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Exploring the fidelity of flux-qubit measurement in different bases via the quantum flux parametron

Yanjun Ji ,1,* Susanna Kirchhoff ,1,2 and Frank K. Wilhelm 1,2,†

1Institute for Quantum Computing Analytics (PGI-12), Forschungszentrum Jülich, 52425 Jülich, Germany
2Theoretical Physics, Saarland University, 66123 Saarbrücken, Germany

(Received 28 October 2025; accepted 9 March 2026; published 26 March 2026)

High-fidelity qubit readout is a fundamental requirement for practical quantum computing systems. In this
work, we investigate methods to enhance the measurement fidelity of flux qubits via a quantum flux parametron-
mediated readout scheme. Through theoretical modeling and numerical simulations, we analyze the impact of
different measurement bases on fidelity in single-qubit and coupled two-qubit systems. For single-qubit systems,
we show that energy bases consistently outperform flux bases in achieving higher fidelity. In coupled two-qubit
systems, we explore two measurement models: sequential and simultaneous measurements, both aimed at
reading out a single target qubit. Our results indicate that the highest fidelity can be achieved either by performing
sequential measurement in a dressed basis over a longer duration or by conducting simultaneous measurement
in a bare basis over a shorter duration. Importantly, the sequential measurement model consistently yields more
robust and higher-fidelity readouts compared to the simultaneous approach. These findings quantify achievable
fidelities and provide valuable guidance for optimizing measurement protocols in emerging quantum computing
architectures.
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I. INTRODUCTION

Quantum computers have the potential to efficiently solve
computational problems that are intractable for classical
computers. Among the various physical implementations, su-
perconducting qubits [1,2] stand out due to their scalability
and compatibility with existing semiconductor fabrication
techniques. Josephson junctions, composed of two supercon-
ductors separated by a thin insulating barrier, are essential
components in constructing diverse qubit types, including
charge [3,4], phase [5], flux [6,7], and transmon qubits [8].
Flux qubits, in particular, show promise for quantum infor-
mation processing due to their long coherence times [9].
Furthermore, accurate and reliable qubit readout is crucial
for practical quantum technologies. The properties and read-
out schemes of flux qubits have been extensively explored
[10–15]. A widely used approach is dispersive measure-
ment, which involves coupling superconducting qubits to
microwave resonators [16] and has been experimentally val-
idated [17–19]. Additionally, the quantum flux parametron
(QFP) [20] has emerged as a notable candidate for qubit
readout due to its high sensitivity and low power consumption
[21]. Its application as an isolator and amplifier within the
readout circuit has been shown, enabling fast and high-fidelity
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measurements [22]. Despite these advancements, measure-
ment fidelity remains influenced by various factors, with the
choice of the appropriate measurement basis being a critical
consideration [23,24].

The measurement postulate in its simplest form states that
the measurement basis is determined by the detector [25].
In practice, this is often realized only if this basis coincides
with the energy eigenbasis of the measured system, leading
to a quantum nondemolition (QND) measurement. However,
if the measurement basis does not coincide with the energy
eigenbasis and the measurement is system dominated, spu-
rious transitions occur and the measurement loses contrast.
Conversely, the regime where the detector dictates the mea-
surement basis is referred to as a detector-dominated scenario.
Specifically for midanneal measurements in adiabatic quan-
tum computing, it would be highly desirable to measure flux
qubits in a detector-dominated scenario [26].

In this work, we propose a QFP-mediated measure-
ment scheme and identify the measurement basis yielding
the closest projection. Through theoretical analysis and
numerical simulations, we evaluate the performance of dif-
ferent measurement bases, including flux, energy, bare, and
dressed bases, in both single- and coupled-qubit systems.
Additionally, we compare sequential and simultaneous mea-
surements in coupled systems to determine their effectiveness
in reading out a single target qubit. Our comprehensive
study provides deeper insight into measurement processes
and highlights different scenarios that extend beyond the
conventional system-dominated regime. This optimization ad-
vances progress toward achieving high-fidelity measurements
of flux qubits, which is crucial for developing large-scale
quantum computers. Moreover, our findings have the poten-
tial to enhance measurement fidelity in near-term quantum
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devices [27] and improve the resilience of quantum algorithms
[28,29], paving the way for more reliable quantum informa-
tion processing.

This paper is organized as follows. Section II provides
background on QFPs, dispersive readout of qubits, and the
measurement principle. Section III focuses on the measure-
ment of a single flux qubit using a QFP-mediated readout
scheme, comparing fidelity across different measurement
bases. Section II C extends this analysis to coupled flux
qubit systems, examining both sequential and simultaneous
measurement strategies. Section V discusses practical integra-
tion constraints, decoherence, and noise robustness. Finally,
Sec. VI concludes the paper.

II. PRELIMINARIES

A. Quantum flux parametron

The QFP is a controllable radio-frequency superconducting
quantum interference device (rf-SQUID) [30] characterized
by a small inductance, large capacitance, and a significantly
higher critical current compared to a flux qubit [20]. This con-
figuration results in a larger tunnel barrier, suppressing tunnel
coupling and enhancing state stability against high-frequency
radiation during readout [31]. Integrating a QFP between a
flux qubit and its resonator offers two key advantages [22]:
(1) amplification of the current signal, enabling more sensitive
readout of qubit state; and (2) isolation of the qubit from the
resonator, effectively suppressing crosstalk that can degrade
measurement accuracy.

The Hamiltonian describing the QFP and its interaction
with a coupled flux qubit is given by [31,32]

Ĥqfp = Q̂2

2C
+

(
�̂ − �

qfp
z

)2

2L

− EJ cos

(
π�

qfp
x

�0

)
cos

(
2π�̂

�0

)
,

where Q̂ is canonical conjugate to �̂, C is the sum of two junc-
tion capacitances, and L is the inductance of the large loop.
The magnetic flux induced by the flux qubit, denoted as �

qfp
z ,

is given by �
qfp
z = MqIq

p = Mq|Iq
p |σ̂z, where Mq is the mutual

inductance between the flux qubit and QFP, often referred to
as coupling inductance, and Iq

p is the persistent current of the
qubit, which takes values ±|Iq

p | depending on the qubit state.
σ̂z is the Pauli Z operator, which represents a qubit state in the
computational basis, with eigenvalues of ±1 corresponding to
two persistent current states of the flux qubit. �0 denotes the
magnetic flux quantum, while �

qfp
x corresponds to the external

flux of QFP’s small compound Josephson-junction (CJJ) loop.
EJ = �0Iqfp

p /2π represents Josephson energy, where Iqfp
p is

the persistent current of the QFP. The QFP’s small CJJ loop
governs the energy barrier of the potential, while the large
main loop, where the persistent current is generated, con-
trols the symmetry of the potential [31,32]. By slowly and
adiabatically raising the magnetic flux in the small CJJ loop
(�qfp

x ), the barrier of potential energy is raised and its potential
energy gradually transitions from monostable to bistable. This
process, known as annealing, latches the final state of the flux
qubit into the corresponding QFP. In the monostable state, the

QFP functions as a resonator, whereas in the bistable state, it
operates as a qubit.

Neglecting constant terms, the Hamiltonian can be refor-
mulated in terms of standard dimensionless parameters [33]
as

Ĥqfp = EL

[
4ξ 2 q̂2

2
+ ϕ̂2

2
+ βL

(
�qfp

x

)
cos ϕ̂ − λϕ̂σ̂z

]
,

where EL = φ2
0/L is the inductive energy, φ0 = �0/(2π ) is

the reduced flux quantum, and ξ = e/φ0
√

L/C is the charac-
teristic impedance. The operators are defined as q̂ = Q̂/(2e)
and ϕ̂ = π + �̂/φ0. Similarly, ϕqfp

z = π + �
qfp
z /φ0. Note that

the definitions of ϕ̂ and ϕ
qfp
z , with the π phase shift, result

in a sign flip in front of βL(�qfp
x ) cos ϕ̂. The coupling term is

given by λ = Mq|Iq
p |/φ0 and the screening parameter βL(�qfp

x )
is defined as

βL
(
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) = EJ

EL
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p L
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The dimensionless potential U (ϕ), given by

U (ϕ) = ϕ2

2
+ βL

(
�qfp

x

)
cos ϕ − λϕσ̂z,

can be expanded around its minimum ±ϕp, which satisfies
∂U
∂ϕ

|ϕ=±ϕp
= 0, where ϕp > 0 denotes the absolute value of the

position of the potential minimum. Defining δϕ̂ = ϕ̂ ∓ ϕp =
1/

√
2m�(â† + â) and q̂ = i

√
m�/2(â† − â) with annihila-

tion operator â and creation operator â†, and approximating
the potential around its minimum [10], the Hamiltonian
becomes

Ĥqfp/EL = �â†â + �

√
m�

2
ϕp(â† + â)σ̂z,

where � = 2ξ
√

1 − βL(�qfp
x ) cos(ϕp) and m = 1/(2ξ )2.

B. Dispersive readout

After QFP annealing, the flux qubit signal is entangled with
the corresponding displaced ground states or pointer states of
the QFP [10], allowing the total system to be described by an
efficient flux qubit Hamiltonian. More details can be found in
Sec. III. The flux qubit signal is then read out by coupling
the QFP to a resonator, with their interaction modeled as
dipole coupling, resulting in a fully off-diagonal interaction,
described by the Rabi Hamiltonian

ĤRabi = ωq

2
σ̂z + ωr

(
â†â + 1

2

)
+ g(â + â†)σ̂x, (1)

where h̄ is set to 1, g is the coupling strength between the QFP
and resonator, and ωq and ωr are the frequencies of QFP and
resonator, respectively. The Pauli X matrix can be written as
σ̂x = σ̂+ + σ̂−, where the raising and lowering operators are
defined as σ̂± = 1

2 (σ̂x ± iσ̂y), with σ̂y being the Pauli Y matrix.
Applying a rotating-frame transformation and the rotating-

wave approximation (RWA) reduces Eq. (1) to the Jaynes-
Cummings Hamiltonian [34],

ĤJC = ωq

2
σ̂z + ωr

(
â†â + 1

2

)
+ g(σ̂+â + σ̂−â†). (2)
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Diagonalizing it defines the dressed eigenstates of the cou-
pled QFP-resonator system. Bare states refer to the uncoupled
product basis {|e, n〉, |g, n + 1〉}, where |g〉 and |e〉 denote
the QFP ground and excited state, respectively, and n is the
resonator photon number. Dressed states are the hybridized
eigenstates {|±, n〉} that mix these bare states with detuning-
controlled mixing angle θn defined by tan(θn) = 2g

√
n + 1/δ,

where δ = ωq − ωr is the QFP-resonator detuning (see Ap-
pendix A 1 for details).

Under dispersive conditions, where ωr �= ωq and g � |δ|,
resonant photon absorption or emission is absent. Within this
regime, we can approximate the Jaynes-Cummings Hamilto-
nian as [16,35]

Ĥdisp = (ωr + χσ̂z )

(
â†â + 1

2

)
+ ωq

2
σ̂z, (3)

where χ = g2/δ is the dispersive shift. Notably, the first term
reveals that the effective resonator frequency shifts depending
on the QFP state. Consequently, it is possible to perform
a QND measurement of the QFP by monitoring microwave
transmission near the resonator frequency.

C. Measurement principle

We employ the single-qubit dispersive readout method-
ology in the presence of two-qubit coupling, as outlined in
Ref. [23], to investigate how measurement speed and power
influence the effective measurement basis and its deviation
from the conventional computational basis. The measurement
of qubit states proceeds as follows [23]. First, the resonator
is initialized in a coherent state |α〉, with α being real and
positive. Subsequently, the resonator interacts with one of the
qubits for a time interval td = π/2|χ |, which is described
by the time-evolution operator U (t ) = e−iHt . Afterward, the
resonator is read out via a positive operator-valued measure
(POVM) with elements

E± = 1

π

∫
�±

d2β|β〉〈β|, (4)

where E+ + E− = 1, and integrals are over coherent states in
lower (�sgn(χ ) ) and upper half-plane (�−sgn(χ ) ). Finally, the
resonator is measured.

The associated superoperator describing the measurement
outcome on an initial two-qubit state ρ is given by

E±(ρ) = Trres[(1 ⊗ E±)U (td )(ρ ⊗ |α〉〈α|)U †(td )]. (5)

Expanding this in terms of resonator Fock states |n〉 and |m〉,
we have [23]

E±(ρ) =
∞∑

n,m=0

g±(m, n)〈n|U (td )|n〉ρ〈m|U †(td )|m〉, (6)

where

g±(m, n)

= e−α2

[
α2n

2n!
δmn ∓ i

π

αn+m�
(

m+n
2 + 1

)
m!n!(m − n)

odd(m − n)

]
,

FIG. 1. Quantum flux parametron (QFP)-mediated scheme for
measuring a single flux qubit. The flux qubit is coupled to a QFP.
After QFP annealing, the qubit state is latched into the QFP, which is
then read out using a resonator.

with

odd(n) =
{

1, n is odd
0, otherwise.

In practical scenarios, the summation over n and m is trun-
cated at a finite maximum value N to ensure computational
feasibility while neglecting the insignificant contributions of
higher Fock states.

III. ANALYSIS OF SINGLE FLUX QUBIT MEASUREMENT

This section explores the measurement process for a single
flux qubit mediated by a QFP. Figure 1 provides a schematic
overview of the approach. We first examine the coupled sys-
tem of a flux qubit and QFP through numerical simulation to
evaluate the fidelity in the flux and energy bases. Then, we
assume that the adiabatic QFP annealing is successful and the
flux qubit state is latched into the QFP. The coupled system is
thus described by an effective flux qubit Hamiltonian. Finally,
we use a resonator to read out the qubit state latched in the
QFP.

A. QFP annealing

Building on the analysis in Sec. II A, the total Hamiltonian
describing the coupled system of the flux qubit and QFP is
given by

Ĥ = �̃â†â + g̃ϕp(â† + â)σ̂z − 1
2 (εqσ̂z + �qσ̂x ), (7)

where εq and �q are the energy spacing and tunneling energy
of the flux qubit, respectively. The effective frequency �̃ is
defined as

�̃ = EL� = 2ξφ2
0/L

√
1 − βL

(
�

qfp
x

)
cos(ϕp).

The corresponding effective coupling strength g̃ is then de-
termined by g̃ = �̃

√
m�̃/(2EL ). If the two junctions in the

QFP are identical, the total critical current of the QFP is
Iqfp
q = 2Iqfp

c , where Iqfp
c is the critical current of each junction
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in the small CJJ loop. Then we have

βL
(
�qfp

x

) = 4πLIqfp
c

�0
cos

(
π�

qfp
x

�0

)
.

Through adiabatic QFP annealing, the flux qubit and QFP
evolve into an entangled state [10,36],

(c|0〉 + d|1〉) ⊗ |0〉 −→ (ceff|0, L〉 + deff|1, R〉),

where the flux qubit state becomes entangled with the pointer
states of the QFP. The system is then described by an effective
flux qubit Hamiltonian (further details are provided in Ap-
pendix B 1). Under the Gaussian approximation, the fidelity
measured in the flux basis for a measurement time interval T
is given by [10]

FT = �

(
ϕp(T )

σ (T )

)
, (8)

where σ (T ) = [
√

1 − βL(T ) cos[ϕp(T )]/ξ ]−1/2 is the stan-
dard deviation of Gaussian wave packet, ϕp(T ) is the positive
position of double-well potential minimum at time T , and
�(x) = 1√

2π

∫ x
−∞ e−t2/2dt is the normal cumulative distribu-

tion function.
In the qubit energy eigenbasis, the positive position

of the potential minimum is given by ϕ̃p(T ) = [cos(θq) −
i sin(θq)]ϕp(T ), where θq is defined as tan(θq) = �q/εq, and
the fidelity becomes

F̃T = �

(
ϕ̃p(T )

σ̃ (T )

)
, (9)

where σ̃ (T ) = [
√

1 − βL(T ) cos[ϕ̃p(T )]/ξ ]−1/2.
Figure 2 illustrates the fidelity evolution as a function of

t/tqfp and βmax, where tqfp is the total annealing time. As
shown in Fig. 2(a), the fidelity consistently increases over time
in both flux and energy bases, saturating near the completion
of the QFP annealing process. At the full annealing time
tqfp, the flux qubit state is latched into the QFP ground state,
achieving fidelities approaching unity. Moreover, the energy
basis outperforms the flux basis by achieving higher fidelity.
As illustrated in Fig. 2(b), the fidelity in the energy basis
reaches its maximum at βmax = 1.4, while in the flux basis,
it peaks at a slightly higher value, βmax = 1.6. For βmax values
below these optima, the potential barrier during QFP anneal-
ing is insufficient, resulting in less distinguishable states and
subsequently lower fidelities. These results demonstrate that
adiabatic QFP annealing can successfully latch the flux qubit
state into the QFP in both the flux and energy bases, with
higher efficiency observed in the energy basis.

B. Measurement in different bases

After annealing, the resulting coupled system of the flux
qubit and QFP is described by an effective flux qubit Hamil-
tonian [36] (see Appendix B 1 for further details),

Ĥeff = − 1
2 (εqσ̂z + �effσ̂x ), (10)

where �eff is the effective tunneling amplitude reduced
compared to the original qubit tunneling �q. This reduc-
tion is characterized by a Franck-Condon-type factor of

FIG. 2. QFP annealing fidelity as a function of (a) normalized
annealing time t/tqfp for βmax = 1.5 and (b) maximal screening pa-
rameter βmax at the total annealing time tqfp. Fidelity is evaluated in
both flux and energy bases for �q/εq = 4 and ξ = 0.4.

e−η (�eff = �qe−η), where η is determined by the specific
QFP design [36].

The QFP is then read out via a coupled resonator, as
demonstrated in Fig. 1. The Hamiltonian of the system is
described by

Ĥ = − 1
2 (εqσ̂z + �effσ̂x ) + ωr â†â + gσ̂z(â + â†), (11)

where ωr is the resonator frequency and g is the coupling
strength. Transforming it into the qubit energy eigenbasis and
applying the RWA together with a displacement transforma-
tion yields (see Appendix A 2)

˜̂H(e) = −
[

δ

2
+ χ

(
â†â + 1

2

)]
˜̂σz, (12)

where χ = g2 sin2(θeff )/δ, θeff is defined as tan(θeff ) =
�eff/εq, and δ = ωeff − ωr with ωeff =

√
ε2

q + �2
eff .

Transforming the Hamiltonian back into the flux basis,
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we obtain

Ĥ( f ) = −
[

δ

2
+ χ

(
â†â + 1

2

)]
[cos(θeff )σ̂z + sin(θeff )σ̂x].

(13)

In the following, we quantify how closely the QFP-
mediated dispersive readout reproduces an ideal nonselective
Lüders update [37,38] in a chosen candidate basis B by
evaluating a fixed-input, state-level backaction fidelity. For a
chosen probe state ρin, the two outcomes define unnormal-
ized conditional postmeasurement states ρ̃± = E±(ρin ) with
probabilities p± = Tr ρ̃±, and the corresponding nonselective
postmeasurement state is ρout = ρ̃+ + ρ̃−. As an ideal refer-
ence for a projective measurement of the target qubit q2 in
basis B, we use the associated Lüders instrument with projec-
tors �

(B)
0 = 1q1 ⊗ |0B〉〈0B|q2 and �

(B)
1 = 1q1 ⊗ |1B〉〈1B|q2 ,

yielding the ideal nonselective output

ρ
(id)
out =

1∑
i=0

�
(B)
i ρin�

(B)
i . (14)

When assessing backaction on subsystem s, we compare
the reduced nonselective outputs ρred = Trs̄[ρout] and ρ

(id)
red =

Trs̄[ρ
(id)
out ], where s̄ denotes the complement of s, using the state

fidelity

F
(
ρred, ρ

(id)
red

) = (
Tr

√√
ρred ρ

(id)
red

√
ρred

)2
. (15)

This fidelity equals unity if and only if the reduced non-
selective outputs coincide for the chosen probe state, and it
quantifies outcome-averaged backaction, e.g., measurement-
induced dephasing, on the retained subsystem. Unless
stated otherwise, we evaluate Eq. (15) using the coherence
probe ρin = |+B〉〈+B| in the single-qubit case and ρin =
|+B〉〈+B| ⊗ |+B〉〈+B| in the two-qubit case, where |+B〉 =
(|0B〉 + |1B〉)/

√
2. These superposition inputs are standard

probes for diagnosing measurement-induced dephasing [39]
and its extensions to joint measurements [40]. In the numer-
ics, this is implemented by keeping the same matrix form
ρin = |+〉〈+| (single qubit) and ρin = |+〉〈+| ⊗ |+〉〈+| (two
qubit) in the local basis used to express the effective Hamilto-
nian for the chosen B. Equivalently, each B run prepares the
basis-adapted physical probe |+B〉. Thus, the B dependence of
Eq. (15) reflects backaction on different physical coherences
and closeness to the corresponding Lüders dephasing channel,
not a passive change of representation.

Figure 3 presents numerical results exploring measurement
fidelity as a function of χt and α. In Fig. 3(a), we observe that
increasing χt leads to a significant improvement in fidelity,
reaching a maximum value at the measurement time t = td .
This indicates that for the chosen probe state and parame-
ters, increasing the interaction time improves agreement with
the ideal Lüders backaction. Similar trends are observed for
the resonator coherent state amplitude α in Fig. 3(b), where
larger values of α yield improved achievable fidelities, while
smaller values of α lead to reduced fidelities regardless of
the measurement basis. Crucially, the energy basis consis-
tently outperforms the flux basis across all χt and α values.
This shows that the nonselective output is closer to an ideal
energy-basis dephasing channel than to a flux-basis dephasing

FIG. 3. Fidelity calculated using the Hamiltonian expressed in
both the flux and energy bases for η = 1.25 and η = 2.5, with N =
27, �q/εq = 4, and δ/g = 8. Fidelity as a function of (a) χt for α =
1 and (b) α at the measurement time t = td .

channel, indicating reduced non-QND mixing in the energy
basis. Furthermore, as η increases, the difference between the
flux and energy bases decreases. As shown in Fig. 3, larger η

enhances fidelity in the flux basis, but leaves it unchanged in
the energy basis. The underlying reason is that as η increases,
�eff approaches zero, causing the flux basis to more closely
approximate the energy basis.

IV. MEASUREMENT OF COUPLED FLUX QUBIT SYSTEM

In this section, we delve into a system of two coupled
flux qubits denoted as q1 and q2. Each qubit is coupled to
a QFP: specifically, q1 couples to QFP1 and q2 couples to
QFP2. Our primary objective is to read out the state of a
single flux qubit q2 in this coupled system. We aim to de-
termine whether the QFP-mediated measurement ends up in
a single- or two-qubit eigenbasis. Two distinct models are
explored: sequential and simultaneous measurements. In the
sequential measurement model, QFP2 undergoes adiabatic
annealing, while QFP1 remains unaffected. After adiabatic
QFP2 annealing, the measurement of q2 is performed us-
ing a resonator. In contrast, both QFP1 and QFP2 undergo
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FIG. 4. Sequential measurement model. Two flux qubits q1 and
q2 are coupled. QFP2 undergoes adiabatic annealing to latch the state
of q2. Subsequently, the state of QFP2 is read out using a resonator.

adiabatic annealing simultaneously in the simultaneous mea-
surement model. We conduct theoretical analysis and nu-
merical simulations to assess the fidelity of q2 under both
measurement conditions.

A. Sequential measurement

The sequential measurement model is presented in Fig. 4.
Before introducing the Hamiltonian, it is important to clar-
ify the underlying assumptions. In particular, we consider a
scenario where the first qubit q1 remains essentially static or
strongly biased, rendering its intrinsic dynamics negligible
over the relevant timescales. Under these conditions, q1 can be
treated as a quasiclassical parameter, allowing its Hamiltonian
to be omitted without compromising the essential physics.
Retaining only the qubit-qubit interaction ensures that the
influence of the first qubit on the second remains accurately
captured, thereby yielding a simplified yet physically mean-
ingful description of the system. Furthermore, we assume that
adiabatic QFP2 annealing has been successfully performed,
with the state of q2 fully latched into QFP2. The focus then
shifts to the readout process of QFP2 using a resonator, ac-
companied by an analysis of fidelity across various bases. The
total Hamiltonian in the flux basis is given by

Ĥ = − 1
2

(
ε2σ̂

z
2 + �eff,2σ̂

x
2

) + Jσ̂ z
1 σ̂ z

2 + gσ̂ z
2 (â† + â)

+ωr â†â, (16)

where J is the coupling strength between two flux qubits, g
represents coupling strength between q2 and the resonator, and
ωr is the resonator frequency. In Appendix B 2, we demon-
strate that J is not renormalized.

Transforming Eq. (16) to the q2 energy basis in the rotating
frame and applying the standard displacement and dispersive

unitary transformations yields (see Appendix C 1 for details)

˜̂H(e2 ) ≈ − δ̂eff2,n

2
˜̂σ z

2 + Jσ̂ z
1

[
cos(θeff,2) ˜̂σ z

2 − sin(θeff,2) ˜̂σ x
2

]
,

(17)

where δ̂eff2,n = δeff,2 + χ (2n̂ + 1) with δeff,2 = ωeff,2 − ωr ,
ωeff,2 =

√
ε2

2 + �2
eff,2 , the resonator photon-number op-

erator n̂ = â†â, and the effective dispersive shift χ =
g2 sin2(θeff,2)/δeff,2. Here, the effective mixing angle satisfies
tan(θeff,2) = �eff,2/ε2.

To study the fidelity in different bases, we express the
Hamiltonian [Eq. (17)] in the flux basis as

Ĥ( f ) ≈ − δ̂eff2,n

2

[
cos(θeff,2)σ̂ z

2 + sin(θeff,2)σ̂ x
2

]
+ Jσ̂ z

1 σ̂ z
2 . (18)

Similarly, the Hamiltonian can be further written in the q1

energy basis (or q1−q2 energy basis),

˜̂H(e) ≈ − δ̂eff2,n

2
˜̂σ z

2 + J
[
cos(θ1) ˜̂σ z

1 − sin(θ1) ˜̂σ x
1

]
⊗ [

cos(θeff,2) ˜̂σ z
2 − sin(θeff,2) ˜̂σ x

2

]
, (19)

where θ1 is defined as tan(θ1) = �1/ε1 with energy spacing
ε1 and tunneling energy �1 of q1. Then we can investigate the
fidelity in different bases with the measurement operator

E±(ρ) = TrresTrq1 [(1 ⊗ E±)U (td )(ρ ⊗ |α〉〈α|)Û †(td )].

Compared to the previous case, we need to additionally trace
out q1 since we are only interested in the fidelity of q2.

Figure 5 displays the fidelity dependence on χt , α, and
J/(ω2 − ω1), where ω1 =

√
ε2

1 + �2
1 . As shown in Fig. 5(a),

the q2 energy basis exhibits the highest overall fidelity, peak-
ing at the measurement time t = td/2, and then displaying a
slight decline. This behavior might be attributed to the inter-
action between q1 and q2. Due to the dressed state formation,
we measure the coupled system instead of q2 individually.
This distinction disappears only when the QND condition
holds. Therefore, for longer measurement times, the q1−q2

energy basis might be more appropriate. However, the q1−q2

energy basis reaches maximum fidelity more slowly than the
q2 energy basis. Additionally, for shorter measurement times
(t � td/π ), the flux basis outperforms the q1−q2 energy ba-
sis. At α ≈ 1, all bases achieve the maximum fidelity and
remain constant, as shown in Fig. 5(b). However, both energy
bases outperform the flux basis. A basis crossover between
flux basis and q1−q2 energy basis occurs around α ≈ 0.5,
whereas the crossover between the two energy bases is less
pronounced. This is potentially due to the chosen parame-
ter values of t = td [see Fig. 5(a)] and J/(ω2 − ω1) = 0.05
[see Fig. 5(c)]. Finally, as shown in Fig. 5(c), we observe
consistently higher fidelity in the q2 and q1−q2 energy bases
compared to the flux basis. Stronger coupling between q1 and
q2 leads to mutual influence during measurement, reducing
fidelity. The basis crossover between the two energy bases
occurs at J/(ω2 − ω1) ≈ 0.05, after which the q1−q2 energy
basis exhibits higher fidelity.

In the following, we delve into the validity of the
RWA within both bare and dressed bases using the method
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FIG. 5. Fidelity calculated using the Hamiltonian expressed in
the flux basis, q2 energy basis, and q1−q2 energy basis with N =
27, η = 1.25, �2/ε2 = 1, and δ/g = 8. Fidelity as a function of (a)
χt for J/(ω2 − ω1) = 0.05 and α = 1; (b) α for J/(ω2 − ω1) = 0.05
and t = td ; and (c) J/(ω2 − ω1) for t = td and α = 1.

described in Ref. [23]. Our investigation commences with
the Hamiltonian operator expressed in the energy basis of
the measured flux qubit [specifically, the q2 energy basis, as
given in Eq. (17)]. We then extend our analysis to consider the
Hamiltonian operator formulated in the energy basis of both
flux qubits [q1−q2 energy basis, detailed in Eq. (19)].

1. Energy basis of the measured flux qubit

To define the dressed basis analytically, we work within
fixed photon-number manifolds and replace the photon-
number operator n̂ = â†â by its eigenvalue n ∈ {0, 1, 2, . . . }
within each Fock manifold, so that δ̂eff2,n becomes a con-
stant number δeff2,n within each manifold. The full operator
n̂ is restored when evaluating the qubit-resonator dynam-
ics and the associated measurement channel. Diagonalizing
the resulting n-resolved Hamiltonian given by Eq. (17) then
yields the dressed eigenpairs that define the dressed basis. The
spectrum consists of two doublets with frequencies ωn± =√

(δeff2,n/2 ± Jzz )2 + J2
zx , where the effective couplings are

Jzz = J cos(θeff,2) and Jzx = J sin(θeff,2). Further details are
provided in Appendix C 1.

The validity of the RWA in the dressed basis requires∥∥∥∥∥ Jzx χ
(
â†â + 1

2

)
(δ̂eff2,n/2 ± Jzz )(δeff,2/2 ± Jzz ) + J2

zx

∥∥∥∥∥ � 1.

Similarly, the RWA condition based on the bare basis is∥∥∥∥ Jzx

(δ̂eff2,n/2 ± Jzz )

∥∥∥∥ � 1.

In photon-number manifold n, the crossover occurs when

∥∥χ
(
â†â + 1

2

)∥∥ =
√

(δeff,2/2 ± Jzz )2 + J2
zx,

so that measurement-induced phase separation competes with
the coherent hybridization scale.

The fidelity in both bare and dressed bases is numerically
investigated as a function of χt , α, and J/(ω2 − ω1), as shown
in Figs. 6(a)–6(c), respectively. Figure 6(a) shows that for
very short measurement times, the fidelity is low in both
bases. At a measurement time of t ≈ td/2, fidelity reaches its
maximum value in both bases. Beyond this point, the fidelity
in the dressed basis remains higher than that in the bare ba-
sis. However, in both bases, the fidelity gradually decreases
as the measurement time further increases. As illustrated in
Fig. 6(b), for small values of α, the bare basis performs better.
A basis crossover occurs around α ≈ 0.7. Beyond this point,
the fidelity in the dressed basis is higher. This implies that
at a fixed measurement time (here, td ), measuring gradually
becomes better suited to the dressed basis as α increases.
Figure 6(c) shows how the coupling strength between two flux
qubits affects the fidelity. For the chosen parameters (t = td
and α = 1), the dressed basis yields a higher fidelity than the
bare basis. Additionally, the coupling strength has a larger
impact on fidelity in the bare basis compared to the dressed
basis.

Our numerical simulations reveal that for small α, the bare
basis yields higher fidelity compared to the dressed basis.
However, the bare basis is more sensitive to the coupling
strength between the flux qubits, demonstrating a signifi-
cant decline in measurement quality as the coupling strength
increases. Conversely, for large α, the dressed basis offers
higher fidelity, characterized by oscillations with J . Notably,
the average fidelity across these oscillations exhibits only a
slight decrease, suggesting that these may be transient oscilla-
tions. This transient nature is possibly due to the nonadiabatic
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FIG. 6. Fidelity in bare and dressed bases calculated using the
Hamiltonian expressed in the q2 energy basis. Parameters are the
same as in Fig. 5.

change in the operating point and the presence of multiple
energy levels in the system.

2. Energy basis of both flux qubits

This section analyzes the Hamiltonian operator in the
q1−q2 energy basis [Eq. (19)]. Due to its complexity, we

adopt an analytical approach by focusing on two specific
interaction regimes between two flux qubits: flux-dominated
and tunneling-dominated regimes.

Within the regime defined by

{|cos(θ1)|, |cos(θeff,2)|} 
 {|sin(θ1)|, |sin(θeff,2)|},
we can approximate the interaction term between q1 and q2 as
Jzz ˜̂σ z

1
˜̂σ z

2 with Jzz = J cos(θ1) cos(θeff,2), leading to

˜̂H (e)
zz ≈ − δ̂eff2,n

2
˜̂σ z

2 + Jzz ˜̂σ z
1

˜̂σ z
2 . (20)

We refer to this approximation as the zz approximation. Under
this approximation, ˜̂H (3)

zz becomes a diagonal matrix, implying
that the q1−q2 energy basis already coincides with the dressed
basis. Consequently, the criterion for a valid RWA is automat-
ically fulfilled. This signifies that the zz approximation tends
to yield higher fidelity in the regime that is studied.

Figure 7 compares the state fidelity obtained from the
q1−q2 energy-basis Hamiltonian with that from the flux-
dominant zz approximation. The key distinction is whether the
effective qubit-qubit coupling remains QND throughout the
measurement. In the full Hamiltonian, the rotated interaction
includes transverse and noncommuting components that drive
coherent entanglement between target qubit q2 and spectator
qubit q1, inducing non-QND dynamics. Consequently, fidelity
increases monotonically with χt and saturates only when the
measurement strength, depending on χt and α, dominates
this neighbor-induced dynamics. Under zz approximation, the
coupling reduces to the purely longitudinal term Jzzσ̃

z
1 σ̃ z

2 ,
which is QND compliant. The spectator qubit then induces
only conditional phase shifts, enabling high fidelity already
at shorter χt and producing damped oscillations due to the
photon-number resolved POVM, as shown in Fig. 7(a). The
advantage of the zz approximation is most pronounced at
small α, where the measurement is most sensitive to trans-
verse mixing, and vanishes for α � 1 in the near-projective
regime [Fig. 7(b)]. Increasing J/(ω2 − ω1) degrades fidelity
only in the q1−q2 energy basis, as it amplifies non-QND
transverse terms and hence neighbor-induced basis rotation,
whereas zz approximation remains robust near 0.998, exhibit-
ing only mild phase-induced oscillations [Fig. 7(c)]. These
results suggest a clear design guideline for coupled flux-
qubit readout: bias the qubits into the flux-dominant regime
during measurement or choose sufficiently strong χt and α

such that dispersive interaction dominates, thereby suppress-
ing neighbor-induced errors.

We now explore the tunneling-dominated regime, charac-
terized by

{|cos(θ1)|, |cos(θeff,2)|} � {|sin(θ1)|, |sin(θeff,2)|}.
In this regime, the interaction between flux qubits simplifies to
the xx approximation Jxx ˜̂σ x

1
˜̂σ x

2 with Jxx = J sin(θ1) sin(θeff,2),
resulting in the Hamiltonian

˜̂H (e)
xx ≈ − δ̂eff2,n

2
˜̂σ z

2 + Jxx ˜̂σ x
1

˜̂σ x
2 . (21)

Diagonalizing H̃ (e)
xx defines the dressed basis (see Ap-

pendix C 2). The valid RWA condition for the dressed basis
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FIG. 7. Fidelity calculated using the Hamiltonian expressed in
the q1−q2 energy basis without approximation and under zz approx-
imation. Parameters are the same as in Fig. 5.

is then given by

∥∥∥∥∥ Jxx χ
(
â†â + 1

2

)
δ̂eff2,nδeff,2/4 + J2

xx

∥∥∥∥∥ � 1.

In comparison, the valid RWA condition for the bare basis is∥∥∥∥ Jxx

δ̂eff2,n/2

∥∥∥∥ � 1.

If the condition∥∥χ
(
â†â + 1

2

)∥∥ =
√

(δeff,2/2)2 + J2
xx

is satisfied, there is no distinction between bare and dressed
bases. Consequently, this provides the criterion for a basis
crossover in the q1−q2 energy basis representation in the
tunneling-dominated regime.

Figure 8 presents results of a numerical investigation of
fidelity using a Hamiltonian under xx approximation, compar-
ing bare and dressed bases. As shown in Fig. 8(a), maximum
fidelity is achieved in both bases around a measurement time
of t ≈ td . However, for t > td/π , the dressed basis surpasses
the bare basis. A similar trend is observed in Fig. 8(b). When
the amplitude of the resonator coherent state is relatively
small, α � 0.5, the fidelity in both bases shows minimal
difference. As α increases, the dressed basis exhibits both
higher fidelity and saturation value. Figure 8(c) demonstrates
that increasing the coupling strength negatively impacts the
fidelity in the bare basis. Conversely, fidelity in a dressed basis
remains consistently high, demonstrating robustness against
changes in coupling strength. The results highlight the advan-
tage of a dressed basis over a bare basis. Specifically, while
the bare basis exhibits high sensitivity to changes in coupling
strength, the dressed basis exhibits remarkable resilience to
such perturbations and maintains a consistently high fidelity.

To summarize, we have investigated the condition for a
valid RWA within the q1−q2 energy basis by analyzing two
scenarios, including zz and xx approximations. Under the zz
approximation, the Hamiltonian already exists in a diagonal-
ized form, automatically satisfying the RWA condition. This
simplifies analysis and guarantees higher fidelity. In contrast,
the xx approximation necessitates a specific condition for a
valid RWA. Employing a dressed basis offers potential advan-
tages in terms of fidelity and robustness.

B. Simultaneous measurement

This section explores the simultaneous measurement
model, in which both QFP1 and QFP2 undergo adiabatic
annealing, as shown in Fig. 9. Then, the state of QFP2 is
measured using a resonator. In contrast to the sequential
model, where one qubit is actively measured while the other
is assumed to be static, the simultaneous measurement model
keeps both qubits dynamically involved. After annealing, the
states of flux qubits q1 and q2 are latched into their respective
QFP1 and QFP2. The primary focus is on reading out the state
of QFP2 via its associated resonator, while any interaction of
QFP1 with a potentially connected resonator is neglected. This
simplification is valid because once latched, QFP′

1s state no
longer influences QFP2 or the resonator connected to QFP2.
To ensure this isolation, we assume negligible interactions be-
tween QFPs, achieved through an optimized design featuring
sufficient spatial separation, minimized mutual inductance,
and distinct operational frequencies to effectively suppress
crosstalk. Consequently, the system is characterized by a
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FIG. 8. Fidelity in bare and dressed bases calculated using the
Hamiltonian expressed in the q1−q2 energy basis under the xx
approximation with N = 27, η = 1.25, �2/ε2 = 10, and δ/g = 8.
Parameters are (a) J/(ω2 − ω1) = 0.05 and α = 1; (b) J/(ω2 −
ω1) = 0.05 and t = td ; and (c) t = td and α = 1.

Hamiltonian expressed in the flux basis,

Ĥ = − 1
2

(
ε1σ̂

z
1 + �eff,1σ̂

x
1

) − 1
2

(
ε2σ̂

z
2 + �eff,2σ̂

x
2

)
+ Jσ̂ z

1 σ̂ z
2 + g2σ̂

z
2 (â† + â) + ωr â†â, (22)

where ε1 and ε2 are energies of q1 and q2, respectively, �eff,1

and �eff,2 are the corresponding effective detunings, ωr is

FIG. 9. Simultaneous measurement model. Each flux-qubit sig-
nal is coupled with a QFP. Through adiabatic annealing, the
flux-qubit state is latched into the corresponding QFP. Then, QFP2

is read out using a resonator.

resonator frequency, J denotes coupling strength between two
flux qubits, and g2 corresponds to coupling strength between
QFP2 and resonator.

Transforming Eq. (22) to the q1−q2 energy basis and ap-
plying the standard displacement and dispersive-elimination
steps yields the effective Hamiltonian (for more details, see
Appendix C 3)

˜̂H(e) = −δeff,1

2
˜̂σ z

1 − δ̂eff2,n

2
˜̂σ z

2 + J
[
cos(θeff,1) ˜̂σ z

1

− sin(θeff,1) ˜̂σ x
1

][
cos(θeff,2) ˜̂σ z

2 − sin(θeff,2) ˜̂σ x
2

]
, (23)

where δeff,i = ωeff,i − ωr and θeff,i is defined as tan(θeff,i ) =
�eff,i/εi with ωeff,i =

√
ε2

i + �2
eff,i for i ∈ {1, 2}, and δ̂eff2,n =

δeff,2 + χ (2n̂ + 1) with χ = g2
2 sin2(θeff,2)/δeff,2. Transform-

ing back into the flux basis yields

Ĥ( f ) = −δeff,1

2

[
cos(θeff,1)σ̂ z

1 + sin(θeff,1)σ̂ x
1

] + Jσ̂ z
1 σ̂ z

2

− δ̂eff2,n

2

[
cos(θeff,2)σ̂ z

2 + sin(θeff,2)σ̂ x
2

]
. (24)

Similar to the previous analysis, we consider flux-dominated
and tunneling-dominated regimes.

1. Flux-dominated regime

We first analyze the Hamiltonian within the flux-dominated
regime, assuming

{|cos(θeff,1)|, |cos(θeff,2)|} 
 {|sin(θeff,1)|, |sin(θeff,2)|}.
Under this condition, the interaction between q1 and q2 can
be approximated as Jzz ˜̂σ z

1
˜̂σ z

2 with Jzz = J cos(θeff,1) cos(θeff,2),
which we refer to as zz approximation. This approximation
leads to a simplified Hamiltonian,

˜̂H (3)
zz ≈ −δeff,1

2
˜̂σ z

1 − δ̂eff2,n

2
˜̂σ z

2 + Jzz ˜̂σ z
1

˜̂σ z
2 . (25)
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1×10−2

FIG. 10. Fidelity calculated using the Hamiltonian expressed in
the flux basis, the q1−q2 energy basis without approximation, and
under zz approximation with N = 21, η = 1.25, �2/ε2 = 0.5, and
δ/g = 8. Parameters are (a) J/(ω2 − ω1) = 0.05 and α = 2; (b)
J/(ω2 − ω1) = 0.05 and t = td/2; and (c) t = td/2 and α = 1.

Figure 10 compares the fidelity of measuring q2 in the
simultaneous-measurement model under three different effec-
tive Hamiltonians: the flux basis, the q1−q2 energy basis,
and the flux-dominant zz approximation. The photon-number-
dependent shift δ̂eff,2,n together with spectator-conditioned
detuning imprint basis- and state-dependent phases that are

mapped into oscillatory behavior by the half-plane POVM.
Under zz approximation, J acts primarily as a condi-
tional detuning, producing short-χt windows of high fidelity
[Fig. 10(a)] and phase-induced oscillations with χt and J
[Figs. 10(a) and 10(c)], whereas in the flux and full en-
ergy basis, transverse noncommuting components can rotate
the effective measurement basis and induce mixing during
measurement, smearing the extrema and degrading fidelity
with increasing J . Moreover, changing α reweights photon-
number sectors and hence the phase averaging that enters
the POVM mapping, shifting the location of the optimal
operating point [Fig. 10(b)]. These results show that simul-
taneous measurement accentuates the competition between
measurement-induced localization and coherent hybridiza-
tion, implying an operational optimum in (t, α) that depends
on J and favoring longitudinal operation during readout or
parameters where measurement dominates hybridization for
robust single-qubit discrimination of q2.

2. Tunneling-dominated regime

This section explores the tunneling-dominated regime un-
der the condition

{|cos(θeff,1)|, |cos(θeff,2)|} � {|sin(θeff,1)|, |sin(θeff,2)|}.
Within this regime, we approximate the interaction term be-
tween q1 and q2 as Jxx ˜̂σ x

1
˜̂σ x

2 (the xx approximation), where
Jxx = J sin(θeff,1) sin(θeff,2), leading to the simplified Hamil-
tonian

˜̂H (3)
xx = −δeff,1

2
˜̂σ z

1 − δ̂eff2,n

2
˜̂σ z

2 + Jxx ˜̂σ x
1

˜̂σ x
2 . (26)

Analogously, we obtain the condition for good RWA in the
dressed basis through the diagonalization of the Hamiltonian,∥∥∥∥∥Jxx[(δeff,2 ± δeff,1) ± (δ̂eff2,n ± δeff,1)]/2

(δeff,2 ± δeff,1)(δ̂eff2,n ± δeff,1)/4 + J2
xx

∥∥∥∥∥ � 1,

where θn± is defined as tan(θn±) = 2Jxx/(δeff2,n ± δeff,1). In the
bare basis, the condition becomes∥∥∥∥ Jxx

(δ̂eff2,n ± δeff,1)/2

∥∥∥∥ � 1.

The equation for the crossover point between bare and
dressed bases is given by

∥∥χ
(
â†â + 1

2

)∥∥ =
√

(δeff,2 − δeff,1)2/4 + J2
xx.

Figure 11 presents numerical fidelities in the tunneling-
dominated regime, where the effective interaction is trans-
verse and therefore does not commute with the measured
observable on q2, enabling coherent hybridization during
discrimination. This non-QND dynamics produces the basis
crossover in Fig. 11(a). At short measurement times, the
readout detects q2 before significant hybridization develops,
yielding higher fidelity in the bare basis, whereas at longer
times, the coupled system evolves toward joint eigenmodes
and the dressed basis becomes more stable. The α dependence
in Fig. 11(b) follows from the same mechanism. Varying
α reweights photon-number sectors and hence the effective
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1×10−2

FIG. 11. Fidelity in bare and dressed bases calculated using the
Hamiltonian expressed in the q1−q2 energy basis under the xx
approximation with N = 21, η = 1, �2/ε2 = 8, and δ/g = 8. Param-
eters are (a) J/(ω2 − ω1) = 0.05 and α = 2; (b) J/(ω2 − ω1) = 0.05
and t = td ; and (c) t = td and α = 0.5.

detuning δ̂eff,2,n that controls hybridization, yielding non-
monotonic behavior and shifting the balance between bare-
and dressed-basis performance. Any additional decrease at
the largest α is consistent with increased sector averaging or
approaching dispersive limits. Figure 11(c) shows that varying
J/(ω2 − ω1) changes the hybridization rate and dressed-mode

splitting, leading to oscillatory fidelity and a clear crossover,
with the dressed basis responding more strongly because it
tracks the hybridized eigenmodes. The results demonstrate
that in the tunneling-dominated regime, the optimal mea-
surement basis is an operational choice set by (t, α, J ): fast
discrimination can realize high-fidelity bare-basis readout,
whereas longer integration favors dressed-basis readout once
hybridization becomes appreciable.

V. DISCUSSION

This section discusses practical integration constraints, the
impact of relaxation and dephasing, and the expected noise
robustness of the proposed bases and protocols.

A. Experimental considerations

In an experimental implementation, three practical fac-
tors are central. First, because the QFP is a flux-controlled
rf-SQUID that mediates an effective mutual inductance be-
tween the flux qubit and the readout resonator, QFP-QFP
crosstalk can arise from static loop-loop mutual inductance
and cross coupling between bias lines in the flux-bias network
[22]. In practice, these parasitic couplings are characterized
as a flux-crosstalk matrix and compensated by applying the
inverse calibration map. Model-independent iterative calibra-
tion has been demonstrated on devices with up to 27 control
loops with crosstalk-coefficient errors at the subpercent level
[41], and multi-Z-line cancellation-matrix approaches can
suppress residual crosstalk to the ∼10−4 level in qubit-coupler
systems [42]. Second, isolation during readout is dynamic.
QFP-mediated readout can preserve qubit lifetime when the
QFP is biased “off,” suppressing Purcell-limited decay into
the readout resonator, while enabling fast, high-contrast dis-
crimination when biased “on” [22]. However, during the
annealing (latching), ramp isolation can be limited by nona-
diabatic population transfer induced by overly sharp ramps
and flux-control distortions and long-timescale transients in
realistic Z lines, which can shift the instantaneous operat-
ing point and introduce backaction [43–45]. Smooth ramps
combined with in situ transfer-function characterization and
predistortion are therefore important in practice. Finally, non-
ideal QFP parameters, such as junction asymmetry and Ic

spread, shift the balance point and modify the bifurcation
threshold, reducing latching margin and requiring per-device
calibration of operating biases and ramp endpoints. Related
flux-qubit experiments show that junction asymmetry can in-
duce nonlinear control crosstalk during annealing and can
be mitigated by in situ path correction [46]. At scale, these
calibration requirements need to be balanced against wiring
and power constraints. Scalable addressing of many flux-bias
degrees of freedom and cryogenic control-plane integration
have been demonstrated in superconducting technologies, in-
cluding programmable flux-bias delivery schemes [47] and
ultra-low-power adiabatic superconductor-logic approaches
for flux control and multiplexed qubit control [48,49].

B. Decoherence and noise robustness

In a realistic device, relaxation and dephasing introduce
additional errors with effects dependent on two distinct time
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windows: the latching window tlat, during which the QFP
anneal establishes a qubit-state-dependent latching outcome,
and the integration window tint, during which the latched QFP
state is discriminated via the resonator. Energy relaxation re-
duces assignment fidelity primarily if it occurs before the latch
outcome is fixed, i.e., within tlat. Once a successful latch has
been established, subsequent qubit relaxation influences the
inferred outcome only through residual qubit-QFP coupling
that may destabilize the metastable QFP state. In the target
operating regime, the QFP retention time τret, defined as the
switching time of the latched state at the operating point,
satisfies τret 
 tint, so that late qubit flips do not apprecia-
bly modify the recorded latch outcome. The remaining error
budget during tint is therefore set by latch stability, resonator
integration noise, and readout chain discrimination.

Dephasing degrades readout by reducing the reproducibil-
ity of the qubit-to-pointer mapping during tlat . In flux-sensitive
circuits, low-frequency 1/ f α flux noise acts as quasistatic
bias disorder on a single-shot timescale, broadening the
effective latching threshold and introducing shot-to-shot vari-
ation [10,50,51]. Time-dependent ramps can further convert
stochastic flux noise into effective dephasing and nonadi-
abatic errors via the ramp filter function [52,53], while
deterministic waveform distortions primarily produce system-
atic trajectory errors unless they drift shot to shot, motivating
filtered and predistorted flux control [43,44]. If isolation from
the resonator is imperfect during tint, measurement photons
can induce extra dephasing and, in the presence of de-
phasing noise near the qubit-resonator detuning frequency,
photon-enabled transitions between dressed states [39,54,55].
Residual photons present at the start of the ramp can also
perturb the latching map via ac-Stark fluctuations and photon
shot noise, motivating fast cavity reset and engineered read-
out modes [56–58]. In our latching setting, this backaction
primarily affects fidelity through latch stability and resonator
discrimination because the classical latch outcome is fixed
once tlat has completed.

These considerations affect the two measurement proto-
cols differently. In the sequential protocol, the later-latched
degree of freedom undergoes additional idle evolution before
its own tlat , increasing exposure to relaxation and dephasing.
The simultaneous protocol, by contrast, features overlap-
ping latching windows that minimize prelatch idle time, but
heighten sensitivity to correlated noise and calibration drifts
during the shared ramp. Consequently, the predicted advan-
tage of the energy basis in the single-qubit system and dressed
basis in the coupled-qubit system are expected to persist when
tlat � T1 and tlat � T (ramp)

φ and the latched QFP state remains

stable throughout tint, where T (ramp)
φ is the effective dephas-

ing time during the annealing ramp. For the coupled-qubit
case, an additional requirement is that the dressed-state split-
ting during latching exceeds the noise-induced broadening on
timescale tlat , thereby suppressing transitions between dressed
eigenstates. When noise is strong on the latching timescale or
when the ramp transiently increases flux sensitivity, thresh-
old broadening can wash out basis-dependent differences. In
the strongly noise-dominated limit, the empirically optimal
basis can become device- and operating-point dependent. A
quantitative determination of these crossovers requires an

open-system model that combines a Lindblad description for
photon loss and measurement backaction with a stochastic
description of low-frequency flux noise and an effective model
for QFP switching [59–62], which we leave for future work.

VI. CONCLUSIONS

We perform a systematic theoretical and numerical in-
vestigation of QFP-mediated measurements of flux qubits,
focusing on the interplay between state fidelity, measurement
basis, and system parameters, such as measurement time,
resonator coherent-state amplitude, and qubit-qubit coupling
strength. Using the QFP as an intermediary to latch and map
the qubit state to a measurable quantity in the resonator,
our approach provides a versatile framework for optimizing
fidelity. This work offers two significant contributions: (i) a
comprehensive comparison between energy and flux bases
for readouts, demonstrating that the energy basis often yields
higher fidelity in a wide range of scenarios, and (ii) an in-
depth analysis of how QFP annealing processes affect fidelity
and the selection of optimal readout strategies.

Our results highlight the QFP’s ability to enable high-
fidelity readout via adiabatic annealing, effectively latching
the qubit state and enabling an effective flux-qubit Hamilto-
nian description after annealing. We show that this process
establishes entanglement between the qubit and QFP in both
flux and energy bases, providing a robust means of transfer-
ring the state information into a form amenable to dispersive
readout. Critically, our comparison of single-qubit readouts in
different bases supports theoretical predictions that the energy
basis generally outperforms the flux basis, underscoring the
importance of basis selection for practical quantum readout
protocols. The oscillatory and nonmonotonic fidelity trends
arise from photon-number conditioned phase accumulation
during discrimination together with non-QND hybridization
when transverse coupling components are present, leading to
basis-dependent trade-offs and crossovers.

Extending beyond the single-qubit scenario, we examine
the measurement of a target qubit in a two-qubit system and
compare two distinct proposals: sequential and simultaneous
measurements. The results show that sequential measure-
ment consistently achieves high fidelity in energy bases and
demonstrates greater resilience to qubit coupling than flux
bases. However, this robustness is offset by slower measure-
ment times, as fidelity degrades at very short measurement
durations. Conversely, the simultaneous readout model uti-
lizes QFP annealing for both qubits, enabling high fidelity at
shorter timescales and offering a pathway to rapid and effi-
cient measurements. When transverse coupling is appreciable,
noncommuting interactions drive coherent hybridization dur-
ing discrimination, so that the effective measured observable
crosses over from the bare basis toward the dressed basis
as the integration time increases. Consequently, while simul-
taneous readout supports faster discrimination, it imposes
stricter synchronization and timing constraints to capture the
bare-basis projection before hybridization degrades the signal.
These findings provide a guiding framework for the design
of scalable, high-fidelity readout architectures in multiqubit
circuits.
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Future research will focus on extending these analyses to
open quantum systems and incorporating realistic noise and
decoherence models. This will be essential to bridge the gap
between idealized theoretical predictions and the performance
of real superconducting qubit devices. In parallel, it will be
valuable to extend algorithm-hardware codesign [63–66] to
an algorithm-hardware-measurement codesign loop by op-
timizing the calibrated measurement channel via readout
pulse shaping, integration time, and discrimination [57,67,68]
and then feeding the resulting measurement fidelity back
into near-term compilation and qubit-mapping pipelines as
a hardware-aware cost [69–71]. Finally, scaling these QFP-
mediated readout techniques to larger qubit arrays and more
complex multi-QFP architectures will establish foundational
design principles for measurement optimization in next-
generation superconducting processors. By systematically
integrating device design, basis engineering, and measure-
ment strategy, this line of research advances the development
of robust, high-fidelity qubit readout, an essential prerequisite
for scalable and practical quantum computation.
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APPENDIX A: DISPERSIVE READOUT AND BASIS
TRANSFORMATIONS

1. Rotating-wave approximation and dressed states

This appendix derives the Jaynes-Cummings Hamiltonian
and establishes the bare- and dressed-basis notation. We trans-
form ĤRabi [Eq. (1)] into a rotating frame by applying a unitary
transformation,

Ûr = exp(iωrt â†â − iωqt σ̂z/2),

yielding

˜̂HRabi = ÛrĤRabiÛ
†
r + i ˙̂UrÛ

†
r .

Using the Baker-Campbell-Hausdorff formula, we obtain

˜̂HRabi = g [âσ̂+ei(ωq−ωr ) + â†σ̂−ei(ωr−ωq )

+ âσ̂−e−i(ωq+ωr ) + â†σ̂+ei(ωq+ωr )].

Under the rotating-wave approximation (RWA), where (ωq +
ωr ) 
 {g, |ωq − ωr |}, two fast oscillating terms can be ne-
glected. Transforming back into the Schrödinger picture, the
system is described by the well-known Jaynes-Cummings
Hamiltonian [Eq. (2)]. Diagonalizing it in the subspace
{|g, n + 1〉, |e, n〉} yields the eigenvalues

E±,n = ωr
(
n + 1

2

) ± 1
2

√
δ2 + 4g2(n + 1),

where δ = ωq − ωr is the detuning between the QFP and
resonator frequencies. The corresponding eigenstates are

|+, n〉 = cos

(
θn

2

)
|e, n〉 + sin

(
θn

2

)
|g, n + 1〉,

|−, n〉 = − sin

(
θn

2

)
|e, n〉 + cos

(
θn

2

)
|g, n + 1〉,

where the mixing angle θn is defined as tan(θn) =
2g

√
n + 1/δ. These eigenstates are referred to as dressed

states in quantum optics and atomic physics, while |g, n + 1〉
and |e, n〉 are bare states.

2. Energy- and flux-basis transformations

Here we rotate the single-qubit readout Hamiltonian, apply
displacement and dispersive transformations, and derive the
effective Hamiltonian given by Eq. (12) used for single-qubit
readout analysis. Transforming the Hamiltonian in Eq. (11)
describing single-qubit readout into the qubit energy eigenba-
sis yields

˜̂H = −ωeff

2
˜̂σz + g[cos(θeff ) ˜̂σz − sin(θeff ) ˜̂σx](â† + â)

+ωr â†â,

where ˜̂σz is the Pauli Z operator in the qubit eigenbasis, ωeff =√
ε2

q + �2
eff , and θeff is defined as tan(θeff ) = �eff/εq. Under

the RWA, the Hamiltonian becomes

˜̂H = −ωeff

2
˜̂σz + ωr â†â + gcos(θeff ) ˜̂σz(â† + â)

− g sin(θeff )(â ˜̂σ+ + â† ˜̂σ−).

Applying the displacement operator D̂(α) = exp(αâ† − α∗â)
and choosing α = −gcos(θeff ) ˜̂σz/ωr , we obtain

˜̂H = −ωeff

2
˜̂σz + ωr â†â − g sin(θeff )(a ˜̂σ+ + â† ˜̂σ−).

In the dispersive regime with δ = ωeff − ωr �= 0 and
g sin(θeff ) � |δ|, the Hamiltonian becomes

˜̂H = − δ

2
˜̂σz − g sin(θeff )(a ˜̂σ+ + â† ˜̂σ−).

Finally, applying a unitary transformation Û3 = exp[λ(a ˜̂σ+ −
â† ˜̂σ−)], with λ = g sin(θeff )/δ, yields the Hamiltonian in the
energy basis [Eq. (12)] up to the first order in λ.

APPENDIX B: BACKACTION OF QFP ANNEALING
ON FLUX QUBITS

This appendix investigates the backaction effects of QFP
annealing on flux qubits. We focus on deriving the effective
Hamiltonian [Eq. (10)] that governs the coupled system of
the flux qubit and QFP after the annealing process. Addition-
ally, we analyze how QFP annealing affects the state of the
flux qubit connected to the QFP and the coupling strength J
[Eqs. (16) and (22)] between coupled flux qubits.
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1. Effective Hamiltonian of the coupled flux qubit
and QFP system

We begin from the Hamiltonian that describes the QFP and
its interaction with the flux qubit in Eq. (7),

Ĥqfp(t ) = �̃(t )[â†â + ν(t )(â† + â)σ̂z], (B1)

where

ν(t ) ≡ g̃(t )ϕp(t )

�̃(t )
= ϕp(t )

√
m �̃(t )

2EL

is the displacement amplitude in oscillator units assumed real
and ϕp(t ) denotes the time-dependent position of the instanta-
neous QFP potential minimum during the annealing schedule.
Equation (B1) is a linearly displaced harmonic oscillator,

Ĥqfp(t ) = �̃(t )[â†â + σ̂z ν(t )(â† + â)]

= �̃(t )[(â† + σ̂zν)(â + σ̂zν) − ν2].

Defining Û (t ) = D̂[−σ̂zν(t )] with the displacement operator
D̂(α) = exp(αâ† − α∗â), we have

(â† + σ̂zν)(â + σ̂zν) = Û (t )â†âÛ †(t ),

yielding the instantaneous eigenstates and eigenvalues

|M±(t )〉 = D̂[−σ̂zν(t )]|M〉,
EM (t ) = �̃(t )(M − ν2(t )),

where |M〉 are Fock states with M = 0, 1, 2, . . . and we have
dropped the usual zero-point constant consistently. In the
displaced-oscillator frame defined by |ψ̃ (t )〉 = Û †(t )|ψ (t )〉,
the Hamiltonian acquires the standard inertial term,

˜̂Hqfp(t ) = Û †(t )Ĥqfp(t )Û (t ) − i Û †(t ) ˙̂U (t ), (B2)

where

−i Û †(t ) ˙̂U (t ) = i ν̇(t ) σ̂z(â† − â). (B3)

Additional nonadiabatic terms arise if �̃(t ) varies appreciably,
which are suppressed under Eq. (B8). This transformation also
affects the flux-qubit Hamiltonian Ĥq, given by

Ĥq = − 1
2 (εqσ̂z + �qσ̂x ), (B4)

leading to

˜̂Hq = Û †(t )ĤqÛ (t )

= D̂(σ̂zν)ĤqD̂†(σ̂zν). (B5)

To identify the leading inelastic correction in oscillator
quadratures, we expand to first order and obtain

D̂(σ̂zν)σ̂zD̂
†(σ̂zν) = σ̂z, (B6)

D̂(σ̂zν)σ̂xD̂†(σ̂zν) ≈ σ̂x + iσ̂y[2ν(â† − â)]

= σ̂x + 2ϕpq̂σ̂y, (B7)

where

q̂ = i

√
m�̃

2EL
(â† − â) and δϕ̂ =

√
EL

2m�̃
(â† + â)

are canonically conjugate QFP quadratures, as defined in
Sec. II A. In this expansion, the correction 2ϕpq̂ σ̂y is the

leading inelastic term. It is off-diagonal in the QFP excitation
number and therefore contributes to the low-energy dynamics
only via transitions out of the instantaneous displaced mani-
fold. In the adiabatic-pointer regime, where the QFP follows
its instantaneous displaced ground state during the ramp, such
manifold-changing transitions are suppressed dynamically, by
the inertia term (B3), and energetically, by the large QFP
level spacing �̃(t ). A sufficient set of adiabatic conditions is
[72–74]

|ν̇(t )| � �̃(t ) and | ˙̃�(t )| � �̃2(t ), (B8)

which ensure that the inertial and curvature-driven couplings
do not populate excited QFP levels. In addition, the inelastic
tunneling channel generated by the q̂ term is perturbative
when

�q |ϕp(t )| |〈1|q̂|0〉| = �q |ν(t )| � �̃(t ), (B9)

so that the q̂ term only produces virtual admixtures of excited
displaced-oscillator states with relative weight of the order
of (�qν/�̃)2 and can be neglected to leading order. Under
this approximation, we neglect manifold-changing matrix el-
ements that couple different displaced-oscillator levels, and
Eq. (7) simplifies to [10,75]

Ĥ =
∞⊕

M=0

ĤM , (B10)

where ĤM is the Hamiltonian in the M-excitation subspace
{|0, M+〉, |1, M−〉} and is expressed as

ĤM =
[

EM − εq/2 −�q〈M−||M+〉/2

−�q〈M−||M+〉/2 EM + εq/2

]
, (B11)

or, equivalently,

ĤM = EM1 − εq

2
σ̂z − �eff

2
σ̂x, (B12)

with �eff = �q〈M−||M+〉. The overlap 〈M−||M+〉 is given by
[75]

〈M−||M+〉 = e−ηLM (2η),

where η = 2ν2 and LM is the Laguerre polynomial. Assuming
the harmonic oscillator is in its ground state (M = 0), the
effective Hamiltonian in Eq. (10) is obtained by neglecting
the constant term in Eq. (B12). In this case, �eff is given by

�eff = �q〈0−||0+〉 = �qe−η. (B13)

2. Backaction of QFP annealing on coupled flux qubits

Here we demonstrate that the coupling strength J between
two flux qubits in Eq. (16) remains unaffected during the QFP
annealing process. The interaction Hamiltonian describing
two coupled flux qubits is given by

ĤI = Jσ̂ z
1 σ̂ z

2 . (B14)

Analogous to the analysis in Eq. (B5), the backaction of
QFP annealing can be evaluated by applying the displacement
operator to ĤI ,

˜̂HI = D̂
(
σ̂ z

2ν
)
ĤI D̂

†(σ̂ z
2ν

)
. (B15)
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Applying this transformation yields

˜̂HI = Jσ̂ z
1 D̂

(
σ̂ z

2ν
)
σ̂ z

2 D̂†(σ̂ z
2ν

)
(B16)

= Jσ̂ z
1 σ̂ z

2 = ĤI . (B17)

This result indicates that the interaction Hamiltonian ĤI re-
mains unchanged after the transformation, implying that the
coupling strength J between the two flux qubits is unaf-
fected by the QFP annealing process. Moreover, since the
displacement during annealing is conditioned on the target
qubit 2, Û2(t ) = D̂[−σ̂ z

2ν(t )], and [ĤI , σ̂
z
2 ] = 0, it follows that

[ĤI , Û2(t )] = 0. Therefore, the inertial term −i Û †
2 (t ) ˙̂U2(t )

does not modify ĤI and therefore does not renormalize J .
Similarly, the coupling strength J in Eq. (22) is also not renor-
malized by the QFP annealing. The consistency of J before
and after the annealing process ensures that the qubit-qubit
interactions are preserved, which is crucial for maintaining the
integrity of quantum operations in coupled qubit systems.

APPENDIX C: MULTIQUBIT BASIS TRANSFORMATIONS

Here we collect the basis rotations and diagonalizations
used in Sec. II C to relate bare and dressed measurement bases
for the sequential and simultaneous two-qubit protocols.

1. Sequential model in q2 energy basis

In the rotating frame with frequency ωr , the Hamiltonian in
Eq. (16) describing sequential measurement in the flux basis
is expressed in the q2 energy basis as

˜̂H = −δeff,2

2
˜̂σ z

2 + Jσ̂ z
1

[
cos(θeff,2) ˜̂σ z

2 − sin(θeff,2) ˜̂σ x
2

]
+ g

[
cos(θeff,2) ˜̂σ z

2 − sin(θeff,2) ˜̂σ x
2

]
(â† + â), (C1)

where θeff,2 is defined as tan(θeff,2) = �eff,2/ε2 and δeff,2 =
ωeff,2 − ωr is effective frequency detuning with ωeff,2 =√

ε2
2 + �2

eff,2 . Applying the displacement operator D̂(α) with
α = −gcos(θeff,2) ˜̂σ z

2/ωr , we obtain the Hamiltonian under the
RWA as

˜̂H = −δeff,2

2
˜̂σ z

2 + Jσ̂ z
1

[
cos(θeff,2) ˜̂σ z

2 − sin(θeff,2) ˜̂σ x
2

]
− g sin(θeff,2)(â† ˜̂σ−

2 + â ˜̂σ+
2 ). (C2)

To eliminate the interaction term between q2 and the res-
onator, we apply a unitary operator Û = exp[λ(â ˜̂σ+

2 − â† ˜̂σ−
2 )]

with λ = g sin(θeff,2)/δeff,2, to Eq. (C2), yielding Eq. (17) in
the main text.

Diagonalization of the Hamiltonian described in Eq. (17)
yields the eigenvalues

E(e2 ) = {−ωn−, ωn−, −ωn+, ωn+},
where ωn± = √

(δeff2, n/2 ± Jzz )2 + J2
zx with Jzz = J cos(θeff,2)

and Jzx = J sin(θeff,2). The eigenstates are given by

|00〉 = cos

(
θn−
2

)
|0̃0̃〉 + sin

(
θn−
2

)
|0̃1̃〉,

|01〉 = − sin

(
θn−
2

)
|0̃0̃〉 + cos

(
θn−
2

)
|0̃1̃〉,

|10〉 = cos

(
θn+
2

)
|1̃0̃〉 + sin

(
θn+
2

)
|1̃1̃〉,

|11〉 = − sin

(
θn+
2

)
|1̃0̃〉 + cos

(
θn+
2

)
|1̃1̃〉,

with θn± satisfying tan(θn±) = ∓Jzx/(δeff2,n/2 ± Jzz ). The re-
lationship between the bare and dressed bases is described by⎡

⎢⎢⎢⎢⎢⎣

σ̂ z
2 + σ̂ z

1
˜̂σ z

2

σ̂ x
2 + σ̂ z

1
˜̂σ x

2

σ̂ z
2 − σ̂ z

1
˜̂σ z

2

σ̂ x
2 − σ̂ z

1
˜̂σ x

2

⎤
⎥⎥⎥⎥⎥⎦ = A

⎡
⎢⎢⎢⎢⎣

¯̂σ z
2 + ¯̂σ z

1
¯̂σ z

2

¯̂σ x
2 + ¯̂σ z

1
¯̂σ x

2

¯̂σ z
2 − ¯̂σ z

1
¯̂σ z

2

¯̂σ x
2 − ¯̂σ z

1
¯̂σ x

2

⎤
⎥⎥⎥⎥⎦,

with

A =

⎡
⎢⎢⎢⎢⎣

cos(θ0−) − sin(θ0−) 0 0

sin(θ0−) cos(θ0−) 0 0

0 0 cos(θ0+) − sin(θ0+)

0 0 sin(θ0+) cos(θ0+)

⎤
⎥⎥⎥⎥⎦.

Using these transformation relations, we obtain the Hamil-
tonian in the dressed basis,

¯̂H (2) = −ωn−
2

[
cos(θn− − θ0−)

(
¯̂σ z

2 + ¯̂σ z
1

¯̂σ z
2

)
+ sin(θn− − θ0−)

(
¯̂σ x

2 + ¯̂σ z
1

¯̂σ x
2

)]
− ωn+

2

[
cos(θn+ − θ0+)

(
¯̂σ z

2 − ¯̂σ z
1

¯̂σ z
2

)
+ sin(θn+ − θ0+)

(
¯̂σ x

2 − ¯̂σ z
1

¯̂σ x
2

)]
.

2. Sequential model in q1−q2 energy basis

Diagonalizing the xx-approximation Hamiltonian ˜̂H (e)
xx in

Eq. (21) yields the eigenstates

|00〉 = cos

(
θ0+
2

)
|0̃0̃〉 + sin

(
θ0+
2

)
|1̃1̃〉,

|01〉 = cos

(
θ0−
2

)
|0̃1̃〉 + sin

(
θ0−
2

)
|1̃0̃〉,

|10〉 = − sin

(
θ0−
2

)
|0̃1̃〉 + cos

(
θ0−
2

)
|1̃0̃〉,

|11〉 = − sin

(
θ0+
2

)
|0̃0̃〉 + cos

(
θ0+
2

)
|1̃1̃〉,

where θn± is defined as tan(θn±) = ±2Jxx/δeff2,n. The corre-
sponding eigenvalues are

E (e)
xx = {−ωn, −ωn, ωn, ωn},

where ωn = √
J2

xx + (δeff2,n/2)2. This allows us to represent
the Hamiltonian in the dressed basis,

H̄ (e)
xx = ωn

2

[
cos(θn− − θ0−)

(
¯̂σ z

1 + ¯̂σ z
2

)
+ sin(θn− − θ0−)

(
¯̂σ x

1
¯̂σ x

2 − ¯̂σ y
1

¯̂σ y
2

)
+ cos(θn+ − θ0+)

(
¯̂σ z

1 − ¯̂σ z
2

)
+ sin(θn+ − θ0+)

(
¯̂σ x

1
¯̂σ x

2 + ¯̂σ y
1

¯̂σ y
2

)]
. (C3)
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3. Simultaneous measurement

The Hamiltonian describing simultaneous measurement in
the flux basis, given by Eq. (22), is expressed in the q1−q2

energy basis as follows:

˜̂H = −ωeff,1

2
˜̂σ z

1 + g2
[
cos(θeff,2) ˜̂σ z

2 − sin(θeff,2) ˜̂σ x
2

]
(â† + â)

− ωeff,2

2
˜̂σ z

2 + ωr â†â + J
[
cos(θeff,1) ˜̂σ z

1 − sin(θeff,1) ˜̂σ x
1

]
⊗ [

cos(θeff,2) ˜̂σ z
2 − sin(θeff,2) ˜̂σ x

2

]
, (C4)

where ωeff,i =
√

ε2
i + �2

eff,i and θeff,i is defined as tan(θeff,i ) =
�eff,i/εi with i ∈ {1, 2}. Applying the displacement oper-
ator D̂(α) with α = −g2 cos(θeff,2) ˜̂σ z

2/ωr , we obtain the

Hamiltonian under the RWA,

˜̂H = −ωeff,1

2
˜̂σ z

1 − g2 sin(θeff,2)(â† ˜̂σ−
2 + â ˜̂σ+

2 ) + ωr â†â

− ωeff,2

2
˜̂σ z

2 + J
[
cos(θeff,1) ˜̂σ z

1 − sin(θeff,1) ˜̂σ x
1

]
⊗ [

cos(θeff,2) ˜̂σ z
2 − sin(θeff,2) ˜̂σ x

2

]
. (C5)

Further eliminating the interaction term between the qubit
and resonator by applying the unitary operator Û =
exp[λ2(â ˜̂σ+

2 − â† ˜̂σ−
2 )] with λ2 = g2 sin(θeff,2)/�eff,2, we ob-

tain

˜̂H = −ωeff,1

2
˜̂σ z

1 −
(

ωeff,2 + χ

2
+ χ â†â

)
˜̂σ z

2 + ωr â†â

+ J
[
cos(θeff,1) ˜̂σ z

1 − sin(θeff,1) ˜̂σ x
1

]
⊗ [

cos(θeff,2) ˜̂σ z
2 − sin(θeff,2) ˜̂σ x

2

]
. (C6)

Finally, transforming to a frame rotating at the frequency of
ωr yields Eq. (23) in the main text.
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