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Recursive perturbation approach to time-convolutionless master equations:
Explicit construction of generalized Lindblad generators for arbitrary open systems
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We develop a recursive perturbative expansion for the time-convolutionless generator of an open quantum
system in a generalized Lindblad form. This formulation provides a systematic approach to derive the generator
at arbitrary order while preserving a Lindblad-like structure, without imposing assumptions on the system or
environment beyond an initially uncorrelated state. The generator is written, at all orders, in a canonical form,
which also corresponds to the minimal dissipation condition, which uniquely specifies the decomposition of
the generator into Hamiltonian and dissipative contributions. To validate the method and show its effectiveness
in addressing non-Markovian dynamics and strong-coupling effects, we compute the generator explicitly up to
fourth order.
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I. INTRODUCTION

The theory of open quantum systems provides a founda-
tional framework for describing quantum dynamics in realistic
environments, where system-environment interactions lead to
energy and information exchange, often resulting in decoher-
ence and irreversible behavior [1,2]. A widely used framework
for describing such dynamics is the Lindblad master equa-
tion, which can be derived either phenomenologically or from
a microscopic system-environment model. This formalism
assumes Markovian dynamics, which holds under weak cou-
pling and a clear separation of timescales between the system
and the environment. However, in the presence of strong cou-
pling or structured spectral densities, memory effects become
significant, and the Lindblad equation no longer provides an
accurate description.

Time-convolutionless (TCL) master equations provide a
robust framework for modeling non-Markovian dynamics
in open quantum systems by utilizing time-local generators
that account for environmental back action. However, their
analytical derivation is generally limited to a few solvable
models, typically involving Gaussian environments or lin-
ear system-bath interactions. Notable examples include the
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Jaynes-Cummings model [3], pure dephasing models [4,5],
and Gaussian reservoirs [6,7], as well as paradigmatic models
such as quantum Brownian motion [8] and the Fano-Anderson
model [9–11].

In complex scenarios such as systems interacting with
non-Gaussian reservoirs or governed by nonlinear couplings,
the time-convolutionless (TCL) generator is typically de-
rived through perturbative expansions. Traditional methods—
including projection operator techniques, stochastic methods
[12–14], and other analytical and numerical [15] strategies—
often grow intractable at higher orders due to the rapidly
increasing complexity of nested time integrals and environ-
ment correlation functions.

To address this issue, a recursive perturbative expansion
was developed in Ref. [16], systematically constructing the
TCL generator using commutators and anticommutators of
system operators and bath correlation functions. This method
recursively yields higher-order terms from lower-order con-
tributions, avoiding redundant calculations and enabling a
diagrammatic representation of perturbative terms. By ex-
plicitly incorporating multitime correlation functions, the ap-
proach handles non-Gaussian effects and nonlinear couplings,
significantly improving the tractability of non-Markovian dy-
namics in open quantum systems. However, convergence of
the perturbative series depends on system parameters, and
singularities in the exact TCL generator can arise in specific
regimes [17].

In this work, we extend this framework by developing a
recursive perturbative expansion of the TCL generator ex-
pressed in terms of left- and right-acting system operators.
This representation clarifies the structural decomposition of
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the generator, enabling the identification of its canonical form,
which consists of a coherent (Hamiltonian) component and
a dissipative component that has the structure of a Lindblad
dissipator but with time-dependent and potentially negative
rates [18–20]. The emergence of negative rates is a signature
of non-CP-divisibility, indicating that the evolution cannot be
represented as a sequence of completely positive propagators,
a signature of potential non-Markovian dynamics [21,22].

While the decomposition into coherent and dissipative
components is generally not unique [1], uniqueness can be
enforced by requiring the Lindblad operators to be traceless—
a minimal dissipation condition that ensures the dissipator
is minimal (as a superoperator) with respect to a Hilbert-
Schmidt-averaged norm [23]. Although this criterion is not
strictly necessary, it yields a well-defined canonical decom-
position, resolving ambiguities inherent to non-Markovian
regimes.

The coherent part of the TCL master equation in this
canonical form—and, in particular, the effective system
Hamiltonian generating it—has received significant atten-
tion, as it describes the renormalization of the system’s
energy levels due to interaction with the environment. While
in the Markovian case this contribution corresponds to the
well-known Lamb shift [1,24,25], in the non-Markovian and
strong-coupling regime the renormalization is generally time
dependent and can be much more pronounced. Indeed, recent
experimental results have confirmed that a two-level system
interacting with a single mode can exhibit energy splitting
renormalization of up to 15%, with a time-dependent profile
consistent with the predictions of the effective Hamiltonian
obtained from the coherent part of the system’s TCL master
equation [26]. Furthermore, the effective Hamiltonian has
been proposed as a key operator in the generalization of
the laws of quantum thermodynamics to the strong-coupling
regime [10,11,27].

In summary, we present a recursive perturbative expansion
for the TCL generator, formulated in terms of left- and right-
acting operators, and use this approach to obtain a systematic
expression for the generator in a generalized Lindblad form.
Our formulation does not impose constraints on the system-
bath structure beyond an initially uncorrelated state, making
it broadly applicable to a wide range of non-Markovian quan-
tum systems.

The remainder of the paper is structured as follows.
Section II details the recursive perturbative expansion of
the TCL master equation in terms of left-right operators.
Section III introduces the canonical decomposition of the
generator into its coherent and dissipative components, with a
focus on traceless Lindblad operators and the role of minimal
dissipation. Finally, we apply this method in Sec. IV to present
an explicit expansion up to fourth order.

II. RECURSIVE PERTURBATION EXPANSION
OF THE GENERATOR

A. Assumptions

We consider a general bipartite quantum system, where one
part of the bipartition corresponds to the system of interest S
and the other to its environment E . To describe the effective

dynamics of S, we trace out the degrees of freedom of E ,
obtaining the reduced evolution of the system.

We assume that the total Hamiltonian governing the evolu-
tion of the combined system is given by

Ht = HS,t + HE ,t + λAS
t ⊗ BS

t , (1)

where HS,t and HE ,t describe the intrinsic dynamics of the
system and the environment, respectively. The interaction
between them is characterized by the coupling parameter λ,
with AS

t and BS
t being time-dependent operators acting on the

Hilbert spaces of the system and the environment, respec-
tively.

We assume the interaction term to be in a tensor prod-
uct form and that A† = A, B† = B for simplicity and clarity.
However, the calculations can be easily extended to a more
general interaction of the form λ

∑
i Ai,t ⊗ Bi,t . The subscript

t indicates the explicit time dependence of all terms in Ht ,
which allows us to describe bipartite systems that are not
isolated but still evolve unitarily. The superscript S indicates
that the operator is written in the Schrödinger picture.

The total initial state is assumed to be uncorrelated, i.e.,
ρSE (0) = ρS ⊗ ρE . If initial correlations are present, one may
define the correlation matrix χ := ρSE (0) − TrS{ρSE (0)} ⊗
TrE {ρSE (0)} and treat χ as a known contribution to the ini-
tial conditions for the irrelevant degrees of freedom. This
approach yields an affine, yet linearizable, dynamical map for
the reduced system [28,29].

We move into the interaction picture by evolving the bi-
partite system under the free local evolution given by HS and
HE . We denote the interaction picture Hamiltonian of system
and environment by H̃t = λAt ⊗ Bt and the interaction picture
density matrix by ρ̃SE (t ), so that the total evolution is given by
˙̃ρSE (t ) = −i[H̃t , ρ̃SE (t )]. Under these assumptions, the total
unitary evolution of the bipartite system can be described by
the following expression:

Ut [ρSE (0)] = T
(
e−i

∫ t
0 dτ (H̃L

τ −H̃R
τ )
)
ρS ⊗ ρE , (2)

where T represents time-ordering and the superscripts L and
R denote left-acting and right-acting (super)operators, respec-
tively, namely:

X L[ρ] = Xρ, X R[ρ] = ρX, (3)

where both X and ρ are operators.

B. Expansion of the reduced dynamical map

The dynamical map describing the evolution of the reduced
system is obtained by tracing out the environmental degrees of
freedom:

�t [ρS] = TrEUt [ρS ⊗ ρE ]. (4)

To expand this map in powers of the coupling strength λ,
we express the unitary evolution operator as a Taylor series,
yielding

�t = 1 +
∞∑

n=1

(−iλ)nμn, (5)
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where each term μn is time-dependent (we suppress the ex-
plicit subscript t for clarity) and given by

μn[ρS] = 1

n!
TrE

{
T
(∫ t

0
dτ
(
H̃L

τ − H̃R
τ

))n

ρS ⊗ ρE

}
. (6)

We can now make the dependency on the system and bath
operators A and B explicit. We make use of the binomial
theorem, and recognize that left- and right-acting operators
can be separately time ordered, as they commute at all times,
to obtain

μn[ρS] =
n∑

k=0

(−1)n−k

(n − k)!k!
TrE

{
T
(∫ t

0
dτAL

τ BL
τ

)k

× T
(∫ t

0
dτAR

τ BR
τ

)(n−k)

ρS ⊗ ρE

}
. (7)

The idea is now to separate the action of A and B on ρS ⊗ ρE

in order to easily perform the partial trace with respect to the
environment. We, however, have to keep track of the ordered
time dependencies. We thus define for left- and right-acting
superoperators the notation

AL/R
(
tk

1

)
[ · ] :=AL/R

t1 ◦ AL/R
t2 ◦ . . . ◦ AL/R

tk [ · ] (8)

AL/R†(
tk

1

)
[ · ] :=AL/R

tk ◦ AL/R
tk−1 ◦ . . . ◦ AL/R

t1 [ · ] (9)

and analogously for products of operators

A
(
tk

1

)
:= At1 · At2 · . . . · Atk (10)

A†
(
tk

1

)
:= Atk · Atk−1 · . . . · At1 . (11)

With this notation we can rewrite each contribution μn,
Eq. (7), as a sum of terms

μn =
n∑

k=0

μk
n, (12)

where each contribution is given by

μk
n = (−1)n−k

∫ t

0
dτk

1dsn−k
1 AL

(
τk

1

)
AR
(
sn−k

1

)
D
(
τk

1, sn−k
1

)
,

(13)

which contains a product of k left-acting operator times n −
k right-acting operators. For the sake of readability, we have
introduced a few more notation conventions. The first is the
integral notation, which is made to mean the following:∫ t

0
dτk

1dsn−k
1 (. . .) =

∫ t

0
dτ1

∫ t

0
dτ2 . . .

∫ t

0
dτk

×
∫ t

0
ds1

∫ t

0
ds2 . . .

∫ t

0
dsn−k (. . .).

(14)

Then, we have defined the coefficients D, which include the
environmental correlation functions (at various orders) as well
as the time ordering. Explicitly, they read

D
(
τk

1, sn−k
1

) = TrE
{
BR
(
sn−k

1

) ◦ BL
(
τk

1

)
[ρE ]

}
θτk

1
θsn−k

1
, (15)

where the θτn
1

functions is defined as

θτn
1
=
{

1, if τ1 > τ2 > · · · > τn

0, otherwise
(16)

so that ∫ t

0
dτn

1 θτn
1
=
∫ t

0
dτ1

∫ τ1

0
dτ2 · · ·

∫ τn−1

0
dτn. (17)

Furthermore, notice that the function D satisfies

D∗(τk
1, sn−k

1

) = D
(
sn−k

1 , τk
1

)
. (18)

C. Expansion of the time-local generator

The exact time-local generator for the reduced system is
given by composing the derivative of the dynamical map with
its inverse [19,20], i.e., Lt = �̇t ◦ �−1

t . If ‖�t − id‖ < 1,1

then Lt can be then written as a combination of the terms μk
n

and their time derivatives. Those can in turn be rearranged,
in order to collect different terms according to the exponent
of the coupling coefficient λ. This procedure was already
performed in Ref. [16] for an analogous expansion. Following
the steps within, one obtains the expansion of the generator in
terms of λ:

Lt =
∞∑

n=0

λnLn, (19)

where again we have dropped the subscript t from the nth-
order term of the generator, which is, however, still time
dependent and is given by

Ln = (−i)n
n−1∑
q=0

(−1)q
∑

(m0+...+mq=n)

m0∑
k0=0

mq∑
kq=0

μ̇k0
m0

μk1
m1

. . . μ
kq
mq

= (−i)n
n∑

k=0

n−1∑
q=0

(−1)q

×
∑

(m0+...+mq=n)

∑
(k0+···+kq=k)

μ̇k0
m0

μk1
m1

. . . μ
kq
mq

=
n∑

k=0

Lk
n. (20)

In the above, μ̇k
m represents the first time derivative of μk

m,
which can be expressed as

μ̇k
n =

∫ t

0
dτk

1dsn−k
1 AL

(
τk

1

)
AR
(
sn−k

1

)
Ḋ
(
τk

1, sn−k
1

)
, (21)

with the time derivative of the bath correlation functions given
by

Ḋ
(
τk

1, sn−k
1

)
:= D

(
τk

1, sn−k
1

)(
δτ1,t + δs1,t

)
, (22)

since τ1 and s1 are the only largest times in each term due
to time ordering. Notice that in the above we have assumed
the following convention for each δ function:

∫ t
0 dτδτ,t f (τ ) =

f (t ) for any function f .

1Here ‖ · ‖ must be intended as the operator norm.
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In the last line of Eq. (20), each term Lk
n describes the nth

element of the series that contains a string of k left-acting
operators. Its explicit form can be obtained by replacing each
μki

mi
with their explicit formula and relabelling in increasing

order the time integrals. Collecting all coefficients together,
one then obtains the expression for each term Lk

n in terms of
left- and right-acting operators, namely

Lk
n = in(−)k

∫ t

0
dτk

1dsn−k
1 D

(
τk

1, sn−k
1

)
AL
(
τk

1

)
AR
(
sn−k

1

)
. (23)

In the above, we have defined the environmental generalized
cumulants, which read:

D
(
τk

1, sn−k
1

) =
n∑

q=1

(−)q+1
∑

0�k1�...�kq=k
0�m1�...�mq=n−k

Ḋ
(
τk1

1 , sm1
1

)

×
q−1∏
j=1

D
(
τ

k j+1

1+k j
, smj+1

1+mj

)
. (24)

Equation (24) is general for all terms and quite cumber-
some. However, several terms D appearing in it will often not
be present in practice, as we have assumed the following rule
of notation:

D
(
τ b1

a1
, sb2

a2

) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

D
(
τ b1

a1
, sb2

a2

)
for b1 � a1 ∧ b2 � a2

D
(
τ b1

a1

)
for b1 � a1 ∧ b2 < a2

D
(
sb2

a2

)
for b1 < a1 ∧ b2 � a2

0 for b1 < a1 ∧ b2 < a2

, (25)

which can also be summarized as the following:

D
(
τ b1

a1
, sb2

a2

) = D
(
τ b1

a1
, sb2

a2

)
θa1,b1θa2,b2

+ D
(
τ b1

a1

)
θa1,b1

(
1 − θa2,b2

)
+ D

(
sb2

a2

)(
1 − θa1,b1

)
θa2,b2 , (26)

where θa,b is a discrete theta function (with convention θa,b =
1 for a � b).

Keep in mind that the times in the vectors τk
1 and sn−k

1
appearing in Eq. (24) are not actually ordered in a particular
direction, as the θ functions appearing in D(τk

1, sn−k
1 ) are

responsible for the time ordering of all operators and functions
in the integrals. We have named them generalized cumulants
as they share formal similarities to the ordered cumulants of
van Kampen [30,31].

Each term in Eq. (24) can be obtained recursively if all the
terms of lower n are known. We can see this by rearranging
Eq. (24) in order to highlight lower-order contributions (see
Appendix). This gives

D
(
τk

1, sn−k
1

) = Ḋ
(
τk

1, sn−k
1

)−
k∑

l=0

n−k∑
r=0

D
(
τ l

1, sr
1

)
D
(
τk

l+1, sn−k
r+1

)
,

(27)

where, analogously as before, some terms may drop out due
to the rule of notation (26).

As we will see later in Sec. IV, the recursive expression
for the cumulants is particularly helpful to compute contribu-
tions at higher orders, especially whenever the system is such

that some lower-order cumulants simplify or vanish entirely.
Combining Eqs. (20), (23), and (27), we find that nth-order
contribution to the generator of the dynamics acts as the fol-
lowing on any operator:

Ln[X ] = (i)n
n∑

k=0

(−)k
∫ t

0
dτk

1dsn−k
1 D

(
τk

1, sn−k
1

)
× A

(
τk

1

)
XA†

(
sn−k

1

)
. (28)

The term described by this expression is analogous to Eq. (16)
in Ref. [16], but here expressed in terms of left- and right-
acting operators. This representation, unlike the expression
found in Ref. [16], allows the series to be rewritten in a
canonical form, which enables the distinction between the
coherent and incoherent contributions to the dynamics, as we
will discuss in the next section.

III. CANONICAL REPRESENTATION
OF THE TIME-LOCAL GENERATOR

The time-local generator governing the reduced dynamics
of an open quantum system can always be expressed in the
canonical form:

L[X ] = − i[K, X ] +
∑

i j

γi j

(
LiXL†

j − 1

2
{L†

j Li, X }
)

. (29)

Here, all contributions are explicitly time dependent, and the
coefficient matrix γi j is Hermitian. The structure of this gener-
ator ensures that the dynamics preserve Hermiticity and trace
but do not necessarily guarantee complete positivity [19,20].
If γi j remains positive semidefinite at all times, then the evo-
lution is CP divisible, corresponding to a Markovian process.
However, when some eigenvalues of γi j become negative, the
dynamics exhibit non-CP-divisibility, a possible signature of
non-Markovianity [21,22].

The coherent part of the generator, determined by the
effective Hamiltonian K , governs unitary-like evolution. Im-
portantly, K differs from the bare system Hamiltonian HS due
to renormalization effects induced by system-environment in-
teractions. The dissipative part describes irreversible evolution
of the system state and is characterized by the Lindblad oper-
ators Li and the time-dependent rates γi j .

The possibility to recast the perturbation series described
by (28) into the general form of Eq. (29) facilitates a phys-
ical interpretation of its individual components, enabling
a systematic distinction between coherent and dissipative
contributions. However, this decomposition is inherently
nonunique, introducing an additional layer of complexity.

A. Ambiguity of the effective Hamiltonian
and the principle of minimal dissipation

It is well known that in a standard Lindblad master equa-
tions, the Hamiltonian term can include not only the Lamb
shift but also additional contributions arising from invariance
transformations [1].

For a generalized time-local generator in Eq. (29), the
following transformations preserve the overall structure but
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modify the explicit representation of the coherent and dissipa-
tive dynamics:

Li −→ Li − αi1, (30)

K −→ K + 1

2i

∑
i j

γi j (αiL
†
j − α∗

j Li ). (31)

These transformations show that the effective Hamiltonian
K can acquire additional terms that depend explicitly on the
Lindblad operators Li and dissipation rates γi j (t ).

Moreover, any purely Hamiltonian contribution to K (in-
volving only system degrees of freedom) can always be
rewritten in a dissipatorlike form [23,32], further emphasizing
the inherent ambiguity in defining K . While the generator L
uniquely determines the system’s dynamics, the specific divi-
sion between coherent and dissipative contributions remains
representation dependent.

Given this ambiguity, an additional constraint is needed to
define a physically meaningful decomposition of the generator
in terms a coherent and dissipative component. One approach
is the principle of minimal dissipation, which minimizes the
dissipative contribution of L using a norm that averages over
random input and output states [23,27]. It has been shown
that this criterion is equivalent to writing the dissipator using
traceless Lindblad operators, thereby recovering the standard
Lamb-shifted Hamiltonian in the CP semigroup case. By
enforcing this condition, one obtains a well-defined represen-
tation of the generator. In the next section, we reformulate
the microscopic generator derived in Sec. II into a generalized
Lindblad form satisfying the minimal dissipation principle.

B. Perturbative structure of the generator

The generator defined via the perturbative expansion in
Eq. (19), Eq. (28), and Eq. (27) exhibits the following general
structure:

L[X ] =
∑

i j

ωi jV
L

i (V †
j )R[X ] =

∑
i j

ωi jViXV †
j , (32)

where ω∗
i j = ω ji [see Eq. (18)] and where the set of operators

{Vi} may be overcomplete or linearly dependent. Without loss
of generality, we label V0 = 1.

We recall that the TCL generator satisfies the conditions of
Hermiticity preservation and trace annihilation, i.e.,∑

i j

ω∗
i j (Vj )

L(V †
i )R =

∑
i j

ωi jV
L

i (V †
j )R, (33)

∑
i j

ωi jV
†
j Vi = 0. (34)

From trace annihilation, it is not difficult to obtain∑
i, j 	=0

ωi jV
†
j Vi = −

∑
i 	=0

(ωi0Vi + ω0iV
†

i ). (35)

One may notice the resemblance of this equation to the unitar-
ity condition commonly used in scattering theory to derive the
optical theorem [33,34]. Similarly, in collisional dynamics,
such conditions are employed to derive Lindblad-like master
equations when interactions are described via a scattering

operator [35–37]. Moreover, using the identity

ωi0ViX + ω0iXV †
i = 1

2 {ωi0Vi + ω0iV
†

i , X }
+ 1

2 [ωi0Vi − ω0iV
†

i , X ], (36)

along with Eq. (35), one can rewrite the generator in a gener-
alized Lindblad form:

L[X ] = − i
∑

i

[
1

2i
(ω0iV

†
i − ωi0Vi), X

]

+
∑
i j 	=0

ωi j

(
ViXV †

j − 1

2
{V †

j Vi, X }
)

. (37)

This result generalizes the work of Gorini et al. [18] by
extending it to non-Markovian dynamics and allowing for
arbitrary sets of operators Vi. However, in the general case,
the Hamiltonian-like contribution is guaranteed to be Her-
mitian only if the condition ω∗

0i = ωi0 is satisfied. This
condition ensures that the effective Hamiltonian remains a
valid observable and prevents the introduction of spurious
non-Hermitian terms. Notably, this symmetry property holds
naturally within the perturbative expansion considered in this
work [see Eq. (18)]. Equation (37) allows to rewrite the nth
term of the series described by Eq. (28) as

Ln[X ] = −i
∫ t

0
dsn

1

[
Im
{
(i)nD

(
sn

1

)
A
(
sn

1

)†}
, X
]

+
n∑

k=0

(−)kin
∫ t

0
dτk

1dsn−k
1 D

(
τk

1, sn−k
1

)

×
(

A
(
τk

1

)
XA
(
sn−k

1

)† − 1

2

{
A
(
sn−k

1

)†
A
(
τk

1

)
, X
})

.

(38)

However, it is clear that the choice of the operator set
influences the form of the Hamiltonian contribution. Inspired
by scattering theory, where the transition operator is taken
to be traceless, or in a different manner by minimal dissipa-
tion principle (see discussion above), we impose the further
constraint of traceless Lindblad operators. This is achieved by
applying the transformation

Vi → V i ≡ Vi − 〈Vi〉1/d , (39)

where 〈Vi〉1/d referes to the average over the maximally mixed
state 1/d . This transformation, together with the invariance
transformations in Eqs. (30) and (31), leads to the following
structure for the generator:

L[X ] = − i[KS, X ] +
∑

i j

ωi j

(
V iXV

†
j − 1

2
{V †

jV i, X }
)

,

(40)

where the effective Hamiltonian is given by

KS = 1

2i

∑
i j

ωi j (〈Vi〉1/dV †
j − 〈V †

j 〉
1/d

Vi). (41)

Due to Eq. (33), the effective Hamiltonian is always Hermi-
tian, and can be equivalently rewritten as

KS =
∑

i j

Im{ωi j〈Vi〉1/dV †
j }. (42)
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This formulation leads to a well-defined expression for the ef-
fective Hamiltonian, even if ω∗

0i 	= ωi0, providing a systematic
and straightforward method for deriving a Lindblad-like gen-
erator that preserves both Hermiticity and trace annihilation.

Using this strategy, we can express each order (Ln) of the
pertubative series for the TCL generator Lt =∑∞

n=1 λnLn in a
generalized Lindblad form with traceless Lindblad operators,
i.e.,

Ln[X ] =
n∑

k=0

(−)k
∫ t

0
dτk

1dsn−k
1

{
−i
[
Im
{(

i)nD(τk
1, sn−k

1

)〈
A
(
τk

1

)〉
1/d A

(
sn−k

1

)†}
, X
]

+ inD
(
τk

1, sn−k
1

)(
A
(
τk

1

)
XA
(
sn−k

1

)† − 1

2

{
A
(
sn−k

1

)†
A
(
τk

1

)
, X
})}

, (43)

where Ā is the null trace operator defined as Ā = A − 〈A〉1/d1.
With this formulation in place, we now turn our attention to
the Hamiltonian part of the generator, examining its structure
and perturbative expansion.

C. Perturbative expansion of the effective Hamiltonian

The structure of the effective system Hamiltonian naturally
emerges from Eq. (43) as a perturbative series in powers of the
coupling strength λ, i.e.,

K (t ) =
∞∑

n=0

λnKn (44)

with

Kn = −(+i)n

2i

n∑
k=0

(−)k
∫ t

0
dτk

1dsn−k
1

× [D(τk
1, sn−k

1

)
A
(
τk

1, sn−k
1

)− (−)nH.c.
]
, (45)

where, for later convenience, we have defined the operator
A(τk

1, sn−k
1 ) := 〈A(sn−k

1 )†〉1/d A(τk
1).

This equation provides a systematic method for computing
each perturbative term of the emergent Hamiltonian directly
from the underlying system-environment microscopic model.
The recursive nature of Eq. (27), as previously mentioned,
often simplifies calculations, particularly when the environ-
mental generalized cumulants exhibit special properties, such
as vanishing contributions.

On the other hand, the explicit structure of Eq. (45) high-
lights the operatorial structure of K , revealing its dependence
on the system-side interaction operator. This structure simpli-
fies significantly when the dynamics lead to pure dephasing
(namely when [HS, A] = 0), as A(τk

1) = Ak . Moreover, for
finite-dimensional systems (particularly at lower dimensions)
one can exploit algebraic properties of the operators to infer
possible features of each contribution (see, for example, the
discussion on spin systems in Ref. [38]).

To gain further insight into the structure of the effective
Hamiltonian, we define the following operator:

Kk
n = (−)k

∫ t

0
dτk

1dsn−k
1 D

(
τk

1, sn−k
1

)
A
(
τk

1, sn−k
1

)
. (46)

This expression represents the partial contribution to K at
order n, specifically arising from the product of k interaction-
picture operators A. The full nth-order contribution to K can

then be written as

Kn = −(+i)n

2i

n∑
k=0

[
Kk

n − (−)nH.c.
]
, (47)

This expression reveals that the contributions to K take differ-
ent forms depending on whether n is even or odd, specifically:

K2m = (−1)m+1
2m∑

k=0

Im
(
Kk

2m

)
, (48)

K2m+1 = (−1)m+1
2m+1∑
k=0

Re
(
Kk

2m+1

)
. (49)

Thus, for even-order terms only the imaginary part of Kk
n

contributes to the Hamiltonian, while for odd-order terms,
only the real part does. This distinction plays an important
role in understanding how different orders of the perturbative
expansion affect the system’s effective dynamics. For further
details on the topic and a discussion on the role of fluctuations
and dissipation on the Hamiltonian term see Ref. [38]. In the
next section, we provide explicit calculations of each term up
to third order, as well as the fourth-order contribution in cases
where the lower-order terms vanish.

IV. EXPLICIT EXPANSION UP TO FOURTH ORDER

In this section, we exploit our method—namely, Eqs. (24)
or (27) (recommended) for the coefficients—to calculate the
explicit form of the generalized cumulants. We then apply
these results to Eq. (45) to obtain an explicit expression for
the effective Hamiltonian up to low orders of perturbation.
The dissipative part of the dynamics is trivially obtained
once the form of the cumulants is given [see Eq. (43)]. We
perform the procedure for the most general case until third
order, while we exploit in particular Eq. (27) to calculate the
fourth order contribution under the assumption of vanishing
first order. Notice that the results of this section can be readily
used to obtain the perturbative expansion of the Hamiltonian
term in Eq. (38) by replacing 〈A(τn−k

1 )〉1/d → 0.

A. First order

At first order there are only two possible coefficients,
which are simply

D(s1) = Ḋ(s1), (50)

D(τ1) = Ḋ(τ1). (51)
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Inserted into (45), they give the following contribution to the
effective Hamiltonian:

K1 = 〈Bt 〉(At − 〈At 〉1/d ). (52)

Most often, the interaction operator A is taken to be
traceless—if not, the contribution responsible for it can be
absorbed into the environment’s bare Hamiltonian. In this
case, the Schrödinger picture contribution to K is easily found
to be KS

1 (t ) = 〈Bt 〉A. It represents driving on the system de-
grees of freedom due to a nonvanishing 〈Bt 〉. Furthermore,
a commutator with this Hamiltonian is the only first-order
contribution in the expansion of the generator, while there are
no dissipative contributions:

L1 = −i[K1, ·]. (53)

This can be interpreted as the emergence of effective driv-
ing on the system, which is often due to coherences in the
initial state of the environment. The same expression for this
contribution can be obtained using known techniques in quan-
tum optics, for example [39]. Moreover, in certain models this
contribution is the only emergent driving term, with negligible
dissipation, that survives under a suitable semiclassical limit
(weak coupling λ and large 〈Bt 〉) [11].

B. Second order

At second order, the coefficients D are given by two-point
correlation functions of the bath. From the different time

dependencies, there are three different coefficients, which
read

D
(
s2

1

) = Ḋ
(
s2

1

)− Ḋ(s1)D(s2), (54)

D(τ1, s1) = Ḋ(τ1, s1) − Ḋ(τ1)D(s1) − Ḋ(s1)D(τ1), (55)

D
(
τ2

1

) = Ḋ
(
τ2

1

)− Ḋ(τ1)D(τ2). (56)

Inserted into the expression for K , they give the following
second-order contribution to the Hamiltonian:

K2 = 1

2i

∫ t

0
dt1
(〈Bt Bt1〉 − 〈Bt 〉〈Bt1〉

)
× [At At1 − 〈At At1〉1/d

(57)

+ At
〈
At1

〉
1/d

− At1〈At 〉1/d

]− H.c. (58)

In the common case where the system operator A in the
interaction Hamiltonian is traceless, and the bath operator B
is also such that 〈Bt 〉 = 0, the above reduces to

K2 = 1

2i

∫ t

0
dt1〈Bt Bt1〉

[
At At1 − 〈At At1

〉
1/d

]− H.c. (59)

It corresponds to the Hamiltonian contribution that one would
naturally obtain from a TCL expansion at second order [40].

C. Third order

The expansion at third order, in absence of any further
assumption, becomes already more involved. There are four
coefficients, which are the following:

D
(
s3

1

) = Ḋ
(
s3

1

)− Ḋ(s1)D
(
s3

2

)− Ḋ
(
s2

1

)
D(s3) + Ḋ(s1)D(s2)D(s3), (60)

D
(
τ1, s2

1

) = Ḋ
(
τ1, s2

1

)− Ḋ(τ1)D
(
s2

1

)− Ḋ(s1)D(τ1, s2) − Ḋ(τ1, s1)D(s2) − Ḋ
(
s2

1

)
D(τ1)

+ Ḋ(τ1)D(s1)D(s2) + 2Ḋ(s1)D(s2)D(τ1), (61)

D
(
τ2

1, s1

) = Ḋ
(
τ2

1, s1

)− Ḋ(s1)D
(
τ2

1

)− Ḋ(τ1)D(τ2, s1) − Ḋ(τ1, s1)D(τ2) − Ḋ
(
τ2

1

)
D(s1)

+ Ḋ(s1)D(τ1)D(s2) + 2Ḋ(τ1)D(τ2)D(s1), (62)

D
(
τ3

1

) = Ḋ
(
τ3

1

)− Ḋ(τ1)D
(
τ3

2

)− Ḋ
(
τ2

1

)
D(τ3) + Ḋ(τ1)D(τ2)D(τ3). (63)

Inserted into (45) give the following third-order contribution:

K3 = −1

2

∫ t

0
dt1

∫ t

0
dt2[ f (t, t1, t2)X (t, t1, t2)

− g(t, t1, t2)Y (t, t1, t2) + H.c.], (64)

where we have defined the coefficients

f (t, t1, t2) = 〈Bt Bt1 Bt2

〉
θt2

1
− 〈Bt 〉

〈
Bt1 Bt2

〉
θt2

1

− 〈Bt Bt1

〉〈
Bt2

〉+ 〈Bt 〉
〈
Bt1

〉〈
Bt2

〉
, (65)

g(t, t1, t2) = 〈Bt1 Bt Bt2

〉− 〈Bt 〉
〈
Bt1 Bt2

〉− 〈Bt1 Bt
〉〈

Bt2

〉
− 〈Bt Bt2

〉〈
Bt1

〉+ 2〈Bt 〉
〈
Bt1

〉〈
Bt2

〉
, (66)

and the operators

X (t, t1, t2) = At At1 At2 − 〈At At1 At2

〉
1/d

− At1 At2〈At 〉1/d + At
〈
At1 At2

〉
1/d , (67)

Y (t, t1, t2) = At At2

〈
At1

〉
1/d − At1

〈
At At2

〉
1/d . (68)

Whenever TrA = 0 and 〈Bt 〉 = 0, the expression simplifies
but does not grant further insights. Nonetheless, it is also
frequent the case where the mechanism for which 〈Bt 〉 = 0
implies that also all odd-ordered cumulants vanish (such as
for linearly coupled thermal bosonic environments); in that
case, K3 is identically zero—as is the contribution to the whole
generator [1].
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D. Fourth order

At fourth order the full expansion becomes quite cumber-
some. For this reason, we assume from the start that 〈Bt 〉 = 0,
which helps reduce the number of terms as we have seen
already at lower orders. In particular, first order disappears and
all coefficients for n = 2, 3 are simply given by D(τk

1, sn−k
1 ) =

Ḋ(τk
1, sn−k

1 ). Using the recursive formula (27) we can then
easily compute the fourth-order coefficients, which read

D
(
s4

1

) = Ḋ
(
s4

1

)− Ḋ
(
s2

1

)
D
(
s4

3

)
, (69)

D
(
τ1, s3

1

) = Ḋ
(
τ1, s3

1

)− Ḋ(τ1, s1)D
(
s3

2

)− Ḋ
(
s2

1

)
D(τ1, s3),

(70)

D
(
τ2

1, s2
1

) = Ḋ
(
τ2

1, s2
1

)− Ḋ(τ1, s1)D(τ2, s2)

− Ḋ
(
s2

1

)
D
(
τ2

1

)− Ḋ
(
τ2

1

)
D
(
s2

1

)
, (71)

D
(
τ3

1, s1

) = Ḋ
(
τ3

1, s1

)− Ḋ(τ1, s1)D
(
τ3

2

)− Ḋ
(
τ2

1

)
D(τ3, s1)

(72)

D
(
τ4

1

) = Ḋ
(
τ4

1

)− Ḋ
(
τ2

1

)
D
(
τ4

3

)
(73)

and give the following contribution to the Hamiltonian:

K4 = − 1

2i

∫ t

0
dt1dt2dt3[ f̄ (t, t1, t2, t3)X̄ (t, t1, t2, t3)

− ḡ(t, t1, t2, t3)Ȳ (t, t1, t2, t3) − H.c.]. (74)

Similarly to what we did for third order, we defined the coef-
ficients

f̄ (t, t1, t2, t3) = 〈Bt Bt1 Bt2 Bt3

〉
θt3

1
− 〈Bt Bt1

〉〈
Bt2 Bt3

〉
θt3

2
, (75)

ḡ(t, t1, t2, t3) = 〈Bt1 Bt Bt2 Bt3

〉
θt3

2
− 〈Bt1 Bt

〉〈
Bt2 Bt3

〉
θt3

2

− 〈Bt Bt2

〉〈
Bt1 Bt3

〉
, (76)

and the operators

X̄ (t, t1, t2, t3) = At At1 At2 At3 − 〈At At1 At2 At3

〉
1/d

− At1 At2 At3〈At 〉1/d + At
〈
At1 At2 At3

〉
1/d , (77)

Ȳ (t, t1, t2, t3) = At At2 At3

〈
At1

〉
1/d − At1

〈
At At2 At3

〉
1/d . (78)

The latter will slightly simplify under the assumption that
TrA = 0. The calculation of the coefficients (69)-(73) was
made significantly easier through the use of the recursive for-
mula, in particular because the simplification of lower-order
coefficients can be quickly carried through to higher orders.

V. CONCLUSIONS

In this work, we have developed a recursive perturbative
expansion for the time-convolutionless (TCL) generator of an
open quantum system, explicitly formulated in a generalized
Lindblad structure using left- and right-acting operators. This
approach provides a systematic framework for deriving the
generator at arbitrary orders without imposing constraints on
the system or environment beyond the assumption of an ini-
tially uncorrelated state.

A key advantage of this formulation is its ability to trans-
parently separate the coherent and dissipative contributions
of the TCL generator. This decomposition naturally leads

to a recursive expression for the effective system Hamilto-
nian, capturing environment-induced energy renormalization
beyond the weak-coupling and Markovian limits. By main-
taining a Lindblad-like structure, our method offers insights
into non-Markovian and strong-coupling effects, as well as
their thermodynamic implications.

To illustrate the effectiveness of this approach, we com-
puted explicit expressions up to fourth order, illustrating how
the recursive structure simplifies the calculations by propa-
gating lower-order simplifications to higher orders. Moreover,
the tools developed in this work have been used to investi-
gate the structure of coherent dynamics of spin systems at
all orders and to corroborate numerical evidence [38]. This
framework paves the way for systematically studying open
quantum systems with complex environments while preserv-
ing a physically interpretable form of the TCL generator.
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APPENDIX: DETAILS ON THE GENERALIZED
CUMULANTS

The generalized cumulants in Eq. (24) are obtained by
replacing Eqs. (13) and (21) into (20) and by relabelling the
indices on the time variables:

D
(
τk

1, sn−k
1

) =
n∑

q=1

(−)q+1
∑

0�k1�...�kq=k
0�m1�...�mq=n−k

Ḋ
(
τk1

1 , sm1
1

)

× D
(
τk2

1+k1
, sm2

1+m1

)
. . . D

(
τn

1+kq
, sk

1+mq

)
=

n∑
q=1

(−)q+1
∑

0�k1�...�kq=k
0�m1�...�mq=n−k

Ḋ
(
τk1

1 , sm1
1

)

×
q−1∏
j=1

D
(
τ

k j+1

1+k j
, smj+1

1+mj

)
. (A1)
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From this, we can again rearrange the terms to explicitly bring out the lower order contributions, in the following way:

D
(
τk

1, sn−k
1

) = Ḋ
(
τk

1, sn−k
1

)−
k−1∑
l=0

n−k−1∑
r=0

⎛
⎜⎜⎜⎝

l+r∑
q=1

(−)q+1
∑

0�k1�...�kq=l
0�m1�...�mq=r

Ḋ
(
τk1

1 , sm1
1

) q−1∏
j=1

D
(
τ

k j+1

1+k j
, smj+1

1+mj

)
⎞
⎟⎟⎟⎠D
(
τk

l , sn−k
r

)
, (A2)

which gives the recursive formula Eq. (27).
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