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Purcell effect in chiral environments: A macroscopic QED perspective
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The Purcell effect describes the modification of the spontaneous decay rate in the presence of electromagnetic
media and bodies. In this work, we shed light on the dependencies and magnitude of this effect for chiral
materials. Using the framework of macroscopic quantum electrodynamics and Fermi’s Golden Rule, we study
a chiral bulk medium with and without local-field corrections, an idealized chiral mirror and a chiral surface.
The results imply that the chiral effect is greatest for large transition frequencies, molecules with large optical
rotatory strength and media with a strong cross-susceptibility. In the case of a half space, short distances from
the molecule to the interface additionally enhance the effect.
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I. INTRODUCTION

Excited atoms may spontaneously decay and emit their
energy in the form of electromagnetic waves [1]. In 1946
Purcell discovered through theoretical work that the decay
rate of an atom is modified if it is enclosed in a cavity [2].
This so-called Purcell effect is dependent on the geometry and
material properties of a given medium.

The first experimental verification for the Purcell effect
was presented by Drexhage at a conference in 1967 [3]. In
a subsequent paper, consistent results for experimental and
theoretical decay rates of an atom near a dielectric mirror were
published [4].

Since then, a variety of geometries for standard media have
been analysed theoretically [5–8] and experimentally [9–11].
Recently, the interaction of excited atoms with more com-
plex materials, including magnetoelectric [12], nonreciprocal
[13], and nonlocal [14] media has been subject of theoretical
investigation. In addition, the original setup of Purcell has
been generalized to chiral cavities [15], which paved the way
to consider these chiral interactions in the strong-coupling
regime. The Purcell effect lies in the weak-coupling regime
of light-matter interactions because the coupling between the
energy transition of a quantum emitter and an electromag-
netic mode is much smaller than all system’s decay rates.
However, if this coupling is comparable or greater than these
dissipative rates, the system enters the strong-coupling regime
leading to coherent energy exchange between light and mat-
ter [16]. Here the system hosts polaritons and exhibits the
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Rabi splitting effect, as reported first for a single Rydberg
atom in a microwave cavity [17]. Such regime is analyzed by
means of the Jaynes-Cummings model and has been recently
considered in Ref. [18] for chiral interactions. Furthermore,
the ultrastrong-coupling regime occurs when the coupling
strength is comparable to a significant fraction of the system’s
frequency and constitutes an active topic too [16,19,20], for
which the Hopfield Hamiltonian is typically employed. An
example of an experimental realization for it was analyzed
for transitions in semiconductor heterostructures coupled to
metallic and superconducting metasurfaces [21]. In the fol-
lowing, we will focus on chiral molecules and materials.

If an object is not superimposable on its mirror image, it
is said to be chiral. Object and image are called enantiomers,
where we call one “left-handed” and the other “right-handed.”
Different enantiomers are common in nature, and the correct
handedness of a protein or molecule often determines its
functionality. Therefore, the ability to distinguish and separate
enantiomers is crucial for various applications in medicine
and chemistry. One way to discriminate enantiomers is by
their interaction with chiral media, which we have introduced
as the Purcell effect. Chiral media are optically active: due to
magnetoelectric coupling, the polarization of electromagnetic
waves passing through them is rotated. This means that the
waves emitted by a decaying chiral molecule will also be
altered in the vicinity of a chiral medium, and consequently
there will be a chiral interaction between them. Ultimately,
we expect the chiral medium to favor the decay of one of the
enantiomers. This reflects a fundamental principle formulated
by Curie in 1894: “The elements of symmetry of the causes
must be found in the produced effects” [22]. There exist dif-
ferent types of chiral media, but for this paper we will focus
on bi-isotropic media.

Due to its relevance, scattering of light in presence of chiral
media has been actively investigated in recent decades, lead-
ing to well-established literature in classical studies [23–25].
In particular, the chiral Purcell effect has been previously
investigated by means of a semiclassical approach where the
electric and magnetic dipoles of a molecule correspond to
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transitions from some excited state to the ground state (a two-
level molecule) and are treated as classical sources [26]. Here
the electromagnetic field is a classical solution of the Maxwell
equations for different chiral configurations like a single pla-
nar interface [27], multilayer configurations [28], spherical
geometry [29–31], a molecule in front of scattering lattices
[30], near two spherical particles [32], and even elliptical
symmetry [33] that have been analyzed. Also nonrelativistic
quantum electrodynamics has been applied to study this effect
when a chiral molecule is near a chiral spherical particle [34].

In this work, we apply a theory known as macroscopic
quantum electrodynamics. In this framework, most quantities
of interest can be expressed in terms of the Green’s tensor
G(r, r′, ω), which describes the propagation of field-matter
excitations of frequency ω between a source point r′ and an
observation point r.

As a brief guide to this work: A summary of the necessary
theoretical background is presented in Sec. II. In Sec. III a
general expression for the decay rate in chiral environments
is derived via Fermi’s Golden Rule. In Sec. IV the decay
rate for several chiral media under different circumstances is
calculated. A summary of the results and an outlook on further
investigations can be found in Sec. V.

II. QUANTUM ELECTRODYNAMICS IN CHIRAL MEDIA

The basis of this work is the formalism of macroscopic
quantum electrodynamics [35,36]. We use the Maxwell equa-
tions and the constitutive relations in chiral media as a starting
point:

∇ · D̂ = 0, ∇ × Ê − iωB̂ = 0,

∇ · B̂ = 0, ∇ × Ĥ + iωD̂ = 0, (1)

where Ê is the electric field, D̂ denotes the electric excitation,
B̂ stands for the magnetic field, and Ĥ labels the magnetic
excitation. All of the fields are given in the frequency realm,
expressed by the underline. A field F̂ can be transformed back
into spatial coordinates via F̂ = ∫ ∞

0 dωF̂e−iωt + H.c.
The chiral constitutive relations for the fields D̂ and B̂ are

given as shown [37,38]:

D̂ = ε0εÊ + P̂N + i
κ

c
(Ĥ + M̂N),

B̂ = μ0μ(Ĥ + M̂N) − i
κ

c
Ê, (2)

where the electric permittivity ε and magnetic permeability
μ describe the electromagnetic properties of a material. To
describe the chiral behavior, we introduce the chiral cross-
susceptibility κ , which we will assume to be a real variable
unless otherwise specified [39]. P̂N and M̂N stand for the
noise polarization and magnetization, respectively, generated
by quantum fluctuations. They can be written in terms of fun-
damental bosonic operators. In the literature, the constitutive
relationships (2) are identified by the name Boys-Post [23,24],
which are more fundamental from the point of view of field
quantization [34,40]. Nevertheless, the Drude-Born-Fedorov
constitutive relationships [23,24] are another set of them and
are frequently employed in classical and semiclassical studies
of chiral media [26–31,33,41,42].

By combining the Maxwell equations (1) and constitutive
relations (2), we find the inhomogeneous Helmholtz equa-
tion for the electric field:[

1

μ
∇ × ∇ × −2

ω

c

κ

μ
∇ × −ω2

c2

(
ε − κ2

μ

)]
Ê = iμ0ω ĵ

N
.

(3)

The Green’s tensor G(r, r′, ω) is defined as the solution to
the equation[

1

μ
∇ × ∇ × −2

ω

c

κ

μ
∇ × − ω2

c2

(
ε − κ2

μ

)]
G(r, r′, ω)

= Iδ(r − r′). (4)

Although these definitions of ε, μ and κ are most convenient
for our purposes, the equivalent definitions ε′ = ε − κ2/μ and
κ ′ = κ/μ are widespread in literature, e.g., in [43].

With this, the fields Ê and B̂ in question can be expressed

through the Green’s tensor and the bosonic creation f̂
†

λ
and

annihilation operators f̂
λ
. The electric field in spatial coordi-

nates is given by

Ê(r) =
∫ ∞

0
dω

∑
λ=e,m

∫
d3r′Gλ(r, r′, ω) · f̂

λ
(r′, ω) + H.c.,

(5)

hence the magnetic field can be calculated via Faraday’s law

B̂(r) =
∫ ∞

0

dω

iω

∑
λ=e,m

∫
d3r′∇ × Gλ(r, r′, ω)

· f̂
λ
(r′, ω) + H.c., (6)

where λ denotes the modes and we defined [35]

Ge(r, r′, ω) = i
ω2

c2

√
h̄

πε0
Im ε(r′, ω)G(r, r′, ω), (7)

Gm(r, r′, ω) = −i
ω2

c2

√
h̄Im μ(r′, ω)

πε0|μ(r′, ω)|2 G(r, r′, ω) × ←−∇ .

(8)

The operation ×←−∇ means that the derivative acts on the
second spatial variable where the source is situated, e.g.,
[T × ←−∇ ]i j (r, r′) = ε jkl∂

′
l Tik (r, r′).

Additionally, the coefficients obey the following integral
relation that will be useful for us [35]:∑

λ=e,m

∫
d3sGλ(r, s, ω) · G∗ T

λ (r′, s, ω)

= h̄μ0

π
ω2 Im G(r, r′, ω). (9)

III. DECAY RATE

Fermi’s Golden Rule can be derived via time-dependent
perturbation theory [44]. It states that the decay rate of an
excited system is given by the sum of all transitions to lower
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levels:

	 = 2π

h̄

∑
K

VIK · VKIδ(EIK ). (10)

In this expression VIK is a matrix element of the interaction
potential and EIK = h̄ωIK with ωIK standing for the transition
frequencies. For our system of an excited chiral molecule in
a chiral environment, we have the interaction potential V̂ =
−d̂ · Ê(rM ) − m̂ · B̂(rM ) that has both electric and magnetic
dipoles, reflecting the chiral nature of a molecule. We define a
basis of Fock states:

|I〉 = |e, {0}〉 = |e〉 |{0}〉 ,

|K〉 = |g, 1λ(r, ω)〉 = |g〉 |1λ(r, ω)〉 . (11)

In the initial state |I〉, the molecule is in the excited state |e〉,
while the field is in the ground state |{0}〉. In the final state |K〉,
these roles have been reversed. The dipole transition matrix
elements are given by

d IK = 〈e|d̂|g〉 , mIK = 〈e|m̂|g〉 . (12)

At this point we calculate the matrix elements of V̂ , employing
the expansions (5) and (6) of electric and magnetic fields. We
hereby obtain a purely electric term responsible for the usual
electric contribution. Then there is a purely magnetic term,
which we will neglect due to the lower magnitude of the mag-
netic transition dipole compared with the electric transition
dipole. Finally we have cross-terms, which are responsible for
a chiral response. These have the following structure:

〈I|m̂ · B̂(rM )|K〉 〈K|d̂ · Ê(rM )|I〉

= 1

iω
mIK ·

∑
λ

∇ × Gλ(rM, r, ω) · G∗ T
λ (rM , r, ω) · d∗

IK

(13)

and

〈I|d̂ · Ê(rM )|K〉 〈K|m̂ · B̂(rM )|I〉

= 1

iω
d IK ·

∑
λ

Gλ(rM, r, ω) · G∗ T
λ (rM, r, ω) × ←−∇ · m∗

IK.

(14)

By simplifying, using the integral relation (9), and substituting
into the decay rate (10), we obtain the chiral contribution

	ch = 2μ0ωIK

ih̄
[mIK · ∇ × Im G(rM, rM , ωIK ) · d∗

IK

+ d IK · Im G(rM, rM, ωIK ) × ←−∇ · m∗
IK]. (15)

By exploiting the Onsager reciprocity of the Green’s ten-
sor valid for reciprocal media G(r, r′, ω) = GT(r′, r, ω) and
some algebraic manipulation, we discover

d IK · Im G × ←−∇ · m∗
IK = −(mIK · ∇ × ImG · d∗

IK )∗. (16)

Thus, we find the more compact expression

	ch = 4μ0ωIK

h̄
Im[mIK · ∇ × Im G(rM, rM, ωIK ) · d∗

IK].

(17)

If either the environment is not chiral, ∇ × Im G = 0, or
if the object is achiral, i.e., does not exhibit an electric or
magnetic dipole simultaneously, there will not be a chiral
component to the decay rate. Additionally, we observe that
mIK · ∇ × Im G · d∗

IK must be complex, meaning that polar-
izations will play a key role to give a nonzero result. Our
macroscopic-QED result agrees with that obtainable from
a semiclassical calculation with arbitrary multipole contri-
butions when focusing on mixed electric/magnetic dipole
contributions [26].

The total decay rate is the sum of the electric and chiral
components

	 = 	el + 	ch, (18)

where the electric contribution is known [36]:

	el = 2μ0

h̄
ω2

IKd IK · Im G(rM, rM , ωIK ) · d∗
IK. (19)

A comparison between the two contributions immediately
shows the necessity of a chiral object to be able to distinguish
between the chiral states of another object, i.e., the Curie
principle is manifestly fulfilled [22].

IV. DECAY RATES FOR CHIRAL ENVIRONMENTS

In this section, we will calculate the explicit decay rate for
a few simple chiral environments. We will start with a chiral
bulk medium, then we will analyze a perfect chiral mirror,
and finally we will have a look at a chiral surface with less
idealized properties.

A. Chiral bulk medium

The chiral bulk medium is an infinitely extended homoge-
neous medium with chiral properties. We denote these chiral
properties with a chiral cross-susceptibility κ (ω), which gives
rise to the set of chiral constitutive relations (2). There are
different conventions for the sign and symbol of the chiral
cross-susceptibility; one may encounter it as χ or even having
the opposing sign. Using κ > 0 for a right-handed and κ < 0
for a left-handed medium with our definitions, wave num-
bers corresponding to circular polarized modes in the chiral
medium can be written as [43]

k− = k0(nr + κ ),

k+ = k0(nr − κ ), (20)

where k0 = ω/c is the field’s vacuum wave number, nr =√
εμ is the nonchiral refractive index and the subscripts +,-

indicate left- or right-circularly polarized waves.
In Ref. [43] the Green’s tensor for a chiral bulk medium

is derived in terms of spherical vector wave functions W mn

and V mn, which for their radial part are expressed in terms
of spherical Hankel functions. The full expressions for W mn

and V mn can be found in Appendix A. We may choose the
source point r′ at the origin, which considerably simplifies the
functions. We observe that V mn and W mn with n > 1 vanish in
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this case. This results in

G(0)(r, r′, ω) = 3iμ

π (k+ + k−)

1∑
m=0

[
k2
+V (1)

e
om1

(k+)V (0)
e
om1

(k+)

+ k2
−W (1)

e
om1

(k−)W (0)
e
om1

(k−)
]
. (21)

The functions V ,W satisfy the following relation for the
curl:

∇ × V (k+) = k+V (k+),

∇ × W (k−) = −k−W (k−). (22)

With this relation, the curl of the Green’s tensor can easily
be identified as

∇ × G(0)(r, r′, ω) = 3iμk3
+

π (k+ + k−)

1∑
m=0

[
V (1)

e
om1

(k+)V (0)
e
om1

(k+)

− k3
−

k3+
W (1)

e
om1

(k−)W (0)
e
om1

(k−)
]
. (23)

To take the imaginary part and present it in a tangible
format, we substitute the functions V and W . In spherical
coordinates, we then obtain a matrix with the following form:

∇ × G(0)(r, r′, ω)

=
∑
P=±

μ(ω)eikPρ (1 − ikPρ)

2πρ3(k+ + k−)

×
[
σPI + kPρ

2
(eθ ⊗ eφ − eφ ⊗ eθ )

]
, (24)

where ρ = |r − r′| and σP = ±1 for P = + and P = −, re-
spectively. To calculate the imaginary part, we assume a
nonabsorbing medium with ε, μ, and κ real, and we take the
coincidence limit with ρ → 0 and approximate the result with
a Taylor series:

∇ × ImG(0)(r, r, ω) = μ(ω)(k3
+ − k3

−)

6(k+ + k−)π
I. (25)

We then substitute the result for the Green’s tensor back
into the chiral contribution (17). In lowest order of κ , we
obtain

	
(0)
ch = −2μnrω

3
IKκ

h̄ε0πc4
Im (d IK · m∗

IK ). (26)

Written in terms of the optical rotatory strength RIK =
Im (d IK · m∗

IK ) [45] the chiral contribution reads

	
(0)
ch = −2μnrω

3
IKκRIK

h̄ε0πc4
. (27)

Some comments regarding these results are now in order.
Due to the vectorial structure of RIK, the electric and magnetic
dipoles will contribute maximally when they are colinear. For
achiral molecules, RIK has the value 0 and the decay rate
vanishes. The expression (27) changes in sign for different
enantiomers. The sign of the chiral decay rate depends on rel-

ative optical rotation the molecule and medium. To establish a
correspondence between the respective parameters RIK and κ ,
we compare the constitutive relations (2) of the chiral medium
with the magneto-electric response

d = χeeE + χemB/c,

m/c = χmeE + χmmB/c
(28)

of a single molecule, with d and m denoting its electric and
magnetic dipole moments, respectively. The comparison re-
veals that κ corresponds to [46]

iχem = − 2

3h̄

∑
K

RIKω

ω2
K − ω2

. (29)

We conclude that the chiral decay rate is positive if molecule
and medium are both dextrorotatory or both levorotatory (i.e.,
either κ > 0 and RIK < 0 or κ < 0 and RIK > 0) and negative
if they exhibit opposite optical rotation (either κ > 0 and
RIK > 0 or κ < 0 and RIK < 0).

The electric contribution to the decay rate for a comparable
dielectric bulk medium is given by [36]

	
(0)
el = μ(ωIK )nrω

3
IK|d IK|2

3πε0 h̄c3
(30)

and is insensitive to changes in handedness, i.e., it is achiral.
A quantity that may be taken notice of is the degree of dis-
crimination S [47] between enantiomers with positive (	+)
and negative (	−) rotatory strength:

S = 	+ − 	−
	+ + 	−

= 	disc

	nd
∈ [−1, 1], (31)

where 	disc discriminates between enantiomers and 	nd is
the nondiscriminating electric decay rate. This degree of dis-
crimination S resembles the ratio of spontaneous emission
rate from a chiral molecule to the spontaneous emission
rate from the same chiral molecule in vacuum reported in
Refs. [26–28,30,31,33]. Due to the fact that different chirality
only produces a sign change for the chiral contribution, we
deduce that S is nothing other than the ratio of the purely
chiral contribution and the electric contribution to the decay
rate:

S(0) = 	
(0)
ch

	
(0)
el

= − 6κRIK

c|d IK|2 , (32)

whose magnitude is modulated by κ and the ratio of the opti-
cal rotatory strength to the squared magnitude of the electric
dipole. Using the order-of-magnitude estimate of Ref. [48],
it is about 6 times the fine structure constant α for a typical
molecule.

1. Local-field corrections

Previously, the molecule was suspended in the medium
without regard for the space it occupies. In practice, the near-
est particles around the molecule are at least the length of a
particle away. To take this into account we use a model where
the molecule is placed in a vacuum sphere inside the medium,
which is known as the Onsager real cavity model [47,49–52].
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Here we would like to remark the distinction between our
work and previous ones devoted to the spherical geometry.
Although the classical scattering of electromagnetic waves by
chiral spheres has been studied in Ref. [25] providing the basis
of the Purcell effect by means of the semiclassical approach
of Refs. [29,31] and the quantum treatment of Ref. [34], all
these studies as well as Ref. [30] always consider the chiral
source to be outside the chiral sphere, which enables us to an-
alytically and numerically study the decay rate of spontaneous
emission of the chiral molecule. Meanwhile, in our case the
chiral source is surrounded by the chiral medium as discussed
above, which allows us to examine the local-field corrections
in this section.

The contributions for the decay rate are then twofold: The
vacuum decay rate and the scattering part that arises from
the interaction of the molecule with the sphere surface. The
derivation for the Green’s tensor for this scenario is given in
Appendix B. The result is in agreement with the recently ob-
tained chiral local-field corrections for energy transfer derived
in Ref. [53].

In the case of real parameters, there is only a single contri-
bution to the Green’s tensor [cf. Eq. (B8)]:

∇ × ImGlfc = κω2

πc2
f0I,

= f0∇ × ImG(0)(r, r, ω), (33)

where f0 is defined in Eq. (B9) and can be rewritten as fol-
lows:

f0(ε, μ, κ ) = (Fεμ + κFκ )k3
− − (Fεμ − κFκ )k3

+
k3− − k3+

, (34)

with

Fεμ =
(

3ε

2ε + 1

)(
3

2μ + 1

)
,

Fκ = 9
√

ε

μ

4n2
r − 1

(2ε + 1)2(2μ + 1)2
. (35)

Equation (33) correctly reproduces the uncorrected case
(25) by setting f0 = 1 in Eq. (34) or equivalently Fεμ = 1
and Fκ = 0 in Eqs. (35). Within leading zero order in κ , f0

reduces to f0 � f0(ε, μ) = Fεμ.
Thus, the chiral contribution taking into account local-field

corrections reads

	lfc
ch = f0(ε, μ, κ )	(0)

ch , (36)

where 	
(0)
ch is given in Eq. (27). As can be identified swiftly,

taking into account local-field corrections yields a factor for
this contribution that to leading order in κ is dependent only
on the permittivity ε and permeability μ of the medium, while
not influencing the overall structure of the interaction between
the medium and the molecule.

For further understanding, we compare with the decay rate
containing local-field corrections for a dielectric bulk. It can
be found in the article [49], obtained also via Onsager’s real

cavity model, and it reads

	lfc
el =

(
3ε

2ε + 1

)2

	
(0)
el , (37)

where 	
(0)
el was introduced in Eq. (30).

The corresponding degree of discrimination (27) is then
given by

Slfc =
(

3ε

2ε + 1

)−2

f0 S(0), (38)

where we expressed this result in terms of the degree of dis-
crimination without any local-field corrections (32), to make
more evident that their differences lie only in a factor that
depends on the medium properties ε, μ and κ . From Eq. (38),
the degree of discrimination without local-field corrections is
recovered by setting the factor f0(ε, μ, κ ) to 1.

2. Local-field corrections in an absorbing medium

Lastly in the context of a bulk medium, we have a look at
the decay rate for a medium with complex-valued ε, μ and
κ , corresponding to absorbing media. In the limit of a small
sphere radius a 
 1, we find that the imaginary part of the
curl of the Green’s tensor is given by

∇ × ImGlfc = Im

[
3κ

2πa3k0(2μ + 1)(2ε + 1)

]
I

+ O(a−1) + O(1) ; (39)

see Appendix B for its derivation. The dominating term ∝1/a3

contributes to the imaginary part only for complex medium
parameters. The same holds true for the term of O(a−1). If we
were to use real parameters here, only the O(1) term already
given in Eq. (33) would contribute.

Substituting Eq. (39) into Eq. (17), the chiral contribution
to the decay rate for a molecule in a chiral absorbing bulk
medium with local-field corrections yields

	lfc
ch = 6RIK

a3π h̄ε0c|2ε + 1|2|2μ + 1|2
× [2Re κ (2Re ε + 1)Im μ + 2Re κIm ε(2Re μ + 1)

− Im κ (2Re ε + 1)(2Re μ + 1) + 4Im κIm εIm μ].
(40)

However, most materials present μ = 1, which immedi-
ately leads us to the simplification

	lfc
ch = 2RIK

a3π h̄ε0c|2ε + 1|2
× [2Re κIm ε − Im κ (2Re ε + 1)]. (41)

Now we proceed to evaluate the discrimination between the
enantiomers. To allow us to calculate the degree of discrimi-
nation S, we require the analog contribution for an absorbing
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FIG. 1. Wave and polarization vectors of a plane wave, adapted
from Ref. [35]. The shaded area is to be understood as the bound-
ary between the vacuum with permittivity ε1 = 1 and permeability
μ1 = 1, and the semi-infinite chiral medium with permeability ε,
permeability μ, and chiral cross-susceptibility κ .

dielectric medium, given by [49]

	lfc
el = |d IK|2

π h̄ε0a3

3Im ε

|2ε + 1|2 . (42)

We find that S in Eq. (31) is the quotient of the electric and
chiral rates and amounts to

Slfc = 2RIK

3c|d IK|2
[

2Re κ − Im κ

Im ε
(2Re ε + 1)

]
. (43)

Furthermore, if we consider a bulk medium with κ real-
valued, we obtain

Slfc = 4κRIK

3c|d IK|2 = −2

9
S(0), (44)

which is proportional to the uncorrected degree of discrimina-
tion found in Eq. (32) and independent of the imaginary part
of the permittivity. Finally, we point out that Eqs. (43) and
(44) are again proportional to the ratio RIK/|d IK|2.

B. Perfect chiral mirror

Next, we examine a geometry of two semi-infinite half
spaces separated by a planar interface. We take a material with
chiral properties on one side, while the other half contains
free space; see Fig. 1. Therefore, the decay rate is the sum
of the vacuum decay rate, as well as the electric and chiral
contributions arising from the interaction of the molecule with
this interface. We will now have a closer look at the chiral
contribution.

The substantial unit vectors for the reflected and transmit-
ted waves are the following:

es± = ek‖ × ez,

ep± = 1

k
(k‖ez ∓ k⊥ek‖), (45)

where k‖ =
√

k2
x + k2

y and k⊥ =
√

k2
0 − k‖2 such that Im k⊥ >

0. As shown in Fig. 1, k‖ and k⊥ define the parallel and
perpendicular components to the interface of the wave vector
k associated with the reflected wave, whose magnitude is the
wave number k0 = ω/c.

As a starting point, we take the general form for the scat-
tering Green’s tensor for a half space [38], given by

G(1)(r, r′, ω) = i

8π2

∫
d2k‖

k⊥ ei[k‖·(r−r′ )+k⊥(z+z′ )]

×
∑
σ=s,p

∑
σ ′=s,p

rσ,σ ′eσ+ ⊗ eσ ′−. (46)

The reflection coefficients rσ,σ ′ describe the proportion of
reflected light with polarization σ ′ for incident light with
polarization σ . For chiral materials, these cross-terms do not
vanish.

To gain insight, we start with an idealized medium that ro-
tates the polarization of reflected light by π/2. This so-called
perfect chiral mirror has the reflection coefficients rsp, rps =
±1 and rss, rpp = 0 [38]. If the medium rotates the polar-
ization of the incoming wave in clockwise direction, labeled
“right-handed,” the coefficients have the values rsp = 1 and
rps = −1. In the contrary case of a “left-handed” medium the
polarization is rotated anticlockwise and the coefficients have
the values rsp = −1 and rps = 1. The scattering Green’s tensor
then takes the form

G(1)(r, r′, ω) = ± i

8π2

∫
d2k‖

k⊥ ei[k‖·(r−r′ )+k⊥(z+z′ )]

× [es ⊗ ep− − ep+ ⊗ es], (47)

where ± denotes “right-” and “left-handed” media, respec-
tively. The result for the curl is

∇ × G(1) = ∓ k0

8π2

∫
d2k‖

k⊥ ei[k‖·(r−r′ )+k⊥(z+z′ )]

× ek+ × [es ⊗ ep− − ep+ ⊗ es], (48)

where ek is the unit vector pointing in the direction of the
reflected wave k.

Carrying out the cross-product, taking the coincidence
limit with r′ → r and changing the integration variable, we
find

∇ × G(1)(r, r, ω) = ± k0

8π

∫ k0

0
dk⊥e2ik⊥z

[(
1 − k⊥2

k2
0

)
(ex ⊗ ex + ey ⊗ ey) + 2k‖2

k2
0

ez ⊗ ez

]

∓ ik0

8π

∫ ∞

0
dκ⊥e−2κ⊥z

[(
1 + κ⊥2

k2
0

)
(ex ⊗ ex + ey ⊗ ey) + 2k‖2

k2
0

ez ⊗ ez

]
, (49)
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where κ⊥ =
√

k2
0 + k‖2. By splitting the integral in this way,

we quickly identify the influence of traveling waves (the inte-
gral from 0 to k0) and evanescent waves (the integral from 0
to ∞) and additionally simplify the calculation of close or far
limits.

1. Retarded limit

If the molecule is far from the interface, zM � c/ω, an ob-
server perceives an oscillating dipole that creates periodically
changing fields. This is what we call the retarded limit. The
rapidly oscillating integrand in Eq. (49) then leads to strong
cancellations, leaving only a relevant contribution from the
point with k‖ = 0. We may therefore approximate

k⊥ � k0. (50)

Solving the integrals by using these approximations, we
discover the term of leading order

∇ × G(1)(r, r, ω) = ∓ e2ik0z

16πz2

⎛
⎝1 0 0

0 1 0
0 0 0

⎞
⎠. (51)

Substituting into Eq. (17), we discern the chiral contribu-
tion of a molecule at a distance of zM in front of a perfect
chiral mirror in the retarded limit:

	
(1)
ch = ± μ0ωIK

4π h̄z2
M

sin

(
2ωIKzM

c

)
Im(d‖

IK · m‖∗
IK ), (52)

where d‖
IK, m‖

IK denote the components parallel to the inter-
face for the respective dipoles. For isotropic molecules we
may thus write

Im (d‖
IK · m‖∗

IK ) = 2
3 Im (d IK · m∗

IK ) = 2
3 RIK, (53)

and thus

	
(1)
ch = ± μ0ωIKRIK

6π h̄z2
M

sin

(
2ωIKzM

c

)
. (54)

If both the mirror and the molecule are right-handed (positive
sign and RIK > 0), we see a positive contribution to the de-
cay rate (18). If the mirror and the molecule are left-handed
(negative sign and RIK < 0), it is also positive. Only if the
handedness is dissimilar is there a negative contribution. This
behavior is the same as that found for the chiral bulk medium
in Eq. (27). For comparison, the analogous electric contribu-
tion in front of an idealized dielectric mirror with rss, rpp = 1
and rsp, rps = 0 reads directly from Eq. (19) as follows:

	
(1)
el = μ0|d‖

IK|2
8π h̄zM

sin

(
2ωIKzM

c

)
. (55)

For the chiral contribution (54), the distance is squared.
Therefore, its influence on the total decay rate (18) is smaller
than the electric counterpart, even though the transition fre-
quency affects it directly. The oscillatory structure remains the
same in both cases. In general, the chiral interaction is smaller
due to lower magnitudes of the magnetic dipole. Although we
appreciate the same vectorial structure encoded in the optical
rotatory strength as in the chiral bulk medium (27), in the

current case only the components of the electric and magnetic
dipoles that are parallel to the interface contribute. This means
that the chiral effect is greatest when the parallel electric and
magnetic dipoles are colinear too.

The degree of discrimination does not lead to the quotient
of the specific electric and chiral contributions of the geometry
this time, as the nondiscriminating rate 	nd consists of the
vacuum rate and the scattering part in Eq. (55). Using the
definition in Eq. (31), we now obtain

S(1) = 	
(1)
ch

	(0)
� ± cRIK

2ω2
IKz2

M |d IK|2 sin

(
2ωIKzM

c

)
. (56)

This result shows that at distances far away from the in-
terface the degree of discrimination rapidly decreases to zero.
There is, however, a clear distinction between molecules with
same and opposite handedness, expressed in the sign. While
the decay rates in this limit depend on the parts of the dipole
that are parallel to the surface, Eq. (56) is determined by the
whole dipole, in the same way the other degrees of discrimi-
nation were in Sec. IV A. A recurring factor in all of them is
the quotient RIK/|d IK|2.

2. Nonretarded limit

The nonretarded limit is the opposite case where the
molecule is very close to the interface zM 
 c/ω. The dipole
can now be regarded as quasistatic, since any fields reflected
by the mirror arrive at the atom instantly. The integrals (49)
have their main contribution where k‖ is large. Letting k‖ →
∞, we may approximate

k⊥ � ik‖. (57)

The curl of the scattering Green’s tensor then reads

∇ × G(1)(r, r, ω) = ∓ i

32πk0z3

⎛
⎝1 0 0

0 1 0
0 0 2

⎞
⎠. (58)

The chiral contribution of a molecule in a nonretarded dis-
tance to a perfect chiral mirror follows straightforwardly:

	
(1)
ch = ± μ0c

8h̄πz3
M

Im(d IK · m∗
IK + dzm

∗
z ). (59)

If we once again assume that the dipoles are isotropic, we may
write

Im (d IK · m∗
IK + dzm

∗
z ) = 4

3 Im (d IK · m∗
IK ) = 4

3 RIK. (60)

The chiral contribution for isotropic molecules reads

	
(1)
ch = ±μ0cRIK

8h̄πz3
M

. (61)

Correspondingly, we discover again that matching handed-
ness enhances and opposite handedness diminishes the total
decay rate (18). Between the retarded or nonretarded limits,
the latter has a far greater magnitude. This is owed to the
cubed inverse distance dependence in a low distance limit. It is
thus more apt for detection and/or for enantiomer discrimina-
tion. By contrast, the electric contribution for an atom in front
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of a perfect dielectric mirror, whose reflection coefficients
are rss, rpp = 1, is vanishing in the nonretarded limit [35,36].
What makes this result even more remarkable is the scattering
contribution being purely chiral. The degree of discrimination
as introduced in the previous section therefore results in a
quotient with only the vacuum decay rate, as in Eq. (56):

S(1) = 	
(1)
ch

	(0)
= ± 3c2RIK

ω3
IKz3

M |d IK|2 . (62)

In this limit, Eq. (62) shows an increase the closer the
molecule is to the mirror, dictating a noteworthy discrimina-
tion between the enantiomers through the opposite signs they
have. The magnitude is modulated by the inverse frequency
and the factor RIK/|d IK|2 for each specific molecule.

C. Half space

Having discussed the idealized chiral mirror, we now gen-
eralize to a more realistic medium with diagonal reflection
coefficients rss, rpp �= 0. The crossed reflection coefficients
obey the relation rsp = −rps due to reciprocity [54]. For con-
ciseness, we split the scattering Green’s tensor in Eq. (46) into
two parts, perform the curl, and find

∇ × G(1)(r, r, ω)

= k0

8π2

∫
d2k‖

k⊥ e2ik⊥z[es ⊗ ep−rpp

− ep+ ⊗ esrss + (ep+ ⊗ ep− + es ⊗ es )rsp]. (63)

To make an assessment of the chiral contribution we must
find the imaginary part of the scattering Green’s tensor, which
is dependent on the reflection coefficients, which in general
have real and imaginary parts. To complete the analysis, we
need to calculate the reflection coefficients in the limits and
substitute the imaginary part into the decay rate.

1. Retarded limit

The scattering Green’s tensor has no analytical solution
without further approximations due to the reflection Fresnel
coefficients dependency on k‖. In the retarded limit (ωzM/c �
1), the main contribution comes from the region with small k‖.
We find Fresnel coefficients for an interface constituted by an
isotropic chiral medium and vacuum:

rsp = 2i (k+|k−| − k−|k+|)
2
(

ε+μ

nr

)
(k+k− + |k−k+|) + (k+|k−| + k−|k+|) ,

rps = −rsp,

rss = 2(k+k− − |k−k+|) − (
ε−μ

nr

)
(k+|k−| + k−|k+|)

2(k+k− + |k−k+|) + (
ε+μ

nr

)
(k+|k−| + k−|k+|) ,

rpp = 2(k+k− − |k−k+|) + (
ε−μ

nr

)
(k+|k−| + k−|k+|)

2(k+k− + |k−k+|) + (
ε+μ

nr

)
(k+|k−| + k−|k+|) , (64)

where we recall the definitions for k− and k+ given in
Eqs. (20). To obtain these coefficients, the approximations
k‖ = 0 and

k⊥ � nrk0 =
√

ε(ω)μ(ω)k0 (65)

were applied to their general expressions given in Ref. [55]
and can be found in Appendix C. In this limit, we found that
for κ ∈ C, rsp will not vanish. For this reason, we consider the
more general case of ε, κ ∈ C to analyze the chiral effects in
this subsection.

The curl of the scattering Green’s tensor in the retarded
limit can be calculated with the approximations (50) and (65)
when calculating the integrals in Eq. (63) and yields

∇ × Im G(1)(r, r, ω) = k0

8πz
((ex ⊗ ex + ey ⊗ ey){[1 − cos(k0zM )]Re (rsp) − sin(k0zM )Im (rsp)}

+ 1

2
(ex ⊗ ey − ey ⊗ ex )[sin(k0zM )Im (rss + rpp) − cos(k0zM )Re (rss + rpp)]). (66)

The chiral contribution of a molecule in front of a chiral half space follows by substituting Eq. (66) into Eq. (17):

	
(1)
ch = μ0ω

2
IK

2π h̄czM

{
Im (d‖

IK · m∗‖
IK )

[(
cos

(
2ωIKzM

c

)
− 1

)
Re (rsp) + sin

(
2ωIKzM

c

)
Im (rsp)

]

+ 1

2
Im [(d IK × m∗

IK ) · ez]

[
cos

(
2ωIKzM

c

)
Re (rss + rpp) − sin

(
2ωIKzM

c

)
Im (rss + rpp)

]}
, (67)

where the first term is a discriminating chiral contribution,
while the second term, albeit dependent of κ , does not
distinguish between handedness. As expected, the vectorial
dependency is the same as in the perfect chiral mirror (52), but
is now modulated by the Fresnel coefficient rsp. On the other
hand, the terms with diagonal reflection were absent in the
case of a perfect chiral mirror. Their vectorial structure will
contribute maximally when the unit vector ez and the electric
and magnetic dipoles form an orthogonal triad. Interestingly,

they vanish if the molecule is isotropic, in which case Eq. (67)
reduces to the purely chiral contribution:

	
(1)
ch = μ0ω

2
IK

3πch̄zM
RIK

{[
cos

(
2ωIKzM

c

)
− 1

]
Re (rsp)

+ sin

(
2ωIKzM

c

)
Im (rsp)

}
. (68)
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As seen with the idealized mirror, there is an oscillating
behavior of the chiral contribution in the retarded limit.
Astoundingly, the distance dependence of 1/zM is more pro-
nounced than for the mirror (because in the retarded limit
the distances are large, resulting in 1/zM > 1/z2

M) making the
chiral effect larger in magnitude for a more realistic material.
Reference [27] presents numerical results to study a wider
range of distances by solving the complicated integrals over
k⊥ or κ⊥ in Eq. (49) or h or p in the notation of that article.
A detailed discussion exhibiting the differences between the
results of Ref. [27] and ours will be provided in the next
section when the nonretarded limit is investigated.

The scattering electric contribution of an atom in a great
distance to a dielectric half space is given by [36]

	
(1)
el = μ0ω

2
IK

4h̄πzM
|d‖

IK|2
[

cos

(
2ωIKzM

c

)
Im (rs)

+ sin

(
2ωIKzM

c

)
Re (rs)

]
, (69)

with

rs =
√

μ − √
ε√

μ + √
ε
. (70)

As seen before with the bulk medium and perfect mirror,
the chiral contribution for left- and right-handed media differs
only in the sign of the expression, rendering the degree of
discrimination to be essentially the quotient of chiral and
electric contributions as seen in Eq. (32). It has the value

S(1) = 	
(1)
ch

	(0) + 	
(1)
el

,

= RIK

ωIKzM |d IK|2
[(

cos

(
2ωIKzM

c

)
− 1)Re (rsp)

+ sin

(
2ωIKzM

c

)
Im (rsp)

]
. (71)

This degree of discrimination is surprisingly modulated only
by the crossed Fresnel coefficient rsp and shares the quotient
RIK/|d IK|2 as a global factor with the previous degrees of
discrimination. Except for the clear difference of complex
material properties ε, κ ∈ C, we furthermore observe that
this result is an oscillating function that decreases with the
molecule’s position zM but slower in comparison with Eq. (56)
for the chiral mirror.

Note that our plate-assisted Purcell rates exhibit spatial
oscillations as a result of interference between photons emit-
ted towards and then reflected from the plate. In contrast,
chiral discriminatory energy transfer rates [51,56] between an
excited donor molecule and an absorbing acceptor molecule
are purely monotonous.

2. Nonretarded limit

Lastly, we consider the nonretarded limit zM 
 c/ω. In this
regime we can apply the approximation (57) together with

k⊥ � ik‖. (72)

The reflection coefficients of an isotropic chiral medium
that fills the lower half space are deduced in Ref. [38] and

given here by Eqs. (C1)–(C4). As a result we thus obtain

rsp = −rps = 2iκ

εμ − κ2 + ε + μ + 1
,

rss = εμ − κ2 − ε + μ − 1

εμ − κ2 + ε + μ + 1
,

rpp = εμ − κ2 + ε − μ − 1

εμ − κ2 + ε + μ + 1
. (73)

For simplicity, we choose lossless media in this case, corre-
sponding to real ε, μ, and κ . Here we may verify that for this
approximation the reflection coefficients rss, rpp are indeed
real and rsp is purely imaginary. Using these reflection coeffi-
cients and calculating the integrals with the approximations
(57) and (72) in the same way as for the idealized mirror,
we obtain the curl of the imaginary scattering Green’s tensor
anew:

∇ × Im G(1)(r, r, ω)

= 1

16πz2

⎛
⎜⎝

irsp − (rpp + rss)zk0 0

(rpp + rss)zk0 irsp 0

0 0 2irsp

⎞
⎟⎠. (74)

Substituting this into (17), we discover the chiral contri-
bution of a particle in a nonretarded distance to an isotropic
chiral interface:

	
(1)
ch = − iμ0ωIK

4π h̄z2
rspIm

(
d IK · m∗

IK + dz
IKmz∗

IK

)
− μ0ω

2
IK

4πch̄z
(rpp + rss)Im [(d IK × m∗

IK ) · ez]. (75)

In comparison with the perfect mirror (61), we find strong
resemblance for the terms with cross-reflection. Nevertheless,
the distance dependence is now weakened with only 1/z2

M
instead of 1/z3

M , resulting in smaller decay rates. Additionally,
the reflection-coefficient scaling of this contribution is now
dependent of material properties. The terms with diagonal
reflection were absent in the case of a perfect chiral mirror.
They feature an even weaker distance dependence of 1/zM

and share the same vectorial structure as in the retarded limit.
Therefore, the electric and magnetic dipoles will contribute
maximally again when define an orthogonal triad with the unit
vector ez. Using the optical rotatory strength and assuming
the molecule to be isotropic, the chiral contribution has the
compact form

	
(1)
ch = − iωIKRIK

3π h̄ε0c2z2
M

rsp. (76)

Recall that the total decay rate is the sum of the electric
and chiral contributions. As a consistency check, if we set any
of the chiral properties, namely the chiral cross-susceptibility
κ , the crossed reflection coefficients rsp, rps or the optical
rotatory strength RIK to 0, we find vanishing results for all
the chiral decay rates calculated in this section recovering
the well-known results for the purely electric contributions.
In agreement with Curie’s principle, both interacting parties
need to have chiral properties to create chirality-induced ef-
fects. At this point, it is important to compare our results
with the semiclassical approach of Ref. [27]. First, a notable
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difference between Eq. (20) of Ref. [27] and our Eqs. (75)
and (76) is that ours have a 1/z2

M distance dependence in the
chiral sensitive part while the former 1/z3

M. Second, another
big difference is that the chiral response of the molecule in
Eq. (20) of Ref. [27] is dictated by Re(d · m∗ + dzm∗

z ) instead
of the optical rotatory strength RIK defined by the imaginary
part of the same quantities, as our Eqs. (75) and (76) show.
Third, Eq. (20) of Ref. [27] vanishes for lossless chiral media
with Im(ε) = Im(μ) = 0, which differs from our results of
Sec. IV B and this one. Then the response interpretation can
be straightforwardly applied to our Eqs. (75) and (76) where
one can appreciate how only the mixed polarizations s and p
via the Fresnel coefficient rsp couple to the optical rotatory
strength RIK of the molecule agreeing with Curie’s principle.
Nevertheless, this interpretation might be difficult to read from
Eq. (20) of Ref. [27] because the electromagnetic field is de-
termined by matching the boundary conditions at the interface
as seen in its Sec. 2, so the Fresnel coefficients displayed in
Appendix C associated with the material response could not
be easily extracted. These discrepancies could originate from
our use of the Boys-Post constitutive relationships (2) instead
of the Drude-Born-Fedorov ones employed in Ref. [27]. In
fact, once a set of constitutive relationships is chosen, the
differences are immediate. This can be directly appreciated
in the wave numbers kL and kR obtained after performing
Bohren’s decomposition [41,42] corresponding to the Drude-
Born-Fedorov set given by Eq. (4) of Ref. [27] or Eqs. (57)
of Ref. [26] for bi-isotropic chiral materials and Eq. (2) of
Refs. [41,42] for an isotropic chiral medium. In our case, the
wave numbers are given by Eqs. (20), which were taken from
Eqs. (27) of Ref. [55] and Eqs. (16) of Ref. [43]. In this way,
the two choices lead to very distinct results that are difficult to
compare.

Let us now compare the magnitude of the chiral contribu-
tion to the electric one [36]

	
(1)
el = |d IK|2 + (d IK · ez )2

8h̄πε0ω
2
IKz3

M

Im (rp),

= |d IK|2 + (d IK · ez )2

8h̄πε0ω
2
IKz3

M

Im ε

|ε + 1| , (77)

which notably requires the permittivity ε to have a nonzero
imaginary part so as not to vanish, i.e., the medium must
be lossy. In contrast to the chiral contribution (76), however,
this requirement is not necessary because we derived it by
assuming only real ε, μ, and κ as mentioned before in this
section. This is a significant result because, as happened with
the perfect chiral mirror, it means that the whole scattering
contributions to the decay rate (18) in this limit are purely
chiral too.

We close this section by presenting the corresponding de-
gree of discrimination for this configuration, which is

S(1) = 	
(1)
ch

	(0)
= icRIK rsp

ω2
IKz2

M |d IK|2 . (78)

Apart from the usual quotient RIK/|d IK|2 that regulates the
magnitude of this quantity, it is interesting to see that only
the crossed Fresnel coefficient rsp governs this quantity in a
similar way as found in the retarded degree of discrimination

FIG. 2. The most important results, visualized with propylene
oxide as the chiral molecule.

(71). In comparison with Eq. (62), we appreciate that S(1)

given by Eq. (78) increases slower than the former when the
molecule’s position zM approaches the interface.

V. CONCLUSIONS

The goal of this work was to extend the theory of macro-
scopic QED to evaluate the chiral Purcell effect. From Fermi’s
Golden Rule, we derived an expression for the chiral decay
rate of molecules which is dependent of the Green’s tensor.
Taking a set of constitutive relations that account for the
chirality of the environment, we were able to calculate the
chiral contribution for different geometries. To amount for
the chirality of a molecule, we included the magnetic-dipole
transition matrix in the derivation of a general expression for
the chiral contribution. The total decay rate is the sum of the
electric and chiral contributions.

The chiral contribution in a bulk medium is very similar
in appearance to the electric contribution, having only the
optical rotatory strength of the molecule and the chiral cross-
susceptibility of the medium as factors instead of the electric
dipole transition matrix elements. The calculated local-field
correction factor also resembles the electric version, but with
an additional function of only the permittivity and the per-
meability. The chiral contribution of an absorbing medium
with local-field corrections was also analyzed, uncovering
an intricate function of the real and imaginary parts of the
permittivity, permeability and the chiral cross-susceptibility
of the medium. This quantity shares the dependence on the
inverse of the cube radius of the Onsager cavity with its
electric analog. An idealized chiral mirror was considered to
gain insight on the nature of chiral effects above a chiral half
space. In the retarded limit, the chiral contribution exhibits
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an oscillating structure similar to the electric case, but the
effect is weaker due to a greater inverse distance dependence.
Moreover, the chiral contribution in the nonretarded limit is
purely nonelectric because the electric contribution vanishes.
It is also greater in magnitude than in the retarded limit.

When considering a chiral medium with conceivable prop-
erties in the retarded limit, we found that κ is required to be
complex to yield nonzero results for the reflection coefficients.
The corresponding chiral contribution has an additional purely
anisotropic term that is dependent on the diagonal Fresnel
coefficients, but otherwise keeps the structure found for the
mirror with a greater inverse distance dependence. For the
half space in the nonretarded limit, it was possible to derive
results using real ε, μ, κ . The magnitude of the corresponding
chiral contribution dropped in contrast with the ideal mirror
and a weak anisotropic term as seen in the retarded limit was
found. In both limits the decay rates are dependent on the
optical rotatory strength RIK of the molecule and the chiral
cross-susceptibility κ of the medium.

A few general results are the following: in all considered
cases, the chiral bulk, the mirror, and the half space of the
sign of the chiral rate depend on the relative sign of the optical
rotation of the medium and molecule (for an overview, see
Fig. 2). For the bulk medium, the rate is enhanced for coin-
ciding handedness of molecule and medium. In other cases,
enhancement or reduction depends on the relative phases of
the medium response function and, for the half space, also

on the distance. This is reflected in the equations with the
signs of RIK and κ , and it is a result that we expected due
to Curie’s principle. In a bulk medium, the chiral effect is
about six hyperfine constants smaller in magnitude than the
electric effect. For the half space, it is apparent that the chiral
interaction is most effective at very small distances and for
isotropic molecules. Some smaller anisotropic effects that rely
on diagonal reflection can be found. All degrees of discrimi-
nation considered in this work depend on the ratio RIK/|d IK|2.

Founded on this work, a logical next step would be to
analyze further geometries, such as the vicinity of a spherical
surface or inside a spherical cavity of finite size. This work
can also be extended to a more general class of materials;
it would be interesting to calculate the decay rates for non-
local and nonreciprocal media. This and further theoretical
work can lay the foundation for future experimental work
towards observing enentiosensitive rates. One such scenario
could be traversing of a tightly focused beam of excited chiral
molecules [57] through a chiral cavity [58], followed by state
detection.
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APPENDIX A: VECTOR WAVE FUNCTIONS V AND W

The vector wave functions V and W are defined as in [43]:

V e
omn(r, k0) = 1√

2

[
Me

omn(r) + Ne
omn(r)

]
,

= 1√
2

[
∓ m

sin θ
Pmn(cos θ )

sin
cos(mφ)

(
jn(k0r)eθ + 1

k0r

∂

∂r
[r jn(k0r)]eφ

)

+ ∂Pnm(cos θ )

∂θ

cos
sin (mφ)

(
1

k0r

∂

∂r
[r jn(k0r)]eθ − jn(k0r)eφ

)
+ n(n + 1)Pnm(cos θ )

cos
sin (mφ)

jn(k0r)

kr
er

]

·W e
omn(r, k0) = 1√

2

[
Me

omn(r) − Ne
omn(r)

]
, (A1)

= 1√
2

[
∓ m

sin θ
Pnm(cos θ )

sin
cos(mφ)

(
jn(k0r)eθ − 1

k0r

∂

∂r
[r jn(k0r)]eφ

)

− ∂Pnm(cos θ )

∂θ

cos
sin(mφ)

(
1

k0r

∂

∂r
[r jn(k0r)]eθ + jn(k0r)eφ

)
− n(n + 1)Pnm(cos θ )

cos
sin (mφ)

jn(k0r)

k0r
er

]
. (A2)

The superscript “(1)” in Eq. (21) indicates that the spherical Bessel function jn should be replaced by the spherical Hankel
function h(1)

n , in congruence with the cited article.

APPENDIX B: LOCAL-FIELD CORRECTION FOR DECAY

We use the Onsager real cavity model to calculate the local-field corrections for spontaneous decay inside a chiral medium.
In this model, a free-space sphere is cut out around the interaction point, i.e., the decaying atom at position r = 0, inside the
chiral medium. The Helmholtz-equation for the Green’s tensor G(r, r′, ω) of such a system is then given by Eq. (4) for |r| � a
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and by its free-space version (ε = μ = 1, κ = 0) for |r| < a, where a is the sphere radius. The boundary conditions of the
electromagnetic field at |r| = a yield the boundary conditions for the Green’s tensor

er × G(r → a−, r′) = er × G(r → a+, r′), (B1)

er × ∇ × G(r → a−, r′) = −κω

μ
er × G(r → a+, r′) + 1

μ
er × ∇ × G(r → a+, r′), (B2)

for all a with length a and where a± denotes if the limit is carried out from left- or right-hand side. We choose the ansatz for the
Green’s tensor

r < a : G11(r, r′) = G(0)
vac + i

4πk0

∞∑
n

n∑
m

(2 − δm0)
(2n + 1)(n − m)!

n(n + 1)(n + m)!

{[
Av

nV e
omn(r, k0) + Aw

n W e
omn(r, k0)

]
V e

omn(r′, k0)

+ [
Bv

nV (1)
e
omn

(r, k0) + Bw
n W (1)

e
omn

(r, k0)
]
W e

omn(r′, k0)
}
, (B3)

r > a : G21(r, r′) = i

4πk0

∞∑
n

n∑
m

(2 − δm0)
(2n + 1)(n − m)!

n(n + 1)(n + m)!

{[
Cv

nV (1)
e
omn

(r, k+) + Cw
n W (1)

e
omn

(r, k−)
]
V e

omn(r′, k0)

+ [
Dv

nV (1)
e
omn

(r, k+) + Dw
n W (1)

e
omn

(r, k−)
]
W e

omn(r′, k0)
}
, (B4)

where G(0)
vac is the free-space Green’s tensor and the superscripts in Gi j denote the region j of the source point r′ and region i of

the absorption point r as labeled in Fig. 3.
The boundary conditions yield eight linear independent equations for the Green’s tensor. Solving them, we obtain the

coefficients Av
n, Aw

n , Bv
n and Bw

n which vanish for all n > 0 in the limit a → 0. The remaining ones are given by

Av
0 = 3i

(
μ(μ + 2) + (1 − 4μ)n2

r

)
2a3k0(2μ + 1)

(
μ + 2n2

r

)
+ k2

0

[−2μ2(2μ + 1)2 + 36μn7
r + 9μ(4μ2 + 8μ + 1)n5

r − 8(2μ + 1)2n4
r + 9μ3n3

r − 8μ(2μnr + nr )2
]

2(2μ + 1)2
(
μ + 2n2

r

)2

− 9ik0
[−μ2(5μ2 + 7μ + 2) + 20μn6

r + (20μ3 + 32μ2 − 11μ − 5)n4
r − μ(11μ2 + 24μ + 7)n2

r

]
10a(2μ + 1)2

(
μ + 2n2

r

)2

+ κ

(
18k2

0μ
[
(4μ + 3)n5

r + μ(3μ + 2)n3
r

]
(2μ + 1)2

(
μ + 2n2

r

)2 − 9iμ

a3k0(2μ + 1)
(
μ + 2n2

r

)
− 9ik0μ

[
μ(3μ + 1) + 20(μ + 1)n4

r + (20μ2 + 23μ + 3)n2
r

]
5a(2μ + 1)2

(
μ + 2n2

r

)2

)
, (B5)

Aw
0 = 9i

(
n2

r − μ2
)

2a3k0(2μ + 1)
(
μ + 2n2

r

) − 9ik0
(
n2

r − μ2
)[−μ(3μ + 1) + 20μn4

r − (13μ + 3)n2
r

]
10a(2μ + 1)2

(
μ + 2n2

r

)2 + 9k2
0μ

(
4n2

r − 1
)
n3

r

(
n2

r − μ2
)

2(2μ + 1)2
(
μ + 2n2

r

)2 ,

(B6)

with Bv/w

0 = Aw/v

0 |κ→−κ .
With this we finally obtain the Green’s tensor of interest,

∇ × ImGlfc = ∇ × ImG11(r = r′ = 0). (B7)

In smallest order of κ and for small radius a it is given by

∇ × ImGlfc = Im

{
κc

πa3ω
f3(ε, μ) + κω

πac
f1(ε, μ)

+ i
κω2

πc2
f0(ε, μ)

}
I, (B8)

with fi defined by

f0(ε, μ) = 3μ
(
4μn5

r + 3n5
r + 3μ2n3

r + 2μn3
r

)
(2μ + 1)2

(
μ + 2n2

r

)2 , (B9)

f1(ε, μ) = 3μ

10(2μ + 1)2
(
μ + 2n2

r

)2

[
(μ(3μ + 1)

+ 20(μ + 1)n4
r + (20μ2 + 23μ + 3)n2

r

]
, (B10)

f3(ε, μ) = 3μ

2(2μ + 1)
(
μ + 2n2

r

) . (B11)
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FIG. 3. Scheme for local-field correction calculation. The ansatz
for a source point inside the sphere consists of G11 and G21, where
the former corresponds to an absorption inside the sphere and the
latter one to one outside. The Green’s tensor G11 itself consists then
of a bulk part G(0)

vac and a scattering part.

The only contribution surviving in the imaginary part for real
parameters is the last term proportional to f0, which yields

∇ × ImGlfc = 3ω2μκ
[
(4μ + 3)n5

r + μ(3μ + 2)n3
r

]
πc2(2μ + 1)2

(
μ + 2n2

r

)2 I,

(B12)

and is the same result as derived in Ref. [53] where the local-
field correction was derived for energy transfer. In case of
complex-valued medium parameters, the result is dominated
by the contribution proportional to f3 (since aω/c 
 1) and
yields

∇ × ImGlfc ≈ Im

[
3κ

2πa3k0(2μ + 1)(2ε + 1)

]
I. (B13)

APPENDIX C: FRESNEL COEFFICIENTS

We make use of reflection coefficients for achiral-chiral
interfaces when the source is located at the achiral half space
that were calculated in the Appendix A 2 of Ref. [55]. In the
notation used throughout the article for vacuum as the half
space they are given by

rsp = − 2i

D

√
ε

μ
(a+ − a−), (C1)

rps = − rsp, (C2)

rss =
(1 + a−)

(
1 − ε

μ
a+

) + (1 + a+)
(
1 − ε

μ
a−

)
D

, (C3)

rpp =
(1 − a−)

(
1 + ε

μ
a+

) + (1 − a+)
(
1 + ε

μ
a−

)
D

, (C4)

where D is defined by

D = (1 + a−)

(
1 + ε

μ
a+

)
+ (1 + a+)

(
1 + ε

μ
a−

)
, (C5)

= 2 +
(

1 + ε

μ

)
(a− + a+) + a2

+ + a2
−. (C6)

The coefficients a− and a+ for their part are given by

a− =
√

μ

ε

k0

k⊥

√
k2− − k‖2

k−
, (C7)

a+ =
√

μ

ε

k0

k⊥

√
k2+ − k‖2

k+
, (C8)

with k± as defined in Eqs. (20).
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