polynomial [42] as

V4
U(T) ~ exp(Q™) ~ Jo(DT +2 Y ST, (9)

i=1

where p is the truncation order, J;(x) is the Bessel function,
and 7; is the Chebyshev polynomial element defined recur-
sively as

=1, T, =Q", Ty =2Q"T+T_,. (10)

III. MATRIX PRODUCT OPERATORS

In this section we will go through the main concepts un-
derlying matrix product operators to see how their structure
changes when we do operations with them. For a more de-
tailed introduction to tensor networks, and MPOs specifically,
we recommend Refs. [6,7,10].

If we assume the physical system we are controlling is an
N-body system and has some type of localized interactions,
we can write the Hamiltonian terms as MPOs in an efficient
manner. By localized interactions we mean that each site in-
teracts only with neighboring sites, typically those adjacent or
within a short range. This characteristic leads to sparse opera-
tor structure, with low entanglement, which results in a small
MPO bond dimension, which makes the MPO representation

~ N
| ou™ S|1 T ~ O(N) éiv
MPO
o N wi I e L2 IN | v
| s s sy

s/

FIG. 1. MPO decomposition of an N-qubit Hamiltonian.

efficient. We let

M= YW WEL

s,s’

where |s) = |s152---sy). Fori e {2,...,N — 1}, Wl are or-
der 4 tensors with dimensions d; x d] x r; X rj; Wl has
dimensions d; x d] x 1 x r; and WI"! has dimensions dy x
dy x ry x 1, both of which impose the boundary conditions.

We will work with qubits so we let the physical dimensions
be d; = d] = 2 for all tensors, which implies s;, s; € {0, 1} for
all i. The artificial bond dimensions r; and r| represent the
interactions between sites and they can change depending on
the system.

. 2 N-1
We can also see the tensors as matrices WYE v], e, WY[N IT,J
525, SN—15N_1

. 1 .
of size r; x rj, a row vector WSES] of size 1 x r, and a col-
1

umn vector WSE\{\;] of size ry x 1. We illustrate the MPO
N

decomposition in Fig. 1, where we show at a high level how
we reduce the number of elements from O(4") to O(N) if we
fix the physical and bond dimensions needed to describe the
Hamiltonian by finding local tensors W' for each site. The
sizes of s; and s; are fixed as they are physical quantities, but
the size of the bond dimensions r; can vary; consequently, the
accuracy of the MPO representation also varies.

If we let the bond dimension for all tensors be r = 3, then
we can visualize the central tensors as

The initial and final tensors follow similarly but in the
shape of row and column vectors.
We also let

He= Vil vINs)sl. (12)
s,s'

Let us now look at how to perform operations with MPOs.
We consider scalar products, sums, and products, which are
all the necessary ingredients to do the Magnus expansion and
the Chebyshev approximation, as we show in Appendix A.

The scalar product only affects one of the tensors, the first
one, for example, so for a scalar a we write

aHy =Y aw!l...w"s)(s'|. (13)

-
S5y SNSy
s,s’
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TABLE 1. Bond dimensions for different orders of the Magnus
expansion and Chebyshev approximations, for initial bond dimen-
sion of 3 for both H, and H..

Chebyshev order
Magnus order First Second Third Fourth
First 7 43 2599 1.55 x 10°
Second 25 601 1.44 x 10*  3.46 x 10°
Third 187 3.47 x 10* 6.46 x 10° 1.20 x 10°
Fourth 1.15x 10° 1.34 x 10 1.55 x 10° 1.79 x 10"
For the sum of two MPOs we write
— [1] [N]
Ho+He =) Wil Wi Is)(s'
s,s’
(1] [N]
+y Vil vilis)s|
s,s’
(1] [1]
Z (‘/Vsls ©® Vs]s ) o
s,s’
[N] [N]
x (WO e VISl a4

For the product we have

%W=Z%?~$mu
x vl vIN )
S,S
— [1] [1]
-3 (Zmen)
(E:W% %W)M@L (15)

Using these operations, we can write the solution of the
TDSE in an MPO form

ury =y 1l 1 sy, (16)
s,s’

We note that, by taking sums and products, the bond di-
mension of the resulting MPO U (T') increases. In Table I we
see how the bond dimension of U (T") increases with the higher
truncation orders we make in the Magnus and Chebyshev
approximations.

From Table I we see that to keep the bond dimension
of the tensors around 10%, which would be enough to do
computations with a laptop, we can use a Magnus expansion
of order 2 and Chebyshev approximation of order 3 or vice
versa. However, the characteristics of the physical system we
are considering will be the main indicator to know the order
at which we should truncate the approximations.

If we use a dense matrix method, where we operate with
matrices of 4V elements, we reach a computational limit
relatively fast. Our method, on the other hand, uses MPOs
storing 4ANr? elements, which scale linearly in N instead of
exponentially. This allows for the use of the MPO method for
very large systems.

As we see, the biggest limitation of this method is the
growth of the bond dimension, but this is a recurring theme
when working with MPOs, as there is no physically sensitive
method to reduce the bond dimension of the unitary opera-
tor written as an MPO [26], in the same sense that we can
use bond dimension reduction algorithms for MPS. Currently
existing methods [25-30] are based on building the unitary
operator as an MPO for each time step, then applying it to the
MPS, and finally reducing the bond dimension to make the full
time evolution computationally feasible. We can also consider
the time evolution of the unitary operator and limit the number
of time steps according to the maximum bond dimension we
can have for the resulting MPO. Our method lies on this
line as it does not (and it cannot) depend on bond dimension
reduction algorithms, first, because we work with operators,
not states, and second, because this allows us to work with
variables symbolically in the tensor network entries, which
will help us formulate the quantum optimal control problem.
The bond dimension reduction algorithms are numerical and
therefore cannot work symbolically.

IV. EXAMPLE

Let us look at the controlled Ising model, for which we
have

N—1
H(t) =) Joiof, —i—u(t)Za (17)
i=1

To ensure convergence of the Magnus expansion through
Eq. (8) we will set the maximum time evolution for this
Hamiltonian to be T, = ﬁ, considering its norm scales
with N. We take the control function to be the polynomial
u(t) =1—1t+1t>andJ = 1. Note that u(¢) can take any form
as long as it is integrable.

We write the free Hamiltonian Hy as an MPO with bound-
ary tensors

1
wll=© Jo* 1), Wl =|o* (18)
0
and central tensors, fori = 2, ..., N — 1, of the form
A 1 0 O
wil=16* 0 0]. (19)
0 Jo* 1

Similarly, for the control Hamiltonian H. we have bound-
ary tensors

wll— (1 o, wiVl= <le> (20)

and core tensors, fori =2, ..., N — 1, of the form

il _ 1 o*
W[]_<0 I)' 21

We note that the initial bond dimensions are 3 and 2, so
the total bond dimension will increase at a slightly slower pace
than in Table I. We now look at the error between the dense
representation (2V x 2V matrix) of the unitary and the one
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FIG. 2. Infidelity between the dense and the MPO method. We
fix a Magnus expansion of order 1 and vary the Chebyshev order. We
compare different time evolutions.

resulting from the Magnus and Chebyshev approximations
using MPOs.

To look at the error |¢| between the dense unitary Ugepgse and
the approximate unitary in MPO form Uypp, we compute the
infidelity between them, defined as

1
e=1— d—2|Tr(UjenseUMpo)|2, (22)

where d is the dimension of the system. We consider the
infidelity instead of other error measures because we are in-
terested in the gate synthesis problem, and the infidelity is di-
rectly related to the error probabilities we see in experiments.

The error results only from the approximations and it is
independent of the use of MPO representations which, in
this case, is exact. We plot the error for different orders of
truncation of the Chebyshev approximation and for different
time evolutions in Fig. 2.

We only consider Magnus expansions of order 1 because,
for this Hamiltonian, higher orders do not improve the accu-
racy. From Fig. 2 we note that to get an error of less than 1%,
for T = %, we need a Chebyshev approximation of at least
order 3. Similarly, we see how the shorter the evolution time,
the better the infidelity. From these, we decide the truncation
orders of the unitary calculation for this example to be 1 for
the Magnus expansion and 3 for the Chebyshev approxima-
tion. We will let the time evolution be 7 = j

To see how the MPO representation provides an advantage
compared to the full matrix representation we look at the time
and memory required to compute both the dense and MPO
solutions and plot these in Fig. 3.

We use the library qutip [43] in python to calculate
the dense evolution, which can be solved almost exactly.
In Fig. 3 we see that for a small number of qubits (N <
8) it takes fewer resources to compute the evolution using
a dense representation. However, as the number of qubits
increases, the resources required for the unitary evolution
increase exponentially, making the computation infeasible
for large N. On the other hand, the resources required for
the MPO method only increase linearly. Therefore, for more

| 30
—— MPO mean memory

175 A
—=- Dense mean memory

MPO mean time L 25
1501 Dense mean time \
+1 Std Dev (Memory)
125 +1 Std Dev (Time) F20
= )
A
£ 1001
> ) IVW F15
9]
A
§ 751 A ‘VN
=
N 4000 1, 1o
50 A ’/AJV 3000 4 3
2000 J 2
s | /A// / 5
1000 - 4 1
7~ /
/,/ R — = 0
0 2 4 6 8 0
0 20 40 60 80 100

Number of qubits

FIG. 3. Time and memory required to compute the dense and
MPO unitary evolutions using a first-order Magnus expansion, a
Chebyshev approximation of third order, and an evolution time 7 =
ﬁ. We do five repetitions for each N to look at the mean and standard
deviation.

than eight qubits we have an advantage by using the MPO
representation.

We can also compare our method with a Trotterization
method, where we build an MPO following a discrete time
approach, dividing the time interval into K segments such
that T = AtK. Therefore, we write the total time evolution
of the unitary operator as U(T) = UxUg_; - - - U,U;, where
U; = e /MHAL) Tf we consider the controlled Ising model,
we can approximate this by considering almost-commuting
parts of the Hamiltonian

H(r) = Hz + Hx (1) (23)
N-1 N

= ZJGiZUiZ-H + u(t) Z o (24)
i=1 i=1

such that U; & e "AHx (A1) o=IAMHz | \yith an error of O(Af?).
The terms of the sums of these two components all com-
mute with themselves, which allows us to write

N
. . . oy
e iAtHy (At)) _ l_le iAtu(At j)o; i (25)
i
N—-1
eflAtHz — 1_[ eftAtJalfal;rl- (26)

These factorizations allow for simple MPO representations
(see Appendix B for more details). The MPOs have bond
dimensions of 1 and 2, respectively, which means one time
step of the unitary operator will be an MPO of bond dimension
2. The total bond dimension for the MPO of U(T') will then
be 2%, and if we want to keep the bond dimension below
computational limits, then we can have a maximum of around
seven time steps per interval.

We compare the accuracy of this Trotterization of first
order with our Magnus method of first order and Chebyshev
approximation of third order and illustrate the results in Fig. 4.
WeletT = ﬁ and J = 1 and compare two different control
functions.
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FIG. 4. Comparison of the accuracy of the Magnus and Chebyshev methods with Trotterization of K time steps for two different controls

u(t).

Trotterization provides better accuracy for controls with
not much steepness or with oscillations, while the Magnus
and Chebyshev methods perform better for steeper controls
that Trotterization might undersample due to the low number
of time steps. This indicates that both approaches can still
be used to find the unitary evolution of systems that can be
represented with low bond dimensions, and depending on
the characteristics of the system, we might prefer one or the
other. In the next section we show how for an application like
quantum optimal control of many body systems, our approach
might provide even a larger advantage.

The limitations of our method are illustrated by the results
in Table I and Fig. 2. In the former we see that the bond
dimension increases very fast as we improve the order of ap-
proximations, which means that for Hamiltonians with higher
starting bond dimension (or equivalently longer-range interac-
tions) we might not be able to have an accurate approximate
solution to the unitary operator. In the latter we consider the
other limiting factor, the total time evolution 7', which has to
be very small in order for the Magnus expansion to fulfill its
convergence properties. In what follows we will improve the
fast bond dimension growth by avoiding the Chebyshev poly-
nomial approximation, leading to accurate results for quantum
optimal control.

V. QUANTUM OPTIMAL CONTROL

We now consider a quantum optimal control problem fol-
lowing from the previous example to show the power of the
MPO representation method. We take the Hamiltonian of the
system to be

N—1 N
H(t,x)=Y Jojoi, +ut.x)) o}, (27)
i=1 i=1

with J = 1 and a control function
(e, x) =Yy xit'"!, (28)
i=1

where X = {x1, ..., X;;} are unknown control coefficients we
want to optimize. Now we represent the Hamiltonian terms as
MPOs using the tensors defined in Egs. (18)—(21).

We want to synthesize a unitary gate, for example, the
global rotation

N-1
U* = exp (—i% Zaizafﬂ), (29)
i=1

which is a multiqubit controlled-Z gate.

There are several requirements the target unitary must have
for a good formulation of the problem. The most important
one is that we can write it as the exponential of an MPO, even
for large bond dimension r. Further, if we want to synthesize
the specific target and not just minimize the error, we require
the unitary target to be reachable for our defined system. This
means that there exists a control function u(¢) and finite time
T such that the Schrédinger equation evolves the system from
the identity to U*. This restricts the choice, which is why
we pick U* such that we can reach it and write it as the
exponential of an MPO.

In order to optimize the control parameters of u(z, x) to
reach the desired unitary gate we have to solve the TDSE with
the defined control Hamiltonian. If we pick a final evolution
time T, we can find the solution U(T, x) using the Magnus
and Chebyshev approximations.

Once we have the evolution solution in terms of the un-
known control coefficients x we want to find the optimal
values for which we get as close as possible to the desired
unitary gate. To find these we formulate the optimization

062612-5
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FIG. 5. Time and memory required to compute the polynomial to
minimize for the dense and MPO representations. We use a second-
order Magnus expansion, an evolution time 7' = 7, and a control
function with three unknown parameters. We do five repetitions per
number of qubits to look at the mean and standard deviation.

problem
1
min | — — |Tr[U*TU(T, )12, (30)
X d?

where d is the dimension of the Hilbert space.

We want to find the global solution and recover the optimal
control values that minimize this function. For this we use
QCPOP, the method shown in [37,38], with which we can
reformulate the problem (30) as a polynomial optimization
problem of the form

min |Q"(T, x) — O, 31)
X

where Q(T, x) is the truncated Magnus expansion at order
n and O is the Hermitian matrix generating the unitary target,
inourcase ® = —Z Y V1 5252
=77 2ui=1 %0

Now we assume that ® can be efficiently represented as an
MPO and therefore we can use the MPO operations defined

previously to reformulate (31) as
min Tr{[—Q"N(T, x) + i®][Q"(T, x) — iO]}. (32)

This is a polynomial that can then be minimized using the
moment—sum of squares (moment-SOS) method [44], a series
of relaxations of semidefinite programs that will generally
converge to the global solution. To implement this numeri-
cally, and letting m = 3, we use the julia package tssos [45] in
order to globally solve the polynomial optimization problem
and extract the solution of the control parameters. In this
example we find x = [0, 0, 0].

In QCPOP we also use the Magnus expansion and Cheby-
shev approximation, so the error in the approximation arises
from the Magnus expansion only and not from the MPO
representation. Therefore, we will obtain the same polynomial
to minimize using both the MPO and dense methods. The only
difference between both methods lies in the time and memory
requirements to obtain the polynomial, and here is where we
have the advantage of using the MPO representation.

In Fig. 5 we see how, for a control polynomial with m =
3 unknown parameters, the time and memory required to

100 | —_
1072 i
2104
(V]
©
2 £
<
10—6 m
» CRAB
107" 1 GRAPE
== QCPOP
3 4 5

Number of qubits

FIG. 6. Infidelity comparison between different quantum optimal
control methods for the controlled Ising model with a different num-
ber of qubits, for 100 random reachable unitary targets. The color
shading is the range of infidelities and the width is the frequency.
For three and four qubits, CRAB and GRAPE almost fully intersect,
making them hard to distinguish.

compute the polynomial to optimize are linear for the MPO
representation and exponential for the dense representation.

Now we compare the error of the QCPOP method with the
errors of the currently used methods GRAPE [31] and CRAB
[32], with the initial guess as a random control function. The
polynomial we obtain from our tensor network approach is
the same as the dense matrix method, and the tensor network
applications in GRAPE and CRAB are formulated for MPS
evolution. Therefore, we do an error comparison without us-
ing tensor networks, which will only make the accuracy of
GRAPE and CRAB worse, while QCPOP will remain the
same.

In particular, we sample from an ensemble of random con-
trol parameters x = {xi, x, x3} for which x, x», x3 € [—1, 1].
For each control signal, we simulate the evolution using qutip
[43] to obtain the target unitary. Subsequently, we solve the
quantum optimal control problem for the target unitary with
the first level of the moment-SOS hierarchy and a second-
order Magnus expansion. We do this for 100 different control
parameters and for different numbers of qubits in the Ising
Hamiltonian model. We illustrate the results in Fig. 6.

For very small system size (two qubits), we see that
GRAPE performs the best, followed closely by QCPOP and
then CRAB. As we increase the system size, all three methods
get worse but, while GRAPE and CRAB become unreliable
methods with high infidelities, QCPOP generally maintains
infidelity below 1%, a major improvement with respect to the
other methods.

VI. CONCLUSION

We have presented a method to represent the time evo-
lution of controlled quantum systems using matrix product
operators. This allowed for the calculation of the approxi-
mate unitary operator solution to the TDSE of large quantum

062612-6
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systems in a scalable manner. We improved the exponential
matrix size increase in dense matrix methods by using matrix
product operators, which scale linearly in size. These scaling
properties could be used to solve quantum optimal control
problems for large quantum systems, which would be infea-
sible to calculate using a dense matrix form. Our use of the
MPOs was limited to systems that present specific properties
related to localized interactions, which allowed us to represent
them efficiently using tensor networks and for short time
evolution. Using the MPO representation, there was no direct
loss in accuracy, and the quality of the approximation was
fully determined by the orders of truncation of the Magnus
and Chebyshev approximations. The lack of loss in accuracy
of the MPO solution with respect to the dense matrix solution
arises from not using bond reduction algorithms. This allowed
us to work with unitary operators without considering the state
evolution and also using unknown coefficients in the tensor

J

network, which leads to the formulation of the quantum opti-
mal control problem of gate synthesis, through QCPOP, that
we showed improves upon current methods for the example
provided.
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APPENDIX A: OPERATIONS TO SOLVE THE TDSE

We want to show how the only necessary operations to compute U (T') are scalar products, sums, and products of MPOs. For

this, let us write the terms of the Magnus expansion

T T T T
Q= —i/ H@)dt = —i/ Hy +u(t)H.dt = (—i/ dt)Ho + (—i/ u(t)dt)HC = aH, + bH. (A1)
0 0 0 0

for scalars a and b. From now on we use the notation H (t;) = H; and u(t;) = u;. Similarly, the second term will be

1 T n 1 T n
Q= -1 f dn f (Hy., Hyldt, = (—5 f dn f (Mz—ul)db)[Ho,Hc]=C[H0,Hc] (A2)
0 0 0

2 Jo

for scalar c. For the third term we have

. T H th
Q3(T) = é/ dt / dlz/ ([H:, [Hy, H3]1 + [[H:, H], H3])d13
0 0 0

. T h Iy
= (i/ dt / dlz/ (u3 — 2up + ul)dl3>[Ho, [Ho, H.]]
6 Jo 0 0

. T n 15
+<i/ dt1/ dtz/ Quiuz — uyur — u2u3)dt3>[[HC,H0],Hc]]
6 Jo 0 0
= d[Hy, [Hy, H.1] + e[[H,, Hol, H ] (A3)

for scalars d and e. The rest of the terms follow similarly.
For the Chebyshev approximation, we have
P

U(T) =~ Jo(DL+ 2 " J(T; = [Jo(1) + 2T + 2/(HQ™ + 45 (1)(Q™M) + -

i=1

= s +1Q™ + QM) + ... (A4)
for scalars s, I, and g. Thus, we can obtain U (T') only with the three MPO operations defined in the paper.
APPENDIX B: TROTTERIZATION CONTROLLED ISING MODEL
We consider a controlled Ising Hamiltonian

H(t) = Hz + Hx (1) (B

N-1 N
= Z Jofof, +u(t) Z o} (B2)

i=1 i=1
and we write the total time evolution of the unitary operator via time discretization as U(T) = UxUk—_; - - - UbU;, where U; =

efiAIH(Atj).
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Now we let U; ~ e~ AtHx (M) g=iAtHz |with an error of O(At?), where each term can be factorized as

N
Uy = e~ "AHx (M) — He—iAtu(Atj)gl;V, (B3)
vl
UZ — e—lAtHZ — 1_[ e—lAlJai‘a[‘Jrl' (B4)
We can efficiently write these two exponentials as MPOs. For Uy we have 2 x 2 x 1 x 1 tensor cores
[l _ _ [ cos(¢)  —isin(®)
WX - G(¢)v G(¢) - (—l Sln((P) COS(¢) ’ (BS)

where ¢ = u(Arj)At fori =1, ..., N, so this MPO has bond dimension 1. For U we first define & = AtJ and we let the tensor

cores be

AN

T
1 N I
Wil = (ch ﬁgz> i 1=( mz), (B6)

W[i] _ 1 «/;O'Z
z Jio? tl

)Vie{Z,...,N—l}, (B7)

where ¢ = cos(6) and ¢ = tan(6). The MPO representing the time step U; will have a bond dimension of 2. The bond dimension
for the MPO representing the total time evolution for a time interval discretized into K steps will be 2.
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