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In this study, the multiconfiguration Dirac-Hartree-Fock method was employed to calculate the Landé g-factors
and electric-quadrupole moments of the 5d6s D , 3 and 'D; states, as well as the quadratic Zeeman shift coef-
ficients of the 3D112 clock states in Lu™. The electron correlation, particularly higher-order electron correlation
effects, along with the Breit interaction and quantum electrodynamics corrections, are systematically taken into
account. Our calculated Landé g-factors, electric-quadrupole moments, and quadratic Zeeman shift coefficients
for the 5d6s 3D, 5 clock states are in agreement with experimental measurements within 1%. The influence of
hyperfine interactions and perturbing states on these parameters was also analyzed. Our results demonstrate
that both the magnetic-dipole and the electric-quadrupole hyperfine interactions contribute significantly to the
hyperfine-induced Landé g-factors and electric-quadrupole moments of the D, , states. In particular, for *Lu™,
the electric-quadrupole hyperfine interaction accounts for approximately 15% of the total hyperfine-induced
electric-quadrupole moment of the D, , states. This study provides valuable theoretical support for evaluating

frequency shifts in the Lu™ optical clock.
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I. INTRODUCTION

Various optical clock systems have been extensively stud-
ied, with systematic uncertainties now reaching the 1078
level [1-6] or even 10~ [7-10]. In recent years, the Lu™
optical clock has emerged as a particularly promising can-
didate due to its advantageous physical properties [11,12].
Lu™ ion offers multiple independent optical clock transitions,
especially the 65> 'Sy-5d6s *D; M1 transition at 848 nm and
the 652 'So-5d6s D, E2 transition at 804 nm. This prop-
erty enables a consistency check of error budgets in the
same system through frequency comparison [8]. Moreover,
the blackbody radiation shift of the 6s? 'Sy-5d6s 3D transition
is only —1.36(10) x 107'3 at 300 K [13], the smallest among
all established optical clocks. The 65> 'Sy-5d6s D, transition
has a negative differential static polarizability, which allows
multi-ion operation at a magic radio-frequency trap where
micromotion-induced second-order Doppler and ac-Stark
shifts cancel [14,15]. Additionally, the 5d6s 3D1-6s6p 3P,
cooling transition in Lu™ yields a fractional second-order
Doppler shift below 10~1° [13].
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Based on the above advantages, the uncertainty of the
1761 u* optical clock has reached 6 x 10~'9 [8]. To further
improve its performance, all frequency-shift contributions,
especially Zeeman and electric-quadrupole shifts, must be
evaluated more precisely [8]. While linear Zeeman and
dominant electric-quadrupole shifts can be largely canceled
by hyperfine averaging [11], the hyperfine interaction itself
breaks the spatial symmetry of the electron cloud and mixes
atomic states of the same parity but different angular mo-
menta in Lu™ [16-19]. This mixing introduces additional
corrections to the Landé g-factor and electric-quadrupole
moment, which in turn produce residual linear Zeeman
and electric-quadrupole shifts that are not removed by the
hyperfine-averaging method. In addition, Arnold et al. [8]
reported a quadratic Zeeman shift of —1.38(10) x 107'6 at
a nominal operating magnetic field of 0.1 mT for 6s> 'S,-
5d6s D) transition, constituting a major source of uncertainty.
Accurate evaluation of these linear and quadratic Zeeman
shifts, as well as the electric-quadrupole shift, therefore re-
quires precise calculations of the Landé g-factors, quadratic
Zeeman shift coefficients (QZSCs), and electric-quadrupole
moments of the 5d6s 3D1,2 clock states.

Several theoretical and experimental studies have aimed
at determining these parameters for the 5d6s °D; 53 and 'D,
states in Lu™. For the Landé g-factors, Kahl et al. [20] calcu-
lated those of the 5d6s 3D1,2,3 and 'D, states as 0.52, 1.14,
1.41, and 1.09 by using the configuration-interaction com-
bined with the many-body perturbation theory (CI + MBPT)
method. Zhang et al. [16] obtained a precise experimental
value of 0.49823832(31) for the 3D; clock state by using
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the Landé g-factor of '®Ba® as a reference. Zhao et al.
[21] reported a value of 1.156180(20) for the 3D, clock state
through precision spectroscopic measurements based on the
Zeeman effect and Rabi spectroscopy. However, the differ-
ences between the theoretical calculations and experimental
measurements are about 4.3% for 3D; and 1.4% for °D,.
For the electric-quadrupole moment, Porsev et al. [22] ob-
tained values of 0.655, 0.885, 1.99, and —0.011 a.u. for the
5d6s 3D1,2,3 and 'D, states using the CI + MBPT theory.
In experiment, Kaewuam et al. first measured the electric-
quadrupole moment of the 546s 3D; state as 0.634(9) a.u.
via Ramsey spectroscopy of the clock transition [12] and
later refined it as 0.63862(74) a.u. using the differential
shifts between ions in a multi-ion crystal [23], yielding a
3% difference from the earlier theoretical value. For the
QZSC of the 5d6s 3D, state, Kaewuam er al. [24] ob-
tained a value of —4.85 MHz/T? using the CI + MBPT and
hyperfine-averaging methods. Zhang et al. [7] determined it as
—4.89264(88) MHz/T? via high-precision laser spectroscopy
by comparing two "®Lu™ sources. The difference between the
theoretical calculation and the experimental measurement is
about 0.87%. In a word, there are significant discrepancies
between experimental and theoretical values for the Landé
g-factor and electric-quadrupole moment of the 5d6s D »
state. Such discrepancies may stem from the fact that the
theoretical methods do not adequately take into account the
electronic correlation effects; moreover, the impact of these
effects on the aforementioned atomic parameters has not been
systematically analyzed in prior theoretical studies.

On the other hand, the hyperfine-induced corrections to the
Land€ g-factor and electric-quadrupole moment have rarely
been considered. Zhang et al. [16] were the first to investigate
these corrections for the 5d6s 3D, state in '"Lu*. They ob-
tained a hyperfine-induced Landé g-factors of —2.07 x 107%,
—2.30 x 107*, and —1.46 x 10~* for the hyperfine quantum
numbers F' =6, 7, and 8, respectively. For the hyperfine-
induced electric quadrupole moment of the °D; state, they
derived a theoretical estimate of —2.63 x 10™* a.u. using
the CI + MBPT method and combined it with experimen-
tal data to infer a correction of approximately —2.54 x
10~* a.u. However, their analysis did not account for the
electric-quadrupole hyperfine interaction and omitted the 'D,
perturbing state. The discrepancy between the theoretical
calculation and experimental measurement is about 3%. In
addition, using the same method as presented in Ref. [16],
Zhao et al. [21] inferred a residual quadrupole moment of
1.59(34) x 10~* a.u. for the 'Sy-’D, hyperfine-averaged clock
transition. No ab initio calculation has been performed for
the hyperfine-induced corrections of the D, state. Therefore,
more accurate evaluations of these corrections are needed.

In this work, we used the multiconfiguration Dirac-
Hartree-Fock (MCDHF) method to calculate the Landé
g-factors and electric-quadrupole moments of the 5d6s 3D1,2,3
and 'D; states, and the QZSCs of the 5d6s °D; , clock states
in Lu*. The effects of electron correlation, Breit interaction,
and quantum electrodynamics (QED) corrections were con-
sidered systematically. Furthermore, the hyperfine-induced
Landé g-factors and electric-quadrupole moments of the D ,
states in '"Lu* were calculated. Our results show improved
agreement with experimental measurements compared with

previous theoretical values. This work provides guidance for
designing Lu™ optical clocks with even lower uncertainties.

II. THEORY

A. Hyperfine interaction

For an N-electron atomic system with a nonzero nuclear
spin (I # 0), its Hamiltonian can be expressed by

H = Hy + Hygs, (D

where H, is the relativistic Dirac-Coulomb Hamiltonian [25].
The hyperfine structure is caused by the interaction between
the electrons and the electromagnetic multipole moments of
the nucleus. The interaction Hamiltonian Hyg can be repre-
sented as a multipole expansion [26],

Hyps = Z T® . M®. )

k=1

Here T® and M® represent the spherical tensor operators
in electronic and nuclear space with the rank of k, respec-
tively. The k = 1 and k = 2 describe magnetic-dipole and
electric-quadrupole hyperfine interactions, respectively. The
electronic tensor operators T and T are given by [27]

N N
T — Zt(l)(j) = Z —iﬁarj_z(ajC“)(j))(l), 3)
j=1 Jj=1
N N
TO = 3 () = 3~ (), 4)
j=1 Jj=1

where i is the imaginary unit, « is the fine-structure constant,
a; are the 4 x 4 Dirac matrices, r; is the radial coordinate
of the jth electron, and CD and C® are the spherical tensor
operators.

The matrix elements of the nuclear tensor operators M
and M® are related to the magnetic-dipole moment s; and
electric-quadrupole moment Q of the nucleus with spin I,
which satisfies [28]

I+1)
T &)

(TIHM(Z)HTI) — % w (6)
Vo 1@i—1)

The hyperfine interaction leads to a coupling between elec-
tronic angular momentum J and nuclear spin I, and forms a
total angular momentum F, i.e., F = I + J. The wave func-
tion of an atomic state |FFMF) is expressed as

MO = py

[FMp) =) dr. |\ XT'IJ'FMp), )
rJ
where
IYTIJF M) = Z (IIM;M; | IJFMg)|YIM,)|TJIM,).
M, My
(3)

Here, the |YIM;) and |['JM;) are wave functions of the
nucleus and the electrons in the atom, respectively. Y and
I" represent the additional quantum numbers for describing
nuclear and electronic states uniquely. (IJM;M; | IJF M) is
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the so-called Clebsch-Gordan coefficient. According to first-order perturbation theory [29], the hyperfine-induced mixing
coefficients dl(}) ' are given by

o (YT'LJ'FMy|Hy | XTLIF My)
dp’, = , 9
' Exriygrme — Evrirrmy

where
(YTIJFMp|Hy| YT 1) FMp) = (YTIJFMp TV - MDD +T® - M@ | YT 1) FMp). (10)

The matrix elements for the magnetic-dipole and electric-quadrupole hyperfine interactions are [27]

(TLIFMAT® - ML FMy) = (1) {ﬂ s }mmnﬂ”nr’ﬂ<T1||M“>||T1>, (1n
whereJ ' =J —1,J,J + 1, and

(YTIJFMp|IT® - MP|YT' 1T FMp) = (—1)HHF {§ { 5 }Jmmnmnr’f)<T1||M<2>||T1>, (12)

where ) =J -2, J—1,J, J+1, J+2.

B. Zeeman effect of fine and hyperfine levels

Assuming the magnetic field does not vary throughout the atomic system, the magnetic interaction Hamiltonian Hy,, is [27]

Hp = (ND + AND) . B. (13)
The electronic tensor operator u(!) is given as
1

p = —JIN® + AN, (14)

N N \/z

. . (D

NG =300y =3 =iz eV, (15)

j=1 j=1 o

s (8 —2)

AND =3 AnV(j) =Y = 5B, (16)

=1 j=1

where X; is the relativistic spin-matrix, and g, = 2.002 32 [27] is the g-factor of the electron spin corrected by the QED effects.
In the weak-magnetic-field approximation, Hy, < Hygs, the first-order Zeeman shift of a hyperfine level [[JFMF) is

1
AEL = S(TIJFMp N + ANV|YTLIFMp)B

F(F+1)+JJ+1)= I+ 1) (TJIND + AND|TJ)

— MF

2F(F + 1) VIU+1)
FF+1D)+JU+1)—-IU+1) B
- 2F(F + 1) )
= MFrgrugB, a7
where
(TTIND + AND|TS)
81 = NED)) ) (18)
and

_FFE+D+IJU+D—IA+])
- 2F(F +1)
Here g; and gF are the Landé g-factors of the fine and hyperfine structure levels, and ug = eh/(2m,) is equal to 1/2 in atomic

units.
Considering the hyperfine-induced state mixing, the gr can be obtained by substituting Eq. (7) into Eq. (17) [25,30],

(YTIJFMpINY + ANV |YTIJF Mp) (YTIJFMpIND + AND YT F M)
g ~ T +2) dply T =g +ogi. Qo)
r.J

gr g (19)
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The last term § gillfz represents the hyperfine-induced Landé g-factor. The Zeeman matrix elements between hyperfine states, as
mentioned in Eq. (20), are [31]

, [ 2F +1
(YTIJFMpINY + ANOIYT' IV FMp) = (=) 4 ppp F(F—J:q){l{“ 5 {}><«/2J+1(FJ||N<”+AN“)||F/J’),

21
whereJ ' =J —1, J, J+ 1, and
, F2 — M3
(YTIJFMpINY + ANOIYTIIF — IMp) = (=1 +H+F j__F I F I
F F—1 J 1
x 2] + L{TIIND + AND|T' T, (22)
where /' =J -1, J, J+ 1.
For an atomic state |IJF Mp), the quadratic Zeeman shift is
YI'I1JF'MpINY + AND|YTIJF Mp)B|?
AEI(nz):ZK F| + | F) | — szz’ (23)

o E(YTIJFMp) — E(XT'1J'F'MF)

where Cpy, is the QZSC. It can be decomposed as

=Cl,+Cly. (24)

o Z {(YTIJF'MpINY + AND|YTIJFME)|? Z {YT'IJ'F'Mp|NY + ANO|IYTIJFME)|?
m2 — E(YTIJF)— E(YTIJF') E(YTIJF)— E(YT'IJ'F")

J'F’

Here C,, and C,,, represent contributions from couplings within the same fine-structure level (different hyperfine levels) and

from couplings to different fine- and hyperfine-structure levels, respectively [30,32]. E(YTIJF) — E(YTIJF’) represents the
energy difference caused by the hyperfine splitting.

C. Electric effect of fine and hyperfine levels

The electric-quadrupole moment of an atomic state is caused by the nonspherical symmetric atomic charge distribution. The
interaction between the electric-quadrupole moment and the electric-field gradient would induce an energy shift described by
the Hamiltonian Hq [33],

2
Hy=VE®.0% = Y (-1)v:Pe? (25)

o
q==2

where VE®@ is a tensor operator which describes the gradient of the external electric field at the atomic position, and ®® is the

electric-quadrupole moment of an atomic state. When g = 0, the component of the gradient operator Vafﬁ is given by Ve(()z) =

—%‘L—i, and the component of the potential operator @2 satisfies @éz) = —§(3z2 — .

In an atomic system, the electric-quadrupole interaction can be treated as a perturbation:
1 de, 1 9e 72 IN(J 2 I\
AEg = ——(TIM;|OP TIM)) = = —(=1)/ ™ 0y, 26
0 28z< 7104 | 7) 281( ) om0 m\Zs 0 ; (26)
where ®; is the electric-quadrupole moment of a fine-structure level [34],
®, = (tiM; =Je@rim, =5 =" 2 7 (rs|@®|rJ) 27)
J J 0 J —J O J .

For a hyperfine level, the electric-quadrupole moment O is

-1
_ @) — (N AHIH2F My F 2 F\N\|J 2 J|(J 2 J
OF = (YTLIFMp|®P [ YTIIFMy) = (—1) (2F+1)<_MF 0 MF>{F P | G IC VARG

Considering the hyperfine-induced state mixing, the ® can be obtained by substituting Eq. (7) into Eq. (28) [25], and the
electric-quadrupole moment is

O ~(YTLIFMp|OP | YTIJFMp) + 2 db, (YTLIFMp| O | YT LI FMp) = ©F + 561, (29)

r.J

where & @fllfz is the first-order perturbation correction to the electric-quadrupole moment @ of the |YT'IJF Mp) state caused by
the hyperfine interaction. The hyperfine-induced mixing coefficients dl(-l,) ' are given in Eq. (9). The off-diagonal matrix elements
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in Eq. (29) can be written as

(YTIJFMp|O | YT 1) FME) = (1) T2 -Mrop 4 1)(

D. The MCDHF theory

In the MCDHF method [35-37], the wave function
W(I'PJM;) for an atomic state is expressed as a linear com-
bination of configuration state functions (CSFs) ®;(y,;PJM;)
with the same parity P, electronic angular momentum J, and
projection quantum numbers M, which is given by

N
W(TPIM)) =Y c;,;(y;PIMy), @31
J

where c¢; represents the mixing coefficient corresponding to
the jth configuration state function, and y stands for the
other quantum numbers that can define the state uniquely. The
configuration state functions @ ;(y;PJM;) are built from sums
of products of the one-electron Dirac orbitals

B 1 P(r)XKm(ea gﬂ,O’)
d)(rf 9’ 2z 6) - (iQ(}")X—Km(G’ v, G)>’

-
where P(r) and Q(r) are the radial wave functions, and
Xem(@, @, 0) and x_,.u(6, @, o) are spin-angular wave func-
tions. The coefficients c¢; and the radial parts of the
one-electron orbitals are optimized simultaneously in the self-
consistent field (SCF) procedure. The radial functions for
all fine-structure levels within a given term are optimized
simultaneously by minimizing a weighted average of their
eigenenergies in the extended optimal level scheme [38].
Once the set of radial orbitals is determined, the relativistic
configuration-interaction (RCI) computation can be carried
out to capture more electron correlations, in which only the
expansion coefficients are varied. Meanwhile, the Breit in-
teraction and QED corrections can be included in the RCI
computation.

A detailed description of the computational model for
electronic correlations is available in Ref. [39]. Here, we
offer a concise overview of its key features, beginning with
the Dirac-Hartree-Fock (DHF) approximation, where the oc-
cupied orbitals in the reference configuration [Xel4f'45d6s
were optimized, and core orbitals were kept frozen in sub-
sequent computations. DHF calculations are restricted by
their mean-field approximation, however, which prevents full
inclusion of electron-electron repulsion. To address this ef-
fectively, supplementary CSFs are systematically added to
the wave-function expansion, with these repulsion-targeting
CSFs constructed from an active set (AS) of orbitals that is
systematically expanded to include more correlation orbitals.
For clarity, the outermost 54 and 6s electrons are defined
as valence electrons (the rest as core electrons), and in the
SCF procedure, valence-valence (VV) and core-valence (CV)
correlations (between valence electrons and n > 4 core shells)
were accounted for via a configuration space expanded by
restricted single-double (SD)-excitation CSFs from the ref-
erence configurations, with virtual orbitals added layer by
layer up to n = 14 (denoted as C4V-14). The core-core (CC)
correlation in the n = 5 core shell was captured in the RCI

(32)

F 2 F\[J 2 7
My 0 MF>{F I F}<”||®(2)HF7/)- (30)

(

procedure using CSFs expanded by SD replacements to n =
13 virtual orbitals (labeled as CC5-13), and the multirefer-
ence (MR)-SD excitation method [40—42] was employed to
estimate the higher-order electron correlation effects among
the n = 5 and 6 shells, marked as MR. The MR configuration
consists of {55>5p®5d7s; 5s*5p°5d?; 5s*5p%6p?}, formed by
keeping dominant CSFs with mixing coefficients >0.04 from
the CC5-13 model, and the configuration space was further
expanded from these MR configurations to the first three
virtual orbitals. Finally, the Breit interaction and QED effects
were estimated based on the MR model, respectively. All cal-
culations were performed using the GRASP2018 package [43].
Moreover, the HFSZEEMAN9S and TRANSITION-PHASE [44]
programs are used to compute nondiagonal hyperfine interac-
tion and electric-quadrupole transition matrix elements.

III. RESULTS AND DISCUSSION

A. Fine-structure splitting in the 5d6s configuration

Table I shows the energy intervals between the 5d6s D, 3,
D, states and the 5d6s D, state. Previous theoretical and
experimental values are also displayed for comparison. From
the model DHF to C4V-14, the effects of the VV and CV
correlations on the energy intervals between the D; state
and the D, 3, 'D, states are 7.6%, 33.2%, and —69.5%,
respectively. The CC correlations also significantly affect
these intervals, with changes of 4.4%, —2.1%, and 23.1%,
respectively. Higher-order correlations captured by the MR
model are about 1% for E(3D2,3 —3D)), but about 28.3% for
E('D, —3Dy). The impact of the Breit interaction and QED
correction on the energy intervals is less than 1%.

TABLE 1. Energy intervals (in cm™') of the 5d6s D, 3 and 'D,
states with respect to the 3D, state in Lu™. Other theoretical results
and the experimental values are also presented for comparison.

Model E(3D2 —3D1) E(3D3 _3Dl) E(IDZ —3D1)
DHF 586.22 1685.14 9705.02
C4V-14 634.44 2524.48 5724.96
CC5-13 663.98 2472.86 7445.86
MR 672.78 2503.89 5804.08
MR+B 663.68 2481.67 5757.42
MR+B+Q 664.02 2461.71 5752.62
Other theories
Dzuba et al. [45] 747 2525 5944
Kahl et al. [20]* 716 2603 6211
Kabhl et al. [201° 631 2348 5538
Experiment
NIST [46] 639.08 2402.76 5536.34

*Fock-space coupled-cluster (FSCC) method.
bConfiguration interaction combined with the many-body perturba-
tion (CI+MBPT) method.
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TABLE II. The g, of the 5d6s °D) , 3 and 'D; states in Lu™.

Model gCDy) 8CD») gCD;) 8('D>)
DHF 0.498673 1.1651 1.333966 1.0015
C4V-14 0.498354 1.1560 1.334149 1.0101
CC5-13 0.498416 1.1604 1.334127 1.0063
MR 0.498396 1.1564 1.334140 1.0101
MR+B 0.498401 1.1567 1.334136 1.0098
MR+B+Q 0.498400(9) 1.1567(11) 1.334137(4) 1.0099(9)
Other theories
NR 0.50 1.17 1.33 1.00
Kahl et al. [20] 0.52 1.14 1.41 1.09
Other experiments
Martin et al. [47] 0.5 1.16 1.33 1.01
Zhang et al. [16] 0.49823747(31)

Zhao et al. [21]

1.156180(20)

The energy-level structure in the Lut ion has been ex-
tensively studied theoretically. Dzuba et al. [45] calculated
the energy gaps by using a linearized single-double coupled-
cluster method combined with the configuration-interaction
method (CCSD + CI). Only CV and VV electron correla-
tion effects were taken into account. The differences of the
energy separations E (3D, 3,'D; — 3D;) between their calcu-
lations and the database given by the National Institute of
Standards and Technology (NIST) [46] are 16.9%, 5.1%, and
7.4%, respectively. Kahl et al. [20] employed the Fock-space
coupled-cluster (FSCC) and CI + MBPT methods to calculate
the energy levels. The differences between the CI + MBPT
and NIST results are within 2.3%, while the FSCC method
yielded deviations of 12.0%, 8.3%, and 12.2%. However,
these studies did not explore the role of higher-order electron
correlations. In our calculation, the higher-order electron ef-
fects were considered, and the differences between our results
and NIST values are less than 4%, which represents a sig-
nificant improvement over the earlier CCSD + CI and FSCC
results.

B. Landé g-factors of the 5d6s D » 3 and 'D, states

Table II shows the Landé g-factors g; of the 5d6s 3D1,2,3
and 'D; states in the Lu™ ion under different computational
models. These results are compared with previous theoretical
and experimental values. The nonrelativistic (NR) g-factor
formula is given by

JU+1D)—LL+1D)+SES+1)

=1 . 33
gnr =1+ 2T+ 1) 53

Here, the g-factors gnr based on the LS-coupling scheme
are 0.50,1.17,1.33, and 1.00 for the 3D],2,3 and 'D, states,
respectively. Comparing these values with the DHF results,
we determine that the one-electron relativistic effectis —1.3 x
1073 for the g(3D]), —8.1 x 10~ for the g(3D2), 6.1 x 10~
for the g(3D3), and 1.6 x 1073 for the g(lDz). Specifically,
the effects of VV and CV correlations on the g(°D), g(D»),
gCD3), and g('D,) are —3.2x 1074, —9.1 x 1073, 1.8 x
1074, and 8.6 x 1073, respectively. The contributions of the
CC electron correlations from the n =5 shell are on the

order of 107> for g(3D]) and g(3D3), but 4.4 x 103 and
—3.8 x 1073 for the g(’D») and g('D,). The contributions
of higher-order correlations on the g(®D,) and g('D,) are
—4.0 x 1073 and 3.8 x 1073, respectively. The Breit inter-
action alters g(3D1,3) by less than 107°, while its effect on
gCD») and g('D»)is 2.8 x 107 and —2.8 x 107*. QED ef-
fects are an order of magnitude smaller than those of the
Breit interaction. Additionally, we considered three sources
of uncertainty: (1) convergence uncertainty of the virtual
layer, (2) contributions from the remaining CV, CC, and
its corresponding higher-order electron correlations, and (3)
uncertainty from neglected higher-order correlations of n =
5,6 shell electrons. For g(D;) and g(°Ds), the contribu-
tion of neglected higher angular-momentum orbitals is below
1.0 x 107°. The convergence uncertainties in considering the
VV, CV, and CC correlations are also below 1.0 x 107°.
But for g(°D,) and g('D), the contributions of neglected
higher angular-momentum orbitals are about —9.0 x 107>
and —8.0 x 1073, The convergence uncertainties in consid-
ering the VV, CV, and CC correlations are about —5 X
107% and —6 x 107°. Based on the C4V-14 model, we esti-
mate the CV correlations between n = 3 core electrons and
valence electrons. The remaining CV correlation from the
n =3 shell contributes about —2.0 x 10~¢ for g(3D1) and
g(D3) but about —6.2 x 107 and —4.7 x 10~ for g(°D,)
and g('D,). As discussed above, the CC electron correla-
tions from the n = 4 shell and its corresponding higher-order
correlation are partly offset. This offset phenomenon exists
for the deeper core shell. The n =4 core-shell CC cor-
relation effect on g(°D;23,'Dy) is 1.1 x 107, 1.5 x 1073,
1.0 x 107°, and —9.9 x 107, respectively, and its higher-
order correlation effect is —1.4 x 1073, —2.5 x 1073, 2.0 x
107, and 1.9 x 1073, respectively. The contributions from
the remaining CC and its corresponding higher-order electron
correlations on g(°D; ».3,'D,) are about 4.0 x 107°, —1.0 x
1073, 1.0 x 107°, and 9.0 x 1074, respectively. The uncer-
tainty from neglected higher-order correlations of n =15, 6
shell electrons is composed of two main parts: convergence
of the configuration space in the MR model and conver-
gence of the number of the multireference configurations.
As mentioned above, in the MR model, the configuration
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TABLE III. The reduced off-diagonal hyperfine interactions matrix elements (in a.u.) with different computational models. Another
theoretical result is also presented for comparison. Numbers in parentheses for the uncertainties.

Model CDANTV|1°Dy) CDAIT®|1°Dy) ('DoITV11°Dy) ('D2|IT®|1°Dy)
DHF —0.465 1.25 0.317 0.032
C4V-14 —0.675 1.61 0.340 0.221
CC5-13 —0.602 1.66 0.362 0.192
MR —0.649 1.65 0.328 0.242
MR+B+Q —0.645(13) 1.65(8) 0.329(11) 0.238(24)
Other theory
Paez et al. [50] — 0.639(67) 1.33(19) 0.363(30) 0.133(86)
Model CDuITV|1°Dy) CD1IT®|1°Dy) CD5ITV|1°D2) CDsIT?|1°D2)
DHF 0.600 —1.61 —0.330 1.00
C4V-14 0.872 —-2.07 —-0.310 1.28
CC5-13 0.777 —2.15 —0.324 1.35
MR 0.837 —2.13 —0.303 1.34
MR+B+Q 0.832(11) —2.13(11) —0.304(7) 1.34(8)

space was further expanded from the MR configurations
to the first three virtual orbitals. We also calculated the re-
sults when the configuration space was expanded to the first
two virtual orbitals, which is called the MR-8 model. The
difference between the MR-9 and the MR-8 models is the
convergence uncertainty of the MR model. For g(°D; 3) the
convergence uncertainty of the MR model is on the 1077
level. But for g(*D,) and g('D-), its uncertainty is about
—1.0 x 107® and 8 x 10~*. By selecting the configurations
with mixing coefficients larger than 0.035, an additional con-
figuration 55%5p*5d>6s was added to the MR set. Based on the
MR model, the contribution of the added higher-order electron
correlation to the Landé g-factor of g(°D) .3) and g('D) states
is about =9 x 107°,1.3 x 107>,4 x 107%, and —1.2 x 107°.
Since the combined magnitude of the remaining error terms is
smaller than that of the dominant one, the largest individual
error source is adopted as the final uncertainty. The resulting
uncertainty of the Landé g-factor of g(®D1,3) and g('D,)
states is 9 x 107%, 1.0 x 1073, 4 x 107%, and 9 x 10~%, re-
spectively, as summarized in Table II.

In experiment, Martin et al. [47] measured the g; of the
5d6s Dy » 3 and 'D; states via the Zeeman effect experiment.
The accuracy of their measurement is only on the level of
1072, Recently, Zhang et al. [16] determined g(*D;) by using

J

the Landé g-factor of '3¥Ba™ as a reference, giving a more
precise value of 0.49823832(31). Zhao et al. [21] obtained
a high-precise value of 1.156180(20) for the D5 clock state
by using the precision spectroscopic measurements based on
the Zeeman effect and Rabi spectroscopy technique. From a
theoretical perspective, Kahl et al. [20] calculated the g; of the
four states by using the CI + MBPT method. The differences
in g(®D;) between previous calculations and experiments are
about 4%. Our result agrees with the experimental data on the
level of 107*. This excellent agreement confirms the reliabil-
ity of our computational model.

According to Eq. (17), the g-factor of a hyperfine level is
proportional to g;, considering the main influence of nuclear
spin on the Landé g-factors. Furthermore, the hyperfine-
induced correction Sggfz of the clock states in '"°Lu* (/™ =
7,y = 3.162 uy [48], O = 4.92 b [49]) should be consid-
ered. For the 5d6s D, clock state, only the adjacent *D, and
D, states within the same configuration are considered as
primary perturbing states; the others can be neglected due to
the large energy interval. Similarly, for the 5d6s D, clock
state, only the adjacent *D; and 3Ds states are involved. The
hyperfine-induced Landé g-factor corrections for the °Dj
states can be expressed as

3
s (o) ~2| v

se(D2) ~ 2[

CD1FMpINYD + ANVPDFME)  ((DyF My |Hugs| D1 F M)
ECDy) — ECD,)
N CDIFMpINY + ANDI'DFME)  ('DyF My |Hyes|’D1 F M) 34)
My ECD)—E(Dy) [
CD2FMpIN® + ANDPEDIFMp) (D1 F My | Hugs|’D2F M)
My E(D,) — E(Dy)
N CDyFMEINY + ANDPDsFMyp)  (3D3F My |Hyss D2 F M) 35)
Mp E(D,) — E(D3) '

The hyperfine-induced Landé g-factor of the 3D;, states
is determined by the reduced off-diagonal Zeeman matrix

(

elements (D[l — pV|>'Dy) and (D]l — wV|’D) 3), the
reduced off-diagonal hyperfine-interaction matrix elements
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TABLE IV. The reduced Zeeman matrix elements (in a.u.) Dy|| — pV|>Dy,3D5) and (3D, || — pV||°D, ».3) with different computational
models. Another theoretical result is also presented for comparison. Numbers in parentheses for the uncertainties.

Model Dill = n V1D (Dill = wPI'D2) Dol = wPIDy) (Dol = wV1°Ds)  (Dill = wPIDy)  CDall = rVIPDy)

DHF 0.611 0.061 —0.473 0.482 0.353 143

C4V-14 0.594 0.156 —0.460 0.468 0.353 1.42

CC5-13 0.602 0.121 —0.466 0.475 0.352 1.42

MR 0.594 0.154 —0.460 0.469 0.352 1.42

MR~+B+Q 0.595(8) 0.152(34) —0.461(7) 0.469(7) 0.352(1) 1.42(1)
Other theory

Paez et al. [50] 0.593 0.151 —0.459 0.465

G TVI1RDy), Dy sITV1PD2),  C'DolIT®1°D,), and
(D13 17®1°Dy), and the energy intervals E(°D; — 3'D,) and
E(CDy — Dy 3).

Table III shows our calculated results of the hyperfine
interaction matrix elements under different computational
models. The contribution of the VV and CV electron correla-
tions on matrix elements D, ||T"|°D;) and (D, || T"|1°D;)
are 31.2% and 6.9%, and 22.3% and 85.6% for the matrix
elements D, ||T?|°D;) and ('D,||T®|°D,). The CC and
higher-order correlations alter these matrix elements by al-
most 10%, while the Breit and QED contributions are below
1%. Table IV shows a detailed evaluation of the Zeeman
matrix elements (°D; || — ™V |1>'Dy), (D, || — wV|°D; 3), and
(D1 |l — wVI°D1 2). Compared with (D[] — pV["D,), the
matrix element (°D|| — u"||'D,) is more sensitive to the
electron correlation. For example, the effect of the VV + CV
correlations on (°D;|| — uV|I°D,) and (D] — uV||'D,) are
—2.8% and 60.9%, respectively. Our final results are roughly
consistent with the calculation given by Paez er al. [50] using
the CI + MBPT method. Similar to the uncertainty evaluation
method of the g-factor, we estimated the uncertainties of these
matrix elements. Compared with the theoretical result of Paez
et al. [50], our uncertainties are obviously smaller.

Table V shows the hyperfine-induced Landé g-factors 8g)
ofthe D, F =6, 7,8and Dy, F =5, 6, 7, 8, 9 states in
176 u*. Considering the uncertainties from different matrix
elements, the uncertainties of hyperfine-induced Landé g-
factors were estimated on the 107¢ level. Zhang et al. [16]
measured gy of the 3D, F =6, 7, 8 states in '"Lu* by
taking the Zeeman shift of 1**Ba™ as a reference, and then
obtained the hyperfine-induced Sg(hlfz for the D, F =6,7,8
states. Our computational results exhibit a high degree of con-
sistency with Zhang’s measurements [16]. For the Sggfi@Dg)
of F =6, 7, 8, the discrepancies between our results and
the experimental measurements of Zhao et al. [21] are 4.7%,
0.3%, and 0.8%. For the 8g\)(D) of F =5, 9, the differ-
ence between our calculations and the values of Zhao et al.
[21] exceeds 10%. We attribute the differences primarily to
the hyperfine interaction matrix elements between the D3 and
3D, states.

C. The quadratic Zeeman shift coefficients
of the 5d6s D, , states

As mentioned above in Eq. (24), the QZSCs of the
5d6s °D) , states can be characterized by the C/, and C/,,

TABLE V. The calculated hyperfine-induced Landé g-factor § g;lti of 3D, states in SLu™. Other results are also presented for comparison.
All values are given in units of 10~*. Numbers in parentheses are for the uncertainties.

Model 8. (D1) 5¢1CDy)
F=6 F=7 F=8 F=5 F=6 F=7 F=38 F=9

DHF —1.76 —1.95 —1.24 —0.242 1.46 1.67 1.02 —0.112

C4V-14 —-2.27 —2.52 —1.61 —0.247 1.98 2.26 1.40 —0.122

CC5-13 —1.98 -2.19 —1.39 —-0.274 1.64 1.87 1.13 —0.136

MR —2.06 —2.28 —1.45 —0.252 1.76 2.01 1.23 —0.123

MR+B+Q —2.08(9) —2.3009) —1.46(6) —0.252(7) 1.78(8) 2.03(9) 1.24(6) —0.124(4)

Other results
Zhang et al. [16] -2.07 —-2.30 —1.46
Zhao et al. [21] —0.299 1.70 2.02 1.25 —0.0159
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FIG. 1. (a) The QZSC C.,, (GHz/T?) of the 5d6s D, state under different My in "*Lu*. (b) The QZSC C”, (MHz/T?) of the 5d6s D,

state under different My in 7°Lu™.
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According to Egs. (21) and (22), the Zeeman matrix ele-
ment between states with the same F values depends linearly
on My, while the AF =1 depends on the absolute value
of M. The values of the reduced matrix elements of the
Zeeman interaction are displayed in Table V. The energy
intervals ECD,F) — ECDF') and E(D,F) — ECD,F’) are
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taken from the experimental results given by Kaewuam et al.
[24]. And the energy intervals E(*>'D, —°D;) and E(°D, —
3D1,3) are taken from the NIST database, as presented in
Table I, while the hyperfine splitting effects on the energy
gaps are neglected. Our calculated values of C/, and C//, of
the 5d6s D , states in "Lu™ are shown in Figs. 1 and 2.
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FIG. 2. (a) The QZSC C.,, (GHz/T?) of the 5d6s D, state under different My in '"*Lu™. (b) The QZSC C”, (MHz/T?) of the 5d6s D,

state under different My in "°Lu™.
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TABLE VI. The QZSCs Cpny( MHz/T?) of the 5d6s °D;,, F = 6,7, 8, My = 0 states for 76Lu*. “Aver” represents an average of all

hyperfine states with a common magnetic quantum number My = 0 [11].

Cm2 3D] 3DZ

F=6 F=T7 F=8 Aver F=5 F=6 F=T7 F=8 F=9 Aver
This work ~ 2288.95 —138.37 —2165.15 —4.86(4) —43168.20 —1671.23 12296.58 16249.55 16303.32 1.80(2)
Theor. [24] 231497 —13937 —-2189.17 —4.85 —44027.21 —1709.24 12540.58 16571.53 1662330 1.80
Expt. [7] —4.89264(88)

From Fig. 1(a), C,,, of the 3D,, F = 6 state decreases with
the increase of the absolute value of My, while C/, of the
3D,, F =7, 8 states increase with the increase of the absolute
value of Mp. From Fig. 1(b), C}, of the D,, F = 6,7 states
increases with the increase of the absolute value of M, while
C!', of the Dy, F = 8 state decreases with the increase of the
absolute value of Mp. The values of the C/,, are about 10°
larger than those of the C;, because of the difference in their
energy intervals. This proves that the quadratic Zeeman shift
is particularly sensitive to the external magnetic field. For the
3D, state, a similar behavior is observed, as shown in Fig. 2.
To mitigate the quadratic Zeeman shift in the Lu™ op-
tical clock, the hyperfine averaging technique [11,12] was
employed, in which a reference frequency is defined by aver-
aging over all transitions between hyperfine states that share
a common magnetic quantum number My. By this method,
the dominant quadratic Zeeman effect C;,, can be eliminated
[7,24]. At the same time, the value of C,, is also greatly
reduced, which reduces the sensitivity of the transition fre-
quency to the quadratic Zeeman shift. In addition, our results
show that the value of C,, after averaging all F is equal,
regardless of Mp. The final averaged values C,, for the
3D1,2, F, Mp = 0 states are shown in Table VI and compared
with other theoretical and experimental results. We estimate
the uncertainties associated with our results to be approxi-
mately 0.1%. For the 3Dy, F, My = 0 state, our results for Cyp
are about 1% lower than the values given by Kaewuam et
al. [24]. The average of all three hyperfine levels is —4.86
MHz/T?, closer to the experimental result reported by Zhang

1070

101

107¢

107

Quadratic Zeeman shift

1S0'3D 1(M=0)
—— 1S,-*D,(M=0)

10-22
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FIG. 3. Fractional quadratic Zeeman shifts of the 1Sp-D;,
hyperfine-averaged clock transitions in a "Lu™ optical clock.

et al. [7]. For the *D,, F, My = 0 state, the difference between
our results and other theoretical data is about 2.5% for differ-
ent F states, but consistent for their average value.

Furthermore, we estimated the quadratic Zeeman shifts of
the 'So-D » hyperfine-averaged clock transitions as a function
of the magnetic-field strength, which are shown in Fig. 3.
As illustrated, the fractional Zeeman shifts of the 1S0—3D1,2
transitions are 1.37 x 1072° and 4.83 x 1072! in a magnetic
field of 1 uT.

D. Electric quadrupole moments of the 5d 6s 3D1’2,3
and 'D, states

In Table VII, we present the calculated electric-quadrupole
moments ©; of the 5d6s D1, 3 and 'D, states in Lu™ under
different computational models. For the 5d6s D) , 3 states,
the contribution of electronic correlation effects to ®; is com-
parable to that observed for the g-factor. For the 5d6s 'D,
state, the electric-quadrupole moment is more sensitive to the
electron correlation effects. For example, the VV and CV cor-
relations change the sign of the electric-quadrupole moment,
and the Breit interaction and QED corrections contribute ap-
proximately 35% to it. We also estimate the uncertainties
of electric-quadrupole moments of the 5d6s 3D1,2,3 and 'D,
states. The largest error source is the uncertainty arising from
neglected higher-order electron correlation effects among the
n =5, 6 electrons, which is about 1.1%, 2.6%, and 0.5% for
the electric-quadrupole moments of the 5d6s 3D1,2,3 states,

107

1077
107
107"
10203

10-21_

Electric-quadrupole shift

1 0-22_

102 — IS0'3])1( M;=0)
— lSO'SDz( M;=0)
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FIG. 4. Fractional electric-quadrupole shifts of the 6s> !S,-
5d6s °D 5 hyperfine-averaged clock transitions in a "*Lu* optical
clock.
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TABLE VII. The ©; (in a.u.) of the 5d6s °D; 5 3 and 'D, states in Lu™.

Model oCD)) OCD,) OCD;) o(D,)

DHF 0.710 1.037 2.128 0.209

C4V-14 0.600 0.778 1.825 —0.192

CC5-13 0.640 0.930 1.937 —0.118

MR 0.631 0.851 1.925 —0.042

MR + B 0.630 0.851 1.920 —0.060

MR +B+Q 0.630(7) 0.850(22) 1.921(9) —0.067(0.25)
Other theory

Porsev et al. [22] 0.655 0.885 1.990 —0.011
Experiments

Kaewuam et al. [12] 0.634(9)

Kaewuam et al. [23] 0.63862(74) 0.86019(14)

respectively. Compared with the theoretical calculation given
by Porsev et al. [22] using the CI + MBPT method, our
results show closer agreement with the experimental measure-
ments [12,23]. The discrepancies between our calculations
and the measurements [23] are 1.3% for the 3D; state and
1.2% for the 3D, state, even though the hyperfine-induced
electric-quadrupole moment is not included.

Similar to the expression of the hyperfine-induced Landé g-
factors, we can obtain hyperfine-induced electric quadrupole
moments for the °D; , states. The hyperfine interaction ma-
trix elements and the energy intervals are presented in
Tables III and 1. The off-diagonal reduced electric quadrupole
matrix elements (°D;[|©@||>1D,) and (D,||®®|*D;3) in
Table VIII. Table IX presents a detailed evaluation of
the hyperfine-induced electric-quadrupole moments for the
5d6s 3D1,2 states in '7°Lu™. The calculated results using the
energy values from the NIST database are marked as “Re-
vised” and are also shown in Table IX. According to our
estimation, the final uncertainty of hyperfine-induced electric-
quadrupole moments is about 5 x 1075,1.5x 1075,6 x 107
for 80)CD|,F =5,6,7) and 4 x 107°, 5 x 1075, 1.4 x
107%, 6 x 1075, 6 x 107° for 80 )(D,, F =5,6,7,8,9),
respectively. In previous work, by combining the mea-
sured parameter ,Bf ; with calculated matrix elements of
off-diagonal electric-quadrupole and the Zeeman interaction,
Zhang et al. [16] estimated hyperfine-induced corrections
to the electric-quadrupole moments for each hyperfine state
and obtained a correction value of —2.54 x 10~* a.u. for the

652 'Sy-5d6s *D; hyperfine-averaged clock transition. How-
ever, their work primarily considered the magnetic-dipole
interaction B{7!. In Ref. [16], Zhang ez al. also calculated the

average of 801Dy, F = 6,7, 8) by using the CI + MBPT
method. Their theoretical result is —2.63 x 10™* a.u., which
omits the contribution from the 'D, state. If we only con-
sider the magnetic-dipole interaction in a similar approach,
our result is —2.55 x 10~* a.u., differing from Zhang’s re-
sult of —2.54 x 10~* a.u. by only 0.44%. However, when
the electric-quadrupole interactions are considered in our cal-
culation, our value is —2.17 x 10~* a.u., which is 14.5%
bigger than Zhang’s data. This discrepancy underscores the
importance of accurately accounting for all types of hyperfine
interactions and perturbing states in Lu™.

For the 5d6s °D,,F =5,6,7,8,9 states, similar to
Ref. [16], Zhao et al. [21] obtained a value of 80} (D;) =
1.59 x 10~* a.u. through combining the measured parameter
,85, ;» with calculated matrix elements CDa |l — wV)1’Dy 3) and
(D12 |®@|°Dy 3). After the hyperfine averaging, our result
is 1.60 x 10~* a.u., which is in excellent agreement with
the result given by Zhao et al. [21]. In addition, we esti-
mated the remaining electric-quadrupole shifts of the 'So-°D; »
hyperfine-averaged clock transitions as a function of the
gradient of the electric field, which are shown in Fig. 4.
From this figure, it can be observed that the remaining frac-
tional electric-quadrupole shifts of the 1S()-3D1,2 transitions are
1.48 x 1072% and 1.03 x 1072 in an electric-field gradient of
10* V/m?,

TABLE VIII. The off-diagonal electric-quadrupole matrix elements (in Babushkin gauge and a.u.) for Lu™. Another theoretical result is
also presented for comparison. Numbers in parentheses are for the uncertainties.

Model (D116P1°Dy) (Di1©6]'Dy) (D> |02 1°Dy) (D:|©|I°Ds)
DHF —5.04 —0.565 5.04 —5.51
C4V-14 —4.13 —0.838 4.13 —4.53
CC5-13 —4.46 —0.956 4.46 —4.90

MR —4.37 —0.999 4.37 —4.80
MR+B+Q —4.36(3) —0.985(19) 4.36(3) —4.79(3)

Other theory
Paez et al. [50] —4.53 —-1.02 4.53 —4.97
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TABLE IX. The calculated hyperfine-induced 6@&2 of 5d6s 3D, states in "Lut. Other theoretical results are also presented for
comparison. “Aver” represents an average of all hyperfine states with a common magnetic quantum number My = 0. All values are given

in units of 10~*. Numbers in parentheses are for the uncertainties.

Model 50¢D)) 3041 (D,)

F=6 F=7 F=8 Aver F=5 F=6 F=17 F=8 F=9 Aver
DHF 11.8 —3.53 —1.41 —1.97 2.81 —10.6 2.03 10.8 3.27 1.66
C4V-14 12.8 —3.86 —1.55 —-2.20 1.51 —12.3 3.10 13.9 1.72 1.59
CC5-13 11.8 -3.55 —1.42 —-1.97 1.79 —11.2 2.63 12.2 2.03 1.49
MR 12.3 -3.69 —1.48 —2.08 1.63 —11.7 2.87 13.1 1.83 1.53
MR +B +Q 12.3 —-3.71 —1.49 —2.09 1.63 —11.8 2.89 13.1 1.83 1.54
Revised 12.8(5) —3.86(15) —1.55(6) —2.17(8) 1.70(4) —12.2(5) 3.00(14) 13.6(6) 1.91(6) 1.60(6)

Other results

Zhang et al. [16] 12.6 —-3.93 —1.65 —2.63
Zhang et al. [16] 12.2 —3.80 —1.60 —2.54
Zhao et al. [21] 2.01 —-11.7 3.11 14.3 2.44 1.59

IV. CONCLUSION

The fractional uncertainty of the "Lu* optical clock has
achieved the 10~!° level. To further improve its performance,
accurate values of atomic parameters related to frequency
shift, such as the Landé g-factors, QZSCs, and electric-
quadrupole moments for the 5d6s 3D , states, are essential.
However, significant discrepancies exist between theoretical
and experimental results for these parameters.

In this work, we calculated the Landé g-factors and
electric-quadrupole moments of the 5d6s 3D1,2,3, D, states,
and QZSCs of the 5d6s 3D1,2 states in Lu™ using the MCDHF
method. Electron-correlation effects (including higher-order
contributions), the Breit interaction, and QED corrections
were systematically included. Compared with previous theo-
retical values, our results are more consistent with experimen-
tal measurements. For the Landé g-factors of the 3D1,2 states,
our values are 0.498 400 and 1.156 705, matching experiment
at the 10~* level. For the electric-quadrupole moment of
3D1,2 states, our calculations are 0.630 and 0.850 a.u. The
discrepancies between our calculated values and the experi-
mental measurements are controlled within 1%. Additionally,
the QZSCs of the D, , states are —4.86 and 1.80 MHz/T?,
which shows less than a 0.7% deviation from the experimental
results.

Furthermore, we estimated the effects of the hyperfine-
induced corrections on the Landé g-factors and electric-
quadrupole moments of the 5d6s 3D , states in "°Lu*. The
effects of different hyperfine interactions and various perturb-
ing states were analyzed systematically. Our findings reveal
that both the magnetic-dipole and electric-quadrupole inter-
actions significantly influence the hyperfine-induced Landé
g-factors and electric-quadrupole moments of the 3D, , states.
In particular, for the 5d6s 3D1,2 states in "°Lu™, the electric-
quadrupole interaction accounts for approximately 15% of
the total hyperfine-induced electric-quadrupole moment. The

D, and 3D, perturbing states account for about 2% of these
corrections.

In addition, we estimated the quadratic Zeeman shifts and
electric-quadrupole shifts of the hyperfine-averaged 'So-°D; »
clock transitions, for a magnetic-field of 1 uT or an electric-
field gradient of 10* V/m?, these shifts are on the order of
10729,

In summary, our calculations significantly improve the
accuracy of key atomic parameters for Lu™, enabling more
precise evaluation of external-field-induced frequency shifts.
This work provides valuable theoretical support for designing
future Lu™ optical clocks with higher accuracy and may serve
as a reference for determining similar parameters in other
atomic or ionic systems, such as Ba.
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