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Gleason’s theorem for a qubit as part of a composite system
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We extend Gleason’s theorem to the two-dimensional Hilbert space of a qubit by invoking the standard axiom
that describes composite quantum systems. The tensor-product structure allows us to derive density matrices and
Born’s rule for d = 2 from a simple requirement: the probabilities assigned to measurement outcomes must not
depend on whether a system is considered on its own or as a subsystem of a larger one. In line with Gleason’s

original theorem, our approach assigns probabilities only to projection-valued measures, while other known
extensions rely on considering more general classes of measurements. This extension of Gleason’s theorem to
two-dimensional systems is shown to remain valid for some foil theories of quantum theory.
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I. INTRODUCTION

Gleason’s theorem [1] derives both the density matrix for-
malism for quantum states and Born’s rule for calculating
outcome probabilities [2]. The result is based on assigning
noncontextual probabilities to measurement outcomes that are
associated with projection-valued measures (PVMs).

Importantly, Gleason’s argument does not hold for a single
qubit, i.e., the quantum system associated with a Hilbert space
of dimension two. From a conceptual point of view, this situ-
ation is not satisfactory since the qubit represents the building
block of quantum information processing and the currently
emerging quantum technologies [3,4].

The proof of Gleason’s theorem is based on consistency
conditions that arise only if projection operators appear in
multiple resolutions of the identity. The structural simplicity
of projective measurements in the two-dimensional Hilbert
space of a qubit does not allow for the required “intertwin-
ing” of projections. Therefore, Gleason’s theorem cannot be
used to rule out probability assignments that, for example,
attribute definite outcomes to measurements of two or more
noncommuting observables. Such assignments are incompat-
ible with quantum theory. In fact, no qubit state |{) with
(Vlox|r) = (¥lo;|¥) = 1 exists, where o, and o, are the
Pauli observables proportional to the x and z components of a
spin 1/2, respectively.

We will extend Gleason’s theorem to a two-dimensional
Hilbert space by assuming that probability assignments to
measurement outcomes do not depend on whether a system
such as a qubit is considered on its own or as a subsystem
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of a larger one. In other words, probability assignments must
be defined consistently for composite quantum systems. The
main advantage of this approach is that we only invoke
another standard postulate of quantum theory instead of en-
larging the set of measurements to which probabilities are
assigned.

So-called Gleason-type theorems that apply to a two-
dimensional Hilbert space are based on probability assign-
ments to the outcomes associated with sets of measurements
larger than projective ones. Examples of such sets are the
elements of positive operator-valued measurements (POVMs)
[5,6] or projective-simulable measurements [7]. In contrast,
our derivation only uses projective measurements, just as
the original theorem from 1957. The main idea of both our
approach—to exploit constraints on local measurements when
carried out on composite systems featuring a qubit—and the
result are natural from a physicist’s point of view (see Sec. 3.5
of Ref. [8]).

Consistently assigning outcome probabilities is a physi-
cally motivated assumption, in contrast to the rather abstract
definition of quantum states as density operators that act on a
specific Hilbert space. In this sense, Gleason’s theorem can be
understood as an early contribution to the reconstruction pro-
gram of quantum theory that aims to derive quantum theory
from intuitive postulates [9—13]. Clarifying the logical rela-
tionships among the standard postulates and possibly reducing
their number also helps to identify the core of quantum theory
[14-18]. Similarly, the proposed extension of Gleason’s theo-
rem represents a welcome conceptual simplification since we
show that nothing but the properties of composite quantum
systems feed into it.

In Sec. II, we briefly recall Gleason’s theorem and intro-
duce suitable notation. The argument leading to Theorem 2,
our main result, is presented in Sec. III, building on the de-
scription of measurements in composite quantum systems. In
Sec. IV, we examine whether our derivation is “structurally
stable”: does it also apply to foil theories of quantum theory
characterized by real or quaternionic Hilbert spaces, by alter-
native tensor products or state-update rules? We conclude with
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a summary (Sec. V A) and place our results in a wider context
(Sec. VB).

II. GLEASON’S THEOREM

Gleason’s theorem relies on three assumptions. The first
two of them set the scene by associating a finite-dimensional
Hilbert space with each quantum system (postulate H), and by
defining what measurements are (postulate M):

(H) To each quantum system, there corresponds a complex
Hilbert space H,; with finite dimension d > 2.

(M) A measurement M on a quantum system is described
by a projection-valued measure (PVM), i.e., a set M =
{P,}, of projectors P, € P(Hy) = {P € C*4|P2 =P, PT =
P} that are mutually orthogonal (P P, = P,4,,) and sum to the
identity operator, ) . P, = I,. Each projector P, corresponds
to a possible outcome x of a measurement M, and the set of
all measurements on H; will be denoted by M.

The third assumption (postulate S) introduces quantum
states in an operational way: states are considered to be in
one-to-one correspondence with noncontextual probability as-
signments to the outcomes of all measurements that can be
performed on a given system. The concept of a frame function
respecting the measurement set My is crucial here: it is a map
f :P(Ha) — [0, 1] that assigns probabilities to the projec-
tors of any measurement M € My in such a way that

Do fry=1 ()

P.eM
holds. Operationally, the number f(P,) represents the proba-
bility that the measurement M outputs P, € M. The outcome
probabilities are noncontextual in the sense that, for any two
different measurements M and M’ containing the outcome
P, the probability f(P,) is assigned the same value. In this
terminology, Gleason’s third assumption reads as follows.

(S) The states of a d-dimensional quantum system corre-
spond to the frame functions f that respect the measurement
set M.

The set of frame functions respecting the measurement set
M, will be denoted by F,. It corresponds to all distinguish-
able preparations of a d-dimensional quantum system, i.e.,
those that assign different outcome statistics to at least one
measurement M € M.

Gleason’s theorem establishes a one-to-one correspon-
dence between F, and the set of density matrices S(#H,) for
dimension d > 3.

Theorem 1 (Gleason’s theorem). Assume H, M, and S.
Then, for d > 3, any frame function f € F; admits an ex-
pression

f(P) =Tr(P,p) forall P, € P(Hy), 2)

where p € S(H,) is a density matrix, i.e., a d-dimensional,
non-negative (hence Hermitian) operator with unit trace.

In the two-dimensional Hilbert space #,, any non-negative
operator with unit trace gives rise to a frame function f on the
set of qubit measurements My, just as in any larger dimension
d > 3. There are, however, probability assignments that do
not arise through a relation of the form (2). When d = 2, each
projector P, € P(H,) appears only in a single measurement,
M = {P,, I, — P,}. This lack of “intertwining” means that the
values f(P;) and f(I, — P,) can be chosen independently of

all other measurements. Consequently, any probability assign-
ment to each pair of projectors forming the measurements
M € M, defines a valid frame function for a qubit.

The properties of measurements in composite systems will
allow us, in a natural way, to rule out probability assignments
that do not arise from density matrices. It is instructive to
informally describe the indirect relation between Gleason’s
theorem and the state space of a single qubit that we will
exploit. We will consider an even composite dimension to
which the theorem applies, d = 4, say. In this case, we work
with the Hilbert space H4 used to describe a pair of qubits.
Here is a family of measurements My, on H4 consisting of
three projection operators each,

My = {10)(0| ® L, [1){1] @ [y} (¥, ID){1] ® [Yy) (¥},
3)

where |¢) and [y1) are any two orthogonal two-component
vectors. The projection operator IT = |0) (0| ® I is, of course,
closely related to the projector 7t = |0)(0] € P(H,) associ-
ated with a measurement outcome of a single qubit. The fact
that each of the measurements My, contains the operator IT
means that they are intertwined. Thus, there exist constraints
on assigning a probability to the outcome associated with IT,
in contrast to the single-qubit projector 7t which occurs only
in one measurement, namely, M = {|0)(0], |1)(1]}. It remains
to show that the properties of measurements in composite
systems induce constraints that limit the allowed outcome
probabilities for measurements carried out on a subsystem.

III. GLEASON’S THEOREM FOR A QUBIT

To derive our main result, Theorem 2, we begin by recall-
ing the description of composite quantum systems. Next, we
justify the requirement that any measurement on a subsystem
must have a unique representation within the set of measure-
ments on the composite system. The freedom of an observer
to regard any single system as a component of a larger,
composite system (or not) implies a consistency condition on
valid probability assignments to measurement outcomes. This
constraint entails an operational definition of quantum states
that is more restrictive than the one used in Gleason’s theorem.
Nevertheless, it is sufficient to extend the theorem to qubits
and does not require assumptions for probability assignments
to measurements other than projective ones.

A. Composite quantum systems

Independent physical systems may be combined to form a
single, composite system. A theory describing the dynamics
of individual systems or their behavior when performing mea-
surements must also be capable of describing the properties
of composite systems. Given measurement sets MA and M?
for individual systems A and B, the theory must define a
composite measurement set MA8 for the joint system AB. In
our context, this construction must include a set of frame
functions 748 associated with the possible preparations of the
composite system.

In quantum theory, the composition of systems employs
the tensor product. It will be sufficient to consider bipartite
systems, i.e., composite systems built from only two parts.
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(C) To each bipartite quantum system AB, there corre-
sponds a complex Hilbert space that is obtained by tensoring
the Hilbert spaces H* and H? of its constituents A and B,
respectively: HA8 = HA ® HE.

Consequently, the Hilbert space representing a single sys-
tem with dimension dd’ is isomorphic to the Hilbert space of
composite systems consisting of two parts of dimensions d
and d’, respectively: Hyy = Hyg @ Hy. In addition, there is
no difference between the sets of measurements defined on
these isomorphic spaces. The product structure also does not
affect the definition of frame functions: Gleason’s theorem
is valid for any Hilbert space of dimension larger than two,
including those that describe composite systems.

B. Subsystem measurements

From an operational point of view, the defining difference
between a composite and a noncomposite (quantum) system
is the possibility of carrying out operations on its constituents
[19]. This property means that the set MA% must contain ele-
ments that may be interpreted as representing measurements
performed only on a subsystem. In other words, one “needs
to know how to represent the [measurements on] the small
system as [measurements on] the larger system” [21]. The
basis of our argument will be that there must be a consistent
description of any measurement M4 € MA carried out by an
observer on a system A which may, or may not, be part of a
larger composite system AB.

To satisfy this requirement, we need to represent the op-
eration of measuring M4 on subsystem A, and nothing on
subsystem B of the composite system AB [22]. Mathemat-
ically, we have to (injectively) embed the measurements of
the set M* in the set MA® using a map & : M* — MAB,
say. Clearly, when representing the measurement M4 € MA
as a measurement ®(M*) on the composite system AB, the
number of possible outcomes must not change. It will be
convenient to reuse the symbol ® when extending the map
from measurements to measurement outcomes. The set of
projections on system A should be mapped to projections on
the larger system AB: @ : P(H*) — P(H). Accordingly,
®(P*) will describe the operation of measuring subsystem A
and obtaining the outcome represented by P4 € P(H*), while
measuring nothing on subsystem B.

In quantum theory, the map & can be made explicit by in-
voking composition compatibility (CC), which formalizes the
standard way to describe local measurements on multipartite
systems:

(CC) The measurement M4 = {Pf} e M* on system A,
being part of a composite system AB, is represented in the
set MA8 by the measurement M8 = (P} @ I8}, where 17 is
the identity operator on H2.

It is reasonable to assume a map of the form

d(P) =PI, )

because {If} represents the “trivial measurement” on the
Hilbert space ’Hg of a d-dimensional system B. It reveals
no information about the preparation of the system B since
fUB)y = 1forall f € F5 Thus, Eq. (4), i.e., property CC, for-
malizes the assumption that measurements on A alone cannot
yield information about subsystem B [24].

Having identified the elements of the set MA8 that corre-
spond to measurements on a subsystem, we exploit the fact
that each preparation of a composite system AB determines
a unique preparation of its subsystems. Let us denote frame
functions of the composite system by F € FAE. Then, each
F will induce a frame function ¢ € F4 of the subsystem
A when restricted to the subset ®(P(HA)) C P(H?), or,
explicitly [25],

0r () = F(0()) = F(P! ©17) forall P4 € PO
®)

Clearly, ¢ is a frame function for system A since

o er(P)= Y F(PAeI®) =1 (©)

PieMA PieMA

holds for all M4 € MA. Therefore, the map ¢ : F > ¢p re-
lates each preparation of AB to a unique induced preparation
of A. If such a function ¢ did not exist, it would not make
sense to consider AB as a “‘composite” system containing A.
Generally, the mapping ¢ will be surjective (every preparation
of A not considered as a subsystem of AB arises from some
preparation of AB via ¢) but not injective (distinct prepara-
tions of AB can yield identical preparations of A).

C. Marginal frame functions

Measurements in composite systems are thus seen to nec-
essarily satisfy a consistency requirement. All valid states of
system A must correspond to frame functions f € F* that fol-
low from preparations of composite systems containing A as a
subsystem: after combining A with any other system B, it must
be possible to generate any subsystem frame function f from a
frame function F € FAB through amap f = ¢r. This property
encodes the operational principle that any single system can
be regarded, without affecting the predictions of the theory, as
part of a larger composite system. Frame functions satisfying
this property will be called marginal. The following definition
uses postulate C and incorporates assumption CC [27].

Definition 1. A frame function f € ]-'5‘ is called marginal
if, for all systems B with Hilbert space 15, of finite dimension
d’ > 2, there exists a frame function F € F 2‘5 for the compos-
ite system H4 ® 15, such that f = ¢, or explicitly,

f(P)=F((P'®I}) foralP} e P(H). (D)

The set of marginal frame functions respecting the mea-
surements M, associated with system A will be denoted
by ]-':}.

Marginality of frame functions provides an operational
definition of quantum states that is stronger than assumption
S used in Gleason’s theorem (cf. Sec. II):

(S) The states of a d-dimensional system correspond to
marginal frame functions f € F; that respect the measure-
ment set M. ~

Using assumption S, we will identify the partial trace
as the unique mapping ¢ that generates frame functions for
subsystems. It then follows that we can extend Gleason’s the-
orem to two-dimensional quantum systems without modifying
postulate M.

Let us show now that, for quantum systems with dimen-
sions d > 3, marginal frame functions in assumption S give
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rise to the same set of quantum states as the original frame
functions in assumption S.

Lemma 1. All frame functions for systems of dimension
d > 3 are marginal, i.e., Fy; = Fy.

Proof. Since d > 2, Gleason’s theorem implies that all
valid outcome probability distributions of an isolated d-
dimensional system can be represented by means of the trace
over a suitable density matrix pr € 8(7-[2), ie., f(Pf) =
Tr(P2pys). Similarly, since dd’ >2 for any d’' >2, we
have that for each F € F/% there exists a density matrix
pr € S(HAE) such that F(P}8) = Tr(P;fw or) for all P;w €
P(H45). Therefore, marginality condition (7) reads

Tr(P;‘pf) = Tr[(Pf ® 15/) ,OF], ®)

and it is satisfied for all P* € ’P(’H*{}) if and only if Trg(pF) =
pr. Thus, the mapping ¢ is uniquely given by the (surjec-
tive but not injective) partial trace over subsystem B, ¢ =
Trp : S(HAB) — S(HA). For any space "Hg, and any py €
S(H2), there exists some pp € S(’Hf}g,) satisfying Tr[(P? ®
1%) pr] = Tr(P2 py). It follows that for d > 3, all frame func-
tions are marginal, i.e., ]T'd = Fy. |

As already illustrated, there exist probability assignments
to projections in the space #, that do not correspond to valid
density matrices for a qubit. We will now establish a one-to-
one correspondence between the subset of marginal frame
functions and the set of two-dimensional density matrices
S(H>) [28]. This is the content of Theorem 2, which provides
an extension of Gleason’s theorem (Theorem 1), building on
the set of marginal frame functions J; for composite systems,
defined in postulate S. It represents the main result of the
paper. -

Theorem 2. Assume H, M, C, and S. Then, for d > 2, any
marginal frame function f € F; admits an expression

f(P) =Tr(P.p) forall P, € P(Hy), 9)

where p € S(H,) is a d-dimensional density matrix. In par-
ticular, F; = S(Hy).
Proof. Lemma 1 implies the claim for dimensions d > 3.

If d = 2, we consider a composite system with Hilbert space
H4E, for any fixed d’ > 2. Theorem 1 applies to this system
since 2d’ > 2: hence, we can express each frame function
F € F48 of the composite system as F(PA8) = Tr(P28pr),
for some suitable density matrix pr € S(H55). For any P4 €
77(7-[2), marginality condition (7) of the qubit frame function
f € F, becomes

FPY =T (P2 @ I%) pr] = Te[PA Tap(pr)].  (10)

providing a representation in terms of the 2 x 2 matrix py =
Trg(pr). Tracing out system B from a density matrix of a
bipartite system with Hilbert space H55 = H5 ® HE results
in a non-negative matrix with unit trace of order 2. All such
matrices can arise in this way; hence S(H) = F, C F,. N

IV. GENERALIZATIONS

Gleason’s theorem remains valid if real instead of complex
Hilbert spaces of dimension d > 3 are considered [1]. We
have shown that the theorem extends to a two-dimensional
complex Hilbert space when invoking the standard descrip-

tion of composite quantum systems. Does this extension of
Gleason’s theorem also hold for Hilbert spaces defined over
other number fields?

In this section, we investigate the “robustness” of the argu-
ment leading to Theorem 2. To begin, we will indeed revisit
the derivation of Theorem 2 for real and quaternionic Hilbert
spaces. We consider two other structural changes: modifica-
tions of the tensor product used to describe composite systems
on the one hand, and alternative state-update rules on the
other. In doing so, we effectively discuss whether the extended
Gleason theorem also applies to so-called foil theories of
quantum mechanics [29].

A. Alternative number fields

Replacing the set C of complex numbers by the set of
real numbers R in postulate M and the word “complex” with
“real” in postulates H and C results in a foil theory known as
real quantum theory (RQT). This theory differs structurally
from standard quantum theory: it is not locally tomographic
[30], does not respect monogamy of entanglement [31], and,
in certain network scenarios [32], cannot reproduce observed
quantum correlations [33].

These differences nonwithstanding, the derivation leading
to the extended Gleason theorem of Sec. III C remains valid.
The lack of local tomography in RQT does not cause a prob-
lem since composite systems remain operationally equivalent
to single systems of suitable dimension, even if some mea-
surements cannot be interpreted as being performed locally.
As before, CC fixes the form of the map & introduced in
Eq. (4), and the proofs of Lemma 1 and Theorem 2 carry over.

As in standard quantum theory, the partial trace is the
unique mapping ¢ [cf. Eq. (5)] that provides the induced
preparation of a subsystem. Thus, the concept of marginal
frame functions (see Definition 1) persists, allowing us to
extend Gleason’s theorem not only to standard qubits but
also to rebits, their equivalent in real Hilbert-space quantum
theories.

Quaternionic quantum theory (QQT) is obtained by asso-
ciating quantum systems with Hilbert spaces defined over the
field H of quaternions [37]. When using a suitably defined
real trace rather than the standard trace [38], Gleason’s theo-
rem is found to hold for Hilbert spaces over C, R, and H of
dimensions d > 3. This version reduces to the standard for-
mulation of Theorem 1 for real and complex Hilbert spaces.

The composition of quaternionic systems is not straight-
forward since arbitrary quaternions do not commute. As a
consequence, the standard tensor product [37,39] is not linear
over quaternions. It has been argued that this property rules
out local operations in the quaternionic setting and, more gen-
erally, that it prevents one from speaking of truly independent
systems in QQT [37,40].

To resolve this problem, modifications of the tensor prod-
uct defining composite quaternionic quantum systems have
been proposed [41,42]. They do not, however, seem to admit
an analog of postulate C, which underpins our extension of
Gleason’s theorem. Thus, the difficulty to consistently define
composite systems appears to obstruct the extension of our
result to QQT.
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B. Alternative sets of observables

Quantum theory uses a specific tensor product that deter-
mines both the set of states in a composite quantum system
and the set of measurements that can be performed on them.
Postulates C and M encode this choice which, ultimately,
reflects experimental evidence. Foil theories based on other
tensor products [29] have been considered to understand the
particular features of the one apparently realized by nature.

In the context of Gleason’s theorem, quantum states are
associated with consistent probability assignments to mea-
surement outcomes for all observables. Alternative tensor
products for composite systems come with modified sets of
observables which may have consequences for the derivation
of the original Gleason theorem and its extension to qubits.
We will consider two different sets of measurements exclu-
sively consisting of products of projectors, a choice motivated
by the fact that Lemma 1 and Theorem 2 nothing but refer to
operators of the form P4 ® I5, etc.

Consider a foil theory in which experimenters are able to
carry out only local projective measurements. For a bipartite
system, the set of observables is then given by

Mica = {{F' @ PP}, (P71}, e MY (PP e M7} (D)
hence not containing projectors on pure entangled states such
as Bell states, for example. Due to the absence of projectors
that cannot be written as a product with respect to the given
bipartition, this set is strictly smaller than that of standard
quantum theory, M2 | M2, The resulting minimal tensor
product of observables has been used, for example, to inves-
tigate quantum correlations in a scenario that involves only
“locally quantum” experimenters [43].

Clearly, Gleason’s theorem continues to apply (for d > 2)
to the factors H* and H2 of the space H* ® H? if considered
on their own. Nevertheless, Proposition 5 in Ref. [44] shows
that the drastically reduced set of observables M2 | does not
imply Gleason’s theorem for the composite system as a whole.
There exist probability assignments to local measurements
that correspond to nonquantum frame functions respecting
Mﬁ)ﬁal‘

Next, we consider the largest set of observables containing
only products of projectors,

M. =[Pk eM¥ . =P ®@PF).  (12)

unent

It includes “unentangled” observables that cannot be imple-
mented locally [45] since they do not result from the direct
tensor product of a pair of bases for the spaces HA and H?,
respectively. For two qubits, the set

{10) ®10), 10) @ 1), [1) ® [+), |1) @ |-)},

|+) = (10) £ [1))/+/2. (13)
represents a simple example of such a twisted or indirect or-
thonormal basis of states for the space C?> ® C?, constructed
from more than two orthonormal bases. The set of unentan-

gled PVMs clearly sits between the minimal and the standard
quantum mechanical tensor product of observables:

MAB c MAB M, (14)

Unentangled product bases play a role in the classification of
mutually unbiased bases [46,47], for example.

Is it sufficient to define frame functions on the set of
unentangled PVMs on composite systems to derive Born’s
rule and standard density matrices? Wallach has shown (see
Theorem 2 of Ref. [44]) that Gleason’s theorem remains valid
when considering this considerably smaller set of observ-
ables, as long as each subsystem has a dimension of at least
d = 3. It turns out that it is not possible to apply our exten-
sion to Wallach’s generalization of Theorem 1 for composite
systems that contain at least one qubit Hilbert space. Accord-
ing to Theorem 3 of Ref. [44], the product frame function
F(P! ® PP) = f(P})g(PP) respects M2, whenever f € F
and g € Fp are frame functions associated with subsystems
A and B, respectively. If d4 = 2, one can use a nonquantum
qubit frame function f to define a frame function F € Fyp
not associated with a proper quantum mechanical density
matrix for the composite system. Trivially, the marginal qubit
frame function f € F, stemming from this nonquantum frame
function F' € Fyp is also nonquantum, in view of Definition 1.

C. Alternative state-update rules

Derivations of Gleason’s theorem consider the probabili-
ties of measurement outcomes as primitives. No assumptions
are being made about the procedure(s) to access them exper-
imentally. To establish this link in quantum theory, a more
comprehensive postulate M specifies the postmeasurement
states of projective measurements, known as the Liiders rule:

P — P.pP,. (15)

Having obtained the measurement outcome x represented
by Py, the postmeasurement state “collapses” into the state
associated with the outcome. Consequently, the outcome
probabilities can only be obtained experimentally as limits
of frequencies of repeated measurements on an ensemble of
identically prepared systems.

However, with the Liiders rule being irrelevant for the
derivation of Gleason’s theorem (and its extension), the theo-
rem will also hold in any foil theory that differs from quantum
theory by nothing but an alternative state-update rule. Hypo-
thetical theories of that type have been constructed in Ref.
[14], based on an operationally motivated notion of an update
rule. Among other requirements, acceptable update rules must
assign postmeasurement states consistently to both single and
composite systems, and they must not allow superluminal
signaling. The Liiders projection satisfies all the requirements
but, importantly, other unconventional update rules exist [14].
In passive quantum theory [48], for example, measurements
do not alter the state of a system although the outcomes still
occur probabilistically according to Born’s rule. Importantly,
the assumptions necessary to derive Gleason’s theorem (and
its extension) continue to hold in generalized state-update
theories: they possess Hilbert-space representations with mea-
surements given by PVMs, and system composition is defined
by postulate C.

V. CONCLUSIONS

A. Summary

We have extended Gleason’s theorem to the Hilbert space
‘H, by invoking only projective measurements. Instead of en-
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larging the types of measurements, we exploit the properties
of measurements carried out on subsystems of a composite
system.

Local measurements on composite systems are part and
parcel of standard quantum theory—the theory is actually
incomplete without an axiom telling us how to describe
multipartite systems (cf. postulate C). Considering bipartite
systems, we obtain consistency conditions for frame functions
across different dimensions. In physical terms, the conditions
express the requirement that the statistics of measurement
outcomes cannot depend on whether a quantum system is
considered on its own or as part of a larger composite system.

Frame functions are said to be marginal if they satisfy
the consistency condition. For dimensions d > 3, all frame
functions associated with projective measurements are found
to be marginal by default. In dimension d = 2, however, the
constraint reduces the larger set of all frame functions (which
contains nonquantum probability assignments) to those (and
only those) that admit a representation in terms of a density
matrix. Thus, we recover the state space and the Born rule
for probabilities for all finite-dimensional quantum systems
including qubits, i.e., with dimensions d > 2.

This argument extends beyond standard quantum theory.
In real quantum theory, where composite systems are defined
by the standard tensor product, the extension of Theorem 2
still holds, even though the theory differs from standard quan-
tum theory in composite scenarios. Being independent of
sequential measurements, the extended theorem remains valid
upon modifications of the quantum mechanical state update.
In contrast, altering the structure of the tensor product does
affect our argument, even in scenarios where Gleason-type
results can still be derived—unentangled PVMs suffice to
recover density matrices for most composite systems but not
to support our extension.

B. Discussion

Our extension of Gleason’s theorem is of interest for at
least four reasons. The derivation (i) is based exclusively on
projection-valued measurements, (ii) relies on an additional
assumption that is part of a comprehensive axiomatization of
quantum theory anyway, (iii) underlines the important role of
composite systems for the structure of quantum theory, and
(iv) opens up new perspectives regarding the reconstruction
program of quantum theory.

First, one may argue that the justification for PVMs in
deriving Gleason’s theorem is logically stronger than that
for POVMs. Complete sets of mutually orthogonal projec-
tors generate a Boolean lattice of events, so the additivity
of probability over mutually exclusive outcomes follows di-
rectly from the logical structure. Mutual exclusiveness also
reflects the physical interpretation of PVMs: prior to mea-
surement, each projector corresponds to a property that the
system either possesses or does not, linking outcomes to
definite yes-no propositions. POVM elements also represent
disjoint outcomes but do not form a Boolean lattice; i.e., they
do not represent mutually exclusive properties. In a sense,
POVMs are justified primarily on operational grounds: they
capture all possible quantum measurements that can be real-
ized physically when using ancillary systems and projective

measurements acting on them. In this sense, PVMs can be
viewed as a more primitive assumption.

Second, an important feature of Theorem 2 is the fact that
its derivation directly follows from another standard postulate
of quantum mechanics [49]. The essential ingredient is the
relation between the Hilbert space of a composite system and
those of its constituents, i.e., postulate C.

Composite systems have been studied before in the context
of Gleason’s theorem. As mentioned in Sec. IV B, an unen-
tangled variant of the theorem for multipartite systems with
system dimensions greater than two was proven in Ref. [44].
More recently, Gleason’s theorem has been shown to hold for
the composition of two or more systems to which the theorem
is known to apply separately but not jointly [52]. However,
these approaches did not examine implications for the frame
functions of a single qubit.

A simplified derivation of Born’s rule was given in Ref.
[53], assuming from the outset that quantum states correspond
to rays in Hilbert space. The proof for dimension d > 3 can
be extended to d =2 by considering a qubit as part of a
composite system. However, this extension only applies to
composite systems that include a constituent of dimension
d > 3. In contrast, our approach derives density matrices
for d = 2 and applies to any composite system with a qubit
subsystem.

Third, let us add a general remark concerning the im-
portance of composite systems for the overall structure of
quantum theory [54]. The notion of complete positivity
[56] only makes sense in multipartite systems [57]. Hidden-
variable models exist for a single qubit but local ones can
be ruled out when considering composite systems [58,59].
It is also known [17] that the only acceptable probability
assignments to orthogonal projections in any two-dimensional
subspace of C? are those stemming from valid quantum me-
chanical density matrices. However, this property does not
prevent one from assigning nonquantum probabilities to pro-
jections in the space C? considered on its own.

Studies of foil theories with composition rules differing
from the tensor product reveal the extent to which the proper-
ties of quantum systems depend on the standard choice [60].
Similarly, our proof of Theorem 2, which extends Gleason’s
theorem to d = 2, relies entirely on the description of com-
posite quantum systems in terms of the tensor product. Thus,
our result illustrates in yet another way how important this
composition rule is for the structure of quantum theory as a
whole.

Finally, extending Gleason’s theorem plays a role in the
reconstruction program of quantum theory [9-13]. Its goal is
to make characteristic quantum features such as the Liiders
rule plausible, if not to derive the entire theory through natural
physical assumptions.

More specifically, the extended theorem allows one to de-
rive the structure of the state space and the Born rule for
systems of arbitrary dimensions, simply by combining the
postulates for system composition (C) and (projective) mea-
surements (M). Next, the unitarity of quantum dynamics is
recovered from the Hilbert-space setting via Wigner-Uhlhorn
theorems [61,62] or alternative approaches [15]. Once uni-
taries have been established the Liiders rule can in turn
be derived following arguments given in Ref. [14], the
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framework of theories with generalized state-update rules de-
scribed in Sec. IV C.
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