PHYSICAL REVIEW A 113, 043505 (2026)

Vectorial light in Fabry-Pérot resonators in the normal-dispersion regime
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The ranges of existence and stability of dark cavity-soliton stationary states in a Fabry-Pérot resonator
with a Kerr nonlinear medium, vectorial polarization components, and normal dispersion are determined. The
Fabry-Pérot configuration introduces nonlocal coupling that shifts the cavity detuning by the round-trip average
power of the intracavity field. When compared with ring resonators, nonlocal coupling leads to strongly detuned
dark cavity solitons that exist over a wide range of detunings. We study symmetry breaking between fields of
opposite circular polarization characterized by a codimension-2 bifurcation point unique to the regime of normal
group velocity dispersion. We show the spontaneous formation of regular dark soliton crystals separated by
Turing patterns of alternating polarization via “self-crystallization” due to long-range interactions. Frequency
combs of dark soliton crystals of two orthogonal polarizations in Fabry-Pérot resonators display three separate
components corresponding to the cavity repetition rate, the wavelength of the periodic pattern, and the soliton
lattice spacing. The system also displays the formation of stationary and dynamical vectorial dark-bright
solitons. These solutions are different from previous realizations with bichromatic driving in ring resonators, are
composed of locked switching fronts, and can undergo Hopf bifurcations when scanning the detuning. Interacting
oscillating dark-bright solitons display antiphase dynamics that changes first into quasiperiodic oscillations and

then into in-phase dynamics when increasing the cavity length.
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I. INTRODUCTION

The generation of optical frequency combs [1] is an active
area of research due to the wide range of practical applications
that span across various fields including telecommunication
[2,3], spectroscopy [4,5], astronomy [6,7], LIDAR [8], and
quantum technologies [9]. Temporal cavity solitons [10,11]
have attracted significant interest for their capability to pro-
duce broadband optical frequency combs. Temporal cavity
solitons are a special class of cavity solitons that originate in
dissipative optical resonators under the action of external driv-
ing, diffraction [12,13], and/or group velocity dispersion [11].
Although ring resonator geometries are now regularly used
for the generation of optical frequency combs via temporal
cavity solitons, there is an increasing interest in Fabry-Pérot
(FP) configurations with recent theoretical [14-18] and ex-
perimental [19-23] studies addressing the generation of bright
and dark temporal cavity solitons. In terms of applications, FP
configurations, especially with chirped mirrors, offer superior
ways to control dispersion in integrated microresonators, thus
enabling broader frequency comb bandwidths [20]. See [24]
for a recent review and extensive description of FP cavities in
photonics.
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Here we consider a high-finesse FP resonator filled with a
Kerr medium (see Fig. 1) in the normal-dispersion regime.
A linearly polarized driving laser is coupled to one of the
cavity mirrors, such that the intracavity fields may be resolved
into counterpropagating components of opposite circular po-
larization [25]. This allows for additional properties of the
temporal cavity solitons, as those seen for the single-field
FP [14,16], due to the possibility of spontaneous symmetry
breaking (SSB) between polarizations [26,27]. We investigate
the polarization properties of the FP temporal cavity soli-
tons in the normal-dispersion regime and their effects on the
formation of frequency combs. In particular, we present a
mechanism of self-crystallization in which an initial random
distribution of dark solitons ends spontaneously to form a
regular soliton crystal [28]. This is achieved without the use
of any external modulation of the field [29], but via SSB and
long-range interactions typical of photonics configurations
with counterpropagation.

We begin in Sec. II by deriving our model for the FP
resonator with two orthogonal polarization components, as
was first derived in [17]. Following the work of Pitois
et al. [30] we describe the interaction of counterpropagating
vectorial fields in a Kerr nonlinear medium. Then, by taking
inspiration form Cole et al. [14], we combine two forward
and two backward propagating field equations to obtain a
pair of mean field integro-partial-differential equations de-
scribing fields of counterrotating circular polarization over the
round trip of the cavity. In Sec. III we discuss the homoge-
neous stationary solutions (HSS) of this system. In particular,
we present a codimension-2 [31] spontaneous symmetry

Published by the American Physical Society


https://orcid.org/0000-0002-6517-6942
https://orcid.org/0000-0002-5376-4309
https://ror.org/00n3w3b69
https://ror.org/020as7681
https://ror.org/00f7hpc57
https://crossmark.crossref.org/dialog/?doi=10.1103/88qr-tngt&domain=pdf&date_stamp=2026-04-03
https://doi.org/10.1103/88qr-tngt
https://creativecommons.org/licenses/by/4.0/

CAMPBELL, HILL, DEL’HAYE, AND OPPO

PHYSICAL REVIEW A 113, 043505 (2026)

mirror

HOUOO000000000KX

fast time (‘L’)\/

Yy ( [

FIG. 1. (a) A Fabry-Pérot resonator composed of two highly
reflective mirrors filled with a Kerr, x®, nonlinear medium. A lin-
early polarized input field is coupled into the resonator, where the
forward F. and backward By counterpropagating fields are resolved
into orthogonal polarization components 4+ and —. (b) An example
vectorial dark soliton solution is presented in terms of the auxiliary
fields ¥..

bifurcation of the high-power bistable HSS. This bifurcation
represents the collision of a forward supercritical pitchfork
bifurcation (found in the normal-dispersion regime) which
results in the formation of a Turing pattern, and a reverse su-
percritical pitchfork bifurcation resulting in symmetry-broken
HSS. This bifurcation structure results in a multitude of differ-
ent symmetry-broken vectorial dark soliton (VDS) stationary
states as shown in Sec. IV. Of particular interest is the Turing
instability resulting in the formation of patterns of alternat-
ing polarizations on the background plateaus from which
the VDS hangs. This SSB phenomenon is shown to lead to
long-range interactions between adjacent VDSs in the ring
resonator model. These long-range interactions result in the
spontaneous self-organization of VDSs to form regular soliton
crystals (RSC) from an initial random distribution [28]. In
Sec. VI, we generalize this self-crystallization phenomenon
to the FP resonator and discuss the differences between these
two systems. Finally, we characterize the formation of dark-
bright vectorial solitons in Sec. VII. Such solutions are shown
to undergo a Hopf bifurcation, resulting in nontrivial breath-
ing dynamics.

II. MODELING A FABRY-PEROT RESONATOR
WITH TWO POLARIZATION COMPONENTS

As first derived in [17], the system shown in Fig. 1
is well described by two coupled integro-partial-differential

equations
W =8 — (1 +i0)rs — i07Ys + i3 (Yub ) ¥s
+ i3 4 209 ?) + 200 + 2(1 v P Y
(1)

describing the evolution of two fields ¥ (7, ¢) of slowly vary-
ing amplitudes and orthogonal polarizations over the extended
domain 0 < t < 1 with periodic boundary conditions, where
TR is the round-trip time of the resonator, § is the amplitude
of the input field, which is considered to be real and positive,
and 6 is the detuning of the input field to the nearest cavity
resonance [17]. Here, ¢ is the “slow time” temporal variable
describing the evolution over many round trips of the cavity,
while 7 is the “fast time” longitudinal variable describing the
evolution over a single round trip of the FP cavity in the
normal-dispersion case.

Analogously to what described in [14,16,17], the fields ¥4
of Eq. (1) are related to the slowly varying field envelopes
of the forward Fy (7, t) and backward B (t, t) counterpropa-
gating intracavity fields with orthogonal polarizations through
the modal expansions

+00

Fi(r,ty= Y fio)e ™0, 2)
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over the domain 0 < t < tr/2, where the modal coefficients
f/f of mode number p are defined as

1 wR/2 ]
fi)=— f dre ™ yo(z, 1) 4)
TR J—z/2
with fast time wave number o, = 27 i/ R.
The terms of Eq. (1) enclosed in angled brackets represent
integrals in the fast time variable over a single round trip of
the cavity

2 1 w2 2
(Y+l) = — [Ysl"dz, (5)
R J-w/2
1 'L’R/2
(Yayl) = — Yayidr. (6)
R J—z)2

Integral terms arise due to counterpropagation of intracavity
fields present in the FP configuration and are the result of
rapid phase dynamics of cross-coupling terms between the
fields such that they see each other through an average over
the round trip [14,32,33]. The integral of Eq. (5) corresponds
to the average intracavity power of the field over a round
trip of the cavity. Nonlocal coupling of this kind is also
present in bidirectionally pumped ring resonators with only
two coupled equations, one for each counterpropagating field
[32-34], as well as the single-field FP configurations [14,16].
Of particular importance here is the term given in Eq. (6)
which is not found in the aforementioned systems. This term
corresponds to the energy exchange between circular compo-
nents of the fields [30]. The presence of this term introduces a
phase-sensitive nonreciprocal nonlocal coupling between the
two field components. As previously shown in the anomalous
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dispersion regime, the nonreciprocity of this term imposes a
“global” conformity of spontaneous symmetry-breaking vec-
torial bright solitons [17].

Equation (1) of the FP resonator is invariant under the
exchange of the indices + and —, representing a fundamental
symmetry of the system. Setting ¥, = y_ = , the coupled
Eq. (1) reduces to the single equation

Wy =S — A +i0)y +2i(1¥ 1> + 2y PNy — aZy. (D)

By performing the renormalization ¢ — ¥ /v/2, S — S/+/2
we obtain the equation of the FP resonator with a single
intracavity field [14,16]. As a consequence, the symmetric
stationary solutions of Eq. (1) are also stationary solutions
of Eq. (7). This similarity does not necessarily extend to the
stability of such solutions, with the possibility of spontaneous
symmetry breaking of vectorial dark solitons in the system
investigated here.

III. HOMOGENEOUS STATIONARY STATES

We first consider the HSSs of Eq. (1) by setting all
derivatives to zero, 9,1+ = 0, 831ﬂi = 0. The HSSs can be
determined by solving the coupled equations

§* =4H] — 4(0 — AHp)HZ + [(0 — 4Hy)” + 1]H:,  (8)

where the real and imaginary parts are

Uo.+ . S/R 9
Vor] \SQH.+4H:—6)/R) ®

where R = [1 + (2H+ +4H; — 0)?]. This result is obtained
by recognizing that the integral terms can be trivially evalu-
ated as (|+|*) = [Yx|?, (Y2 ¥%) = Y4y for solutions with
a flat profile. Equation (8) admits solutions that are either
linearly polarized (symmetric H; = H_) or not (broken sym-
metry H; # H_). These solutions allow for the SSB of light
in the FP resonator, which has been experimentally demon-
strated in FP configurations when neglecting dispersion in,
for example, [35]. The set of Eq. (8), under the renormaliza-
tion Hy — Hy/2, S 52 /2, is mathematically equivalent
to those for a ring resonator with two orthogonal polarization
components [36-38], as well as two counterpropagating in-
tracavity fields [34,37,39]. This analogy does not necessarily
extend to the stability of these stationary solutions. As such, in
the followings sections we investigate the different aspects of
the SSB bifurcation structure of the HSS, with particular focus
on the formation of Turing structures that are phenomenolog-
ically similar to those described for ring resonators [28].

A. Linear stability of the homogeneous stationary states

To investigate the stability of the HSSs of this system,
we perform a modal expansion of Eq. (1) and introduce a
linear perturbation, as outlined in Appendix A. The homoge-
neous stationary solutions of Eq. (1) correspond to the modal
coefficients

[y =¥58u0. (10)

where §,, ¢ is the Kronecker delta. We introduce a small per-
turbation of the form

= 8u0+8f;, (11)

and obtain the set of eigenvalues

JABL—A B~ L(1-8,0C£0

\/Z b
12)

May) = —1+

where

0= [(A+B+ —A_B Y +A,AC

C 172
+ (1= 8,0) 5 GALB, + BB + 3AB)] , (13)

as we first reported in [17], and
Ar =0+ +291 +3Q+ 8092, (14
Bi=—0+4a,+3(5+48,0V1 + 32+ 8.0v2, (15)

C = 64(1 + 38,,0)y 2. (16)

Due to the presence of the Kronecker delta in Eq. (12), we
must consider the cases of © = 0 and u # 0 separately. These
two outcomes refer to the scenario in which the perturbation
in slow time has a flat profile, u = 0, or exhibits a sinusoidal
fast time component, 1 # 0, and are made notably distinct
from each other due to the counterpropagation of the fields.
This is due to the fact that perturbations § flf do not sur-
vive the averaging under the integral terms (originating from
counterpropagation) should it contain a fast time component.
When p = 0, Eq. (12) reduces to eigenvalues which, under the
appropriate renormalization, are mathematically identical to
those seen in the absence of the fast time variable for the ring
resonator system of two counterpropagating intracavity fields
(see [34,37,39]), or two fields of orthogonal polarizations (see
[36-38]). These cases are discussed in detail for the FP in [35]
when neglecting dispersion. When u # 0, the eigenvalues
indicate the growth or decay of slow time perturbations that
are sinusoidal in the fast time variable with wave number «,,
thus indicating the possible formation of Turing patterns.

In Fig. 2(a), we plot the HSSs of Eq. (8) for § = 1.2425. To
avoid repetitions of the literature, we plot the real [Fig. 2(b)]
and imaginary [Fig. 2(c)] parts of the stability eigenvalues of
the high-power symmetric HSS of the tilted Lorentzian [black
curve in Fig. 2(a)] leading to instabilities. The solid black
(dashed pale blue) curves in Figs. 2(b) and 2(c) correspond
to the real and imaginary parts of the stability eigenvalue of
this HSS for o = 0 (or;; = 4.83). Here, we selected the value
of ai = 4.83 corresponding to the wave number of the first
eigenvalue crossing the instability threshold. As mentioned
earlier, for Olg = 0 the middle branch of the tilted Lorentzian is
unstable, while the lower branch is stable, and the high-power
HSS is unstable between the SSB pitchfork bifurcations
located at

Hssg = (20 £/6% — 3), (17)
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FIG. 2. (a) HSSs of Eq. (1). Black, blue, and green curves cor-
respond to the high-, middle-, and low-power symmetric HSSs,
respectively, i.e., the tilted Lorentzian of the cavity resonance.
The red curves correspond to the symmetry-broken HSSs. Real
(b) and imaginary (c) parts of the linear stability eigenvalues of
the high-power symmetric HSS from Eq. (12) with S = 1.2425, for
af =0 (black lines) and «;, = 4.83 (pale blue dashed lines). The
black diamond in (b) shows the codimension-2 point (S, 6)codim2 ~
(1.2425, 8.827) on the high-power HSS where the real parts of the
eigenvalues for o3 = 0 and ai = 4.83 are simultaneously zero.

marking the beginning and the end of the symmetry-broken
HSS “bubble” [see the black line in Fig. 2(b)]. In Figs. 2(b)
and 2(c) there are places where real eigenvalues become
complex in nature and vice versa. These have been recently
labeled as “exceptional points” in [40]. For us these points are
anything but exceptional since our system is not Hamiltonian
and the stability of interest is ruled by the real part of the
eigenvalues becoming positive as known since the early work
of Maxwell [41].

For ozi = 4.83, we see the appearance of an instability on
the high-power HSS near the peak of the Lorentzian curve.
As we will see in the next section, this instability predicts the
SSB of the HSS leading to the formation of Turing patterns
of alternating polarization components over the fast time vari-
able. For S &~ 1.2425, the appearance of the Turing instability
perfectly coincides with the reverse pitchfork bifurcation of
the SSB HSS bubble. At this point, shown as a diamond
in Fig. 2(b), the real parts of the relevant A,(cy = 0) and
Alay, # 0) eigenvalues are simultaneously zero and repre-
sent the transition of Re[A(cy = 0)] from positive to negative
while Re[A(a,, # 0)] goes from negative to positive. This is
an example of a codimension-2 bifurcation point where two
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FIG. 3. Codimension-2 bifurcation point in the § versus 6 param-
eter space. The red curve corresponds to the pitchfork bifurcation of
the SSB of the HSS with aﬁ = 0 (no symmetry-broken HSSs below
this curve). The blue curve corresponds to the pitchfork bifurcation
of Turing patterns stemming from the symmetric HSS at the most
unstable wave vector corresponding to ai = 4.83 (no Turing patterns
of this kind below this curve). The black branch corresponds of
Turing patterns stemming from the symmetry-broken HSS at the
most unstable wave vector corresponding to ai = 4.83 (no Turing
patterns of this kind on the left-hand side of this curve).

bifurcations occur simultaneously in the parameter space with
both bifurcations corresponding to a SSB.

B. Spontaneous symmetry breaking codimension-2 bifurcation

In Fig. 3 we show the codimension-2 point in the S versus 6
parameter space at the intersection of the line of SSB pitchfork
bifurcations of HSS with oei = 0 (red curve), the line of the
pitchfork bifurcations of Turing patterns stemming from the
symmetric HSS at the most unstable wave vector oei =4.83
(blue curve) and the line of asymmetric Turing patterns stem-
ming from the symmetry-broken HSS at the most unstable
wave vector ai = 4.83 (black curve). The circles correspond
to numerical simulations. We note that within the limits due to
the grid discretization and the finite length of the resonator, the
most unstable wave vector of the Turing patterns stemming
from the symmetric and asymmetric HSSs are basically the
same.

SSB bifurcations of the high-power HSS are shown in
Figs. 4(a)—4(c) for different values of the input field S. In
each of these cases the HSSs [see Eq. (8)] are plotted near
the peak of the symmetric HSS Lorentzian curve, where
the high-power branch is shown as the black curve, and the
symmetry-broken HSS as the red curves. We indicate the
stability of the HSS using the linear stability eigenvalues of
the previous section, Eq. (12), and show regions of stable and
unstable HSS by solid and dashed lines, respectively.

Figure 4(a) shows a region of stable symmetric HSS
(solid black line) flanked by two oppositely oriented super-
critical SSB bifurcations. For lower values of the detuning
we see a reverse pitchfork (red curve) in which the high-
power symmetric HSS become unstable to symmetry-broken
HSSs. This is predicted by the linear stability analysis (with
n = 0), where the higher-power symmetric HSS is unsta-
ble to two SSB pitchfork branches at the value given by
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FIG. 4. Spontaneous symmetry bifurcations of the HSSs (a)—(c) and vectorial dark solitons (d)—(f) for tg = 500. Black curves correspond
to the power of the upper symmetric HSS (a)—(c) or high-power plateau (d)—(f). Red curves correspond to the power of symmetry-broken
HSSs (a)—(c) or symmetry-broken plateaus (d)—(f). Blue, green, and orange curves correspond to the maximum and minimum power of Turing
patterns of alternating orthogonal polarization which form on the HSSs (a)—(c) or on the plateaus (d)—(f). (b), (¢) Show a codimension-2
bifurcation at 0 &~ 8.827 and 6 ~ 8.779, respectively. (a), (d) Show the bifurcation structure for input field lesser than the codimension-2
value, S = 1.24, whereas (c) and (f) show the bifurcation structure for input field amplitude S greater than the codimension-2 value, S = 1.25.
Example symmetry-broken Turing patterns are shown in (i) and (ii) and vectorial dark solitons in (iii)—(vi) for g = 500. (i) Turing pattern
with unequal amplitudes for (S, 6) = (1.25, 8.85). (ii) Turing pattern with equal amplitudes for (S, 6) = (1.25, 8.9). (iii) Symmetry-broken
vectorial dark soliton with split plateaus and flat profile for (S, 8) = (1.24, 8.63). (iv) Symmetric vectorial dark soliton with flat plateaus for
(S,0) = (1.24, 8.75). (v) Symmetry-broken vectorial dark soliton with Turing patterns on the plateau for (S, 6) = (1.24, 8.9). (vi) Symmetry-
broken vectorial dark soliton with split plateaus and Turing patterns for (S, 6) = (1.25, 8.79).

Eq. (17). Of particular interest is the appearance of a bifur- that the symmetric HSS becomes unstable to perturbations
cation of the symmetric HSS specifically associated with the of nonzero wave number (u # 0), and results in the forma-
normal-dispersion regime [see the blue lines in Fig. 4(a)]. tion of a stationary Turing pattern of alternating polarization

This bifurcation occurs when increasing the detuning such field components. The blue curve of Fig. 4(a) depicts the
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maximum and minimum powers of the amplitude of the re-
sulting symmetry-broken Turing pattern, an example of which
can be seen in Fig. 4(ii). This instability has its origin in the
interaction of local self- and cross-Kerr interaction terms of
Eq. (1), and has previously been reported in ring resonator
systems containing orthogonal polarization components [28].
This instability is not observed in the bidirectionally driven
ring resonator [34] due to nonlocal cross-Kerr interaction
originating from counterpropagation of the fields (hence an
absence of local cross-Kerr interaction).

By increasing the input field S, we see that the separation
between the two oppositely oriented supercritical bifurca-
tions decreases until they meet. The critical parameter value
S ~ 1.2425, 6 ~ 8.827 represents a codimension-2 bifurca-
tion, where the real part of one of the A(¢p = 0) eigenvalues
transitions from positive (unstable) to negative (stable), and
one of the A(x, # 0) eigenvalues transitions from negative
(stable) to positive (unstable), when increasing the detuning,
as shown in Fig. 4(b). When further increasing the input field
to § = 1.25, we see that the two bifurcations display a cross
over region where symmetry-broken HSSs are unstable to the
formation of Turing patterns [see Fig. 4(c)]. This results in
a small range of detuning values where the Turing pattern
of one field is dominant (orange curve) and the other one is
submissive (green curve), an example of which can be seen
in Fig. 4(i). Although there exists a mathematical relation
between HSSs in ring [28] and FP resonators, the ring res-
onator system does not display a codimension-2 bifurcation of
the kind described here. This is due to different eigenspectra
between the two models with respect to the formation of
Turing patterns, originating from the nonlocal coupling of the
FP configuration.

IV. SPONTANEOUS SYMMETRY BREAKING
OF VECTORIAL DARK SOLITONS

We first consider symmetric VDS solutions ¢, = ¢_ =
¥. Atsymmetry Eq. (1) reduces to the single-field Fabry-Pérot
model under suitable renormalization [see Eq. (7)], and as a
result, the stationary solutions of Eq. (1) are equivalent to the
stationary states of the FP with a single field. In the numerical
simulation of Eq. (1), we observe the formation of VDS sta-
tionary solutions in which a dark soliton is present in both field
components of orthogonal polarization occupying the same
fast time domain. Much like the dark solitons of the single-
field FP, the VDSs are themselves composed of oppositely
oriented switching fronts which connect two flat solutions
(plateaus) and then lock due to their interaction through local
fast time oscillations close to the lower power plateau. This
mechanism was first proposed for spatial solitons composed
of diffractive switching fronts [42—44], and then demonstrated
longitudinally in the single-field FP [16] and ring resonator
[45]. It should be noted that the homogeneous background
plateau from which the VDSs hang does not correspond to
the HSSs given by Eq. (8). The existence and stability of the
plateaus depend on the average power of the intracavity field
over a round trip. This is a result of the nonlocal coupling
terms originating form the counterpropagation of intracavity
fields, and has also been demonstrated for bidirectionally
pumped ring resonators [34].

At symmetry, the plateau solutions can be approximately
calculated by solving the coupled equations

4Y), — 410 — 4AY, — 4(1 — MY, Y7,
+{[0 — 4AY, — 4(1 — MY, + 1}, = S2, (18)

where ¥ is assumed to be composed of upper and lower
plateaus connected by step functions. Here, we define Y; as
the power of the lower plateau and Y, as the power of the
upper plateau, such that the average power over the round
trip can be expressed as AY; + (1 — A)Y,, where 0 < A < 1
is the normalized duration of the lower plateau over the cav-
ity round-trip time. This assumption has been used to great
effectiveness in predicting the stationary solutions is related
systems [16,34].

In Figs. 4(d)-4(f), we show the SSB bifurcations of the
background plateau for a single VDS present in the cavity
when scanning the detuning 6 for different values of the am-
plitude of the input field S. The plateaus of symmetric VDSs
display a SSB phenomenon analogous to that observed for
HSSs, but are now affected by the presence of nonlocal cou-
pling. In Fig. 4(d) we plot the plateau power of a symmetric
VDS as a black curve while an example of a stable symmet-
ric VDS is shown in Fig. 4(iv). Here, regions of stable and
unstable VDSs are indicated by solid and dashed lines, respec-
tively. Similar to the corresponding HSS, stable symmetric
VDSs are flanked by two oppositely oriented SSB bifurca-
tions. If we decrease the detuning we encounter a reverse
pitchfork bifurcation at 6 ~ 8.71 in which one dark soliton
hangs from a higher power plateau and the other hangs from
a lower power plateau, as shown in Fig. 4(iii). The powers of
the dominant and submissive plateaus are plotted as red and
blue curves, respectively, and were determined numerically.
This SSB bifurcation is associated with the reverse pitchfork
bifurcation of the HSSs, although the bifurcation point is
now displaced with respect to the case of HSSs. This is a
consequence of the shift in detuning originating from coun-
terpropagation O = 6 — 4(|1|?) induced by the presence of
the VDS [14,16,17,34,46]. In the limit of large cavity round
trips, we have that (|1/+|?) — H.. As a result, in this limit
the bifurcation point of the plateau approaches the bifurcation
point of the HSS.

If we now increase the detuning to 6 & 8.8, we encounter
a supercritical SSB bifurcation of the VDSs resulting in the
formation of a fast time Turing pattern of alternating polariza-
tions on the background plateau of the VDS. The blue curve
of Fig. 4(d) depicts the maximum and minimum power of
the amplitude of the resulting symmetry-broken Turing pat-
tern. After this bifurcation point, the symmetric VDS branch
becomes unstable. An example of a symmetry-broken stable
VDS solution is shown in Fig. 4(v) showing rapid fast time
oscillations of the background power between the fields of or-
thogonal polarization whose amplitude decreases on approach
to the VDS. The formation of symmetry-broken Turing pat-
terns has been demonstrated earlier for the HSSs, where the
Turing instability can be similarly understood as originating
form the contributions of local self- and cross-Kerr interac-
tions of Eq. (1). Again, we see that the bifurcation point has
been displaced with respect to the equivalent instability of the
HSS:s.
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In Fig. 4(e), we show the SSB bifurcations of the VDSs
for § = 1.2444. At the values (S, 0)codgim2 ~ (1.2444, 8.78),
we find a codimension-2 bifurcation, where the reverse pitch-
fork bifurcation and SSB Turing pattern bifurcation occur at
exactly at the same value of the detuning. The codimension-2
point of the VDS occurs at a different place of parameter space
when compared to the HSSs due to the shift detuning intro-
duced by the integral terms in the model equations. In general,
the location and existence of these two SSB bifurcations
depend on the average power (size and number of solitons
within the cavity) of the symmetric VDS solution. Further
increasing the input field to S = 1.25, we see in Fig. 4(f)
that the SSB bifurcations have now crossed over leading to
regions of parameter space in which one pattern component is
dominant and the other submissive, such as in the case shown
in Fig. 4(vi).

The formation of Turing patterns via SSB of the symmetric
VDSs can be investigated by approximating the VDSs as two
plateaus occupying distinct domains of the fast time variable
and connected by step functions ¥* = 7 + ¥/, where ¥/,
are the plateau solutions of higher-u and lower-/ powers. We
introduce a linear perturbation to each plateau of the form

Vi u(T, 1) = PS4 €x @@ (19)
Vai(t,1) = Y} + eq 1, (20)

where «,,; and €2,,; are the wave numbers and growth rates of
the perturbation on the respective plateaus, and € ,, €1 ; <
1. Inspired by the linear stability analysis previously per-
formed for the HSSs, we assume that the perturbation does
not survive the integral terms, such that perturbations (19)
and (20) obey (|Y*) = ([y-1*) = (Y ¥*) = (Yiy-) =
(I¥S1%) = A@)* + (1 — A)(y$)*. This is akin to assuming
that the wave numbers «,; are periodic on their respective
plateau. As the perturbations do not survive the nonlocal
coupling terms, perturbations on the upper and lower plateaus
are no longer coupled, so that, without loss of generality, we
can consider the high- and lower-power plateaus to be real.
Inserting the step-function approximation into Eq. (1) and
following the procedure outlined in Appendix B, we arrive
at the linear stability eigenvalues

Qi) =—1x[-A,By — C1C £ (A, G
+ B..CDI'?, @21

where A,; =0 — ail — 2(1#5,1)2 —8/3(|Y*1?), Bui=6-—
a2, = 10/3(8 )% = 8/3(19" 1), Ci = —4/3(y"12), C =
C — 8/3(1#531)2, Y )? are the powers of the high- and lower-
power plateaus (here considered to be real) and (]¥*]?) is the
average of the intracavity field. We have performed similar
linear stability analysis in the presence of integral terms to
good effectiveness in [16,34] and we find that this linear
stability analysis accurately predicts the onset of pattern insta-
bility for symmetric VDSs too. We note that the eigenvalues
of Eq. (21) reduce to the eigenvalues of symmetric HSS in the
limit (|y*|?) — |*|?, further cementing the connection with
the HSSs.
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FIG. 5. (a) The VDS solution (black curve) at the codimension-2
point (S, 8)cogimz ~ (1.2444, 8.78). By decreasing the detuning, we
observe SSB of the VDS where the symmetric solution becomes
unstable (dashed black curve) to the symmetry-broken VDS (red
and blue curves). (b) Corresponds to the saddle-node bifurcation
which marks the end of the of the symmetric VDS solution branch.
Further decreasing the detuning, we see the unstable symmetric VDS
solution has disappeared such that only the symmetry-broken VDS
remains (c). The plateau power and minimum power of the symmet-
ric (black) and symmetry-broken (red and blue) VDS is shown in
(d) when scanning detuning.

V. SPONTANEOUS SYMMETRY BREAKING
IN THE PRESENCE OF NONLOCAL COUPLING

In the bifurcation diagrams of Figs. 4(d)—4(f), it can be
seen that the symmetry-broken VDS branches (red curves)
exist far beyond the end of the symmetric (now unstable)
soliton branch, when decreasing the detuning 6. This phe-
nomenon is atypical for SSB where the symmetric solution
usually persists over the full domain of the symmetry-broken
solutions, as seen for the HSSs in Fig. 2. In Fig. 5(c) we plot a
single VDS present at the codimension-2 point (S, 0 )codim 2 &
(1.2444, 8.78). By decreasing the detuning, we observe the
SSB of the VDS. The power at the trough of the unstable
symmetric VDS increases as the the detuning is decreased
until we reach a saddle-node bifurcation, marking the end
of the symmetric VDS solution branch. The final symmetric
VDS is shown with a dashed line in Fig. 5(b). The interaction
of the oscillatory tails of the switching fronts, to which the
VDSs owe their existence, is highly dependent on the power
of the lower plateau close to the soliton trough. This in turn is
highly relevant in determining the decay rate and wave num-
ber of these oscillations. Beyond this value of detuning, the
interaction of the oscillatory tails is insufficient to induce the
locking mechanism due to the increasing power of the trough.
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As can be seen in Fig. 5(b), the stable symmetry-broken VDS
has bifurcated from the symmetric solutions and maintains
a lower value of trough power. By further decreasing the
detuning, the power of the trough of the symmetry-broken
VDS rises until the locking mechanism fails for it as well as
for the symmetric VDS as shown in Fig. 5(d). This failure of
the locking mechanism is delayed for the symmetry-broken
solutions due to the slower rate of increase in the trough power
of the VDSs. This phenomenon is a result of the nonlocal
coupling, whose contributions differ between symmetric and
symmetry-broken solutions, and acts to displace the existence
of the symmetry-broken solutions beyond the range of the
symmetric solution branch from which they bifurcate. The
final result is an extended range of parameter values in which
only symmetry-broken VDSs exist.

VI. SELF-CRYSTALLIZATION OF VECTORIAL
DARK SOLITONS

We now consider a cavity containing multiple VDSs along
the round-trip time. These solutions undergo the SSB bifur-
cations discussed earlier, such that Turing patterns form in
the intervals between adjacent VDSs. The growth of Turing
patterns induces motion in the VDSs, resulting in adjacent
VDSs to be “pushed” apart until an equilibrium of the pat-
tern’s amplitude is reached on both sides of each VDS. Hence,
the SSB phenomenon in the plateaus around VDSs introduces
long-range repulsive interaction between adjacent VDSs. In
the absence of symmetry-broken Turing patterns the symmet-
ric VDSs do not exhibit long-range repulsive interactions and
they remain stationary at arbitrary separation distances.

This process is analogous to the “self-crystallization” phe-
nomenon described for the ring resonator with vectorial
intracavity fields in [28]. In the ring resonator, the long-range
interaction between solitons can only be mediated by the
Turing patterns, as nonlocal coupling is absent in that case.
Here, we demonstrate that the self-crystallization mechanism
can be generalized to FP resonators with orthogonal polar-
izations components too [47] and, as such, it is universal in
systems displaying temporal cavity solitons and Turing insta-
bilities under local self- and cross-phase modulations. We also
discuss the differences in self-crystallization between ring
and FP resonators and the effects originating form nonlocal
coupling.

A. Spontaneous formation of regularly spaced soliton crystals

In Fig. 6(a), we introduce three symmetric VDSs randomly
distributed along the cavity round trip. For the parameter val-
ues S = 1.25, 0 = 8.8, tr = 300, the background plateau that
supports the VDSs is unstable to the formation of symmetry-
broken Turing patterns. The maximum amplitude reached by
the Turing patterns in the intervals between the VDSs depends
on the separation of adjacent VDSs. As the pattern amplitude
grows, the VDS are “pushed” along the resonator until an
equilibrium configuration of the pattern is reached on either
side of each VDS. In Fig. 6(c), we show the slow time evolu-
tion of three VDSs. Here it can be seen that the VDSs move
as to spread out along the cavity coordinate which results in
the stable stationary state shown in Fig. 6(d). This stationary

solution is composed of VDSs located equidistantly along the
round-trip time of the cavity, separated by Turing patterns of
equal amplitude forming a perfectly regular soliton crystal
(RSO).

The formation of a RSC from the initial condition of
three randomly positioned VDSs is spontaneous, induced by
SSB of the VDSs, and is an example of a self-crystallization
of a random distribution of VDSs [28]. This spontaneous
self-organization of the VDSs is induced by the long-range
interactions originating from the SSB of the intracavity field
and does not rely on any perturbations introduced to the
mode equations, such as those introduced near avoided mode
crossings [48], or to describe external modulations of the driv-
ing [29]. Furthermore, by moving the detuning back across
the Turing instability bifurcation, background pattern mod-
ulations in the intervals between VDSs vanish, as shown
in Fig. 6(f). This evolution results in the formation of a
symmetric RSC of Fig. 6(g). While the long-range interac-
tion resulting from the nonlocal (global) coupling is always
present in the FP resonator, self-crystallization relies on the
interactions of VDSs mediated by the Turing patterns, and as
such, VDSs will not display self-crystallization phenomena
below the SSB Turing pattern bifurcation.

The RSC created by this self-organization phenomenon
produces a frequency comb [see Fig. 6(e)] with a smooth spec-
tral envelope and a free spectral range three times larger than
the frequency comb of the initial condition, Fig. 6(b). Regular
peaks appear in the spectral envelope due to the contribution
of the Turing pattern wave number to the spectral envelope,
that is required for self-crystallization. Such peaks can be re-
moved at will after self-crystallization by changing the control
parameters back below the SSB bifurcation, as shown in Fig.
6(f), thus leaving a symmetric RSC with no pattern states
between the VDS as shown in Figs. 6(g) and 6(h). In general,
a RSC composed of N VDSs produces a frequency comb
equivalent to a single VDS in a cavity with round trip T /N.
An important property of RSCs is their capacity to emulate
smaller cavity sizes via increasing soliton numbers, leading to
frequency combs with enhanced power and greater spacing of
the spectral lines. As such, the formation of RSC has many
potential applications, such as satellite communications [49],
photonic radar [50], and radio-frequency filters [51,52], where
the universality of this mechanism in ring and FP resonators
creates different practical methods for the generation and con-
trol of RSCs, distinct from previously demonstrated methods
[29,48].

B. Partial crystal formation and interaction length

As mentioned in the last section, adjacent VDSs can move
apart due to the growth of Turing patterns in the interval
between the VDSs. The motion of the VDSs is observed
until the Turing patterns on both sides of the solitons reach
saturation. In Fig. 7(a), we show the evolution of two VDSs
in a long cavity. This results in the formation of a partial
crystal of Fig. 7(b), composed of two (or more) equidistant
VDSs in a local region of the cavity [28], with the remainder
of the cavity occupied by a Turing pattern. From Fig. 7(b)
we define the VDS spacing of a partial crystal as 2Ar, i.e.,
twice the distance in the fast time variable to the place where
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FIG. 6. (a) Initial condition of three symmetric vectorial dark solitons and corresponding comb spectrum (b). (c) Slow time evolution of
the initial condition in (a) for S = 1.25, 6§ = 8.8 demonstrating the growth of SSB Turing patterns, which propel the VDSs through the cavity.

(d) Final RSC stationary state and corresponding comb spectrum (e). (f)

Slow time evolution after reducing the cavity detuning to 6 = 8.63,

below the threshold for Turing patterns. (g) Final regular VDS crystal with a uniform background and corresponding comb spectrum (h).

the amplitude of the pattern reaches its maximum value. This
characteristic length can be used to determine the condition
required for self-crystallization of a RSC, 2NAt > 1z where
N is the number of VDSs in the cavity, as seen in Figs. 7(c)
and 7(d) for five initial VDS. RSCs of the FP resonator are
robust to a change in the number of VDS as the repulsive
interactions will redistribute VDSs to equidistant locations.
This is conditional on the Turing patterns saturation length
2 At which must be less that the lattice spacing the RSC.

In Fig. 7(c) we show the evolution of five tightly packed
VDSs in a FP resonator, resulting in the formation of a RSC
[Fig. 7(d)]. This evolution is split into two stages. For 1 <
2 x 10° the Turing patterns amplitudes between the tightly
packed VDSs is small (near symmetry) due to the long pat-
tern saturation distance (At), resulting in slow dynamics
of the VDSs. This continues until the VDS are sufficiently
far apart to support Turing patterns of larger amplitudes, at
t ~ 2 x 10°, where the VDS dynamics become significantly
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FIG. 7. (a) Slow time evolution of two VDSs resulting in the formation of the partial soliton crystal (b) with VDS spacing 2At for
S =1.05{/3/2,6 =9.1. (c) Slow time evolution of five VDSs form a tightly packed initial condition. This evolution results in the RSC

stationary state (d) for S = 1.05./3/2,60 = 8.9.

faster. If we compare with the analogous phenomenon of the
ring resonator [28], we find that the pattern saturation distance
is larger in the FP, and as such the FP is more prone to the slow
dynamics displayed in Fig. 7(c). Conversely, the greater value
of 2At suggests that the FP resonator is more congruent to
the formation of RSCs, with greater robustness to changes in
soliton number.

The nonlocal coupling present in systems of counter-
propagating light introduces long-range interactions between
well-separated solitons within the cavity, such that the exis-
tence and stability of the solitons is dependent on the soliton
number [16,34]. The symmetric VDSs of the two-component
FP [Eq. (1)] display such long-range interactions. In Fig. 8, we
plot the SSB bifurcation diagram of the plateau when there
are three simultaneous VDSs in the cavity for § = 1.24 and
R = 500. We see that the symmetric VDS solution undergoes
a SSB at 6 &~ 8.75 resulting in the formation of a symmetry-
broken Turing pattern and the formation of a RSC, where
maximum and minimum powers of the Turing pattern are plot-
ted as the blue curves. For these parameter values, solutions

containing three VDS may exists as either a symmetry-broken
regular soliton crystal for & > 8.75 or as a symmetric random
distribution along the cavity for & < 8.75. In this case a soliton
crystal can be formed from a random distribution of VDSs by
scanning the detuning to induce SSB of the plateau leading
to the self-crystallization of the VDSs. We note that solutions
containing three VDSs do not possess the reverse pitchfork
bifurcation typical of single VDS solutions and shown with
the gray curves in Fig. 8.

VII. VECTORIAL DARK-BRIGHT SOLITONS

We now change the focus of our investigation to vectorial
soliton solutions of Eq. (1) which exist in parameter regions
displaying strongly symmetry-broken HSSs. In Fig. 9(a), we
show the HSSs for § = 3. A notable feature of the HSSs for
this value of S is the formation of a “horn” in the symmetry-
broken HSSs, where one polarization component is largely
dominant, approaching the peak power, and the other is
largely suppressed, approaching zero power (i.e., ¥ > ¥_).

043505-10



VECTORIAL LIGHT IN FABRY-PEROT RESONATORS ...

PHYSICAL REVIEW A 113, 043505 (2026)

Power exterma

8.7 8.8 8.9 9
Detuning (0)

FIG. 8. Spontaneous symmetry-breaking bifurcations for § =
1.24, g = 500, and three VDSs. The plateau power of three sym-
metric VDSs is plotted as a black curve. The blue curve shows
the maximum and minimum amplitudes of the symmetry-broken
patterns of alternating polarization which forms in-between equidis-
tant VDSs. The gray curves show the single VDS bifurcations of
Fig. 4(a). In both of these cases stable (unstable) solutions are de-
picted with solid (dashed) lines. This demonstrates the noticeable
displacement of the locations of the bifurcation when increasing the
number of solitons form one to three, where we note the absence of
the reverse pitchfork bifurcation for the three-soliton case.

This horn gives rise to a small region of optical bistability
between symmetry-broken HSSs corresponding to the red and
blue curves of Figs. 9(a)-9(c). Near the peak of the symmetry-
broken HSS horn, and with suitable perturbations, we observe
the formation of vectorial dark-bright cavity solitons (VDBS).
These solutions comprise a pair of coupled solitons occupying
the same domain in fast time, where the dark soliton hangs
form the dominant field and a bright soliton sits upon the
suppressed low-power field, as is shown in Fig. 9(d).

A. Stationary vectorial dark-bright solitons
in Fabry-Pérot resonators

VDBS solutions have been demonstrated in a variety
of physical systems, such as in single-mode optical fibers
[53-61], was well as two-species Bose-Einstein condensates
[62-64]. The formation of the VDBSs in these cases is re-
liant on the nonlinear cross-phase modulation between the
two respective field components. Despite the significantly dif-
ferent physics, these systems are mathematically analogous
and governed by coupled nonlinear Schrodinger equations.
In optical microresonator systems, the generation of VDBSs
can be achieved through bichromatic input fields. In partic-
ular, the generation of frequency combs via bichromatically
driven resonators has been widely demonstrated to produce
bright-bright soliton pairs in [65-70], where, in addition, the
simultaneous generation of frequency combs between fields
of orthogonal polarizations has been demonstrated [71,72].
More recently, VDBSs have also been experimentally demon-
strated in microresonators [73,74]. This was achieved by
appropriately selecting the two driving frequencies, such that
one of the intracavity fields operates within the regime of
anomalous group velocity dispersion, generating a bright soli-
ton, while the second field operates in the normal group
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FIG. 9. (a) Solutions of the FP for S = 3, 7z = 200 are plotted
as their average power over the round trip. The symmetric and
symmetry-broken HSSs are plotted as the black and red curves,
respectively. In the vicinity of & = 16.6 we plot stable branches of
vectorial dark-bright solitons. This collapse snaking behavior can be
seen near the dominant symmetry-broken HSS (b), corresponding to
the dark soliton, and near the suppressed symmetry-broken HSS (c),
corresponding to the bright soliton. (d) Three bistable VDBSs for
parameters S = 3,0 = 16.6, tx = 200. Three solutions are shown,
each for identical parameters, with different locking distances cor-
responding to one trough (dotted-dashed blue line), two troughs
(dashed black), and three troughs (solid red line). They are indicated
in (b) and (c) as x’s. (d) Dual frequency comb corresponding to the
dark (blue) and bright (red) solitons of the red curve in (d).

velocity dispersion regime, which supports a dark soliton
through cross-phase modulation with the bright soliton. Dark
and bright solitons are bound in the fast time due to Kerr
interaction and copropagate along the microresonator.

Here, we present a different configuration for the formation
of VDBSs in a FP resonator, where the generation of VDBSs
of Eq. (1) is achieved with a monochromatic linearly polarized
input field, supporting two counterrotating polarization field
components exhibiting identical normal dispersion. VDBSs
of Eq. (1) are composed of switching fronts which connect
to four different plateaus due to the bistability curve present
over the interval of existence of the horn, as can be seen for
both the dominant and suppressed fields in Figs. 9(b) and 9(c),
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respectively. In Fig. 9(d), we show three multistable VDBSs
for § =3,60 = 18.6. The dark and bright solitons of the
VDBS are each composed of switching fronts that connect
the two high-power and two low-power plateaus, respec-
tively, within the regime of optical bistability at the horn.
In the dominant field, switching fronts composing the dark
soliton [shown as an “x” in Fig. 9(b)] connect to plateaus
near the high-power red and blue curves of Fig. 9(a). The
switching front approaches the lower-power plateau display-
ing a decaying oscillatory trajectory, while the approach to
the higher-power plateau is smooth. It is the interactions of
these oscillations on the low-power plateau which introduce a
locking mechanism analogous to that described previously for
vectorial dark-dark solitons. The corresponding bright soli-
tons of Fig. 9(d) are marked with an “x” in Fig. 9(c). Here,
the switching fronts display a decaying oscillatory trajectory
at the connection with the higher-power plateau near the blue
curve, and a smooth trajectory on approach to the lower-power
plateau near the red curve of Fig. 9(a). The bright solitons
“mirror” the dark solitons in profile (apart from a magnitude
rescaling), exhibiting an identical size and number of peaks,
due to local cross-phase modulation. The three VDBSs of
Fig. 9(d) display different locking distances (soliton widths)
corresponding to the distinct cycles of the oscillatory tails,
with three (red solid), two (black dashed), and one (blue
dashed-dotted) peaks (troughs) in the bright (dark) soliton.
Typical of systems of counterpropagating field components,
VDBSs do not stem from the HSSs of this system, but in-
stead stem from plateaus whose existence and stability are
dependent on the size and number of VDBS. It can be seen
that the powers of the plateaus of the three bistable VDBSs
are different. This is attributed to the difference in nonlocal
coupling of fields with different soliton widths.

VDBS solutions are distributed along snaking curves
whose branches of stable VDBS solutions are shown as pink
curves in Figs. 9(b) and 9(c), each branch corresponding to
a distinct VDBS size. Due to the presence of nonlocal terms,
we expect the collapse snaking of the VDBS solutions to be
tilted in parameter space [16,34,75,76], although this effect is
small due to the counteracting contributions of the dark and
bright solitons to the averaging terms. As the VDBS solutions
of Eq. (1) form around the symmetry-broken HSS horn, they
are found at much larger input powers than the symmetric
dark-dark vectorial solitons discussed in the previous sections.

In Fig. 9(e) the dual frequency combs corresponding to the
VDBS of the red curves in Fig. 9(d) are presented. VDBSs
produce dual combs [4,5,74,77] at the output, where the blue
and red combs correspond to the dark and bright solitons
of the two orthogonal polarizations, respectively. These two
combs have identical spectral line spacing, corresponding
to the cavity round-trip time, but are symmetry broken in
the spectral line power and in the spectral envelope. The
difference in the power of the spectral lines is due to the
much higher circulating power in the polarization field com-
ponent supporting the dark soliton when compared to that
one supporting the bright soliton. Modulations in the spectral
envelope correspond to the oscillations on the peak of the
bright soliton and on the trough of the dark soliton. These
oscillations mirror each other in the field envelope producing
displaced modulations in the two spectral envelopes.
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FIG. 10. Dynamical solitons for S=32 and 6 =18.6.
(a) Power profile of a single oscillating VDBS at two different
instants in its cycle, solid line and dashed line. (b) Time trace of
the peak (trough) of the bright (dark) soliton of a single VDBS
for tg = 100. (c) Time trace of the bright and dark solitons of two
VDBS distinguished by different colored curves, for tx = 200.
Nonlocal interactions between VDBS result in out-of-phase
oscillations. (d) Time trace of the bright and dark solitons of three
VDBS distinguished by different colored curves, for g = 300. (e)
Trajectory of bright soliton peaks in the Argand plane corresponding
to (d). (f) Trajectory of dark soliton troughs in the Argand plane
corresponding to (d). In both cases, the red, blue, and green VDBS
follow nontrivial nonlinear trajectories.

B. Nonlocal coupling of oscillating vectorial dark-bright solitons

When slowly changing the control parameters, the VDBSs
are found to undergo a Hopf bifurcation, resulting in breath-
ing dynamics of the dark and bright solitons. The power
profile of a single oscillating VDBS is shown in Fig. 10(a)
for § =3.2, 6 =18.6, and g = 100 at two instants (solid
and dashed lines) along its dynamical cycle, corresponding
to the maximum and minimum powers of the peak (trough)
of the bright (dark) soliton. As the dark and bright solitons
move along their limit cycle, the dynamics induce a small
change in the nonlocal (averaged) terms of Eq. (1). As a
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consequence, the temporal dynamics of this system are not
confined to the regions of the VDBS but extend the oscillation
over the background plateaus far from the VDBS. Oscillations
of the background power have identical periods but signifi-
cantly smaller amplitudes than those of the VDBS peak. In
Fig. 10(b) we trace the maximum power of the bright soliton
and minimum power of the dark soliton over the slow time.
One can see that the dark and bright solitons are perfectly
synchronized in their dynamics. Figures 10(c) and 10(d) show
these maxima and minima for a cavity containing two (c) and
three (d) VDBSs oscillating simultaneously within the cavity
of round-trip times tg = 200 and 300, respectively. Note that
we increase the cavity round-trip time for cavities contain-
ing a larger number of simultaneous solitons to preserve the
value of the nonlocal terms of Eq. (1) at stationary state, so
as to elucidate the effects of the nonlocal coupling on the
soliton dynamics without affecting the existence and stability
of the VDBS stationary solutions when we increase the soliton
number.

In Fig. 10(c), we plot the maximum and minimum powers
of the bright and dark solitons for the case with two VDBSs
with red curves for the right VDBS and blue curves for the left
VDBS. The two VDBSs interact through the nonlocal terms
resulting in stable antiphase dynamics, where the two bright
solitons (and the two dark solitons) oscillate exactly m out
of phase. We have previously shown that the dynamics of N
well-separated dark solitons in a FP resonator with round-trip
time tg and a single-field component synchronized towards
the dynamics of a single soliton in a cavity of round-trip time
r/N [16]. From Fig. 10(c) it is clear that this is not the
case for VDBSs of the two-component FP resonator. This
fact is further demonstrated when considering three VDBS
well separated within a FP cavity with round-trip time g =
300. We plot in Fig. 10(d) the time traces of the extrema
of three VDBSs, distinguished by different colors. We see
that the asymptotic dynamics of the three oscillating VDBSs
is nontrivial. When plotting the trajectory of the maxima of
each bright soliton and the minima of each dark soliton in
the Argand plane for the three VDBSs case [see Figs. 10(e)
and 10(f)], we can see that the dynamics is quasiperi-
odic leading to a limit torus for all three bright and dark
VDBSs.

If instead of considering N solitons in cavities with round
trip Nt as done above, we consider the oscillations of two
VDBSs in cavities with increasing round-trip times g, we can
investigate the contribution of the integral (nonlocal) terms
to their dynamics. In general, the strength of the interaction
between nonlocally coupled VDBSs depends on the density of
VDBSs over the round-trip time and, as such, the interaction
strength of two VDBSs is weighted by the size of g with
weaker interaction in the limit of large tg. In Fig. 11, we plot
the trajectories of the extrema of two VDBSs for different
values of the round-trip time, where the left column shows the
trajectory of the peak (trough) of the bright (dark) solitons in
the Argand plane, respectively, while the right column shows
the trace of the peak (trough) power of the bright (dark)
solitons over the slow time when changing 7g. In Fig. 11(a),
VDBSs display antiphase and overlapping limit cycle oscil-
lations [see also Fig. 10(c)]. When increasing the round-trip
time to tg = 255, limit cycle oscillation gives way to stable

limit torus oscillations, seen in Fig. 11(b), where VDBSs
oscillate along overlapping trajectories with small periodic
variations in their phase and amplitude over the slow time.
This overlap of trajectories eventually gives way to VDBSs
which evolve along distinct trajectories, as can be seen in
Fig. 11(c) for the round-trip time g = 400. Here, one of the
VDBSs displays dominant dynamics (blue curve), oscillat-
ing with near steady amplitude and phase, while the second
VDBS exhibits oscillations that grow and decay in amplitude
(red curve). We see that the amplitude of the submissive
VDBS is dependent on the mismatch of oscillation phase
between the two VDBSs, where the red VDBS oscillates with
large amplitude when in phase with the blue VDBS. As the
VDBSs evolve, their oscillations move progressively out of
phase, such that the amplitude of oscillation approaches zero,
at which point the system rapidly moves back to equal am-
plitude and in-phase oscillations. These slow time dynamics
then repeat. For the sightly larger round-trip time g = 450,
in Fig. 11(d), the VSBSs move along distinct nonoverlapping
limit tori. Here, the submissive VDBS shows repeated times
of growth and decay in amplitude as the VDBSs move in and
out of phase periodically. For even larger cavities round-trip
times, the dynamics of the VDBSs return to stable limit cycle
oscillation. In such regimes, the two VDBSs oscillate with
constant amplitudes and identical frequency, with a constant
phase offset as shown in Fig. 11(e) for tg = 500. In the
limit of large tr, these limit cycle oscillations approach full
symmetry by displaying identical limit cycle trajectories [see
Fig. 11(f)]. This suggests that VDBSs favor synchronization
in the limit of a large cavity round-trip time, antiphase dynam-
ics for a short cavity round-trip time, and nontrivial limit torus
dynamics for intermediary values. Some of these features are
reminiscent of self-switching behaviors seen in the homoge-
neous case of the SSB of counterpropagating fields in a ring
resonator [78].

The distinct dynamical regimes found when increasing
Tr can be explained by considering the change in the rel-
ative sizes of the real-valued nonlocal terms [Eq. (5)] and
the complex-valued nonlocal term [Eq. (6)] over slow time.
As demonstrated for the single-field FP model [16], real-
valued nonlocal terms are associated with in-phase dynamics,
regardless of cavity size. As such, we may attribute an-
tiphase dynamics to the unique feature of Eq. (1), namely,
the complex-valued nonlocal term. Oscillations of the dark
and bright solitons give opposite contributions to the average
power and hence result in relatively small changes in the real-
valued integral terms. For small cavity sizes, the dynamics
are then dominated by the complex-valued nonlocal term (6),
but as the cavity size increases, the change in (6) decreases
until the contribution of the real-valued integrals becomes
dominant and in-phase dynamics are attained.

This can be further demonstrated by considering the dy-
namics of a VDBS of larger width. In Fig. 12(a), we present
the power profile of a VDBS at two points in its dynamics
cycle, as it oscillates between two peaks and troughs and one
peak and trough. This dynamical VDBS is found for identical
parameter values of the antiphase VDBSs of Fig. 10(c); they
are hence bistable. The time trace of the central peak and
trough and the two side peaks and troughs are plotted in
Fig. 12(b) as black and green curves, respectively, and show
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FIG. 11. A pair of dynamical VDBSs for § = 3.2 and § = 18.6, and for different cavity round-trip times tg. Left column: Trajectory of
the minimum and maximum power of dark and bright solitons, respectively, for two oscillating VDBSs. Right column: The corresponding
time trace of the extrema power over the slow time, where in each plot the two VDBS are distinguished by different colored curves. Nonlocal
interaction strength between VDBS is weighted by the round-trip time, such that, by increasing tg VDBSs move from regimes of antiphase (a)
to in-phase (e)-(f) limit cycle oscillations, with nontrivial limit torus oscillations for intermediate values of 7z (b)(d).

the stable limit cycle oscillation of the VDBS. If we introduce
an additional VDBS into the cavity for 7g = 400, we find that
the VDBSs move towards synchronous dynamics, as can be
seen in Fig. 12(c). Comparing the dynamics of Figs. 10 and
12, we see that the particular profile of the oscillating VDBSs
contributes to whether the long-range interactions result in
in-phase or antiphase dynamics. In particular, we note that the
dynamics of Fig. 12(c) induces a significantly larger change in
the real-valued integral terms, when compared with the single-
peak VDBSs. This is due to more complicated oscillations and
leads to larger variations in the soliton width (pulse duration),
associated with moving between one and two peaks. As such,

in-phase dynamics become dominant for VDBSs with this
broader profile for much smaller values of x.

VIII. VECTORIAL CAVITY SOLITON DISTRIBUTION
IN PARAMETER SPACE

In a way analogous to the results of [16,34], the soliton
solutions of Eq. (1) are related to the presence of Maxwell
points in parameter space. For the Lugiato-Lefever equation
(LLE), the Maxwell point corresponds to a single value of
the detuning corresponding to switching fronts with zero
velocity. This results in a multitude of stationary solutions
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FIG. 12. Dynamical VDBS for § = 3.2 and § = 18.6. (a) Power
profile at two instants in slow time of the VDBS oscillating between
one and two peaks. (b) Time traces of the off center trough and
peak (green line) and central trough and peak (black line) of a single
VDBS for g = 200. (c) Time traces of the off-center trough and
peak (red) and central trough and peak (blue) of two VDBSs for
R = 400. The solid (dashed) lines correspond to the first (second)
VDBS. The two VDBSs oscillate out of phase initially, but synchro-
nize over time due to nonlocal coupling. The tracking points of the
trace are indicated with diamonds in (a).

composed of switching fronts with arbitrary separations A
[34,45]. Maxwell points in Eq. (1) allow us to predict the
location of VDS and VDBS. Due to the nonlocal terms in
the FP resonator model, Maxwell point solutions are tilted in
parameter space [16,34,75], such that, for each value of the
detuning, there exists a single separation A of two switching
fronts where the switching fronts have zero velocity. In order
to predict the formation of VDSs, we plot in Fig. 13 the
Maxwell points for separations A — 0 (black solid curve)
and A = 0.1 (black broken curve). These two curves provide
approximate estimates of where to find soliton solutions in
the full equations since they are obtained at zero dispersion
and with discontinuous walls. Examples of stable symmetric
VDS solutions are shown in Fig. 13 with x’s and show good
agreement with the predictions through the Maxwell points.
We also note that VDBSs are highly symmetry-broken
solutions where one field is largely suppressed. This is most
prominent in the background plateaus of the bright solitons
which approach almost zero power as can be seen in Fig. 9(d).
Due to the large disparity in power of the fields containing
dark and bright solitons, we can consider the bright-soliton
background field to act perturbatively on the field supporting
the dark soliton. If we assume the background field of the
bright soliton to be close to zero ¥_ — 0 at all points in the
cavity, we can approximate the equation governing the field

30

DO
(en]

Detuning (9)

ot
(@]

1 2 3 4
Input field (S)

FIG. 13. Dark-dark and dark-bright vectorial soliton distribution
in parameter space. Example VDS are plotted as x’s and VDBS as
+'s. Semianalytical Maxwell point solitons at zero dispersion are
shown at symmetry for A — 0 (black line) and A = 0.1 (black
dashed line). By using the single field (22) for VDBS, semianalytical
Maxwell point solitons at zero dispersion are shown for A — 0 (red
line) and A = 0.1 (red dashed line).

supporting the dark soliton as

Wy =8 — (L+ i)Wy + i {1 * + 2(1v 4 )y
— i (22)

This equation is identical to the single-field FP model under
renormalization. Equation (22) is only an approximation to
the field ¥, of Eq. (1), but if we plot the corresponding
Maxwell point in Fig. 13 (red curve), we are able to predict
the location in parameter space of the VDBSs. Examples of
VDBS solutions obtained in simulation are indicated with
+’s, and can be seen to follow the predicted curve from
Eq. (22).

IX. CONCLUSION

We investigated the propagation of light composed of
counterrotating circular polarization components within a
FP cavity filled with a Kerr nonlinear medium. Following
from [17], this system is governed by two coupled integro-
partial-differential equations, describing intracavity fields of
orthogonal polarization, which interact through self- and
cross-phase modulation terms. At difference to [17], here we
investigated the regime of normal group velocity dispersion.
Comb generation across different dispersion regimes can in-
crease the spectral bandwidth of the frequency combs for
practical applications [79].

Linear stability analysis of our model yielded a bifurcation
structure of competing SSB bifurcations. We presented the
SSB bifurcations of the homogeneous stationary states, where
in particular we characterized a codimension-2 bifurcation
point of the symmetric HSSs unique to the regime of nor-
mal group velocity dispersion. The codimension-2 bifurcation
represents a point in parameter space in which a reverse
pitchfork bifurcation of the symmetry-broken HSSs and a
forward pitchfork bifurcation of a Turing instability collide,
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with the real part of the corresponding eigenvalues being
simultaneously zero. SSB of the HSS is associated with the
reverse pitchfork bifurcation, and has been previously demon-
strated experimentally when neglecting dispersion [35]. Here,
we characterized the forward pitchfork bifurcation, innate
to the normal-dispersion regime, leading to Turing patterns
composed of fields with alternating orthogonal polarization.
This bifurcation structure extends to the homogeneous back-
ground of a symmetric VDS, resulting in a multitude of
symmetry-broken VDS solutions. Of particular interest is a
SSB bifurcation of the VDS resulting in the formation of
Turing patterns on the homogeneous background from which
the soliton hangs.

When considering multiple simultaneous VDSs along the
cavity round trip, SSB Turing patterns are found to form in the
intervals between adjacent VDSs. As the Turing patterns grow
in amplitude, VDSs are “pushed” along the resonator, increas-
ing their separation until equidistant equilibrium distances are
reached. In other words, the SSB of VDSs induce long-range
repulsive interactions between adjacent VDSs, mediated by
the Turing patterns. The motion of the VDSs represents a
spontaneous self-organization phenomenon, which results in
the formation of a regularly spaced soliton crystal. The self-
crystallization of a RSC was previously demonstrated for
VDSs of the ring resonator in [28]. In comparison, the Tur-
ing patterns of the FP resonator present with a higher wave
number and longer amplitude saturation distance resulting in
an increased range of the repulsive interaction between VDSs
in the FP cavity. Hence, the FP resonator is more congruent
to the formation for RSCs and more robust to changes in
soliton number. RSCs originate spontaneously from a ran-
dom distribution of VDS, without the need of a perturbation
[29,48,80-82], offering new degrees of control, and a simple
implementation, relevant for applications in RSC generation
[49-52]. The generalization of this process to the FP resonator
increases access to this phenomenon for practical application.
RSCs produce a frequency comb with smooth spectral profile
and an increased line spacing when compared to a random
distribution of cavity solitons. As such, a RSC may be used
to emulate smaller cavity sizes while avoiding the associated
experimental limitations. Note that conversion efficiency of
dark cavity solitons to frequency combs can be much better
compared to bright solitons, which is important for reducing
the power consumption of chip integrated comb generators
[83-85].

Finally, we characterized the formation of VDBSs in
normal-dispersion regimes. These solutions form in regimes
of highly symmetry-broken HSSs, in which, the circulating
power in one polarization component is significantly larger
than the power of the other. Although the parameter regions
where VDBSs have been found correspond to relatively high
values of S and 6, we believe that these regimes can be
attained experimentally in state-of-the-art resonators and fiber
cavities once other nonlinear effects such as Raman and
Brillouin scatterings and thermal instabilities are kept under
control. With suitable perturbations, a dark soliton forms in
the high-power polarization component, which is coupled

to a bright soliton that forms in the low-power component.
Previous methods for the generation of VDBSs make use of
bichromatic driving of a ring resonator [74], such that the
two frequency components may operate in distinct regimes
of group velocity dispersion, with one laser operating in the
anomalous dispersion regime, generating a bright soliton,
while the other operates in the normal-dispersion regime, sup-
porting a dark soliton though cross-phase modulation. In our
system, instead, bright and dark solitons are formed in regimes
of identical normal dispersion, and are composed of switch-
ing fronts which connect two high-power plateaus and two
low-power plateaus. Switching fronts lock to form solitons
due to the interaction of oscillatory tails which appear on the
approach to the plateaus of intermediary power. VDBS of the
FP resonator can undergo Hopf bifurcations when scanning
the detuning, resulting in breathing dynamics. We found that
well-separated VDBSs, located such that they do not interact
via the local dynamics at the tails, experience oscillation-
phase-dependent interactions through the nonlocal coupling.
A pair of well-separated dynamical VDBSs can oscillate ex-
actly out of phase with overlapping limit cycle trajectories.
This is unlike the in-phase dynamics of single-component
dark cavity solitons of the FP model in [16]. Conversely, in
the limit of a large cavity round-trip time, the VDBS dynam-
ics is found to approach synchronization. In general, short
cavities display antiphase dynamics, long cavities display in-
phase dynamics, and intermediate cavities display nontrivial
dynamics. These regimes are a consequence of competition
between real- and complex-valued nonlocal coupling terms.
We also note the possibility of VDBS solutions that are anal-
ogous to those of the ring resonator system, where due to the
absence of nonlocal coupling, well-separated VDBS do not
interact.
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APPENDIX A: LINEAR STABILITY ANALYSIS
OF THE HOMOGENEOUS STATIONARY STATE

To investigate the linear stability of the HSSs, we perform
a model expansion of the field envelope

Ya(r.t)= Y fiE)e ™,

H=—00

(AL)
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and insert it into Eq. (1) to yield the modal equations

. . 2i Rt .
Uff =S80 — (1 +i0)fr +io fif + 3 D Sy FEfn (5T + gfﬂi Sy rE
"

o
L Y Suwwrwr Fn L >*+ﬂfi2 jF(f*)*JrﬁijZ(ij)*fi (A2)
3 o — w I\ 3 P w\w 3 " w W
Wi w w

where f,,(¢) is the modal amplitude with cavity mode number pu and fast time wave number ozi = (2 /1R )*. We then perform
a linearization of the modal amplitudes about the HSSs of Eq. (1), which correspond to the modal coefficients

frs =V 800, (A3)
where §,,  is the Kronecker delta. We introduce a linear perturbation to the counterrotating polarization components of the form
fii = U580 + 817 (Ad)

which is inserted into Eq. (A2), yielding the linearized set of equations
0,87 == (L+i03 7 + o8 7 + THAWTE + 4T DSf +4uF TS ST + W GFZ)" + 205w T (617,))

4
+ éau,o{ﬂlﬁﬁz + IWTPS L + U (WD S fF + (WS + 2y T (8 f) ) (AS)

Without loss of generality, we may assume that the homogeneous stationary solutions are real. Hence, we express the real and
imaginary components of the perturbations as

3 Re(8f;1) -1 —A, 0 —3(1=238,0C)\ (Re(5f))

% Im(S£;) B, -1 lc 0 Im@8 /) (A6)
dReGfH| | 0 —la-8.0C -1 —A_ Re(3f,) |’
O Im(8f, ) ic 0 B_ —1 Im(3 /")
where

Ar=—0+a) + 205 + 32+ 8,.0)¥2. (A7)
Bi=—0+0%+2(5+48,00¥1 + 22 +8,0V2, (A8)
C? = 64(1 + 38,002 y>. (A9)

The Jacobian matrix of Eq. (A6) yields the characteristic equation

0=M+1D"+[AsBs +A_B_ + (1 = 8,,0)0C* (A + 1> + ALA_B,B_ — 1ALA_C? — £(1 —8,,0)C*[B4B_ + 1C?]

(A10)
to obtain the eigenvalues [17]
\/—A+B+ —AB —Ll1-s,0C%0
AMay)=—-1=x 7 , (Al1)
with
C2
0= \/(A+B+ —A_B_)?+AACP+(1— 5u,0)j(3A+B+ +ByB_+3A_B_). (A12)

These eigenvalues are separated into regimes of = 0 and u # 0 due to the presence of the Kronecker delta. The stability of
the regimes where these eigenvalues apply can be heuristically understood by considering the effect of the perturbation of the
integral term

(I/If + 6“)(1#5’ + eb)*, if € oc exp[A(ag = 0)t] (u = 0),
Ya(yh), if € o exp[A(a, )t 4 i, t] (1 # 0),

where a, b indicate the polarizations £. Should the perturbation take a sinusoidal form over the cavity coordinate, it will not
survive the integral terms. The consequences of these eigenvalues are discussed in Sec. III of the main text.

(5 + )02 + ) ~ {
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APPENDIX B: LINEAR STABILITY ANALYSIS OF STEP FUNCTIONS TO PATTERN FORMATION

We can investigate the formation of Turing patterns on symmetric VDS solutions by approximating the VDSs as two plateaus
occupying distinct domains of fast time connected by step functions v* = ¥} + /. We introduce a linear perturbation to each
plateau of the form

wi,u(f’ t) = W,j + éi,tteiaut+9utv (Bl)

Yo (T, 1) = Y + €y 87T, (B2)

where ¥ ; are the plateau solutions of higher-u and lower-/ power, k,; and €2,; are the wave numbers and growth rates of the
perturbation on the respective plateaus, and €4 ,, €1 ; < 1. Inspired by the linear stability analysis previously performed for the
HSSs we assume that the perturbation does not survive the integral terms, such that perturbations (19) and (20) obey

(W) = (W 1P) = (Wop*) = (Wiy) = (9°P) = A(Y) + (1 — A)(y2) (B3)

This is akin to assuming that the wave numbers «,, ; are periodic on their respective plateau. As the perturbations do not survive
the nonlocal coupling terms, the respective perturbations on the upper and lower plateaus are no longer coupled, so that, without
loss of generality, we can consider the high- and lower-power plateaus to be real. Inserting the step-function approximation into
Eq. (1) and performing the linerizations (19) and (20), we arrive at

dyu -1 A4 O ¢ 0 0 0 0\ /u
dv B, -1 -G, 0 0 0 0 0[]v
dyuy o ¢ -1 4 0 0 0 0|«
vy —C 0 -B, -1 0 0 0 0]||v
- (B4)
dyu o 0o 0 0 -1 4 0 clfle
dvt o 0 0 0 -B -1 -G 0[]y
du o 0o 0o 0o 0 ¢ -1 Al|lyg
v o 0 0 0 -G 0 -B —1)\v

in terms of the real and imaginary parts of the perturbations and we have A,; = 6 — 0‘5,1 - 2(1#5,1)2 —8/3(|1Y°|*), By, =6 —
0‘5,1 — 10/3(1#5,1)2 — 8/3(|1ﬂ5|2), C, = —4/3(|1ﬁs|2), C=C - 8/3(1&5,1)2. (1#5,1)2 are the powers of the high- and lower-power
plateaus and (|v°|?) is the average of the intracavity field. This analysis yields eigenvalues

Quiki) = =1+ \/=A By — C1Cy £ (A 1Cy + B C)). (B5)

These eigenvalues are discussed in Sec. IV of the main text.
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