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Risk-minimizing states for the quantum-phase-estimation algorithm
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The quantum-phase-estimation algorithm (QPEA) is widely used to find estimates of unknown phases. The
original algorithm relied on an input state in a uniform superposition of all possible bit strings. However, it is
known that other input states can reduce certain Bayesian risks of the final estimate. Here, we derive a method
to find the risk-minimizing input state for any risk. These states are represented by an eigenvector of a Toeplitz
matrix with elements given by the Fourier coefficients of the loss function of interest. We show that, while the
true optimal state does not have a closed form for a general loss function, it is well approximated by a state with a
cosine form. When the cosine frequency is chosen appropriately, these states outperform the original QPEA and
achieve the optimal theoretical quantum-advantage scaling for three common risks. Furthermore, we prove that
the uniform input state is suboptimal for any reasonable loss function. Finally, we design methods to mitigate
the impact of depolarizing noise on the performance of QPEA.
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I. INTRODUCTION

Quantum phase estimation is an important subroutine for
quantum technologies. It is used in several contenders for
nonclassical advantage. Examples of such contenders are
quantum algorithms [1–5], quantum chemistry [6–8], and in-
terferometry [9–11]. A vital component in these examples is
the estimation of an unknown phase θ applied via a unitary
evolution U (θ ). Due to the random nature of quantum mea-
surements, estimates of θ and θ̂ will have an intrinsic variance
and hence an error. The goal of a phase-estimation algorithm
is to minimize the error of θ̂ with respect to some available
resource, typically how many times U (θ ) is applied across
the algorithm. The use of entanglement or coherence can
achieve a theoretical quadratic improvement of estimator vari-
ance [12,13]. In particular, for N applications of the unknown
unitary U (θ ), a classically shot-noise-limited estimate’s vari-
ance scales as 1/N , while a nonclassically Heisenberg-limited
estimate’s variance scales as 1/N2. However, few algorithms
achieve this quadratic advantage due to issues with a lack of
point identification (the output quantum state or measurement
data could arise from multiple distinct values of the unknown
parameter θ ) [14] or decoherence in the quantum system
[15,16].

A point-identified estimate of θ can be found by measuring
several different circuits and using classical postprocessing
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on the observed outcomes, either relying on Bayesian infer-
ence or a classical discrete Fourier transform [17–21]. Thus,
one can rule out all-but-one of the potential estimates of
θ . Alternatively, one can achieve point identification via a
measurement of a single quantum circuit that uses the in-
verse quantum Fourier transform, implemented either using
two-qubit gates [22] or feedback-based methods [23,24]. The
resulting, fully quantum algorithm is often known as the
quantum-phase-estimation algorithm (QPEA) [25–27]. The
QPEA is one of the most used subroutines in the field of quan-
tum algorithms. The traditional QPEA circuit is initialized
with a register of m qubits in an equal mix of the compu-
tational basis states. The error of the obtained estimate is
often quoted as a Heisenberg-limited error because the QPEA
gives a correct binary representation of θ/2π with probability
greater than 40% [22]. However, this error is deceiving, as
one cannot know if the algorithm has succeeded without first
knowing the true value of θ . From a complexity-theoretic per-
spective, meaningful errors should consider the errors from all
outcomes. An example of such an error measure is the Bayes
risk. The Bayes risk is the average of the expected posterior
loss over all possible measurement outcomes with respective
to some loss function. Previous works have shown that the
QPEA does not achieve the quadratic (Heisenberg-limited)
improvement for risks calculated using the Holevo variance
[18,28]. However, a quantum advantage can be reinstated
by initializing the register of the same circuit in a different
state than the initially suggested uniform-superposition state
[18,29,30].

In this article, we expand on previous works by construct-
ing a methodology to find the state that the QPEA register
should be prepared in to minimize a general risk. We find
that the optimal state can be represented by the eigenvector
of a Toeplitz matrix with elements determined by the Fourier
coefficients of the loss function used to calculate the risk.
We use this fact to prove that the traditional QPEA state
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FIG. 1. The QPEA circuit.

only minimizes risks calculated using a trivial constant loss
functions, a situation where every measurement process, even
a random guess of θ , has the same risk. For general loss
functions, we show that, while the optimal state does not have
a closed form, such states are well approximated by a state
whose amplitudes have a cosine form over the computational
basis. By tuning the frequency of the cosine envelope, one
can decrease the risk to values below that of the traditional
QPEA. For risks calculated using the Holevo variance, our ap-
proximate states give results akin to previously derived optima
[29]. We further demonstrate that the cosine states can obtain a
quadratic improvement of three other common loss functions
when compared to the shot-noise limits of those risks. The
traditional QPEA cannot. Finally, we show that, even in the
presence of depolarizing noise, risks better than the shot-noise
limit can be obtained by repetitive measurements of circuits
initialized with cosine states.

II. OPTIMAL QPEA REGISTER STATES

In quantum phase estimation one estimates an unknown
phase θ of a unitary U (θ ). To do so, one uses an eigenstate
|φ〉 such that U (θ ) |φ〉 = eiθ |φ〉. For this state, the phases
θ + 2π l for integer l are equivalent, so unique unitaries will
have θ ∈ � = [θ0 − π, θ0 + π ]. Here, θ0 is the center of the
interval �, commonly set to either 0 or π . The QPEA circuit
is shown in Fig. 1. The input state is spread over two registers.
The first register consists of m qubits initially prepared in the
state

|�〉 =
N∑

j=0

c j | j〉 , (1)

where N = 2m − 1 and c j ∈ R. The second register is pre-
pared in the state |φ〉. The ith qubit of the first register is
used as the control of 2i−1 controlled-U (θ ) gates with the
second register as the target. In total, N controlled-U (θ ) gates
are applied in the circuit. Throughout this work, we consider
the total number of U (θ ) gates used as the computational
resource. A final measurement of the first register yields a
bitwise estimate of θ/2π .

In this work, we also consider the effect of applying some
noise to the quantum state throughout the circuit. We adopt
a simple and analytically tractable noise model in which the
first register is subject to a depolarizing channel of strength λ

after each U (θ ) gate. The final state of the first register at the
time of measurement with this noise is

ρ = (1 − λ)N |	〉〈	| + 1 − (1 − λ)N

2m
I, (2)

where

|	〉 = 1√
2m

N∑
j=0

N∑
k=0

ckeik(θ− 2π j
2m ) | j〉 . (3)

The probability that the first register is measured in the state
|y〉, i.e., the likelihood function, is

p(y|θ ) = 1

2m
+ (1 − λ)N

2m

N∑
k=−N

k �=0

N∑
j=0

c jc j−keik(θ− 2πy
2m )

. (4)

After the first register is measured in the state |y〉, a posterior
distribution p(θ |y) can be generated using Bayes’ rule:

p(θ |y) = π (θ )p(y|θ )/p(y). (5)

Here, π (θ ) is the prior distribution and

p(y) =
∫

�

π (θ )p(y|θ )dθ. (6)

The prior distribution of most interest is the uniform prior,
π (θ ) = 1/2π , which represents a complete lack of initial
knowledge of the value of θ before any measurement is per-
formed. For a uniform prior, p(y) = 1/2m for any initial state
|�〉. p(θ |y) allows one to construct an expected value of a loss
function for any estimate θ̂ ′:

L(y, θ̂ ′) =
∫

�

p(θ |y)L(θ̂ ′, θ )dθ, (7)

where L(θ̂ ′, θ ) is a loss function. The estimate that we make
is given by the value of θ̂ ′ that minimizes the expected loss:

θ̂ = argminθ̂ ′L(y, θ̂ ′). (8)

The expected value of L(y, θ̂ ) for a given register state |�〉
over all outcomes y is known as the risk:

R(�) =
∑

y

p(y)L(y, θ̂ ) =
∑

y

∫
�

π (θ )p(y|θ )L(θ̂ , θ )dθ.

(9)

Our work aims to establish a methodology that, for a given
loss function and amount of resources, allows one to find the
optimal state |� ′〉 that minimizes R(�) over all initial-register
states |�〉.

Loss functions of particular interest are of the form
L(θ̂ , θ ) = L(δ), where δ = θ − θ̂ is the distance between θ

and θ̂ . In this paper, we restrict our analysis to loss functions
that are nondecreasing with increasing |δ| and satisfy L(δ) =
L(−δ). In this case, L(y, θ̂ ) measures the average distance be-
tween θ̂ and possible true values of θ . The four loss functions
we study are summarized in Table I. While three of the loss
functions are commonly studied, the 1-0 loss function is not.
The 1-0 loss is 1 if |δ| > ε and 0 otherwise, where ε > 0.
In this case, R(�) = Pr[|θ̂ − θ | > ε]. Due to equivalences of
the phases θ + 2π l for integer l , every loss function should be
periodic with period 2π . A nonperiodic loss function LNP(δ)
of the above form can be converted into a periodic function
L(δ) by calculating

L(δ) = min
l∈Z

{LNP(δ + 2π l )}. (10)
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TABLE I. The Fourier coefficients of different loss functions,
where δ = θ − θ̂ .

Loss L(δ) Nonzero Fourier coefficients

Absolute L(δ) = |δ| Lk =
{

π/2, k = 0
−2/πk2, k = odd

Squared L(δ) = δ2 Lk =
{

π 2/3, k = 0
2(−1)k/k2, k �= 0

Holevo L(δ) = 4 sin2(δ/2) Lk =
{

2, k = 0
−1, |k| = 1

1-0 L(δ) =
{

1, |δ| > ε

0, |δ| � ε
Lk =

{
1 − ε/π, k = 0
− sin(kε)/πk, k �= 0

If θ0 = θ̂ in �, δ ∈ [−π, π ]. One finds that L(δ) = LNP(δ),
so this conversion can be ignored. Periodicity allows the
loss function to be expanded as the Fourier series L(δ) =∑

k Lkeikδ , where

Lk = 1

2π

∫ π

−π

L(δ)e−ikδdδ. (11)

The Fourier coefficients satisfy both L−k = L∗
k for real loss

functions and Lk ∈ R for even loss functions.
In terms of these Fourier coefficients, Eq. (7) becomes

L(y, θ̂ ′) = L0 + (1 − λ)N
N∑

k=1

N∑
j=k

c jc j−kLk cos kϑ, (12)

where ϑ = θ̂ ′ − 2πy/2m. This loss is minimized by the esti-
mate θ̂ = 2πy/2m:

L(y, θ̂ ) = L0 + (1 − λ)N
N∑

k=1

N∑
j=k

c jc j−kLk . (13)

L(y, θ̂ ) is independent of the observed value of y. Equation (9)
shows that the risk of the QPEA with a register prepared in the
state |�〉 is

R(�) = L0 + (1 − λ)N
N∑

k=1

N∑
j=k

c jc j−kLk . (14)

If depolarizing noise is present in each U (θ ) gate (λ > 0),
R(�) → L0 for large N for any initial-register state. There-
fore, the risk of estimates made using the QPEA with a register
prepared in any state tends to a constant value: R(�) = O(1).

The risk-minimizing state can be found by rewriting
Eq. (14) into the matrix equation

R(�) = L0 + (1 − λ)N c†Rc. (15)

Here, c is a unit vector of the values c j and

R =

⎛
⎜⎜⎜⎜⎝

0 L−1 L−2 · · · L−N

L1 0 L−1 · · · L1−N

L2 L1 0 · · · L2−N
...

...
...

. . .
...

LN LN−1 LN−2 · · · 0

⎞
⎟⎟⎟⎟⎠. (16)

For even loss functions, R is a symmetric banded Toeplitz
matrix. The optimal register state |� ′〉 with a minimal risk of
R(� ′) is represented by the column vector c that is an eigen-
vector of R with the smallest eigenvalue. |� ′〉 is independent
of λ.

When risk is determined through the Holevo variance
L(δ) = 4 sin2(δ/2), R is a tridiagonal matrix with the mini-
mum eigenvector described by

ci(ω) =
√

2

N + 2
cos

[(
N

2
− i

)
π

N + 2

]
. (17)

This result is in agreement with the state proposed in Ref. [29].
The minimal Holevo risk with this state is

R(� ′) = 2 − 2(1 − λ)N cos

(
π

N + 2

)
. (18)

Unfortunately, no closed-form expression exists for the
minimum-eigenvalue eigenvector of general banded Toeplitz
matrices [31,32]. Therefore, numerical methods are needed
to find the optimal state for other risks, such as the absolute,
squared, and 1-0 risks.

One can use the above analysis to solve an alternative
task: Find the initial state |�〉 required to prepare the m-
qubit output register in the state |
2mθ/2π�〉 with the highest
probability. This output state is an m-bit binary representation
of θ/2π . The preparation of |
2mθ/2π�〉 is integral to many
quantum algorithms, such as Shor’s algorithm [4] and the
HHL algorithm [33], and is explored in detail in Ref. [34].
The task is equivalent to finding the state that minimizes the
probability that |θ̂ − θ | � π/2m averaged over all θ , or, using
the terminology above, the risk calculated using the 1-0 loss
function with ε = π/2m. Therefore, the optimal state for the
desired preparation is the eigenstate with the minimal eigen-
value of the matrix in Eq. (16) with Lk = sin(kπ/2m)/πk.
This agrees with the results in Ref. [34].

III. COSINE STATES

Instead of calculating the optimal state numerically and
finding a state that may be difficult to prepare in practice, we
find an approximation to these optimal states. The symmetry
of the rows of R impose two conditions on the minimum
eigenvector: ci = cN−i and c0 < c1 < · · · < c N−1

2
. These con-

ditions are satisfied by the approximation

ci(ω) =
√

2 sin ω

2m sin ω + sin(2mω)
cos

[(
N

2
− i

)
ω

]
. (19)

We refer to the initial state with these coefficients as the cosine
state with frequency ω due to the similarity to cosine window
states [30]. Notice that the state in Eq. (17) is a cosine state
with ω = π/(N + 2). When using a cosine state, the risk of
θ̂ = 2πy/2m is

R(ω) = L0 + 2(1 − λ)N
N∑

k=1

Lk fk, (20)

where

fk = (2m − k) cos kω sin ω + sin [(2m − k)ω]

2msin ω + sin (2mω)
. (21)
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FIG. 2. Numerically calculated π/ω′ − N for different values of
N . The y axis function is chosen to aid visualization. The markers
plot data for integer values of m with the lines plotting calculated data
for noninteger values of m. For large N , linear regression shows that
ω′ scales as π

1.04N+22.27 , π

N+1.72 , and π

N+1.00 for the absolute, squared,
and 1-0 loss functions, respectively.

The optimal cosine state has a frequency of ω′ =
argminωR(ω) and a risk of R(ω′). We show numerically
calculated values of ω′ for the absolute, squared, and 1-0 loss
functions in Fig. 2.

Table II summarizes the noise-free (λ = 0) risk scaling
of the absolute, squared, Holevo, and 1-0 losses using the
optimal cosine states in the large-N limit. These risks are
plotted for finite N in Fig. 3, alongside R(� ′). R(ω′) ≈
R(� ′) for the absolute, squared, and Holevo risks. R(ω′) ≈
R(� ′) is also seen for the 1-0 risk when m < 7, although
R(ω′) > R(� ′) when m � 7. This divergence is due to the
cosine approximation of |� ′〉 breaking down because |� ′〉
takes roughly a normal-distribution-like form over the compu-
tational basis states. The corresponding risks of systems with
differing values of λ are plotted in Fig. 4. One observes that
when N increases for systems with λ > 0, both R(ω′) and
R(� ′) are approximately equal to the noiseless curves when
N is small, decrease until they reach a single minimum before
increasing, and tend to L0 when N → ∞. The value of this
minimum risk decreases, and the value of N that obtains this
minimum risk increases as λ decreases.

The above risks can be compared to the theoretically
optimal scalings achieved by Fisher-information-maximizing
measurements of noiseless circuits [12,13]. These

TABLE II. The large-N scalings of different risks in noiseless
systems.

Loss RC RQ R(u) R(ω′)

Absolute O
(

1√
N

)
O

(
1
N

)
O

(
ln N
N

)
O

(
1
N

)
loss
Squared O

(
1
N

)
O

(
1

N2

)
O

(
1
N

)
O

(
1

N2

)
loss
Holevo O

(
1
N

)
O

(
1

N2

)
O

(
1
N

)
O

(
1

N2

)
variance
1-0 O(e−Nε/2 ) O(e−N2ε/2) O

(
1

Nε

)
O

(
1

N3ε

)
loss

FIG. 3. The four common risks from measurements of a noise-
less QPEA circuit with a register prepared in different states. RC and
RQ are computed using σ 2 = 1/N and σ 2 = 1/N2, respectively.

measurements consist of a number ν measurements of a single
circuit that apply n copies of U (θ ) to a single qubit coherently.
Estimates of θ achieved by these measurements tend to a
normal distribution with mean θ and variance σ 2 = 1/n2ν for
large ν [17]. As a function of the total resource use N = n × ν,
one finds that σ 2 = O(1/N ) if ν ∝ N and n is constant.
This is the shot-noise-limited variance seen in classical
statistical inference [12]. If n ∝ N and ν is constant instead,
σ 2 = O(1/N2). This is the Heisenberg limit, a quadratic
quantum advantage [12]. Difficulties with point identification
prevent the Heisenberg limit from being obtained exactly in
practice [14], so this limit is often used as a theoretical best-
case-scaling limit only. These variance limits can be used to
calculate equivalent limits in risks by taking an expected value
of a loss function over the corresponding normal distribution:

R = 1√
2πσ 2

∫ ∞

−∞
e−δ2/2σ 2

L(δ)dδ. (22)

The asymptotic risk scalings calculated using a shot-noise
scaling σ 2, RC, and a Heisenberg limited σ 2, RQ, are
presented in Table II. For risks calculated using the absolute,

FIG. 4. The four common risks from measurements of the QPEA
circuit with different values of λ. RC and RQ are computed using
σ 2 = 1/N and σ 2 = 1/N2, respectively. Triangles joined by dashed
lines show R(� ′). Squares joined by solid lines show R(ω′).
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squared, and Holevo loss functions, the scalings of R(ω′)
and RQ are equal when depolarization is absent, indicating
quantum advantage. For risks calculated using the 1-0 loss
function, R(ω′) scales worse than RC . The same is true for
all the risks when depolarizing noise is present. A quantum
advantage is possible for finite values of N in systems prone to
depolarizing noise. For systems with λ less than some critical
value, there exists a register size such that both R(ω′) and
R(� ′) are smaller than the corresponding shot-noise risk RC .
For the values of RC plotted in Fig. 4, numerical calculations
give these critical values as λ = 0.31%, λ = 0.06%,
λ = 0.13%, and λ = 3.26% for risks calculated using
the absolute, squared, Holevo, and 1-0 losses, respectively.

A second comparison can be made to measurements with
the uniform-superposition state used by the traditional QPEA:
ci = 2−m/2 [22,25]. The uniform state is equal to a cosine state
with ω = 0. The risk of estimates with this state is

R(u) = L0 + 2(1 − λ)N
N∑

k=1

Lk

(
1 − k

2m

)
. (23)

Because the minimization to find ω′ is taken over all ω includ-
ing ω = 0, R(ω′) � R(u). Therefore, estimates made with
the optimal cosine state have an equal or smaller risk than
estimates made with the uniform state. Evaluating Eq. (23)
for noiseless circuits with the absolute, squared, Holevo, or
1-0 loss function gives

R(u) = ln 4 + ψ (0)
(

N+2
2

) + γC

π2m−1
+ ψ (1)

(
N+2

2

)
π

,

R(u) = ln 2 + 	(2m)

2m−2
+ ψ (1)

(
2m + 1

2

)
− ψ (1)

(
2m−1

)
,

R(u) = 2

2m
,

R(u) = sin
(

Nε
2

)
sin

(
2m−1ε

)
π2m−1 sin

(
ε
2

) + 2
∞∑

k=0

sin [(k + 2m)ε]

π (k + 2m)
,

(24)

respectively. Here, ψ (n)(z) is the nth derivative of the
digamma function, γC is Euler’s constant, and 	(a) =∫ ∞

t=0
e−at

1+e−t dt . For large N , these risks tend to the limits dis-
played in Table II. These four risks scale worse than RQ. Only
the absolute risk scales better than RC . All of these risks tend
to L0 if λ > 0 for the reasons given above.

One may ask when the uniform state is optimal. This opti-
mality occurs when the column vector of one is the minimum
eigenvector of R. When the register consists of one qubit
(m = 1), this column vector is the minimum eigenvector when
L1 � 0, which is satisfied by any even nondecreasing loss
function. For optimality at a given register size m, one requires
that Lj = L2m− j for a positive integer j. For this condition to
hold for every m, all coefficients Lj for j > 0 must be equal.
However, a finite loss function has LN → 0 for large N due to
the decay of Fourier coefficients. Thus, Lj = 0 for all j > 0.
Loss functions that satisfy this condition are of the form
L(δ) = L0, a trivial constant. With this loss function, Eq. (9)
suggests that R(�) = L0 for any initial-register state. In fact,
the risk is L0 for any estimation procedure, even a random
guess of θ . Therefore, one concludes that estimation with

the uniform state is optimal for any m only in pathological
situations where the QPEA does not do better in determining
θ than random guesses.

IV. MULTIPLE MEASUREMENTS OF A SINGLE CIRCUIT

The performance of the QPEA is limited by the fact that
resources can only be added to the algorithm by increasing
the size of the input register and thus circuit depth. We now
consider a simple modification to the QPEA. In particular,
we consider making multiple evaluations of the same QPEA
circuit (with a fixed register size m) and then analyzing the
results. This provides a method to increase resources without
increasing the level of depolarization present in the algorithm.
Consider carrying out a number, M, of measurements of the
QPEA circuit in Fig. 1. In total, M(2m − 1) applications of
U (θ ) are used during this protocol. The likelihood of observ-
ing the outcome y = (y1, y2, . . . , yM ) is

p(y|θ ) =
M∏

i=1

p(yi|θ ). (25)

This new likelihood function p(y|θ ) can be substituted for
p(y|θ ) in Eqs. (5)–(9) to find the measurement risk. These
calculations could be used to derive the optimal number of
qubits m and measurements M to use in the QPEA in order to
minimize risk.

Figure 5 plots the Holevo and 1-0 risks as a function of
the resources used for 1 � M � 5 when the QPEA register is
prepared in the optimal cosine state. We have calculated these
risks numerically because no closed-form solution for them
exists. These calculations are computationally intensive due
to the 2Mm possible measurement outcomes upon which the
risk depends, so we only present data for tractable values of
Mm. For noiseless circuits (top row), the Holevo risk scales as
RQ for any fixed M. The minimum risk per resource occurs
when M = 1. Therefore, the QPEA circuit should be run once
in this situation. The same is true for the absolute and squared
risks in noiseless systems (not plotted here). For the 1-0 loss
in noiseless circuits, better risk scaling is seen for larger M.
Risk below RC is achieved for M � 3. One concludes that
the QPEA circuit with a register prepared in the optimal
cosine state should be measured at least three times. When
depolarizing noise is present (bottom row of Fig. 5), both risks
tend to L0 as register size increases for any M. The minimum
risk obtained over all register sizes decreases as M increases.
For large enough M, risks below the shot-noise value RC
can be achieved by fixing register size and M appropriately.
Unfortunately, the exact optimal values that m and M should
be fixed to in order to minimize risk cannot be derived from
this small dataset. Future work with significant computational
power may address this problem.

V. CONCLUSIONS

We have derived the optimal input state for the QPEA
with respect to Bayesian risk functions. The state, we showed,
is equivalent to the eigenvector of a Toeplitz matrix with
the smallest eigenvalue. The elements of this matrix are the
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FIG. 5. The risk of estimates of θ made by M measurements of the QPEA with an m-qubit register prepared in the optimal cosine state
against the total resource use M(2m − 1). The top row shows risks when using noiseless circuits, whilst the bottom row shows risks when using
circuits with λ = 1%.

Fourier coefficients of the target loss function that is used
to calculate the risk of interest. Although a closed form of
these states may not exist in general, we find that a good
approximation exists in the form of a cosine state. Optimizing
the frequency of the cosine state enables theoretically optimal
noiseless risk scalings for three common risks. In addition, we
demonstrate that the traditional QPEA state never minimizes
risk for any nonconstant loss function. We have also shown
that if any depolarizing noise exists, the risk will tend to
a constant in the large-resource limit This is regardless of
the preparation of the register state. Nevertheless, we show
that systems with a strength of depolarization less than some
critical value can obtain quantum advantage for finite register
sizes. Furthermore, the asymptotic risk scalings can be im-
proved by repeating measurements of a circuit with a fixed
register size m a number of times M. Data for small Mm shows

that performance can be improved beyond classical shot-noise
risk limits.

Whilst this article has shown that suitable modifications
to the QPEA can result in a quantum advantage, the re-
quirement of entanglement between multiple qubits would
limit implementation on current NISQ hardware. If entangle-
ment between qubits is difficult, one may consider alternative
approaches that use statistical inference techniques on mea-
surements of single-qubit circuits, such as those outlined in
Refs. [17,35,36]. A full comparison between the risks of
inference-based approaches and the improved QPEA pre-
sented here is the subject of future work.

DATA AVAILABILITY

The data supporting this study’s findings are available
within the article.

[1] G. Brassard, P. Hoyer, M. Mosca, and A. Tapp, Contemp. Math.
305, 53 (2002).

[2] Y. Suzuki, S. Uno, R. Raymond, T. Tanaka, T. Onodera, and N.
Yamamoto, Quantum Inf. Process. 19, 75 (2020).

[3] S. Lloyd, S. Bosch, G. D. Palma, B. Kiani, Z.-W. Liu,
M. Marvian, P. Rebentrost, and D. M. Arvidsson-Shukur,
arXiv:2006.00841.

[4] P. Shor, Algorithms for quantum computation: Discrete loga-
rithms and factoring, in Proceedings of the 35th FOCS (IEEE,
New York, 1994), pp. 124–134.

[5] S. Lloyd, B. T. Kiani, D. R. M. Arvidsson-Shukur, S. Bosch,
G. D. Palma, W. M. Kaminsky, Z.-W. Liu, and M. Marvian,
arXiv:2104.01410.

[6] B. Bauer, S. Bravyi, M. Motta, and G. K.-L. Chan, Chem. Rev.
120, 12685 (2020).

[7] J. D. Whitfield, J. Biamonte, and A. Aspuru-Guzik, Mol. Phys.
109, 735 (2011).

[8] L. Lin and Y. Tong, Phys. Rev. X Quantum 3, 010318
(2022).

[9] R. Demkowicz-Dobrzanski, U. Dorner, B. J. Smith, J. S.
Lundeen, W. Wasilewski, K. Banaszek, and I. A. Walmsley,
Phys. Rev. A 80, 013825 (2009).

[10] D. Oblak, P. G. Petrov, C. L. G. Alzar, W. Tittel, A. K.
Vershovski, J. K. Mikkelsen, J. L. Sørensen, and E. S. Polzik,
Phys. Rev. A 71, 043807 (2005).

[11] B. C. Barish and R. Weiss, Phys. Today 52(10), 44 (1999).

052430-6

https://doi.org/10.1090/conm/305/05215
https://doi.org/10.1007/s11128-019-2565-2
https://arxiv.org/abs/2006.00841
https://arxiv.org/abs/2104.01410
https://doi.org/10.1021/acs.chemrev.9b00829
https://doi.org/10.1080/00268976.2011.552441
https://doi.org/10.1103/PRXQuantum.3.010318
https://doi.org/10.1103/PhysRevA.80.013825
https://doi.org/10.1103/PhysRevA.71.043807
https://doi.org/10.1063/1.882861


RISK-MINIMIZING STATES FOR THE … PHYSICAL REVIEW A 112, 052430 (2025)

[12] V. Giovannetti, S. Lloyd, and L. Maccone, Nat. Photon. 5, 222
(2011).

[13] V. Giovannetti, S. Lloyd, and L. Maccone, Phys. Rev. Lett. 96,
010401 (2006).

[14] J. G. Smith, C. H. W. Barnes, and D. R. M. Arvidsson-Shukur,
Phys. Rev. A 106, 062615 (2022).
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