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Partial quantization of non-Hermitian Berry phases in time-varying media
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A fundamental symmetry of the non-Hermitian operators describing wave propagation in time-varying media
imbues such systems with nontrivial topology. This topology may be measured directly in a wide range of
experimental settings as a quantized real part of the Berry phase, contrasting unconstrained geometric gain or
loss. This topological invariant is provided explicitly for practical examples, including a non-Hermitian analog

of the Su-Schrieffer-Heeger model.
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I. INTRODUCTION

As a wave propagates through a material, sudden changes
to material properties (faster than a period of the wave) affect
it in ways impossible in slowly varying media [1], realizing
temporal reflection [2,3], frequency conversion [4,5], or am-
plification [6,7]. Mathematically, this complexity is succinctly
encoded by promoting scalar quantities such as the wave
number to operators encoding coupling between different
frequencies [8].

While the addition of operators results in all but the sim-
plest problems becoming analytically intractable [9,10], this
field is hardly the first to experience the difficulties of operator
differential equations. Indeed, operators are the bane of many
an undergraduate’s introduction to quantum mechanics [11],
where gaps in intuition host phenomena from the quantum
Hall effect [12,13] to many-body scarring [14,15].

It thus seems natural to draw analogy between the study
of classical waves in time-varying media, and quantum me-
chanics. Even in static media, such analogies form a basis
for optical perturbation theory [16,17]. However, time-varying
media strengthen this link hugely, naturally realizing [18]
effects equivalent to P77 symmetry [19,20], or being tuned
to study field theories with synthetic dimensions [21,22].

However, overemphasizing this link hides an important
difference between the operators of time-varying media and
those of quantum mechanics: The former are typically non-
Hermitian. Such non-Hermitian operators naturally exhibit
phenomena neglected in standard quantum mechanics, but
discussed frequently in its non-Hermitian generalizations
[19,23]. Most notable of these effects, and the focus of
this work, is the emergence of defective (nondiagonalizable)
operators [24].

In this paper, we study topology in the inherently non-
Hermitian setting of time-varying media, where boundaries
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between adiabatically disconnected regions are no longer de-
marcated solely by degenerate operators, but also by defective
operators [25] (serving intuitively as a non-Hermitian gener-
alization of the former). However, adiabatically impassable
boundaries provide topological results only if they cannot
be circumvented. In Hermitian settings, such circumvention
is prevented by imposing additional symmetries [26], with
experimental observation of topological effects being limited
by how accurately these symmetries are realized.

Symmetry is a similarly key component of topology in
non-Hermitian settings [27], and our study is motivated by
an inherent symmetry of such media: The operators describ-
ing them must map real-valued fields to real-valued fields, a
feature referred to in the frequency domain as RC symme-
try [18,28]. While this symmetry is spontaneously broken in
static media, time-varying media allow it to remain unbroken.
In this paper, we demonstrate that this unbroken symmetry
equips time-varying media with a robust and nontrivial non-
Hermitian topology, observed via a quantization in the real
part of a complex Berry phase [29] (Fig. 1).

Such complex Berry phases have long been studied
in the context of non-Hermitian physics [30], and simi-
lar symmetry-protected quantization results have even been
achieved [31,32]. However, these results rely on heavily
constrained systems (2 x 2 Hamiltonians in Ref. [31], and
limitations to the adiabatic path in Ref. [32]). By contrast,
our results generalize to arbitrarily high-dimensional systems,
and require no external engineering to impose RC symmetry
(especially relevant in high-dimensional systems, requiring
precise, stable, and independent control of many parameters).

Just as the Berry phase was originally predicted [29] as
a geometric phase evolved by a state as parameters of its
system were varied arbitrarily slowly in time, we retrieve the
complex Berry phase via arbitrarily slow spatial variations.
Indeed, while mere slow parameter variations are insufficient
to ensure adiabaticity in non-Hermitian systems [33-35], we
show that the link between RC symmetry and gain [18] is
sufficient to retrieve adiabaticity for the modes we consider.

Existing works studying topology in time-varying media
typically either use time variations as an interesting way
of breaking time-reversal symmetry and inducing chiral-
ity [36,37], or relate space-time structures directly to static
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FIG. 1. Waves exhibiting different “partially quantized” complex
Berry phases: Between two ends of a long time-varying cavity, waves
may pick up a geometric phase (denoted Re{A®gp.rry}) of either 7
(dashed) or O (undashed). In addition, such waves may experience
an unquantized degree of geometric loss or gain, corresponding to a
change in amplitude between ends of the cavity. The particular model
used is the same as in Fig. 2.

analogs to obtain topological invariants [38—41]. By contrast,
this work directly leverages a symmetry inherent and specific
to time-varying systems (the natural RC symmetry) to ob-
serve uniquely temporal topological phenomena.

Furthermore, in constructing toy models to demonstrate
this phenomenon, we will also provide, as a corollary,
an alternative proof of Zak phase quantization in the Su-
Schrieffer-Heeger (SSH) model [42-44], and the 7w phase
shifts when encircling Dirac points in two-dimensional (2D)
materials [45-47].

II. RC SYMMETRY AND ADIABATIC TOPOLOGY

As a sufficient example to demonstrate the inherent
topology of time-varying media, and to prove the partial quan-
tization condition in general, we consider the Berry phase
[29,42] evolved between the ends of a long time-varying slab
with some slow spatial variation.

In contrast to static media, such systems no longer preserve
the frequencies of input waves. Thus, the Fourier transform
no longer converts the 1 4+ 1-dimensional wave equation to a
scalar differential equation. However, if one carries out the
Fourier transform regardless, one obtains [8] the operator-
valued differential equation

2E(z)
422

where E (z) is to be understood as an infinite-dimensional
vector containing the frequency spectrum of the electric field
at a one-dimensional position z. K(z/L) is an operator gener-
alization of the wave number acting on this vector to convert
between different frequencies as waves propagate through
space. Its form is determined by an operator-valued dispersion
relation, such as K = [%2(1 + 30)1"/2, where @ and ¥ are fre-
quency and susceptibility operators (see Refs. [8,18,28]), with
the branch cut such that none of its eigenvalues lie in the lower
half plane. It is further taken to be a (differentiable) function of
z/L, thus describing a profile of material parameters stretched
over z € [0, L] (we iocus particularly on the adiabatic limit of
L — 00). Finally, K is taken as equal for all z & (0, L).

= —K*(z/L)E(2), (D

We now derive the key result of this paper: that topology
arises from the fact that £ is the Fourier transform of a real-
valued wave, implying E (w) = E* (—w). In the language of
PT symmetry [19,20], this may be understood as a compos-
ite symmetry comprising two separate operations, frequency
reflection R and complex conjugation C, and will henceforth
be referred to as RC symmetry

Any operator (such as K> ) mapping between the spectra of
real fields thus obeys the symmetry

RCK2*RC = K> (2)

By applying this relation to the eigenvalue problem k?|k?) =
K2 |k?), eigenvectors and eigenvalues are found to fall into one
of the following classes [18-20]:

(1) Symmetry-broken pairs: Im{k?} 0. There is a paired
eigenvalue k> = (k*)* with eigenvector RC|k?).

(2) Symmetry-unbroken modes: Im{k?} = 0, and k* has
no degeneracy. |k?) can be chosen such that RC|k?) = |k?),
corresponding to a real-valued time-domain field. Such “RC-
symmetric”’ waves are unique to time-varying media [18].

(3) Degenerate modes: Im{k*} = 0, and k> has an alge-
braic degeneracy greater than 1. These form the boundary
between the preceding classes.

In the space of Hermitian operators, one may define a
topology where two operators are connected if and only if an
adiabatic path exists between them. By construction, the Berry
phase is defined only for continuous paths in this adiabatic
topology [29]. This is broken, however, when two eigenvalues
collide, as in case (3). Similar eigenvalue collisions also cause
the breakdown of the WKB approximation about points of
zero wave number [48].

However, in general non-Hermitian systems, adiabatic evo-
lution is physically protected only for the slowest-decaying
eigenvalues [33—-35]. With the above classification, it is clear
that RC-symmetric waves must either be evanescent (Re{k} =
0) or extended (Im{k} = 0). With this in mind, we define
two systems as being RC-adiabatically connected if and only
if there exists a path between the two where all extended
waves evolve adiabatically. It can be immediately seen that
symmetry-breaking transitions cause regions to become dis-
connected.

The relevant adiabatic approximation is derived in
Appendix A, following the adiabatic propagation of an ex-
tended RC-symmetric wave,

k(O
E.q(z) = ki ; iA¢Benry Re(2) (g [¢dyn(Z)]|Z, RC), (3)
where
Buya(2) = / k), @)
0
A@Berry,rc(2) =f0 (z, RCI1 Iz, RC)dz (5

Here, |z, RC) is taken as the (continuously varying) instan-
taneous RC-symmetric eigenvector of the operator K 2(z/L)
with a corresponding positive eigenvalue k*(z), and a cor-
responding left eigenvector (z, RC|, normalized such that
(z,RC|z, RC) = 1.
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FIG. 2. The adiabatic approximation and numerical validation:
This example considers waves evolving from the left-hand side of a
time crystal with modulation frequency €2, and a modulation phase
Pmoa(2) varying slowly in space (top panel). The precise parameters
are the same as in Refs. [18,28]. Middle panel: The numerically
calculated envelope evolving over time (thick lines), and the cor-
responding adiabatic approximation at the final time (thinner line,
overlaid) of an RC-symmetric wave in a large cavity, with time
evolution pictured as a fading afterimage. Geometric loss is demon-
strated by the reduction in the height of the wave across the cavity,
while a = geometric phase is revealed by the node in the adiabatic
approximation. This does not form a true node in the numerical
solution, due to scattering to frequencies outside of the adiabatic
approximation, decreasing to 0 as L — oo. Bottom panel: The total
error in the spectra of the adiabatic approximation as a function of
position, in the same units as the middle panel, demonstrating the
accuracy of the adiabatic approximation.

This adiabatic evolution is intuitively simple, separating

into three terms: ,/% is the geometric term of the conven-

tional WKB approximation; exp[iA@gerry,rc(2)] contains the
Berry phase associated with the changing eigenvector |z, RC);
and cos [¢qyn(z)] corresponds to the standing wave in space
typically of RC-symmetric waves (as noted in Ref. [18]).
Furthermore, one notes that the divergence at any k(z) =0
ensures that an extended RC-symmetric wave is never adia-
batically connected to an evanescent wave.

Both this approximation, and its numerical validation, are
plotted in Fig. 2, verifying its accuracy for large L.

Although we present these results for RC-symmetric
eigenvectors (as a convenient and natural generalization
of the parallel transport gauge), the Berry phase maintains its
gauge invariance from quantum mechanics, with the deriva-
tion of the geometric phase in Appendix A holding in any
differentiable gauge.

Since preservation of RC symmetry is a fundamental prop-
erty of wave propagation under Eq. (1), and with the adiabatic
approximation becoming increasingly accurate for large L,
it is necessary that E,q(z) must come arbitrarily close to

realizing this symmetry for large L. Thus inspired, we explic-
itly find the RC conjugate of (3):

k(0) iA@Bery rC(2) \*
@(ew R ) 08 [payn(2)]]z, RC). (6)

Since A@geny,rc(z) is entirely independent of L
[by Eq. (5)], this symmetry can only hold as L — oo
if  Im{exp[iA@geny,rc(z)]} =0.  Furthermore, since
A@Bery,rc(0) = 0, before varying continuously with gz,
this may be strengthened to Re{ A¢perry,rc(2)} = 0.

However, th~is term dogs not encode the full phase differ-
ence between E,4(0) and E,q(L). Despite the fact that |0, RC)
and |L, RC) are both eigenvectors of K2(0) = K*(L) with the
same eigenvalue, the requirement that |z, RC) be differen-
tiable for all z may constrain them such that (0, RC|L, RC) #
1 [an example is later given by Eq. (16)]. However, even if this
is the case, the fact that both correspond to real time-domain
fields requires that Im{(0, RC|L, RC)} = 0.

Thus, the total geometric phase difference is given by

RCEw(z) =

CDBerry = A¢Berry,RC(L) —iln ((07 RClL, RC>)7 (7)
resulting in the partial quantisation condition
Re{®Ppeny} =0 (mod 7). (8)

In contrast to the familiar Berry phase from quantum me-
chanics, ®pcy is no longer a real number. As a result, Eq. (8)
no longer represents a complete quantisation of the Berry
phase onto a discrete set of points, instead presenting an anal-
ogous non-Hermitian generalization: its partial quantization
onto lines of constant real parts.

III. EXPLICIT EXAMPLES
A. 2 x 2 Matrices

As the simplest nontrivial example, consider a photonic
time crystal with modulation frequency 2 > 0, where cou-
pling only occurs between the two frequencies :I:%. Within

this space, I/(\Z(z) takes the form [18]
x1(2) )7 ©)

2\ /1 + x:(2)
2o (2 0
@ <2c>( G@ 1400

where x( encodes the average susceptibility at a frequency
/2, while x; encodes the scale of the temporal modulation.
A key feature of note in this system is that shifting the mod-
ulation in time by an arbitrarily phase results in a shift in
the phase of x;. This is in stark contrast to the phase of o,
which has far more direct physical implications, encoding the
intrinsic static gain or loss in the system.

A straightforward calculation predicts that collisions be-
tween eigenvalues occur when

Im{xo} = £|x1l. (10)

Thus, the adiabatically distinct regions in the parameter space
of K?> may be understood simply in terms of the vari-
ables (Re{x:} Im{xi} Im{xo}) € R3, forming the interior
(exterior) of a double cone, corresponding to waves with spon-
taneously broken (unbroken) RC symmetry (see Fig. 3).
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Im{xo}

FIG. 3. Adiabatically distinct regions of broken and unbroken
symmetry in the parameter space of a 2 x 2 RC-symmetric operator:
Explicit analysis of Eq. (9) reveals that eigenvalue collisions in
the 2 x 2 square wave-number operator are determined entirely by
Fourier components of the susceptibility. In particular, symmetry-
breaking occurs when the average loss or gain Im{y,} exceeds its
time variation |x;|, as is the case in all static media. Plotted, these
regions form the interior of a double cone, in which all loops in
parameter space are contractible. By contrast, there exist noncon-
tractible loops in regions of unbroken symmetry. Quantization of
Re{®pcrry} is thus determined solely by a winding number around
the double cone.

Since a continuous deformation of an adiabatic loop in
parameter space must result in a continuous change to the
Berry phase, any contractible loop must obey Re{®perry} = 0.

Following this continuity argument, determining the rela-
tionship between winding number and Berry phase requires
only a single example for each winding number 7. To this end,
we consider the example of xo = 0, and x; = exp(2nwiz/L).
i{\z(z) is then Hermitian, with eigenvectors given by

e = mexp(nniz/L) (11
GRC =N 4 E T exp (—niz/L))

Substituting these eigenvectors into Eq. (7), the direct rela-
tion between winding number and Berry phase becomes

Re{®perry,n} = nw (mod 27). (12)

B. Many dimensions

Explicit calculations are not limited to finite-dimensional
examples. Instead, consider a time-varying system where the
phase of some general periodic modulation with frequency €2,
slowly shifts in space, by a time At = 2”?”2 Evaluating the
Berry phase in this system is made tractable by noting that
the result of shifting the modulation in time must result in
equivalent shifts in eigenvectors.

To make this shift explicit, consider the RC-symmetric
eigenvectors of I’(\Z(z =0) for a particular eigenvalue k2,
where |w)r denotes a Fourier component e " in the time
domain. These are naturally split into two categories: those
containing frequencies at integer multiples of € (henceforth
referred to as even eigenvectors)

o0
K52 = O)even = A0l0) £+ Y (AnlmSQ) z+ Aj|—mSQ) 7),
m=1

(13)

with Ap € R, and those containing frequencies at odd-
half-integer multiples of €2 (henceforth referred to as odd
eigenvectors)

k%2 = 0)osa = Y _ Bulm —1/2)2) 5

m=1

[e.¢]
+ ) Bul=m—1/2)Q) . (14)
m=1
With these Ansditze, the result of shifting the modulation by

atime At = %”% becomes explicit. In the even case,

00
|k2; Z)Even = A0|0>]-' + ZAmeZmninz/L|mQ)]:

m=1

+ ZA;;G_menz/L|—WLQ)]:, (15)

m=1

and in the odd case,

oo
K% 2oaa = ) Bue®" " (m — 1/2)Q) £

m=1

o0
+ Y B Tl —(m — 1/2)Q) 5. (16)

m=1

One may then immediately verify that |k%;0)gyen =
|k?; L)Byen, and |k%;0)0aa = (—1)"|k?; L)oad, which may then
be substituted into Eq. (7), to find the general partial quanti-
zations

Re{CDBerry,Even} =0 (mod 2m),

Re{®gperry,0ad} = nmr (mod 27),

(17a)
(17b)

which, as previously, characterize not only these particular
trajectories, but any adiabatically connected to them.

IV. CONCLUSION

The loss in intuition as familiar quantities fail to commute
is not a difficulty unique to time-varying media, and nor are
its particular complexities disjoint from all other fields: Tools
from general relativity [4] and quantum mechanics [8] have
already been applied to solve time-varying problems. Thus,
this paperconsidered how ideas of topology originating from
quantum mechanics translate to the non-Hermitian setting of
time-varying media. We found that the real-valued nature of
classical waves guarantees that the operators describing their
propagation possess sufficient symmetry to realize nontrivial
topology, and we described how this topology may be charac-
terized by a simple Berry phase measurement.

Nor are these results limited to the context of spatial prop-
agation in which they were presented. Time-domain analyses
[28,49-51] obey the same RC symmetry [28], raising the
possibility of observing topological effects in even a single
time-varying resonator [52], with a nearly periodic, but slowly
drifting, modulation (see Appendix B). This generality should
make these results far easier to apply in experimental settings.

Finally, we note that, while we have identified an important
symmetry and a number of experimentally accessible topo-
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logical consequences, we have not attempted to present an
exhaustive characterization of this topology. Thus, a promis-
ing avenue for future studies is to consider the range of
existing work on non-Hermitian topology [27,53-55], and to
see which of those phenomena have analogs protected by RC
symmetry, and may thus be realized in time-varying media.
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APPENDIX A: ADIABATIC APPROXIMATION
FOR LOSSY WAVE PROPAGATION

This appendix contains a quick derivation of Eq. (3). To
begin, note that Eq. (1) may be written in matrix form as

4 ‘TL(E) =< 0 1) qi(g) (A1)
de \ 8: W (¢) —K2&)r o)\a: 0 )

with & = z/L.

Our focus in this appendix will then be directed towards
approximating an evolution operator for the above equation,
given by

daUE0 (0 N\~
“i (e oIE0. @
U(0;0) =1. (A3)

The adiabatic approximation will proceed by considering
the instantaneous diagonalization

0 iDgL(&) 0
(_,?Z(E)Lz O) [XW@)XK@)J( —iBKL($)>
x [X¢' (X' (©)], (A4)
where Xk (£)Dx (8)X, ' (§) = K(£), and
~ 1 0 1 1
Xw(§) = (0 iI?(g)L) <1 —1>' (AS)

It is then straightforward to find that

dU;0) _ (iDkL(E) 0\,
dg _( 0 —iD L(E))U(S’O)
CXOR@) Wf)xk(s)U(é 0)
_X@) Kf)U(s 0). (A6)

where
U(£:;0) = X '(6)Xy, (6)T (£ 0)Xk (0)Xw (0).

The adiabatic approximation then arises when one neglects
the off-diagonal components on the coefficients of U (§;0).To
do so gives rise to the following equation,

(AT)

dU.(§;0) _ (iDkLE) 0 7 (e
de - < 0 —iDgL(& )) Uaa(6:0)
+ Dwia (§)U(£;0)
+ iDBerry (£ )Uaa (£; 0),
Tag(0:0) =1, (A8)
where
_ 1dIn[D,
Dwkp(§) = — z% (A9)
Dgerry (§) _ondlag< () _SXK (¢ )) (A10)

This equation may be simply solved for Una(€;0) to give

Uaa(€30) = Uwks (&5 0)Uerry (£ 0) (A1)
5 (ﬁdyn,B(é;O) ﬁdyn,f)(é;O))’ (A12)

where
Udgn = (£;0) = exp |:j:iL fo : 5K(§’)d$/:|, (A13)
Uwis (€3 0) = [Dx(0)]'*[D (6)1772, (Al4)
Uperry (§50) = exp [i /0 : ’D\Bm(g’)dgl. (A15)
Since  Uug(£;0) approximates U(£;0), by _inverting

Eg. (A7) one immediately finds the approximation U (§;0)to
U (£;0). The result presented in Eq. (3) is found by evaluating

~ ~ 1
Bug(§31) = <5>-Uad<s;0>(l)m|o RC).  (Al6)

APPENDIX B: ADIABATICITY IN FLOQUET
QUASINORMAL MODE PROBLEMS

Consider the evolution of a wave within a cavity. In gen-
eral, this may be phrased as

<i +M(t,r))\1/(t)=0, (B1)
dr

where W(t) is a Hilbert space vector describing the mode of a
cavity as a function of a time 7, while M (¢, t) is an operator
acting on this space to determine its time evolution, written
explicitly in terms of a time variable 7, and a slowly varying
parameter T = €t, for e < 1.

Into this, one may substitute the Ansarz

® . dw
() :/ V(w, T)e ™ — (B2)
_ 2

oo
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Noting that % may be written formally as % —i—e%,

and following the techniques of Ref. [8], Eq. (B1) may be
rewritten in the form

(% +e =i+ M(r)]) [W(1)) =0, (B3)

where M and @ both act upon the spectrum vector |\3(t)).
Note that, despite following the notation of multiple scale
analysis, this rearrangement is exact.

Recalling the condition that € < 1, the adiabatic approx-
imation then provides a good description of the evolution of
the slowest-decaying instantaneous eigenmodes

[—i@ + M(T)]|W(2))ins = 100/ W(T))ins, (B4)

which are precisely the modes of the system when t is taken
as a constant. Since M (¢, ) and (f—, map between real-valued

fields in the time domain, it follows that M and i® obey RC
symmetry, and thus that the partial quantization derived in this
paper applies whenever an RC-unbroken |W (7 ))ins is inserted
into the system.

In the case of nearly periodic media, M(z, T)=M(t +
25”, 7), and the instantaneous eigenmodes become precisely
the Floquet quasinormal modes studied in [28,49-51]. Fur-
thermore, it was demonstrated in Ref. [28] that RC-symmetric
modes are ubiquitous in such systems, providing a practical
alternative to achieving RC-unbroken modes in K2. Indeed,
although RC symmetry does not immediately guarantee that
an instantaneous eigenmode will be the slowest decaying, this
is still true in many cases [28], resulting in the same Berry
phase quantization.
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