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We consider the problem of reproducing one quantum measurement given the ability to perform another.
We give a general framework and specific protocols for this problem. For example, we show how to use
available “imperfect” devices a small number of times to implement a target measurement with average error
that drops off exponentially with the number of imperfect measurements used. We hope that could be useful in
near-term applications as a type of lightweight error mitigation of the measuring devices. As well as the view
to practical applications, we consider the question from a general theoretical perspective in the most general
setting where both the available and target measurements are arbitrary generalized quantum measurements.
We show that this general problem in fact reduces to the ability to reproduce the statistics of (complete) von
Neumann measurements, and that in the asymptotic limit of infinitely many uses of the available measurement, a
simple protocol based upon “classical cloning” can perfectly achieve this task. We show that asymptotically any
nontrivial quantum measurement can reproduce any other. We also study optimal protocols for a fixed number of
uses of the available measurement. This includes, but is not limited to, improving both noisy and lossy quantum
measurements. Furthermore, we show that, in a setting where we perform multiple measurements in parallel, we
can achieve finite-rate measurement reproduction, by using block-coding techniques from classical information

theory. Finally, we show that advantages can also be gained by making use of probabilistic protocols.
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I. INTRODUCTION

The process of measurement plays a fundamental role in
quantum mechanics, as it is only through measurement that
classical information is obtained about the quantum state of a
system. The most general measurement that can be performed
in principle in quantum mechanics is a so-called generalized
measurement (or instrument), specified by a set of subchan-
nels (or usually Kraus operators). In practice, in any real
experiment it is generally not possible to perform exactly
the measurement one wants. For example, when measuring
photons, detectors do not always click, leading to losses, or
there will be coupling to additional degrees of freedom within
the setup. Moreover, in different systems and architectures
there may be fundamental or engineering constraints which
make certain target measurements impossible or highly de-
manding to perform. Building high-quality measuring devices
is thus a central and demanding task, which has seen signifi-
cant progress in recent decades as quantum technologies have
begun to emerge and mature.

Here we are interested in approaching the problem of per-
forming a target measurement from the opposite direction:
rather than directly engineering it, we are interested in how
best to make use of available measuring devices, which may
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either not be the ones sought after, or which may be imperfect
or noisy. In particular, given an available measuring device
or devices, we are interested in using it or them in an op-
timal way, such that at the end of the process, the effective
measurement performed is as close as possible to the target
measurement. In particular, we are interested in the most gen-
eral situation, where the available and target measurements
are both generalized quantum measurements. The approach
we will consider taking is to use the available measuring
device multiple times, or equivalently to use multiple identical
measuring devices, in order to realize a single use (or even
potentially multiple uses) of the target measurement.

We have both practical and theoretical aims in this paper.

In the context of the former we show how to use avail-
able “imperfect” devices a few times to implement a target
measurement with average error that drops off exponentially
with the number of imperfect measurements used. We hope
that this could be useful in near-term applications as a type of
lightweight error mitigation of the measuring devices.

At the more abstract theoretical level, we show that asymp-
totically any nontrivial quantum measurement can reproduce
any other and that we can achieve finite-rate measurement
reproduction, using block-coding techniques from classical
information theory.

As an example of the potential types of processes we have
in mind, consider that instead of using a measuring device to
measure a given system, we first apply a “classical cloning”
procedure on the incoming system,
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e.g., we perform CNOTs with ancillary systems, “cloning”
in the standard basis, and spreading information about the
incoming state amongst the clones, and then measure each
one of the clones using the available measuring device, before
processing the string of outcomes into a single final outcome.
What does this final measurement look like, and how does
it compare to the available one? As we will show here, this
cloning procedure is useful, and can provide lots of flexibility
in changing the behavior of the measuring device, such that
it can become close to a target measurement. Crucially, how-
ever, this procedure is provably not always optimal, and even
better protocols can be found, as we will show.

Although this seems to be a rather natural question, it is one
which does not appear to have been addressed in the literature
before in the most general sense considered here. Key related
papers are those of Yuen [1] who proposed “purifying” pho-
todectors using preamplification, and by Dall’ Arno D’ Ariano
and Sacchi [2], who considered the more specific task of
purifying noisy measurements. More recently, [3,4] appeared,
who propose methods to perform “‘active readout-error miti-
gation,” which are closely related to the prior works. These
papers link to a modern and independent direction, known
as “measurement error mitigation,” a method of based upon
linear algebra, postprocessing a set of observed counts [5,6].
A key distinction with all of these results and ours is that we
are not interested specifically in purification or improvement
of noisy or imperfect measurements, but the general question
of reproducing a target measurement with an available one,
irrespective of how they relate to each other, e.g., even when
the measurements have different numbers of outcomes, or are
both extremal measurements. Nevertheless, our results can be
seen as generalizing all of the above. On the experimental
front, there is significant interest in performing high-quality
measurements, and many results concerning improving mea-
surements using a variety of techniques, e.g. [7-10]. Our
theoretical results can be seen as providing a novel technique
that is widely applicable for this purpose.

The questions we study here are also interesting from a
resource-theoretic perspective [11]. There has been interest
lately in applying the resource-theory approach of quantum
information to quantum measurements [12—15]. In this ap-
proach, subsets of measurements are considered as the free
objects, while any other measurement is considered a re-
source. In this approach, it has however been tacitly assumed
that a measuring device is only used once. One main insight of
this paper is that while it is natural in the context of resource
theories of quantum states that each state can only be used
once for some purpose (e.g., a single ebit which is consumed
to perform quantum teleportation [16]), given a single mea-
suring device it can normally be used many times, without
being consumed or degraded.! This shows that questions of
measurement simulation [17,18], which is another way of

I'There might be certain situations where this is not necessarily the
case, e.g., a bipartite [local operations and classical communication
(LOCC)] measurement that consumes entanglement. Here we will
focus on situations where it is a reasonable assumption that measur-
ing devices are degraded only very slowly.

phrasing the question considered here, can also naturally con-
sider multiple uses of a measurement.

In what follows, we will show that, in fact, with the ability
to perform any given measurement a sufficient number of
times, it can approximate any other measurement as closely
as desired. We will also show that the optimal procedure
for this is nontrivial, in the sense that it is not merely the
classical cloning example given above. Then, we consider
the asymptotic scenario where we use the measurement many
times, and want to approximate numerous uses of a different
measurement. We show that we can achieve finite-rate trans-
formations, using ideas from classical coding theory. Finally,
we consider allowing ourselves to make use or probabilistic
protocols, and demonstrate that these indeed provide further
advantages. We will begin by considering a specific motivat-
ing example, which highlights many of the main ideas, before
presenting the general results thereafter.

The paper is organized as follows:

(1) In Sec. II we consider a motivating example, using the
trine measurement to implement a complete’ von Neumann
measurement. These two measurements are very different
from each other and thus exhibit many key features of our
results. In Sec. IT A we first consider the two-copy case, and a
simple but nonoptimal protocol based upon classical cloning.
In Sec. IIB we then present the general structure of deter-
ministic protocols, before applying this insight back to find
optimal (and nontrivial, i.e., not classical cloning) protocols
in the case of two copies in Sec. IIC, N copies in Sec. 11D,
and for single copies in Sec. ITE.

(i1) In Sec. III we consider the practically important case
of imperfect Z measurements (considering both the cases of
noise and loss). An interesting feature is that even here opti-
mal protocols can be nonclassical cloning.

(iii) In Sec. IV we move onto the analysis of gen-
eral measurements. In Sec. IVA we outline the general
setup of quantum instruments (generalized measurements).
In Sec. IVB we then give general deterministic protocols in
this setting. In Sec. IV C we present our postmeasurement
subroutine, a key building block that implements a general-
ized measurement given access to a complete von Neumann
measurement. In Sec. IVD we present our generalized clas-
sical cloning subroutine, and present our main result, which
combines the two subroutines to show that any (nontrivial)
measurement is able to implement any other measurement in
the asymptotic limit of many uses.

(iv) In Sec. V we consider the problem of reproducing
multiple uses of a target measurement in parallel, and show
that in this setting finite rate reproduction is possible, using
block-coding protocols from classical information theory.

(v) In Sec. VI we consider probabilistic protocols, and
prove that they are able to outperform deterministic protocols.

2Here, by complete, we specifically refer to a von Neumann mea-
surement where each projector is rank 1, and so the measurement
has the same number of outcomes as the dimension of the Hilbert
space. In contrast, a (noncomplete) von Neumann measurement
may contain a smaller number of outcomes, with some higher-rank
projectors.
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(vi) Finally, in Sec. VII we conclude, and discuss future
directions of research.

II. MOTIVATING EXAMPLE: REPRODUCING
A COMPLETE YON NEUMANN MEASUREMENT
USING THE TRINE

Let us assume that the only available measurement we
can perform is the trine measurement M = {M,},, which has
positive operator-valued measure (POVM) elements

My = 31¢a)(@al. 2

where

10) — v/3]1)

3)
which are separated by 120° in the meridian plane of the
Bloch sphere.? Note that we only specify the POVM elements
here, as we will assume the measurement is destructive (or
alternatively that we are not interested in the postmeasurement
state). In such cases, it is only the POVM elements that are
relevant. We will come to the more general case in Sec. IV
below.

Our goal in this example is to use this measurement N
times to reproduce a single (complete) von Neumann mea-
surement V = {Ilp, IT;} on a qubit with elements [1y =
|0)(0] and IT; = |1)(1]. Since these two measurements are
very different, at first sight this appears to be a challenging
task.

In order to formalize our goal more precisely, let us imag-
ine that we are given a single copy of an unknown state |) =
«|0) + B]1), which we are to measure. Our goal then is to
reproduce, as closely as possible the complete von Neumann
measurement, that is to return outcome 0 with probability

90) = (Y Ioly) = |al, “)

and leave the system in the state |0), and to return outcome 1
with probability

o) =10), o) =

0 3|1
%, |$y) =

(1) = (Y| |y) = |B8I% (5)

and leave the system in the state |1). We note that if we are
able to achieve this goal perfectly, then due to the linearity
of quantum mechanics it follows immediately that the correct
behavior will also be reproduced when measuring either a
mixed state, or part of a system. That is, if we measured the
first particle of an entangled state |®) = y|0)|xo) + S1)|x1),
where |xo) and |x;) are normalized, but not necessarily or-
thogonal states, then we will find p(0) = |y |?, (1) = |§/?
and the states after measurement |0)|xo) and |1)|x;) respec-
tively, as required.

In what follows, we will consider protocols which make
use of trine measurements to approximate a complete von
Neumann measurement. In a protocol that makes use of N
trine measurements, we will denote by P?")(a) the probability

30ne reason for treating this example in some detail is that, while
it may not be particularly relevant in practical applications, many of
the key features of the general protocols can be seen in this example.

that the result a is obtained. P"Y)(a) depends upon |v), but for
notational simplicity, we suppress this dependence. Our goal
is that this should be similar to g(a), but as we will see, there
will be a small state-dependent error in announcing the wrong
outcome.

In order to quantify how “close” our measurement is to
the ideal one, we will adopt here the total variation distance
(TVD), averaged over all states,

(ev)) = f dy(JP™M(0) —p0)] + [PM (1) —p(D)]). (6)

We note that in the case here of a dichotomic measure-
ment, we will always have p(1) = 1 —p(0) and PN (1) =
1 — P™(0), and so €y, simplifies to

(eany) =2 / 4y [PY(0) — p(0). )

Before presenting our simplest protocol, it will be useful
to first consider what can be achieved by just performing the
trine measurement, and guessing an outcome for a complete
von Neumann measurement based upon the result. The prob-
ability distribution when measuring |¢) = «|0) + B]1) is

P<0>—2| ?
_§a|,

[ R T
P(l)—6+§|f3| +—6 (af” + " B), (3

V3
6
A simple way to approximate the von Neumann measurement
is to associate the outcome O of the trine measurement with the
outcome 0 of the von Neumann measurement, and to associate
the other two outcomes of the trine measurement with the

outcome 1. In this way, the implemented probabilities are

PY©0) = 2lal’, PO =1+ 2817 ©)

Substituting these into (7), and evaluating the integral, we can
calculate that this simple procedure has average TVD error of

(em) =3 (10)

Maybe unsurprisingly, this error is rather large, and demon-
strates that, on average, the trine measurement is not able
to approximately reproduce the von Neumann measurement
under this simple procedure. In the following sections we will
see that if we consider more interesting protocols, utilizing
ancillary particles and making multiple measurements, the sit-
uation changes [and indeed these considerations lead us to the
realization that even with one copy of the trine measurement,
there are more subtle and better protocols (see Sec. I1E).

1 1
P2) =2+ §|ﬁ|2 — ——(ap* +a*p).

A. A simple protocol

We will exhibit first a simple protocol, which makes use
of the trine measurement twice in order to implement a mea-
surement which is not too dissimilar from the complete von
Neumann measurement, that demonstrates many of the key
features we are interested in. The basic intuition is to spread
out the information contained in the state (the amplitudes
o and B), into a larger Hilbert space, before attempting to
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(2) )N ]i,%
)] M [|ai]

(b) [j0y M [}a2-

ifa;, =0 ]T :t|7;>

= or az =0, |4)

1 otherwise

FIG. 1. (a) A complete von Neumann measurement V = {|i)(i|}.
The probability of the outcome i when measuring the state [ir) is
(i) = |{i|¥)|*>. The state after measurement is |i). (b) A simple
protocol using two copies of a trine measurement to approximately
reproduce a complete von Neumann measurement. An ancillary
qubit is prepared in the state |0), and the incoming state |v) is classi-
cally cloned by applying a CNOT. Both particles are then measured
using the trine measurement, and the outcomes are mapped into the
outcome i of the measurement. Conditional on the outcome i, the
corresponding state |i) is prepared.

retrieve the information using multiple measurements. This
protocol is summarized pictorially in Fig. 1(b). We will see
shortly, however, that this simple protocol is not optimal.

Let us consider that we prepare an ancillary system in the
state |0), and classically clone, i.e., apply a controlled-not
(CNOT) unitary between this system and [y/), with |0) as the
target, leading to the (in general entangled) state

W) = «|0)[0) + BIT)[1). Y

We now measure both of the qubits, each one with the trine
measurement. The probability distribution for the pairs of
outcomes is found to be

P(0,0) = glal,

P0,1)=P0,2)=P1,0)=P(2,0) = é|a|2,

P(1,1) =PQ2,2) = 55+ 51BI" + 13 (@B" +aB),
P(1,2) =P, 1) = 3 + 3B — 5(@B* +a*B). (12)

where P(a;, az) = (V|M,, ® M,,|W) is the joint probability
for the pair of outcomes (a;, a,). In order to try and implement
the complete von Neumann measurement, we need to map
these nine outcomes pairs onto the two outcomes 0 and 1 of
the target measurement, which is what will be declared as the
result of the measurement. A choice which works well is

{(0,0), (0, 1), (0,2), (1,0), (2, 0)} = 0,
{(1,1),(1,2),(2,1),(2,2)} — 1, (13)

that is, in the first five cases from (12), where at least one
measurement returns a zero outcome are mapped to 0, while
the final four cases from (12), where neither measurement
returns a zero outcome are mapped to 1. Under this mapping,
the implemented probabilities P (i) [where the superscript
(2) reminds us that we are considering two uses of the trine]
are seen to be

PP(0) = e,
PP =5+ 8% (14)

[¥) -I: M D=a'1=
1 e Z.

U f(a) I5 i)

' i) ]f
A e

FIG. 2. Protocols using N copies of the trine measurement in
order to approximately reproduce a complete von Neumann mea-
surement. N — 1 ancillary qubits are prepared in the state |2) and a
global unitary U is applied to these as well as the state [). All N
qubits are then measured using the trine, and the string of outcomes
a=(ay,...,ay) is mapped into an outcome i = f(a). Conditional
on i, the state |i) is prepared. This implements a measurement M®),

2

Given these probabilities, it is straightforward to calculate
the average TVD error €(,), which is found to be

(€p) =3 (15)

Only in the case that the probabilities P®) (i) were identical
to the target probabilities (i) for all states [/) would (€())
equal zero. The small value found here shows that, on average,
the error in the probabilities is indeed small, as expected.

As we explain in more detail below, we can also calculate
the POVM M’ = {M}}; that the above procedure implements.
We find

M = §10)(0] + | 1)(1]. (16)

We also want to leave the system in the correct state af-
ter the measurement. This step is, however, straightforward
to achieve. Whenever we announce the result i, we simply
prepare the system in the state |i).

Altogether, this simple example, making use of the trine
measurement only twice, demonstrates that we can in fact
implement a measurement that is not far from the complete
von Neumann measurement, even though on the face of it,
they are decidedly different measurements.

B. More general protocols

We will now show that using the available measurement
multiple times allows an exponential decrease of the average
error in the number of uses.

We consider a general class of protocols of the above type,
where we are now able to perform trine measurements N
times, and want to reproduce as closely as possible a single
von Neumann measurement. The class of protocols we will
consider are summarized pictorially in Fig. 2 and will com-
prise the following elements:

(1) We prepare N — 1 ancillary qubits in a state |2), in-
dependent of |¢). Without loss of generality (because of the
next step), this can be taken to be the tensor product of N — 1
copies of |0). As such, we are considering a collection of N
qubits.
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(2) We perform a global unitary transformation U on these
N qubits, such that the state becomes

W) = Ul R2) = a|Wo) + B|W1), (17)
where

|Wo) = U[0)[2), [W1) =U[DI), (18)

are two orthogonal and normalized, but otherwise arbitrary
states of the N qubits.

(3) We measure all N
measurement.*

(4) Dependent on the string a = (ay, az, ..., ay) of out-
comes of the N measurements, we return as outcome of the
target measurement either O or 1, and prepare the correspond-
ing state |0) or [1).

There are two approaches that can be taken in the final
step, either a deterministic or a probabilistic assignment. In
the former case, to each string of outcomes we associate a
definite outcome, either 0 or 1. We can do this, for example,
by specifying a function f(a), such that we assign the value
i = f(a) to the string of outcomes a, as we did earlier in
the two-copy case. In the latter case, on the other hand, this
assignment is allowed to be probabilistic. This is then spec-
ified instead by a conditional probability distribution g(i|a),
which gives the probability of assigning the outcome i to the
string a.

In what follows we will restrict our attention to determin-
istic protocols. We will return to probabilistic protocols later
on in Sec. VI, where we will show that, surprisingly, they can
offer an advantage over deterministic protocols, at the expense
of being much harder to analyze in general.

In either of these two cases, the above procedure defines a
POVM Q™ with elements Q" and 0\ = (Iy — Q") on
the N systems, associated to the outcomes 0 and 1, respec-
tively, where II,, denotes the identity on n qubits. In particular,
in the deterministic case, these are given by

oM = Y SijaMy @ ® My, (19)

systems, using the trine

That is, QBN ) and Q(lN ) are sums of tensor products of trine
POVM elements. The implemented probabilities are then
given by

PM(iy = (w10M|w),

= (y QU QMUY |Q), (20)

from which it follows that the associated implemented POVM
elements are

M® =w y[dei@UieMu]l, e

where tr y denotes the partial trace over all but the first
system. In what follows, we will find it useful to think about
properties of both the POVM Q™) acting on all N systems
and in the effective POVM M®) acting on the system alone.

“We will see below that in fact this is not quite as general as we
need; we will also need in special cases to only measure a subset of
the systems, and trace out the remaining, unmeasured systems.

The figure of merit we consider will remain the same,
as given in (7). In the Appendix we show that the average
(integral) over all states can be performed, under the natural
assumption that the implemented POVM elements are diag-
onal in the basis of the target von Neumann measurement.’
Under this assumption, the implemented POVM element M(gN)
has the form

My" = (1= €)I0)(0] + €1 1)(1], (22)

where
€0 = (Wl [Wo) = 1 — (W[OS |Wo), (23)
6 = (104" W), (24)

are the errors, respectively, that the outcome 1 is returned
when the state is |0) and that O is returned when the state
is |1), and we used the fact that Q(IN) =1I- QE)N). Thus, us-
ing the standard parametrization for the state [¢) = «|0) +
BI1) = cos §]0) + € sin §|1), it follows that P™(0) =
(1 — €) cos? % + € sin® % Substituting this into (7), we are
then able to explicitly integrate, after identifying the two
regions where the P™(0) — p(0) has differing sign. A
straightforward but lengthy calculation then leads to the sim-
plified form

2 2
€ +61

€y + €1

(€w)) = (25)
Given (23), 1 — ¢y and €; must lie between the minimal
and maximal eigenvalues of QE)N), but are otherwise uncon-
strained. This now provides the possibility of finding the best
possible average TVD error [for a fixed assignment f(a),
and under the assumption of diagonal POVM elements], by
performing the simple optimization

2 2

€+ €

€ * min 0 1

€) €.€1 €y + €]
S.t. 1-— )\'max €0 < 1-—- )\'mina (26)

<
)‘-min < €] < )\mam

where Amin and A are the minimum and maximum eigen-
values of Q(()N), which must each lie in the interval [0, 1].

In the Appendixes, using the structure of (26) and identify-
ing the geometry of the problem, we show that it is possible
to analytically solve for the optimal €] and €} that achieve the
minimum in (26). The results are summarized in Table. I.

This shows that it is in fact straightforward to solve for the
minimum average TVD error (e))* once a partition of the
outcome strings has been made. Indeed, once we have chosen
a partition, this defines the POVM QW) which determines
Amax and Apin. Moreover, once we have solved (26), we can
finalize the protocol, since from (23) we see that we just
need to find two orthogonal states |W() and |¥;) that have

5This can in fact be achieved without any loss of generality; if we
have a protocol which does not have this property, we can always
dephase it (making it diagonal in the target basis) by interacting with
one further ancillary system. We have not found any advantage in
considering protocols which produce coherence in the target basis.
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TABLE I. Regions and behavior of (€x))*. As shown in the Appendix, there are five regions, depending upon the relation between Apin
and A,y In each of these regions, it is possible to analytically find the minimizing pair (¢j, €}) of (26), and the corresponding optimal average
TVD error {(€(y))* [for a fixed assignment f(a), and under the assumption of diagonal POVM elements].

Region (€5, €7) (e
1 % < (1 - )\.rnax) (1 - )“maxs )‘max) % + 2()‘max - %)2
Il (V24 Do < (1= hmax) < 5 (1= A (V2 = D = Ana)) 2(V2 = D = han)
(1 _)"m x)2 +)"21
1 (V2 = D = Anax) < Amin < (V24 DA = Ama) (1= Amax: Anin) T
v (\/i"_ 1)(1 - )‘-max) < )‘-min < % ((\/i - 1))"mins )‘«min) 2(\/5 - I)A'min
\Y % < )\min (1 - )Lmina )“min) % + 2()\min - %)2

the correct expectation values on Q(()N ), and we can always do
this.® Thus, we see that we have reduced our initial problem
to a much simpler one, of solving a simple quadratic problem.
The final stage is then to find the optimal partitions, which
needs to be done either by appealing to a careful argument, or
by simply checking the (large) number of possibilities.

There are furthermore a number of interesting lessons we
can draw from this reformulation of (e)). First, we can
notice that it only depends upon two specific states, |) = |0)
and |¢) = |1), through |W,) and |¥;). These are the two
orthogonal states that the von Neumann measurement is able
to perfectly distinguish. As such, we see that the question
of how well our implemented measurement performs on the
entire Bloch sphere is reduced to a modified figure of merit on
only two natural states.

Second, we note that from the form (25) it is straight-
forward to see since both terms in the numerator are
non-negative, and since the denominator cannot become neg-
ative when 0 < €p, €; < 1, that the only way that the average
TVD error (ewy) can vanish is if € =0 and €; = 0. This
is of course as we should have expected: it corresponds to
the case whereupon receiving |i) as the state to be measured,
the measurement returns i with certainty. Crucially, however,
when considering finding the optimal error, due to the con-
straints in (26) this in turn means that A,;, = 0 and A, = 1.
This further means that Q(()N) must have an eigenvalue 0 and
an eigenvalue 1. The former condition, due to the fact that
oM =1— 0, means that Q%" ) must have an eigenvalue
equal to 1. Altogether, therefore, this shows that in order
to have zero error, the POVM Q®) must be such that each
of its elements has a unit eigenvalue, and then it is clear
that we must arrange things such that |Wy) = U]0)|2) and
W) = U|1)|2) are the corresponding eigenvectors.

Conversely, the above shows that if Ay, > 0 or Ay < 1,
we will for certain have (ew))* > 0, corresponding to an
imperfect reproduction of the target complete von Neumann
measurement. Therefore, our problem has reduced to the
study of the eigenvalues of the POVM Q®), and in particular
how close to 1 we can arrange the largest eigenvalue of Q(()N )
to be.

5As we will see later, while it is simple to achieve the correct
expectation values, it is not so obvious at first sight how to ensure
that the states are orthogonal. This can, however, always be achieved
by making use of extra ancillary particles, which are not measured.

C. Returning to two copies

Let us return to our example from Sec. I A, using two
copies of the trine, N = 2, and rephrase everything in the
above terms. The strategy that we outlined previously amounts
to choosing

=My ® Mo + My ® My + My ® My
+ M, My + M, ® My
=11 -0 -My)® A~ M),
0P =M, @M, + M, @My + M, @My + M @ M>
=0 -My) A —-M,) 27)
for the POVM Q®, and U equal to controlled-not such that
[Wo) = 10)|0), [W¥1) = [1)]1), (28)
and
(2) _ 8
PO0) = &
PP0)=0 when

when

1Y) =10),
1Y) =11), (29)

which led, as a reminder, to {(€(2)) = %.

Now, Q(()z) has minimum and maximum eigenvalues equal
t0 Amin = 0 and Apax = g, respectively. From Table I we can
verify we are in region II, and that the average TVD error is
thus

~ 0.092 (30)

. 2(V2-1)
(€@)" = —9

which is achieved at

1 E) (31)

N
(60,61)—(9, 9

and is strictly better than what we found before, which we
see is m ~ 1.21 times larger than the optimal average

TVD error. We thus see that the classical cloning protocol we
gave in Sec. IT A, although intuitive, is not in fact the optimal
strategy. It will be very insightful now to understand why there
is a better strategy, and how it differs from our initial guess.
To that end, we can notice, crucially, that while e; =
I — Amax, on the contrary the optimal value €] > Api, = 0.
That is, in contrast to the procedure from before, which led to
the probabilities given in (29), the optimal probabilities are in
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fact
(2)% 8
P*(0) = 5 when |¥) = |0),
21
PP*(0) = f9 when |y) = [1), (32)
and the optimal implemented POVM is
8 V2 -1
MP* = Z10)(0 (1],
o 9| (0] + 9 [1)(1]
. 10-42 1
M = =11+ 5 10) (0. (33)

This shows that it is not optimal to take (\111|Qf)2)|‘~111) to
be equal to the smallest eigenvalue of Qéz), and further-
more that in general |W;) will not be an eigenstate of Q(()z).
This can be seen explicitly in this example: the eigenval-
ues of Q(()z) are {g, %, %, 0} with corresponding eigenvectors
{10)10}, [0)]1), [1)]0), [1)]1)}, and so we cannot take |W]) to
be an eigenstate of Q(()z) and achieve €.

Since €5 = 1 — Amax, We must take |W§) = 0)]0), the cor-
responding eigenvector, just as before. For |W}) we see that
we have some freedom, showing that there are infinitely many
optimal solutions. One particularly simple choice is

2-1 T—V2
W) =11) \/\/_6 0) +4/ 6f|1), (34)

which is still achieved by U being a controlled unitary trans-
formation, except now when the control is |1) the unitary
applied is no longer a full X rotation, but a rotation by a
slightly smaller angle.

At first sight, it might appear that this protocol should
be worse than the previous protocol since before if we were
given the state |¢/) = |1), then there was zero probability of
erroneously returning the result 0, whereas with this new strat-

egy the probability is % However, if we consider a state

on the equator of the Bloch sphere |) = (|0) + €|1))/+/2,
then the previous protocol gave P?(0) = § ~ 0.44, while the

optimal protocol gives P*(0) = % ~ 0.47, independent
of ¢, which is closer to the target statistics of (0) = % The
lesson here is that looking only at the statistics of the basis
states can be misleading compared to the statistics on average
over the entire Bloch sphere, and this averaging is precisely
what is taken into account in order to arrive at the form (26).

Finally, we should note that in the above we have found
the optimal unitary U, and hence optimal states |¥;) and
|W¥) after having fixed a choice of Q® (under the assumption
of diagonal POVM elements). This raises the possibility that
there is in fact a better choice of Q(Z), i.e., a better partition of
the strings a into two subsets. An exhaustive search finds this
not to be the case; the protocol presented is in fact an optimal
choice of Q® (other optimal choices also exist, which relate
to this choice by suitable symmetries).

D. N-copy protocols

We now briefly outline how the above generalizes to the
case of N uses of the trine. The natural generalization is

Q(IN) =M, + M)®N = 1 — My)®V,
0 =Ty — My +M)®N =Ty — (I = Mp)®". (35

Exhaustive search confirms this to be an optimal choice
amongst all deterministic protocols for two- and three-copy
protocols.” The generalization to N copies corresponds to out-
putting 1 if none of the trine measurements have as outcome
0, and returning O in the other case, when one or more trine
measurement returns 0.

Q(()N) has minimum and maximum eigenvalues equal to

1
Amin =0, Amax =1-— 3_N (36)
Making use of Table I, we remain in region II, and have
. 2V2-1)
few)" = ——y— (37
which is achieved at
. 1 V2-1
(5, €1) = <3—N,—3N ) (38)

Crucially, this shows that the average TVD error drops off
exponentially fast in the number of uses of the trine and,
surprisingly, tends to a perfect reproduction in the asymptotic
limit of infinitely many uses. Thus, even though the trine
measurement is fundamentally distinct from the complete von
Neumann measurement, if we allow ourselves the possibility
of performing the measurement many times, it in fact becomes
equivalent.
An optimal unitary U achieving this protocol® produces

|Wo) = U0)®N = |0)®N,
W) = U1)[0)*N D = 1)V =D|pM), (39)

with

V2 -1 V2 -1
(N)y _ _ = =
o) = \/2 T |0) +\/1 VR [1). (40)

That is, the optimal protocol is very close to a classical cloning
protocol, whereby we copy |0) to N copies of |0), and |1) to N
copies of |1). The key difference is that the final qubit should
not be copied exactly, but must be rotated toward |1), with dis-
tance decreasing exponentially with N. A simple calculation
shows that if we instead did use the classical cloning protocol,
this would amount to picking the suboptimal pair (e, €;) =
(37 0) = (I = Amax, Amin), which would achieve (e(y)) = 7.
Notably this is always m ~ 1.21 times worse in average
TVD error compared to the optimal choice, independent of N,

"We note that this is not the unique optimal protocol; other optimal
protocols are related to this one by symmetry.

8 As in the previous example, there are infinitely many unitaries we
can choose between; here we focus on what we believe is the simplest
possible protocol to achieve in the laboratory.
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|w){ -[ M [I:ali:{o if ay = 0, [ :ﬂ%

1 otherwise |L>

0) —

FIG. 3. A modified protocol in order to optimally make use of
a single trine measurement. This protocol makes use of an ancillary
qubit, so that the unitary U from (43) can be applied, which effec-
tively allows the states |\Wy) and |\W/;) to be nonorthogonal. Since only
a single trine measurement is performed, the ancillary particle is left
unmeasured or is thrown away at the end of the protocol.

and therefore still has an error which drops off exponentially
fast to zero.

The measurement we implement through this N-use proto-
col, as given by (21), is found to be

1 V2-1
M = <1——N>|O)(O|+ [1)(1],
V2-1 1
mM® = (1 _3_N>|1)(1|+3—N|0)(0|. 41)

Before moving onto the case of more general measurement
implementations, there are two final points worth discussing.

E. Single-use protocol

The first point worth noting is that our procedure shows
that already in the scenario where the trine measurement is
performed only once there is a nontrivial protocol to follow.
In particular, substituting N = 1 into (41) indicates we should
be able to achieve an implementation of the noisy complete
von Neumann measurement

M _ 2 V2-1
Mg = 510001 + 1,
Y~ ‘F 1|+ 5 |0><0|, (42)

which achieves an average TVD error of (€(1))* = 3 22 -
1) &~ 0.276. Notably, this outperforms the naive procedure
of just measuring using the trine and outputting 0 when the
outcome is O: the procedure that we started with at the begin-
ning of Sec. II. We saw previously that the naive procedure
achieves (e(1)) = 3

We do, however, appear to run into a difficulty when we
consider the unitary U that we need to perform from (39) since
this is in fact no longer unitary, taking orthogonal states to
nonorthogonal states. There is, however, an avenue to over-
come this small difficulty, as depicted in Fig. 3. Consider
preparing an ancillary qubit in the state |0), which is not
measured. This ancillary qubit allows us to enact the trans-
formation we need on the first qubit, and flip the second so as
to satisfy the orthogonality requirements, i.e.,

U10)|0) = |0)|0),

Um0y =

| 0) +

|1 1. 43)

It is interesting that it is necessary to go beyond the use of a
single qubit, which effectively allows us to move from unitary
transformations to more general CPTP maps at the level of the
first qubit, and that this is useful.

III. IMPERFECT Z MEASUREMENTS

We now turn to the case that our available physical devices
perform an imperfect versions of a (complete) von Neumann
measurement. These cases are similar to one that occurs in
many physically important applications. We will consider the
two primary forms of imperfection: (i) noise, i.e., the possi-
bility of declaring the wrong outcome, and (ii) loss, i.e., the
possibility of declaring no outcome.

Interestingly, these examples also shed light on the ques-
tion of why is it that protocols become nontrivial, requiring us
to move beyond simple classical cloning. A natural conjecture
would be that this derives from the fact that the trine measure-
ment contains three nonorthogonal rank-one elements, which
do not commute with each other. Maybe it is this noncommu-
tativity which leads to the interesting structure to the problem
we identified above. In what follows, when considering noisy
Z measurement, we will show that this is not the case, and
that this is not the origin of the nontrivial aspects of our
measurement implementation problem.

A. Noisy Z measurements

Consider a simple class of measurements with POVM ele-
ments

No(p. q) = pl0){0] + (1 — g)[1) (1],
Ni(p, q) = (1 = p)|0)(0[ + g 1) (1]. (44)

Without loss of generality we take p > g and p > (1 — gq), so
that p € [%, 1].° We can think of this class of measurements
as being asymmetric noisy Z measurements, which include
the standard noisy Z measurement in the special symmetric
case p =gq.

We will consider the situation of a single-copy (N = 1)
approximate implementation of the von Neumann measure-
ment using these noisy measurements. In this case, we have
Amin =1 —¢q and Amax = p-

From Table I, we know that there are five regions to con-
sider. Given our constraints, it is straightforward to check that
regions I and II are excluded. In the region III, where

(V2+1Dg—V2<p<

the optimal solution is obtained at (€5, €]) = (1 — Amax, Amin)-
This region includes the standard noisy Z measurement. In
this region an optimal protocol is just the trivial one (the
unitary is the identity).

Surprisingly, the remaining two regions are in fact
nonempty, and in these regions it is necessary to employ a
nontrivial protocol (i.e., one which is not simply classical

2-V24+(W2-1)g, (45

9Note that we restrict the interval for later convenience, as it will be
sufficient for our purposes here, and all other cases can be mapped
into this one by suitable relabeling.
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cloning). In particular, focusing on region IV (similar calcula-
tions hold for region V), then we are in this region whenever

1
|- —< 2+ 1)p— 2. 46
7 g<(2+Dp—+2 (46)

From Table I the optimal solution is at
(€, €)= (V2= =), 1 —g), @7

which achieves (e(1))* = 2(v/2 - D — q), and for which an
optimal protocol, which requires an ancillary qubit (which
will not be measured, as in the case of a single use of the
trine), is to perform the transformation

U10)0) = (v10) +3[1)[0),  UIDH[L) = [DHI1),  (48)

where § = /1 — ¥2, and y depends upon p and ¢, and is

equal to
1 - V2 +2g
y=,—). 49)
p+qg—1

One can confirm that 0 < y < 1 for all p and g satisfying
(46). The protocol is to measure the first of the two qubits,
and return as the outcome the observed outcome (and prepare
the corresponding state).

What this shows is that even though we have a very simple
measurement, with two commuting POVM elements, there
is a regime where it is nevertheless necessary to utilize a
nontrivial (not classical-cloning) protocol in order to use it to
optimally implement a complete von Neumann measurement.
Thus, the need for nontrivial protocols does not derive from
the noncommutativity of the POVM elements, and is a general
feature of optimal protocols.

B. Lossy Z measurements

We now consider instead the case of lossy Z measurements,
i.e., the model of a measurement where the system can be lost
as part of the measuring process, returning a null result. We
will refer to this null result (without loss of generality) as 2.
The POVM elements of a lossy Z measurement are

Lo(n) = (1 — n)[0)(0],
Li(n) = (1 —n|1){1], (50)
Ly(n) = nl.

Here 1 is the loss parameter, the probability that the system is
lost. The ideal measurement is recovered when n = 0, corre-
sponding to zero loss (such that the outcome 2 is never seen).

When considering multiple lossy measurements, rather
than taking the target measurement to be an ideal Z measure-
ment, it is instructive instead to take the target to be another
lossy measurement, i.e., one with three outcomes. In partic-
ular, for a given string out outcomes a = (ay, ..., ay), when
using N measuring devices and classical cloning, consider the
following deterministic assignment:

0 ifanyag,=0fork=1,...,N,
i=31 fifanyg=1fork=1,...,N, (28
2 ifall gy =2for k=1,...,N.

Note that this covers all cases that can occur, due to the struc-
ture of the measurement (50) (in combination with classical
cloning). In particular, if the qubit to be measured is in the
state |0), then after cloning, the N-qubit state that is measured
is |0Y®N. It is therefore impossible that any measurement
returns result a; = 1; the only possible results are strings of
0 and 2 (and all can occur). A similar reasoning shows holds
when the system starts in the state |1). The assignment (51) is
therefore seen to capture all possible strings.

It is straightforward to calculate the POVM elements of the
reproduction. They are given by

LYY = (1 —n™)0)(0],

LM =1 — g™y, (52)
LéN) = nN]I,

i.e., they are of the same form as (50), but with n replaced
by n". This thus corresponds to exponential suppression of
the losses. It is intuitive why this is the case: in a lossy
measurement, the only imperfection is when the system is lost,
in which case no information is learned about its identity. In
this protocol, the basis states are cloned, and the only time that
no information is gained is if all clones are lost, which occurs
with probability ", an exponential suppression.

Finally, in this section we note that lossy Z measurements
can also be used to reproduce noisy Z measurements, by bin-
ning the outcomes. One possible strategy (which is sufficient
to exhibit the scaling with N) is as follows: when the outcome
2 is obtained, the result O can be returned. In this case, the
POVM elements become of the form (44) with

p=1 qg=1-n (53)

We thus have A = 1 and Ay, = 1, and from Table I we will
be in region IV if 7 < 1/+/2 and region V otherwise.

Given access to multiple uses of the measurement, we
can first employ the protocol from the previous paragraph,
before carrying out the binning. The combined effect leads
to a measurement with p =1 and ¢ = 1 — 5", hence with
Amax = 1 and Amin = n". This thus always ends up in the
region IV for sufficiently large NV, with the final average TVD
error of (ep)* = 2(v/2 — )5V, exponentially small, as we
would expect.

IV. REPRODUCING GENERAL MEASUREMENTS

Up until this point we focused on insightful examples, re-
producing a single use of a qubit von Neumann measurement
given the ability to perform the trine measurements, imperfect
Z measurements, or lossy (inefficient) Z measurements. In
this section we will now study the more general problem
of reproducing the single use of one measurement given the
ability to perform another measurement N times. The main
result of this section will be to show that in fact any mea-
surement can reproduce any other measurement, showing that
all measurements are in fact equivalent in the setting we con-
sider. Crucially, this is true even when the measurement we
are trying to reproduce has nontrivial postmeasurement states
(in contrast to the complete von Neumann measurement, as
we will explain more carefully below). A key insight is that
in fact the ability to reproduce a complete von Neumann
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measurement can be viewed as an important subroutine,
which although not always optimal, gives a concrete proto-
col which allows any measurement to reproduce any other
measurement.

A. The general setup

In the above we described our setup in terms of the POVM
elements of the trine. This was sufficient for our needs previ-
ously, as we in fact did not make use of the postmeasurement
states of the measurement, but only the result of the mea-
surement. In general, after a system is measured, it will leave
the system in a postmeasurement state, dependent upon the
outcome observed. From a modern perspective, the most gen-
eral measurement that can be performed is an instrument M,
which is a collection of completely positive and trace non-
increasing maps M = {A,}, (also commonly referred to as
subchannels), one associated to each outcome a. We will de-
note by m the number of outcomes of the measurement, which
can be arbitrary. When a state p is measured, the probability
of the outcome a is

P(a) = tr[A4(p)], (54)
and the state after the measurement is
, Na(p)
= =" 55
Pa="p @ (55)

In order for the measurement to be properly normalized, we
must have ) P(a) = 1 for all states, which is satisfied as
longas A =), A, is a trace-preserving map.

Note that since each subchannel of the instrument is com-
pletely positive and trace nonincreasing, it can be written as a
sum of Kraus operators,

Aa() =Y KK, (56)

where 3, K#'K¢ < 1. The normalization condition then reads
as Y, ,KfTK® = 1. This highlights why instruments can be
viewed as more general than Kraus operators since they allow
each individual outcome of the measurement to be associated
with a collection of Kraus operators, rather than a single Kraus
operator.'® Nevertheless, to each outcome we can still asso-
ciate a POVM element M,, which determines the probability
of a given outcome (but not the postmeasurement state). We
see that

M, =) KIKY, (57)

where P(a) = tr[M,p]. For a general instrument, we find that
the postmeasurement state p,, will depend both upon the mea-
surement outcome and the state measured. This is in contrast
to the case of a complete von Neumann measurement, where
the postmeasurement states depend only upon the measure-
ment outcome (and are independent of the state measured). It
is in this sense that we can say that the postmeasurement states

10This is also sometimes referred to as non-fine-grained measure-
ments since it can be viewed as a measurement with a pair of
outcomes a and i, such that i is ignored.

of the complete von Neumann measurement are trivial, and we
see that a potentially new aspect of the reproduction problem
arises when we want to reproduce the postmeasurement states
of a measurement where these are nontrivial, and retain a
dependence upon the measured state.

The general scenario we wish to consider there is that we
want to reproduce a target measurement 7 = {I";}, given the
ability to perform the measurement M = {A,} N times.

The only requirement we place on M is that it is nontrivial,
meaning that its POVM elements are not all proportional to
the identity. Such measurements are not measurements at all
from a physical perspective since they do not require any mea-
surement to be performed. They amount simply to producing
a random (fictitious) measurement result, and preparing some
quantum state. Clearly, such trivial measurements will never
be able to reproduce any nontrivial measurement, and hence
we exclude them from investigations from here on.

Similarly to before, we consider that we are given a single
copy of an unknown pure state |Y), and at the end of the
protocol, in an ideal reproduction we wish to produce an out-
come i with probability p(i) = tr[T";(|¥)(¥])], and to leave
the system in the state p/ = I';(|¥){¥])/0(i). This will not
be possible in general, and so we seek to approximate this as
closely as possible using an optimal protocol involving N uses
of the available measurement.

B. General protocols

We now outline the general class of protocols that we
consider, as well as the figure of merit we will focus on. The
primary difference from before arises due to the fact that we
now consider instruments, with postmeasurement states. This
means that the most general protocols will have a sequential
aspect to them. In particular, we may consider protocols in-
volving a number of stages, where at one stage we make N,
measurements on a subset of the particles. Depending upon
the outcome of these measurements (and previous measure-
ments), we may then apply a unitary on the whole system,
before measuring a new subset of N, particles, and so on. The
general structure of protocols we consider, depicted in Fig. 4,
is the following:

General protocol

(1) Prepare N4 ancillary particles in a state |2), in-
dependent of |y). Without loss of generality, this can be
taken to be |Q2) = |0)®M,

(2) Perform a global unitary U; on the Ny + 1 particles
¥)I%).

(3) Measure a subset S; of the particles using the
available measurement M N, times, leading to a string of
outcomes a = (ay, ..., ay, ). Due to the freedom in speci-
fying the unitary U, in the previous step, the measurements
can always be taken to be on the first N; particles (since
systems can be permuted before the measurement).

(4) Depending upon the string of outcomes a, apply a
unitary transformation U, (a) on all of the particles.

(5) Measure the first N, particles using the
measurement M. Append the results of these
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FIG. 4. The general class of protocols we consider here. Ny an-
cillary particles are prepared in the state |€2), and an initial unitary U,
is applied to all Ny + 1 particles. In stage one, the first N; particles are
measured, and then a conditional unitary U, (ay, ..., ay,) is applied.
This is iterated k times, such that in stage j the first N; particles are
measured, and then a unitary U;(ay, . . ., ay,+..+n;) is applied, which
depends upon all previous measurement outcomes. After N mea-
surements have been performed, the final unitary is used to prepare
the output particle (taken to be the first without loss of generality),
and the measurement outcome is computed according to the function
i = f(a). This implements a measurement M® = {A"}.

measurements onto the existing string, so that
a= (a], ce s ANy ANPF1s - - - ,aN1+N2).

(6) Repeat steps (iv) and (v) until N =N, + N, +
--- 4+ N, measurements have been made, i.e., so that in
total there are kK measurement stages, and in total N uses
of M are made.

(7) Dependent on the full string of outcomes a =
(ay, ..., ay), return as outcome the result i. As before, this
can be done deterministically, where i = f(a), or proba-
bilistically, according to p(i|a).

(8) Apply a final unitary transformation Uy (a, i), and
return as the postmeasurement state the first system (with-
out loss of generality).!!

This protocol will enact a measurement M®) = {AI(N)} on
the system. We can quantify the performance of the protocol
using a generalized form of TVD error from before, taking
into account now also the postmeasurement state, namely,

(58)

1’

(ea) = /dw D IAM Ay = Ty (D)

where || - ||; denotes the trace norm. The above class of proto-
cols are hard to analyze in general, due to their generality. In

""Note that U, (a, i) will only depend explicitly upon i in the case
of probabilistic protocols; for deterministic ones, since i = f(a),
Ui+i1(a) will only depend upon i implicitly through a. Note also
that since the first system could contain multiple subsystems, this
controlled unitary allows rather general postmeasurement state re-
production; as an example, it could include a controlled-swap, thus
allowing for effective “measure and prepare.”

what follows we will restrict our attention to specific families
of protocols which are simpler and less general. Nevertheless,
we will see that they are powerful enough to show that any
measurement can reproduce arbitrarily well any other mea-
surement. Before doing so, we will first exhibit an important
subroutine, which will reduce the complexity of our problem
substantially.

C. Postmeasurement subroutine

When considering general measurement reproduction,
with nontrivial postmeasurement states, at first sight it ap-
pears that the problem is inherently more difficult than
reproducing a complete von Neumann measurement, with
its trivial postmeasurement state, that depends solely upon
the measurement outcome, and not upon the system be-
ing measured. In this subsection we will show that there
is in fact a wuniversal subroutine, which shows that we
can reduce the problem of reproducing a given measure-
ment to the problem of reproducing destructive perfect
complete von Neumann measurements. “Destructive” means
that we only need to get the correct classical outcome
of the measurement; we do not need access to the post-
measurement state. In particular, if we are given access
to a destructive complete von Neumann measurement, the
following subroutine is able to perfectly reproduce any
other measurement. Thus, in order to use one measurement
to reproduce another, we simply only need to show that
we can use any measurement to reproduce a (destructive)
complete von Neumann measurement, and then use this sub-
routine, in a bootstrap fashion, to reproduce the desired
measurement.

Let us assume that we wish to reproduce a measurement
M as above, and we have the ability to perform a destructive
complete von Neumann measurement V = {|i)(i|}. Consider
the following protocol, which we will refer to as the postmea-
surement subroutine:

Postmeasurement subroutine
(1) Prepare two ancillary particles in the state |0)|0).
(2) Perform a global unitary V such that

VIY)I0)0) = Y K¢ |y)la)l). (59)
a.j

(3) Ignore the third particle, and measure the second
using a destructive perfect complete von Neumann mea-
surement.

(4) Return as outcome the result of the von Neumann
measurement, and return as the postmeasurement state the
first particle.

It is straightforward to see that the probability of returning
the outcome a is

Pa) = > K ) (wIK] = ulMoly) (W]l (60)

J
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and that the state (of the first particle) after the measurement
is

;L 1
= pa)

« at — AdlV) )
;K,»wwug =~5@ - ©

That is, this shows that a destructive complete von Neumann
measurement is able to perfectly reproduce any other mea-
surement. Interestingly, in this protocol the dimension of the
system the von Neumann measurement needs to act upon is
determined by the number of outcomes of the target measure-
ment. Note that this does not introduce any difficulties. If, for
example, we can only perform von Neumann measurements
of dimension d, then in (59) we would need to encode |a) into
an appropriate collection of qudits and perform the required
number of complete von Neumann measurements (e.g., if the
target measurement had seven outcomes, and we had access
to a qubit von Neumann measurement, then we would en-
code into three qubits, and measure all three of them, with
only seven of the eight possible outcomes ever occurring;
equivalently, we could take the final outcome to have Kraus
operator 0).

D. Asymptotic reproduction of any measurement
by any other measurement

We are now in a position to give our first main result:

Main result 1: Given the ability to perform any nontrivial
measurement, we can reproduce arbitrarily well any other
(generalized) measurement, by making sufficiently many
uses of the first measurement.

In order to prove the main result, we can first note that,
given the above postmeasurement subroutine, all that is left
to be shown is that any measurement is able to reproduce
a perfect destructive von Neumann measurement arbitrarily
well in the asymptotic limit (that is, we do not even need to
worry about getting the postmeasurement state correct, even
though this is in fact completely straightforward, as we do not
make any use of it). We will now show this, focusing on a
simple (albeit nonoptimal) protocol, based upon generalized
classical cloning.

We will begin by considering the simplest situation, where
we assume that the measurement we have access to is on
systems of the same dimension as the target complete von
Neumann measurement, which we will denote by d. At the
end of this section we will explain how to adapt the analysis
to take into account the more general situation, where the
dimensions differ.

The first key observation is that the ability to perfectly
perform a complete von Neumann measurement is equivalent
to being able to perfectly distinguish between the d basis
states {|i)}. In the forward direction this is immediate since
a perfect complete von Neumann measurement can indeed
distinguish between the d basis states {|i)}. In the backward
direction, a perfect complete von Neumann measurement is

the only measurement that is able to perfectly distinguish the
basis {|i)}, and hence the equivalence follows.'?

Thus, we can focus on the task of perfectly distinguishing
a basis of states, and if we show that we can do this asymp-
totically, then we know this implies that we have the ability
to perform an ideal measurement. The following generalized
classical cloning protocol achieves this goal:

Generalized classical cloning subroutine
(1) Prepare N — 1 ancillary particles in the state |Q2) =
|0) ®(N—1).

(2) Perform the unitary U such that
(W) = Uli)|Q) = |e;)®", (62)

where |e;) form an orthonormal set of d states (and will be
specified more fully in the main text).

(3) Measure all N particles using the available mea-
surement M, keeping only the string of measurement
results a = (ay, ..., ay), (and discarding any and all post-
measurement states).

(4) Use maximum-likelihood estimation to guess
which basis state |7) was initially prepared.

We will now analyze this subroutine to show that in the
asymptotic limit of large N, it is able to correctly identify the
basis state |i) perfectly, independent of the measurement M
used.

The probability of obtaining the outcome a when measur-
ing the incoming basis state [i) is

P(ali) = (eilMale;), (63)

where {M,}, are the POVM elements of the instrument M.
The probabilities of the string of outcomes a = (ay, ..., ay)
will be

N
PMali) = [ ] Plali). (64)

k=1

Now, the key insight is to view this as N samples from one
of d different probability distributions, with each distribution
being labeled by i. That is, we can map the problem of dis-
tinguishing basis states onto the equivalent problem of having
to distinguish between d different classical random variables,
given N samples of one of the variables. This is thus an
instance of d-ary hypothesis testing.

Crucially, in the asymptotic limit, all nonidentical random
variables can be perfectly distinguished. Moreover, the proba-
bility of making an error drops off exponentially in the number

12Note that, strictly speaking, we also ignore trivial counterexam-
ples to the above, such as the three outcome measurements with
outcomes My = [0)(0], M; = 1[1)(1| and M, = 1{1)(1]. That is,
examples where the measurement is obtained by a trivial postpro-
cessing of the von Neumann measurement. In this example, M| =
M,, and this measurement is equivalent to performing a complete
von Neumann measurement, except one outcome involves a fair coin
flip before announcing the result.
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of samples N when using maximum-likelihood estimation
[19], with the rate given by the minimum pairwise Chernoff
distance between the d probability distributions.

Finally, since the probability of making an error decreases
exponentially in the asymptotic limit, so too does the average
TVD error (€)). In particular, we find that €,; approaches
0 exponentially fast for a # i, and similarly €,, approach 1
exponentially fast, in both cases as N tends towards infinity.
As we show in the Appendix, we can find an upper bound on
the TVD error that depends only upon €,;. Given that this up-
per bound approaches 0 exponentially fast, a direct calculation
shows that (€(y)) must too approach 0 exponentially.

The only subtlety that arises then is whether the distribu-
tions P(a|i) are different for all states |i), which is necessary
in order to distinguish the states. In order to understand this
issue, let us consider two simple examples. First, returning
to the trine measurement from Sec. II, and consider standard
classical cloning, with |e;) = |i), then the probabilities ob-
tained are

P(0j0) = 2,
P(O|1) = 0,

P(110) =
P|1) =

P(20) = 1,
PQ2[1) = 1. (65)

Since the two distributions P(a|0) and P(a|l) are distinct,
asymptotically the states |0) and |1) can be perfectly distin-
guished. As a second example, consider the degenerate qutrit
measurement with POVM elements

Moy =10)(01, My = |1){1] +12)(2]. (66)

1
6’
1

2>

Using standard classical cloning, this measurement is not
able to distinguish between the basis states |1) and |2) since
they both lead to the same probability distribution P(0|1) =
P(0]2) =0 and P(1|1) = P(1|2) = 1. However, it is able to
distinguish the basis state |0) from |1) and |2). If we were
therefore to permute the states |0) and |1) we would be able to
distinguish instead |1) from the other two. Using this idea, we
can therefore consider a generalized cloning protocol, which
consists of performing different hypothesis tests in parallel,
by dividing the N clones into two groups. That is, we can
consider the following protocol:

U|O>|O>®(N—l) — |0)®N/2| 1)®N/27
U1)|0)2N=D = |1)®N/2 |0y &N/ (67)
U12)[0)**0 = 2)®".

We then use the first N/2 measurement results to decide if
the state is |0) or not, and the second N/2 results to decide
if it is |1) or not. At the end of the procedure, we therefore
identify the state, with error which still drops exponentially in
the asymptotic limit.

In the Appendixes we show more generally that this proce-
dure allows us to identify any basis |i), with error that drops
exponentially in the asymptotic limit, using any measurement
that is not trivial.

Although this protocol will in general definitely not be
the optimal one, in terms of minimizing the average TVD
error, we find it nevertheless fascinating that such a simple
protocol exists, and can be used as a subroutine to show that
any measurement can reproduce any other measurement, with
arbitrarily small error, in the asymptotic regime.

Finally, we must also address the case where the dimension
of the measurement we have access to differs from the num-
ber of outcomes of the target measurement. If the dimension
is larger, then the above analysis goes through, as we can
just take the states |e;) to span a subspace smaller than the
dimension of the measurement, without any difficulty. The
problematic case arises when the number of outcomes is larger
than the dimension of the measurement. In this case, we have
to consider a sufficient number of uses of the measurement
at a time. As a concrete example, if we want to reproduce
a measurement with five outcomes, and the measurement we
have access to acts on qutrits, then we will consider two uses
of the measurement, which we treat (conceptually) as a single
measurement on a nine-dimensional space, and the states |e;)
forming a five-dimensional subspace of this nine-dimensional
space.!? The above analysis then applies, without any addi-
tional difficulties introduced.

V. BLOCK-CODING AND FINITE-RATE PROTOCOLS

Up until now, we have considered the problem of reproduc-
ing a single use of a target measurement device, and shown
that it can be perfectly reproduced, in the limit where we
use the available measuring device an unbounded number of
times. If we therefore consider the rate of the protocol, defined
as the number of measurements performed in the protocol per
measurement reproduced, we see that the protocols we have
considered are zero rate. An interesting and important ques-
tion is whether it is possible to have finite-rate measurement
reproduction, with protocols which make use of only a finite
number of measurements in the protocol per measurement
reproduced.

In this section, we will see that this is possible, if we
allow ourselves the analog of block coding from classical
and quantum information theory. In this context, this means
that we will not try to reproduce measurements one by one,
but instead will attempt to reproduce only multiple measure-
ments in parallel. In particular, if the target measurement is
T, when we will aim to reproduce T that is, the product
measurement on k systems, with outcomes i = i1, - - - iy, and
associated subchannels

Fizril®ri2®"'®rik~ (68)

We then want to consider the question of reproducing this
parallel measurement, and are specifically interested in the
asymptotic scenario, where k becomes large, and ask for how
many measurements N are necessary for a perfect reproduc-
tion, and whether a vanishing error can be achieved even if
the ratio % is kept constant, i.e., such that the number of
measurements performed by the protocol is proportional to the
number of target measurements. The motivation for studying

this limit comes from classical (and quantum) information

BIf this is viewed as problematic per se, then we can consider a
modified protocol, where |R2) is a state on (C°)®¥/2, and a unitary
U which acts on C3 ® (C?)®"/2, such that U|i)|Q) = |0)i)®"/2. In
this way, we do not need to treat the incoming system as a nine-
dimensional system, but simply map its state into a nine-dimensional
Hilbert space, and reset” the incoming particle to a fixed state |0).
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theory, where we know that by using block-coding schemes,
finite-rate protocols for communicating over noisy channels
are possible.

Our main result in this section is that we can directly make
use of finite-rate classical coding schemes in order to show
that measurement reproduction can also be achieved at finite
rate. In particular, we have the following:

Main result 2. Measurement reproduction can be achieved
at finite rate when reproducing multiple measurements in
parallel. The asymptotic rate R is lower bounded by the
classical capacity

C=maxI(A:X),
p(x)

of the classical channel p(alx) = (x|M,|x) associated to
the measurement, and where I(A : X) is the mutual in-
formation of the joint probability distribution p(a, x) =
p(x)p(alx) between the input and output of the channel
I(A:X)=HX)— H(X|A), with H(X) and H(X|A) the
Shannon entropy and conditional entropy, respectively.

In order to prove this result, the first step is to realize
that the previous analysis, which showed that the problem of
reproducing an arbitrary measurement reduces to the problem
of reproducing just a complete von Neumann measurement,
carries over into the present setting. In particular, in order
to show that it is possible to find a finite-rate measurement
reproduction protocol, we only need to show that there exists a
finite-rate protocol for reproducing a complete von Neumann
measurement. This follows since subroutine 1 only makes
use of the von Neumann measurement in order to perform
an arbitrary measurement and does not involve any further
measurement. It therefore does not alter any conclusion about
the rate of the combined protocol.

As stated in the main result 2, to every measurement M =
{M,}, (specified only in terms of its POVM elements), we can
naturally associate a classical channel, that is, a conditional
probability distribution p(alx), via

plalx) = (x|Mqlx), (69)

where the input to the channel is x, which labels the basis state,
and the output of the channel is the measurement result a.

From the noisy-channel coding theorem of classical infor-
mation theory, we know that there exists a sequence of codes
(of increasing length), with the error in transmission decreas-
ing with the size of the code, at a rate which approaches the
capacity

C =maxI(A:X), (70)
px)

where I(A : X) is the mutual information of the joint proba-
bility distribution p(a, x) = p(x)p(alx) between the input and
output of the channel /(A : X) = H(X) — H(X]A), with H(X)
and H(X|A) the Shannon entropy and conditional entropy,
respectively.

Now, the noisy-channel coding theorem guarantees the ex-
istence of encodings and decodings, namely, functions from

X = X1 ...X; (strings of length k), to codewords ¢y (strings of
length N = Ryk), and a decoding function g(-), which maps
back from length-N strings into length-k strings, with Ry, the
rate at block length k, approaching the capacity of the channel
C as k tends to infinity.

We can make use of this in the below single-round proto-
col, making use of N = Rk imperfect measurements. Before
stating the protocol, we note that since we are now aiming to
perform k complete von Neumann measurements in parallel,
the input will be a state of the form

W) = ailir)... lic), (71)

where «; are arbitrary amplitudes.

Finite-rate classical-coding-based protocol

(1) Prepare N — k = (Ry — 1)k ancillary particles in
the state |$2).

(2) Apply a unitary U which sends the N = Rk parti-
cles into states encoding the classical codewords

Ulir) ... i) |€2) = i),
= |(cn) - .- [(ci)n)s (72)

where (¢;); denotes the jth element of the codeword c;.

(3) Measure each of the N particles using the avail-
able measurement M, producing a string of outcomes a =
ay...day.

(4) Apply the decoding function g(-) of the classical
code to the string of outcomes, to produce j = g(a), a
length-k string, which is returned as the outcome of the
k measurements.

(5) Prepare the state |j;) ... |jk), and return as the post-
measurement state.

By construction, with error which vanishes as k becomes
large, the string j will be perfectly correlated with the compu-
tational basis state |[i) = |i;) ... |ix) since the unitary U turned
this basis state into states encoding the classical codewords.
The measurements performed on these codeword states pro-
duced measurement outcomes, which can be identified with
the outcomes of the associated channel (69). However, these
codewords were precisely the encodings which could then be
decoded after the application of the channel, which in this case
corresponds to identifying the original basis state.

Putting everything together, we therefore see that this
(approximately) performs a complete von Neumann measure-
ment on k particles since the probability of having a given
computational basis state is precisely |o;|?, with error which
vanishes as k tends to infinity. Crucially, unlike our previous
analysis, the number of additional particles required per par-
ticle being measured is now finite, given by the rate R; of the
code used, which we know approaches the capacity C in the
limit of large k. This shows that we can achieve measurement
reproduction at finite rate.

The above protocol, based upon classical channel coding
schemes, in general would not be expected to be optimal.
Nevertheless, their existence highlights how classical channel
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coding theory can be used directly for measurement reproduc-
tion, even if not at the optimal possible rate. A highly relevant
open question is to understand the optimal rates that can
be achieved, and how more general protocols might achieve
them. In particular, we can see immediately that the above
protocol is highly constrained in a number of ways. First, it
only uses a single round of measurements; second, it does not
rely on the postmeasurement states at all; and lastly the encod-
ings are into product states, not general entangled states. It is
reasonable to believe that relaxing all of these could provide
significant improvements in the ultimate rates achievable.

It is also worth noting that even a straightforward modifi-
cation of the above idea can in principle improve the rate. In
particular, (69) is only one particular classical channel that we
can associate with a quantum measurement. An improved rate
can be achieved by optimizing over associated classical chan-
nels, by varying the states measured, that is by considering the
class of channels Cyy,

Cm = {plalx) | plalx) = tr(Map2)}, (73)

where p, are quantum states for all x, and using the associated
encoding and decoding scheme.

VI. PROBABILISTIC PROTOCOLS

In this final section we return to the possibility of using
slightly generalized protocols, which probabilistically assign
outcomes for the target measurement. We will see that, for
the average TVD error considered here, such probabilistic
protocols can in fact outperform any deterministic protocol.

We will present the main idea by returning to the example
from Sec. II which made multiple uses of a trine measurement
in order to approximately reproduce a complete von Neumann
measurement. For the case of two uses of the trine, we gave an
optimal (deterministic) protocol in (13): that is, we gave an as-
signment of an outcome i, given the pair of trine measurement
outcomes (aj, a;). A more general possibility is to decide
which outcome to assign according to a probabilistic protocol.
That is, given the outcomes of the trine measurements, we
now need to specify the probabilities g(ila;, a;). From this
perspective, we see that the class of protocols considered up
until now allowed only for deterministic assignments, such
that g(ila, az) = 8;,f(a, > for some function f(ai, a,).

We now demonstrate, surprisingly, that probabilistic proto-
cols are more powerful than deterministic ones, by presenting
a probabilistic protocol which outperforms the optimal de-
terministic protocol in (13). The probabilistic protocol we
consider is closely related to the deterministic protocol (13).
The difference is that now, when we obtain one of the four
strings (aj, a;) which were previously mapped to 1 all the
time, we now map them to 1 with probability z, and flip them
to 0 with probability (1 —z). The five strings which were
previously always mapped to 0 remain so. Mathematically,

g1, 1) = q(1]1,2) = q(112, 1) = q(1]2,2) = z,
q(OI1, 1) = q(0[1,2) = q(012, 1) = ¢(02,2) = (1 — 2),
(010, 0) = q(0[0, 1) = ¢(0]0, 2) = q(0[1, 0)

=¢4(0]2,0) = 1. (74)

(The previous deterministic protocol corresponds to taking

z=1.) In terms of POVM elements, this has the effect of

changing Q(()z) and Q(lz) from (27) into

0F =204 + (1 -2l O =z07. (75

A direct calculation allows us to analytically solve for the
optimal choice of z. We find that

9 9
F==-—-—==095 (76)

8 841

is the optimal value for this family of protocols parametrized
by z, and leads to a slightly improved average TVD error of

NZTI

~ (.088, 77
6 (77)

(E)* =

which should be compared to the deterministic case (z = 1)
that has error (e())* = @ ~ 0.092.

Numerical investigation indicates this is not the optimal
probabilistic protocol, and even lower average TVD errors
can be achieved. Nevertheless, it demonstrates that (simple)
probabilistic protocols can provably outperform the best de-
terministic ones.

One comment is in order. The advantage offered by prob-
abilistic protocols can only arise when the figure of merit
considered is nonlinear. If the figure of merit would be linear,
then a simple argument shows that a deterministic protocol
will always perform at least as well as any probabilistic one.
Since our figure of merit here is well motivated, quantifying
the average discrepancy between the target and implemented
measurement, it is genuinely of interest to realize that inject-
ing randomness into the process can be beneficial. We leave
it as future research to fully investigate and understand the
nature of this probabilistic advantage.

VII. CONCLUSIONS

In this paper we have considered the problem of using
one measurement to implement another. In particular, we have
been interested in the situation where the available measure-
ment is used multiple times, a type of implementation (or
simulation) which has received limited attention to date. Sur-
prisingly, we have shown that a sufficient number of uses of
any measurement allows for the implementation of any other
measurement, with error dropping off exponentially fast in
the number of measurement uses. As a concise summary, this
shows that all measurements are asymptotically equivalent to
each other. In order to show this general result, we demon-
strated two key subroutines, which are interesting in their own
right: a subroutine for implementing arbitrarily well a com-
plete von Neumann measurement, and a subroutine making
use of a complete von Neumann measurement to implement
an arbitrary measurement, including the postmeasurement
state. Furthermore, we showed that measurement implemen-
tation can be achieved at finite rate in a block-coding setting;
in order to implement multiple uses of a measurement in
parallel, it is sufficient to make use of a finite number of
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measurements per measurement performed. To show this, we
demonstrated how results from classical Shannon theory can
be directly harnessed to build measurement implementation
protocols. Finally, we showed that allowing protocols to fur-
ther be probabilistic can be beneficial by exhibiting a simple
probabilistic protocol using the trine which outperforms the
best deterministic protocol.

Our results are important from a number of different per-
spectives. First, as a special case of our general results, we
can consider the task of measurement purification, where an
imperfect measurement is used multiple times in order to im-
plement a high-quality complete von Neumann measurement.
We have shown that even with a few uses, improvements
can be made. This may be directly relevant for current quan-
tum technologies, including noisy intermediate scale (NISQ)
devices, and suggests an alternative approach to directly
engineering less noisy measurements, instead to overcome
noise through a measurement implementation protocol in-
stead. This possibility will be relevant in the situation that
entangling unitaries can be performed with relatively high
fidelity, whereas measurements are comparatively imperfect.
In real applications, of course, neither process will be per-
fect, and it is an important future question to probe this
tradeoff.

Ultimately, we could envisage that measurement im-
plementation becomes a standard technique for improving
measurements. Similarly, if a given measurement is hard to
engineer, our methods show how a simpler-to-engineer mea-
surement could in principle be used instead, that is, without
viewing the available measurement as noisy. This is precisely
what is shown in our detailed analysis of the trine measure-
ment: it can implement the von Neumann measurement, even
though it is not a noisy measurement, and even though at first
sight it appears to be a very different measurement, one which
is itself extremal in the space of measurements.

From a fundamental perspective, our results raise interest-
ing questions concerning how the act of measurement leads
to classical information about a quantum system. Through
our protocols, we see how information can be spread out
amongst multiple systems, and in the process completely
overcome noise or other limitations which arise from specific
fixed measurements. Our results can also be viewed from
a resource-theoretic perspective, whereby it can be viewed
as an enlargement of the class of allowed operations to
incorporate multiple uses of the available resourceful mea-
surement. From this perspective, it shows that if no cost is
associated with making multiple uses, then this trivializes
the theory (making all measurements equivalent). However,
if only finite numbers of uses are allowed, our results in-
dicate that the theory has a rich structure, allowing for an
interesting set of interconversions between measuring devices
in general.

There are many fascinating open directions to explore.
First, it would be interesting to understand optimal proto-
cols, and the properties they exhibit. We have seen that
classical-cloning-based protocols are not always optimal (as
demonstrated by a detailed analysis of the trine), but some-
times they are. We do not have a full understanding of what
determines the properties of an optimal protocol. Further-
more, we considered here the average TVD error as our

figure of merit to optimize. It is important to understand how
robust our findings are to other figures of merit, e.g., when
we look at the worst case error, instead of the average case
error.

The protocols described here made use of detailed structure
and properties of the available measurement. An important
extension is to devise protocols that work for measurements
about which we only have partial information. Preliminary
investigation shows that some of our protocols indeed work
for a range of available measurements (e.g., a single classical
cloning protocol will work for a whole range of noisy mea-
surements), however, these are only preliminary observations,
and a complete understanding of how to optimally make use
of partial information is missing.

In the paradigm here, we placed no restrictions on the
types of unitary interactions we are allowed to perform in the
protocol. This is a valid choice to make when interested in the
fundamental limitations which arise from the available mea-
surements themselves. It would nevertheless be interesting to
further place restrictions on the unitary operations allowed,
and to understand what effect, if any, this has on the results.
For example, we may demand that all the unitary operations
should be realizable by a polynomial-sized quantum circuit.
This would be particularly interesting to study from a practical
perspective, where the complexity of the unitary circuit could
become a limiting factor in making the protocols realistic and
feasible.

In quantum computers, one often only needs to measure a
small subset of the qubits at the end of the computation. This
raises the possibility that the remaining qubits could be reini-
tialized, and used as the ancillary qubits in our measurement
scheme. A particularly interesting possibility is to make use of
some form of block-coding scheme. Then we could use all the
qubits to form codewords before measuring them in order to
reproduce a more accurate measurement on the small subset
of qubits.

In the case of block coding, we have only shown that
finite-rate reproduction is possible by relying on results from
classical Shannon theory, in particular from the noisy-channel
coding theorem. Our belief is that significantly better rates
could be achieved by considering more general protocols,
not based upon classical information theory. In particular, we
leave it as an open question whether we can make use of
quantum codes for classical communication to improve our
results, and whether we can characterize the ultimate optimal
rate of measurement reproduction.
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APPENDIX A: EVALUATING OR BOUNDING
THE AVERAGE TOTAL VARIATION
DISTANCE (TVD) ERROR

In this Appendix we will show how the integral over all
states can be performed for qubits, in order to obtain an
explicit optimization problem for the TVD error.

For higher-dimensional system, while this average does
not appear to be easily computable, we show how it can be
upper bounded, using ideas from [20]. This upper bound can
then be evaluated, and proves useful for bounding the error of
protocols in general situations.

1. Two outcome qubit measurements

Our starting point is to express (7) more explicitly. In
particular, we will write [y) = cos §|0) + ¢ sin §|1) (i.e., in
Bloch sphere notation), such that diyr = % sinfdf d¢.

We will assume that M"" is diagonal in the {|0), |1)} basis,
with MéN) explicit given as

MY = (1 — €)I0){0] + € [1)(1]. (AD

Two comments are in order here. First, given any protocol
that leads to a measurement with nonvanishing off-diagonal
elements, we can always find another protocol with vanish-
ing off-diagonal elements. This just says that we can always
dephase any protocol. One way to see this is that we can
always begin the protocol by dephasing the state to be mea-
sured by entangling it with another ancillary system. If we

elements. Hence, there is no difficulty in obtaining diagonal
POVMs.

On the other hand, there is a lack of generality in the class
of protocols that we consider by restricting to protocols which
dephase the incoming state, and one may wonder if it could
in fact be optimal to consider such nondiagonal protocols.
We do not have a proof that this cannot happen, but we do
note that this would be a rather surprising result if it were
true, and would be attributable to our figure of merit. This is
because if we were to instead consider a trace-distance-based
measure, which would focus on the worst-case behavior of
the protocol, then it follows straight away that an optimal
protocol cannot necessarily have off-diagonal terms. This is
because we can view the error instead from the perspective
of distinguishability; the fact that there is an error says that
the target measurement and the simulated measurement can
be distinguished. We know that under the trace distance,
two measurements cannot become more distinguishable under
preprocessing (which is a statement of the data processing
inequality). However, dephasing is a preprocessing, which
leaves the target measurement unaltered.

This argument shows that as far as the worst-case error is
concerned, we can restrict to diagonal measurements without
loss of generality. Furthermore, in Appendix A2 below, we
will show how to bound the average TVD error from above.
This bound was also shown to satisfy the data processing in-
equality in [20]. Hence, it seems a reasonable assumption that
the average TVD error should have this behavior too, and we
will therefore restrict our attention to diagonal measurements
from here on.

With this in place, we now have

instead include this dephasing of the state in the measurement P™M(0) = (1 — &) cos® Q + € sin? Q’ (A2)
(which essentially amounts to consider the Heisenberg picture 2 2
of this process), it will have the effect of dephasing the POVM and so
|
1 2 T
) =5z [ do [ sinodolr o) - )
2 0 0
T 0 0 0
= | singdo|(1 - 2 in® — — cos” =
/0 sin ‘( €() COS 5 + € sin > cos 5
T 6 ) 6
= sinf df|e; sin“ — — €p cos” —|. (A3)
0 2 2
The term ¢ sin? ‘% — € cos? % changes sign at 8 = 6., where 6, satisfies
6,
tan® — = 6—0. (A4)
2 €1
We can therefore express the integral as
g 6 6 be 6 6
(eqny) = / sinf dé| e sin> = — egcos®> = | — / sinf do| e, sin> = — €gcos® = . (AS5)
0, 2 2 0 2 2
This can be now be readily integrated. We find
(evy) = i(Eo 4+ €1)(1 —4cosb, 4 cos26,.) + 2¢; cosO.. (A6)
Substituting for 6., and simplifying, we finally arrive at
2, 22
€ €
€ = . AT
(eavy) paap (A7)
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2. General upper bound

Going beyond qubits, it appears challenging to explicitly evaluate the average TVD error. Nevertheless, we can make progress
by finding an upper bound, based upon the results in [20]. For completeness, we reproduce the required results here.
The quantity of interest in the general case of a qudit von Neumann measurement is

(ew) = / dy | PNl — o), (A8)

where the average is over all pure states |[¢/) in C?, and we use a notation that makes it explicit that PN (i|yr) = (1ﬂ|Mi(N lyr)

and p(i|Y) = |{i|y)]? depend upon the state ).

We start by making use of Jensen’s inequality, which states that for a concave function f, and a random variable X, (f(X)) <
F((X)). In particular, for each i we define a random variable X; = [P™)(i|yr) — p(i|¥)]*> (with the average over /), and take
f(x) = /x, such that f(x?) = |x|. Applying Jensen’s inequality, we therefore see that

fe) = Zfdww(m(m/f) —p(ily)] < Z\/f dY[PN(ly) — oY) = Z\// dy [ 1M 1y) — (W)

We can reexpress this by noting that

[ IM™ gy — (T ly) ] =

The benefit of this is that we can now use the fact that

/dw|w><w|®2 =

where dyy = 44HD

(A9)

wfly) (v B2 (M ™ — 1) ). (A10)

7 Moy, (A11)
sym

is the dimension of the symmetric subspace of two qudits. That is, the integral is proportional to the

projector onto the symmetric subspace. Finally, we can use the fact that Iy, = %(]I + §), with S the SWAP operator. Putting
everything together, after a lengthy but straightforward calculation, we arrive at the bound

1
(ew) € ——==
) R XI:

JFL

where, as above, we assume that Ml.(N) is diagonal in the basis
of the von Neumann measurement {|i)}, and can be expressed
as

Mi(N) =|1- Zé-”i i) (i] + Z€i|k|k)(k|v
i it

(A13)

which is in terms of the errors €;; to return the outcome i
when the incoming basis state was j. This is a convenient
way to represent each POVM element, and focuses on the
errors that it makes. Notably, due to the normalization of mea-
surements, the probability of correctly identifying the state |i)
is completely determined by the probabilities of incorrectly
announcing the outcome i when the state is any other state
|J) # 10).

In (A12) we can see immediately that if all the individual
errors vanish, then on average there is no error in the mea-
surement, as must be the case. Furthermore, we see that if the
individual errors (on basis states) can be shown to decrease ex-
ponentially with N, then the average error must also decrease
exponentially with N.

E €jli — E Eilk

ki i ki

2

2
e | ek

(A12)

(

APPENDIX B: SOLVING ANALYTICALLY
FOR THE MINIMAL AVERAGE TVD ERROR

In this Appendix we will show that it is possible to ana-
lytically solve for the minimal average TVD error that can be
achieved in the case of approximately implementing an ideal
complete qubit von Neumann measurement. The method we
will apply is a geometrical one, which shows that there are
three regimes, which we can explicitly identify.

Let us begin analyzing the constraints in (26). Geomet-
rically, we see that we are optimizing over a rectangle in
the €p-€; plane. Denoting the coordinate by (€, €;), the ver-
tices of this rectangle are seen to be at (1 — Amax, Amin)s
(1 - )"maXa )\max)a (1 - )\miny )"min)a and (1 - )\min’ )\max)~

We can also straightforwardly identify the contours of the
objective function. In particular, points which satisfy

e+ el =cleg+e€r) (B1)

are those where the function takes value c¢. This can be reex-

pressed as
1\’ 1Y\’ e\
(2 l0-3) = (55) - @

«/Lz?
(€5, €7) = (%c, %c). Clearly, ¢ = 0 = (ew))* corresponds to

that is, the contours are circles of radius centered at
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€9 = €1 = 0, and this will only be in the rectan}%le if Apin =0
and Amax = 1. From (A1), this implies that M{"’ = |0)(0], as
expected.

When Apin > 0 and/or A, < 1, then there will be a range
of ¢ such that the center of the circle is outside the rectangle.
Our optimization problem can be understood geometrically as
finding the size of the smallest circle which just fouches the
rectangle. The point at which the circle and rectangle touch
will be the optimal solution (&, €7).

We can now make two key observations. First, since the
center of the circle always moves from the point (0, 0) along
the line €y = €1, the point where the circle touches will either
be along the bottom edge, when €; = Ay, along the left-hand
edge, when €y = 1 — Ay, or at the bottom left-hand vertex,
when (€0, €1) = (1 — Amax> Amin)-

Second, if the smallest circle touching one of these edges
(and not the corner), the edge will necessarily be tangent to
the circle.

Let us therefore consider first the case where the ellipse
touches along the bottom edge of the rectangle. In this case,
the point at which the two touch is where the tangent to the
circle is horizontal. This will be at the point (f, €f + JLE) =

(5.5 + J5)- That s, these points lic on the line

e = (14+v2)e. (B3)

This line must intersect the bottom of the rectangle. This will
only happen if the intersection point is between the corners
(1 — Amaxs> Amin) and (I — Apin, Amin). The intersection oc-
curs at €] = Anin, and so we obtain the region

(1 4+ vV2)(1 = Amax) < Amin < 1 (B4)
max N min X \/5 .
The case where the circle touches along the left-hand edge is
similar. We find that points with vertical tangent lie on the line
e =(1+ \/5)61, the intersection occurs at €y = 1 — Anax,
and this will be between the corners when

(14 V2 hmin < 1 — Amax < ! (B5)
min max ~X ﬁ .
Finally, when neither of these cases hold, we see that the
intersection will occur at one of corner of the rectangle (either
the bottom corner, or one of the top two corners, respectively).
Putting everything together leads to Table I.

APPENDIX C: GENERALIZED CLASSICAL CLONING
CAN ALWAYS DISTINGUISH A BASIS OF STATES

In this Appendix we will show that it is always possible
to use a generalized classical cloning protocol to distinguish
between a basis of states. As shown in the example in the
main body in Sec. IV D, all we in fact need to be able to do
is distinguish a single basis state |i) (which we will take to be
|0) without loss of generality) from the remaining basis states.
That is, if we have P(a|0) # P(ali) for i # 0, even if all other
P(ali) are equal (and hence do not allow us to distinguish the
states |i), for i # 0, then we can still distinguish the entire
basis by a generalized protocol. In particular, the fact that
P(a|0) # P(ali) means that with error which drops exponen-
tially in the asymptotic limit of N uses of the measurement,
we can decide whether the state was |0) or not.

Now, just as in the example in the main text, we could now
consider simple pairwise permutations of the basis states, i.e.,
permuting |0) and |1), before applying the cloning procedure,
and this would allow us then to determine whether the state
was |1) or not. Using this basic idea, we can consider carrying
out d — 1 hypothesis tests in parallel by dividing the N parti-
cles (N — 1 ancillary particles and the incoming system) into
(d — 1) groups (we choose N to be divisible by d — 1), and
apply the following unitary:

U10)]0)5 N1 = |eg) SV/@=Dleg) BNGD ey 5) BN,

N—1 N/(d—1 N/(d—1 d—3)N/(d—1
U|l>|0>®( ) — |€1)® /( )|eo)® /( )|el>®( IN/( )’

Uld = 2)|0)%"7Y = Jeg )47 SV,

Uld — 1]0)2N D = |e;_1)®V. (Cl)

Considering the first group of N/(d — 1) particles, this can be
used to determine whether the state is |0) or not. Considering
the second group of N/(d — 1) particles, this can be used
to determine whether the state is |1) or not. This continues
until the last group of N(d — 1) particles, which is used to
determine if the state is |d — 2). If in each case we determine
the state not to be one of the d — 1 states checked for, then we
can conclude that the state must have been the remaining state
|d — 1). This procedure thus allows us to determine the state.

Concerning the errors made, each hypothesis test per-
formed now uses N/(d — 1) particles, rather than the N
particles considered altogether previously. However, since d
is a constant, the probability of making an error still drops off
exponentially in N, and hence it follows that altogether the
error drops off exponentially in the number of uses N.

The only case in which the above fails to work is if it
is impossible to distinguish a single state |ey) from the rest
of a basis of states |¢;). That is, it must be the case that for
all bases, the probability distributions P(ali) = (e;|M,|e;) are
independent of i.'* To see what this implies about the POVM
elements M, let us consider that we use the eigenbasis [v{)
of M, as the basis. It follows that in order to fail, we have
(Vi M, |vi) = A8 = A% is constant for all i. That is, M, = A°I,
each POVM element must be proportional to the identity
operator. These are precisely the trivial measurements, which
we have ruled out from the start, since it is clear that such
measurements provide no information about the quantum state
being measured, and therefore cannot be used to simulate any
measurement.

Altogether, this shows that the above procedure will always
work for a nontrivial measurement; it must be possible to find
a basis of states where at least one state is distinguishable from
the remainder, and once this can be accomplished, the above
shows that we can then in fact distinguish the entire basis of
states by carefully applying permutations.

We note finally that the above procedure is by no means
optimal in general. In the general case, we would expect

'4Note that this does not mean that they have to be the same for all
choices of basis |e;), but just that for all bases, the probabilities are
independent of the basis state.
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multiple states to be distinguished, and in this case, we can
adapt the generalized cloning scheme to better make use
of the information available. Nevertheless, it is important to

realize that even with the weakest possible requirement (of
only one state distinguishable), we can prove the desired
result.
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