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Emergence of classical stochasticity
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We examine the emergence of classical stochasticity for a quantum system governed by a Pauli-type master
equation. It is well known that while such equations describe the evolution of probabilities, they do not
automatically justify reasoning based on the assumption that the system exists in a definite state at intermediate
times. On the other hand, we show that this assumption is crucial for the standard calculation of stochastic times
such as the persistent time and the time of first arrivals. It is also curious to point out that the standard derivation
of the Pauli master equation based on the Fermi Golden Rule actually proceeds by assuming that the system
remains in a definite state as the starting point to derive the transition rate to a different state. By studying the
so-called ultradecoherence limit, we show that the Pauli master equation can also be arrived at without such
an assumption. Instead, that the system exists in a definite state has to be justified by a different argument. We
then consider examples of single particles, bosons, and fermions in the ultradecoherence limit to illustrate how
classical stochasticity may emerge from quantum mechanics.
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I. INTRODUCTION

During the early development of quantum mechanics, Pauli
proposed that under certain conditions, quantum dynamics
can be (approximately) described by a stochastic process [1],
where the system occupies a specific quantum state |μ〉 and
jumps to another |ν〉 with a certain rate Wνμ. Based on results
from Dirac’s theory of Fermi’s Golden Rule [2], Pauli gives
a concrete example of the computation of the transition rates
Wνμ. He then derived the evolution equation of the probability
distribution Pμ of the system over the states as

dPμ

dt
=

∑
ν �=μ

(WμνPν − WνμPμ), (1)

now known as Pauli’s master equation [1]. In essence,
Pauli anticipated an emergent classical picture augmented
by stochasticity from the quantum theory, newly founded by
Heisenberg and Schrödinger [3–5]. In several aspects, this
picture resembled Bohr’s early theory of atomic orbits [6],
which, on the one hand, was the spark of the quantum theory,
and on the other hand, had been later discarded by the theory
itself.
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Since then, the Pauli master equation (1) has been de-
rived under various assumptions and with different techniques
[7–9]. Notably, in the light of the decoherence theory
for the quantum-to-classical transition developed since the
1970s [10–13], the Pauli master equation has been obtained
for a quantum mechanical system coupled to the environ-
ment with appropriate assumptions [8,14]. The derivations
were also discussed in close relation to the quantum Zeno
effect [8,14–16].

However, the derivations of the Pauli master equation in
the context of the decoherence theory for the quantum-to-
classical transition are often regarded merely as a technical
approximation of the open quantum dynamics, which follows
more complicated quantum master equation (often also ap-
proximate) describing the evolution of the density operator
[7–9]. In particular, the founders of the decoherence theory
themselves emphasized that even when the evolution of a
quantum system can be well approximated by Eq. (1), one
should not interpret the resulted density operator as “a proper
mixture” of states distributed over {|μ〉} [8, p. 38]; see also
Refs. [9,17–21]. Thus, this does not really complete the emer-
gent classical stochasticity picture expected by Pauli, in which
the quantum mechanical system accommodates definite states
and quantum jumps take place stochastically. Let us empha-
size that this picture is a crucial assumption behind Dirac’s
theory of Fermi’s Golden Rule [2], which is fundamental to
Pauli’s original derivation of his master equation, as well as to
the discussions of various phenomena ranging from the quan-
tum Zeno effect [8,14–16] to the theory of standard photon
detectors in quantum optics [22,23]. From the perspective of
the decoherence theory for the quantum-to-classical transition
[9–13,17–21], this assumption is, however, beyond what is
conveyed by Eq. (1); see Fig. 1.
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FIG. 1. Schematic description of the logical structure of the
emergence of the classical stochasticity. The decoherence theory for
the quantum-to-classical transition indicates that the Pauli master
equation does not imply the notion of the system existing in definite
states, leaving the picture of classical stochasticity incomplete. On
the other hand, assuming that the system accommodates definite
states, the Pauli master equation can be obtained by the application
of the Fermi Golden Rule. Generally, the standard derivations of
stochastic times assume not only the Pauli master equation, but also
that the system accommodates definite states at intermediate time
points.

Here, we argue that the completion of Pauli’s picture can be
accomplished by considering the so-called ultradecoherence
limit [24]. The ultradecoherence limit refers to the particular
regime where the decoherence takes place faster than any
other relevant time scale [24]. We first show that the Pauli
master equation (1) can be obtained without explicitly as-
suming the system being in a definite state. This is different
from the standard derivation using the Fermi Golden Rule
[1,2,8,14], which assumes that the system exists relatively
stably in definite states before computing the transition rates
between them. We then show that the requirement that the
system exists in definite states can be supported by a different
argument. Indeed, as in this limit, the decoherence time scale
is fast and classical processes couple to the system at a much
slower time scale than that of the decoherence. In that case,
the system can be considered to be in a definite state at all
(coarser) time points when viewed relative to the relevant cou-
pled classical processes [24], which completes Pauli’s picture
of emergent classical stochasticity.

We then point out that stochastic times (such as persistent
time, time of first arrivals) are uniquely defined once the
system can be assumed to be in a definite state; see Fig. 1. This
contrasts with the situation for quantum mechanical systems
with all possible superpositions allowed, where there is no
consensus on the definition of the time of arrivals [25,26].
It is now important to emphasize that the unique definitions
of such stochastic times are not a consequence of the mas-
ter equation (1) alone. In classical stochastic processes, the
possibility of conditioning probabilities of events on a partic-
ular definite state of the system is crucial to the derivations
of stochastic times [27]. Such derivations break down if the
system cannot be assumed to be in a definite state. This
assumption is so natural in the classical theory of stochas-
tic processes [27] that it was never subject to question. For
quantum systems, however, this is generally not the case; the
validity of Eq. (1) is also not a sufficient condition [8,9,17–
21]. The mentioned ultradecoherence limit is but a special
case.

In Sec. II, we systematically reconsider some of the logical
details of the emergence of classical stochasticity. In particu-
lar, we consider the derivation of the Pauli master equation for
single particles and how it is related to the stochastic time

of arrivals. The novelty of our work lies in the interpretation
and logical conditions required to endow a classical stochas-
tic meaning to the dynamical equations, the latter being, of
course, well known for years.

In Secs. III and IV, we derive the master equations for
fermions and bosons under the same assumptions. While
these bosonic and fermionic master equations are also widely
used in statistical physics, their derivations are less often
discussed in detail in the literature. The derivation of the
bosonic and fermionic master equations we present, on the
other hand, allows us to analyze the quantum-to-classical tran-
sition of identical particles via decoherence. Indeed, following
the above discussion, fermions and bosons subject to a fast
decoherence process can be considered to be the realization
of classical identical particles. Notice that the concepts of
classical identical particles were often formulated as a (hy-
pothesized) starting basis for a quantized theory of identical
particles [28]. Assuming quantum mechanics as a fundamen-
tal starting point, our analysis concentrates on the reverse
question of how the classical identical particles can actually
emerge from quantum ones.

In Sec. V, using an example of one-dimensional trans-
port, we show that concepts such as the Pauli exclusion
principle of fermions or the nonequilibrium Bose-Einstein
condensation of bosons can manifest themselves for classical
identical particles at ultradecoherence. In addition, we show
that such fermions and bosons at ultradecoherence also have
well-defined times of arrival [25,26].

II. SINGLE-PARTICLE STOCHASTIC DYNAMICS

A. Single-particle master equation

Consider a quantum mechanical system in coupling with
the environment as typically considered in the decoherence
theory [7–9]. Without much detail of this coupling, it is
assumed that the system follows a Lindblad master equa-
tion with a fast dephasing in a basis {|μ〉} [7–9]. Following
the decoherence literature [9,17,18], the basis {|μ〉} is referred
to as the preferred basis. For concreteness, one can imagine
a particle in a lattice with positions corresponding to states
of the preferred basis. For the derivation of the Pauli master
equation, the assumption that the particle is in a definite state
is not made at the outset.

The free Hamiltonian of the system is deliberately decom-
posed into the unperturbed contribution HD, which is diagonal
in the preferred basis with eigenvalues {�μ}, and the interac-
tion term V having no diagonal elements, Vμμ = 0. In general,
the diagonal terms {�μ} represent intrinsic energies of the
states |μ〉, and the off-diagonal terms Vμν of the interaction
V are responsible for the quantum tunneling of the system
between different states. We are to see that under strong deco-
herence, this quantum mechanical tunneling effect degrades
to classical stochastic transitions.

Formally, the Lindblad master equation for the system is
assumed to be [7–9]

dρ

dt
= −i[HD + V, ρ] +

∑
μ

γμ

(
LμρLμ − 1

2
{Lμ, ρ}

)
,

(2)
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where Lμ = |μ〉〈μ| are the Lindblad operators and γμ are the
dephasing rates. We use the natural quantum mechanical unit
throughout this article, so that h̄ = 1 in all expressions. Here,
we are particularly interested in the so-called ultradecoher-
ence limit [24], where the dephasing dynamics is much faster
than any other relevant time scales, in particular, γμ � |Vνλ|.
The following analysis bears some similarity to that of the
model of the measurement process in Ref. [24], which consists
of a quantum mechanical system coupled to a measurement
device embedded in an environment. Involving, however, only
one system coupled to the environment, the analysis here is
somewhat simpler and will be presented in more detail for
pedagogical purposes.

One starts with explicitly expressing Eq. (2) in the pre-
ferred basis, which gives

dρμν

dt
= −i

∑
λ

(
Vμλρλν−ρμλVλν

) − (i�μν + γμν )ρμν, (3)

where one defines �μν = �μ − �ν and

γμν =
⎧⎨
⎩

1
2 (γμ + γν ) if μ �= ν,

0 if μ = ν.
(4)

Given the preferred basis defined by the coupling with
the environment, recall that the off-diagonal terms of the
density operators ρμν for μ �= ν are called coherences
[7–9]. Assuming the decoherence takes place at dominat-
ing rates γμ, one can carry out an adiabatic elimination
of the coherences. To this end, for μ �= ν, one implicitly
solves ρμν from Eq. (3) by the usual method of Green’s
function as

ρμν (t ) = −i
∫ t

0
dτe−(i�μν+γμν )τ

∑
λ

[Vμλρλν (t − τ ) − ρμλ(t − τ )Vλν] (μ �= ν), (5)

where it is assumed that the coherences are not present in
the initial state. The first term under the summation can be
written as

Vμλ

∫ t

0
dτe−(γμν+i�μν )τ ρλν (t − τ )

= Vμλ

∫ t/γμν

0
dτ ′e−(1+i

�μν

γμν
)τ ′ ρλν

(
t − τ ′

γμν

)
γμν

. (6)

Assuming that γμν is large in comparison to the rate at which
the density operator varies, one can approximate ρλν (t −
τ ′
γμν

) ≈ ρλν (t ) and the integral limit can be approximated as
t/γμν ≈ ∞. This is often known in the theory of open quan-
tum systems as the Markovian approximation [7–9]. Within
this approximation, one has

Vμλ

∫ t

0
dτe−(γμν+i�μν )τ ρλν (t − τ ) ≈ Vμλ

γμν + i�μν

ρλν. (7)

Similarly,∫ t

0
dτe−(γμν+i�μν )τ ρμλ(t − τ )Vλν ≈ ρμλ

Vλν

γμν + i�μν

. (8)

Eventually, one thus obtains, still for μ �= ν,

ρμν = −i
∑

λ

[
Vμλ

γμν + i�μν

ρλν − ρμλ

Vλν

γμν + i�μν

]
. (9)

Equation (9) allows one to solve for the coherence terms of
the density operator ρμν in terms of the diagonal elements.
In particular, one can eliminate all coherence terms from the
Lindblad Eq. (3) to obtain an equation of evolution for the
diagonal elements only.

The solution of Eq. (9) can be greatly simplified in the
limit where |γμν + i�μν | � |Vλκ | for all μ, ν, λ, κ with μ �=
ν. Suppose that Eq. (9) is solved by iteration starting with
the trial solution ρμν = 0 for μ �= ν until convergence. One
sees that each iteration gives a correction to the solution of

the increasing order in O(1/|γμν + i�μν |). In particular, to
the first order of O(1/|γμν + i�μν |), only the diagonal terms
of the density operator contribute to the summation on the
right-hand side of Eq. (9), and one obtains a rather simple
approximate solution,

ρμν ≈ −iVμν

γμν + i�μν

(ρνν − ρμμ) (μ �= ν). (10)

To obtain the dynamical equation for the diagonal terms of
the density operator only, one substitutes Eq. (10) into Eq. (3)
and arrives at

dPμ

dt
=

∑
ν �=μ

Wμν (Pν − Pμ), (11)

where Pμ = ρμμ and

Wμν = 2γμν |Vμν |2
γ 2

μν + �2
μν

. (12)

Equation (11) resembles a master equation in the classi-
cal theory of stochastic processes describing the evolution of
the probability for the system to be in states μ, Pμ = ρμμ,
with time-independent symmetric transition rate Wμν given by
Eq. (12).

To be consistent with the adiabatic elimination, one re-
quires that Wμν 	 γλ. Assuming the decoherence rates γλ for
different states are of the same order, this amounts to

|Vμν |2 	 γ 2
μν + �2

μν. (13)

Observe that this condition can also be satisfied even when
the decoherence rates γμν are relatively small, but the energy
separations �μν are large in comparison to the tunneling
elements, |Vμν |2 	 �2

μν . In this case, the large energy sepa-
rations �μν cause the blocks of the density operator to evolve
slowly and the adiabatic approximation can still be expected
to hold.
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The transition rate Wμν strongly resembles the classic
Fermi Golden Rule [2], with γμν/[π (γ 2

μν + �2
μν )] playing the

role of the density of states at the scattered levels. This is
intuitively understandable from the decoherence theory, as
the decoherence due to coupling to the environment is also
the cause of the spreading of the energy level �μ of system
to a Lorentzian form with width γμ. Considering the limit
γμν 	 |�μν |, one can approximate the Lorentzian density of
states by a Dirac δ function, γμν/[π (γ 2

μν + �2
μν )] ≈ δ(�μν ),

and recover the familiar form of the Fermi Golden Rule,

Wμν ≈ 2π |Vμν |2δ(�μν ). (14)

Now it is important to remark that the time-dependent
perturbation theory was not explicitly invoked as in the stan-
dard derivation of the Fermi Golden Rule [2]. The standard
derivation assumes that the system exists relatively stably in
definite states before computing the transition rates between
them. This was not among the assumptions leading to Eq. (11)
in the above derivation.

Considering the opposite limit γμν � �μν , one obtains

Wμν ≈ 2|Vμν |2
γμν

. (15)

This expression is a well-known manifestation of the quantum
Zeno effect [8,14–16]. Originally, the quantum Zeno effect
refers to the fact that measurements continuously made on the
system freeze its dynamics [15,16]. One way to understand
the quantum Zeno effect is to see that such measurements
continuously project the state of the system back onto its cur-
rent state. A more dynamical way of understanding the effect
is to consider a system coupled to the surrounding environ-
ment, which then follows an open quantum dynamics [8,14].
Results in the spirit of Eq. (15) were obtained: the dynamics
of quantum tunneling between energy levels is suppressed by
a factor of 1/γμν , characterizing the coupling strength to the
environment [8,14–16]. In particular, in the limit γμν → ∞,
the system dynamics is frozen. In the ultradecoherence regime
we considered here, γμν is assumed to be large but finite.

It is also remarkable that Wμν is symmetric, Wμν = Wνμ.
It implies that a transition from a higher level to a lower
energy level is taking place with the same rate as the reverse
transition. As a result, the detailed balance is satisfied with a
constant distribution Pμ = const [27]. Therefore, the system
can be considered as being effectively at infinite temperature.
This is consistent with the general literature of open quantum
systems, where it is known that pure dephasing pumps energy
into the system [8].

B. Persistent time and time of first arrivals

Following the perspective of the decoherence theory for the
quantum-to-classical transition [9–13,17–21], one can argue
that the master equation (11) does not imply that the system
can be assumed to be in a definite state. For the ultradeco-
herence limit, however, the classical processes couple to the
system at a much slower time scale than that of the decoher-
ence time scale [24]. Thus, the system can be considered to be
in a definite state at all (coarser) time points when considered
with respect to the relevant coupled classical processes [24].
This aligns well with and is often implicit in the discussion of

the quantum Zeno effect [8,14–16]. In fact, one can interpret
that it is the mechanism of the quantum Zeno effect that
allows for the stable existence of the system (frozen) in a
definite state. Before the regime of the full quantum Zeno
effect (γμν → ∞), the quantum tunneling dynamics, however,
remains and manifests itself as classical jumps between these
different states.

A system that exists in a definite state has an interesting
independent consequence: various stochastic times are well
defined. Indeed, the standard derivations of the stochastic
times in the classical theory of stochastic processes [27] are
crucially based on the probabilities conditioned on the fact
that the system exists in a particular state at certain time. The
computation of the time of first arrivals is somewhat technical
for the purpose of illustration; see, e.g., Ref. [27] and also
Appendix A. Sufficiently to highlight the conceptual argument
without much technicality, we consider here the computation
of the persistent time at a state. The discussion of the time
of first arrivals by means of Monte Carlo simulation is also
considered in Sec. V.

Let the system be in a state |μ〉. One asks: when does
the system first leave the state |μ〉? This is referred to as the
persistent time Tμ at state |μ〉. The persistent time is thus also
the arrival time at the set of states other than |μ〉. Clearly Tμ is
a random variable, and we are to compute the tail distribution
P(Tμ > t ), which is the probability that the system remains in
the state |μ〉 until time t .

Assuming that the system has remained in state |μ〉 until
time t , we consider the system after an infinitesimal time �t .
Conditioned on the fact that the system is at state |μ〉 until
time t , the probability that no transition takes place between t
and t + �t is given by 1 − ∑

ν �=μ Wνμ�t . The probability that
the system remains at state |μ〉 until t + �t , P(Tμ > t + �t ),
is then

P(Tμ > t + �t ) =
⎛
⎝1 −

∑
ν �=μ

Wνμ�t

⎞
⎠P(Tμ > t ). (16)

Taking the limit �t → 0, one obtains a differential equation,

d

dt
P(Tμ > t ) = −

⎛
⎝∑

ν �=μ

Wνμ

⎞
⎠P(Tμ > t ), (17)

which can be solved with the initial condition P(Tμ > 0) = 1
by

P(Tμ > t ) = exp

⎧⎨
⎩−t

∑
ν �=μ

Wνμ

⎫⎬
⎭. (18)

While the above derivation is standard and straightforward,
notice that it crucially relies on the ability of conditioning
events on the fact that "the system is at state |μ〉 until time t ."
Without being able to assume that the system is in a definite
state, it is unclear how to justify such calculation. This remains
so even when a master equation of the form Eq. (1) or (11) is
valid [9–13,17–21]; see also Appendix B. As a result, there
are several inequivalent approaches to the time of arrivals in
quantum mechanics [25,26].

We have discussed the computation of the persistent
time. While technically more demanding, the computation
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of the time of first arrivals also similarly requires conditioning
the system on a certain state; see Appendix A. In Sec. V,
the arrival times are derived from Monte Carlo simulations.
Explicitly, the Monte Carlo simulations themselves assume
that the system is in a definite state at a given time.

III. CLASSICAL STOCHASTIC DYNAMICS OF BOSONS

A. Bosonic master equation

Let us now consider a system of bosonic particles dis-
tributed over N modes. For concreteness, one can regard the
modes as “positions” of the particles in a lattice. The Hamil-
tonian of the system can be written in the second-quantized
form as

H =
∑

μ

�μa†
μaμ +

∑
μ �=ν

Vμνa†
μaν, (19)

where the bosonic annihilators aμ and creators a†
μ satisfy

[aμ, a†
ν] = δμν , [aμ, aν] = 0, [a†

μ, a†
ν] = 0. (20)

In similarity to the investigation of the dynamics of a single
particle, we have also deliberately separated the diagonal parts
containing �μ and the off-diagonal part containing Vμν of the
Hamiltonian for convenience.

It is then assumed that the system is subject to a fast
dephasing decoherence in the positions μ. More precisely, the

equation of motion is assumed to be of the Lindblad form,

dρ

dt
= −i[H, ρ] +

∑
μ

γμ

(
nμρnμ − 1

2

{
n2

μ, ρ
})

, (21)

where nμ = a†
μaμ are the occupation operators and γμ are the

decoherence rates. This equation should be regarded as the
bosonic second-quantized analog of the single-particle master
equation (2).

Under this decoherence process, it is natural to express
Eq. (21) in the Fock basis. For such a system of N bosonic
modes, a Fock state is denoted by an N-dimensional non-
negative integer vector |mmm〉 = |{mμ}〉, which is explicitly
constructed as

|mmm〉 =
N∏

μ=1

(a†
μ)mμ√
mμ!

|0〉, (22)

where |0〉 represents the vacuum state. The density matrix can
be decomposed in this basis as

ρ =
∑
mmm,nnn

ρmmm,nnn|mmm〉〈nnn|. (23)

Expressing in the Fock basis, the Lindblad master equa-
tion (21) for the matrix elements becomes

d

dt
ρmmm,nnn = −i

⎡
⎣ρmmm,nnn

∑
μ

�μ(mμ − nμ) +
∑
μ �=ν

Vμν

(√
(mν + 1)mμ ρmmm−eeeμ+eeeν ,nnn − √

(nμ + 1)nν ρmmm,nnn+eeeμ−eeeν

)⎤⎦
− 1

2
ρmmm,nnn

∑
ν

γν (mν − nν )2, (24)

where eeeμ denotes the unit vector in the μth direction,
with components (eeeμ)ν = δμν . Notice that the prefactors√

(mν + 1)mμ and
√

(nμ + 1)nν ensure that states with nega-
tive occupation numbers do not actually contribute in Eq. (24).

We again concentrate on the ultradecoherence limit, where
the decoherence rates γμ are dominating. Observe that if mmm �=
nnn, the presence of the second term in (24) again allows one to
carry out an adiabatic elimination in similarity to Sec. II. This
then leads to, in place of Eq. (9),

ρmmm,nnn ≈ −i
∑

μ �=ν Vμν

(√
(mν + 1)mμ · ρmmm−eeeμ+eeeν ,nnn − √

(nμ + 1)nν · ρmmm,nnn+eeeμ−eeeν

)
1
2

∑
λ γλ(mλ − nλ)2 + i

∑
μ �μ(mμ − nμ)

(mmm �= nnn). (25)

One then proceeds to obtain a simpler approximation as an
analog of Eq. (10) as follows. On the basis of Eq. (25),
one assumes that the diagonal ρmmm,mmm is of the order O(1),
and the coherence (off-diagonal) elements ρmmm,nnn (mmm �= nnn) are
of the order O(γ −1

λ ). To this order O(γ −1
λ ), however, the

coherences themselves can be ignored in the right-hand side
of Eq. (25). As a result, one finds that for any pair (mmm,nnn)
with mmm �= nnn where there exist no indices (μ, ν) such that
mmm − eeeμ + eeeν = nnn, one can approximate ρmmm,nnn ≈ 0 to the order
O(γ −1

λ ). The nonvanishing coherence elements are thus when
mmm − eeeμ + eeeν = nnn. One can define sssμν = eeeμ − eeeν , which de-
scribes an elementary process of moving a particle initially

at position ν to position μ. The nonvanishing coherence ele-
ments are then

ρmmm,mmm−sssμν
≈ −iVμν

√
mμ(mν + 1)

γμν + i�μν

(ρmmm−sssμν ,mmm−sssμν
− ρmmm,mmm ),

(26)

where �μν = �μ − �ν , γμν = (γμ + γν )/2 if μ �= ν and 0
otherwise, which are identical with the definitions for the case
of a single particle considered in Sec. II.

Inserting the adiabatic approximation for the coherences in
Eq. (26) into the Lindblad master equation (24) for mmm = nnn,
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one obtains
dPmmm

dt
=

∑
μ �=ν

Wμν (mμ + 1)mν (Pmmm+sssμν
− Pmmm ), (27)

where Pmmm = ρmmm,mmm and the single-particle transition rate Wμν

is identical with the definition (12). In comparison with the
single-particle master equation (11), one sees that the tran-
sition rate of the scattering a particle in mode ν into mode
μ acquires the familiar bosonic stimulation factor of (mμ +
1)mν , known since Einstein’s seminal work [29].

Notice that the transition rate in the master equation (27)
is symmetric, implying that the equilibrium distribution is
uniform in Fock space. The system is thus again effectively
at infinite temperature, which also aligns with the discussion
in Sec. II.

B. Loss and pump

In many situations of interest, the system might constantly
suffer from loss of particles. On the other hand, new particles
can also be pumped into the system. To model these effects,

we consider the modification of the Lindblad master equa-
tion (21) to explicitly contain terms corresponding to loss and
pump,

dρ

dt
= −i[H, ρ] +

∑
μ

γμ

(
nμρnμ − 1

2

{
n2

μ, ρ
})

+
∑

ν

θν

(
aνρa†

ν − 1

2
{a†

νaν, ρ}
)

+
∑

ν

ην

(
a†

νρaν − 1

2
{aνa†

ν, ρ}
)

, (28)

where θν is the loss rate and ην is the pump rate at mode
ν. These loss and pump terms in this form are familiar in
the literature of quantum optics [23]. Notice that even in the
presence of loss and pump, we still assume that the dephasing
rate γμ is the dominant one, γμ � ην, θν .

The evolution of the matrix elements of the density opera-
tor in the Fock basis, in place of Eq. (24), now reads

dρmmm,nnn

dt
= −i

⎡
⎣ρmmm,nnn

∑
μ

�μ(mμ − nμ) +
∑
μ �=ν

Vμν

(√
(mν + 1)mμ ρmmm−eeeμ+eeeν ,nnn − √

(nμ + 1)nν ρmmm,nnn+eeeμ−eeeν

)⎤⎦
− 1

2
ρmmm,nnn

∑
ν

γν (mν − nν )2 +
∑

ν

θν

√
(mν + 1)(nν + 1)ρmmm+eeeν ,nnn+eeeν

− 1

2

∑
ν

θν (mν + nν )ρmmm,nnn

+
∑

ν

ην

√
mνnνρmmm−eeeν ,nnn−eeeν

− 1

2

∑
ν

ην (2 + mν + nν )ρmmm,nnn. (29)

To proceed, we assume again that the density operators are
dominated by diagonal elements ρmmm,mmm of the order O(1),
and the coherences ρmmm,nnn for mmm �= nnn are small of the order of
O(γ −1

ν ). We again assume that γν are the dominating rates,
γλ � ην, θν , such that the pump and loss in Eq. (29) can also
be ignored for the case mmm �= nnn. In the end, one obtains again
Eqs. (25) and (26) for the coherences mmm �= nnn to the leading-
order contribution O(γ −1

ν ). Inserting Eq. (26) into Eq. (29)
for mmm = nnn, one obtains

dPmmm

dt
=

∑
μ �=ν

Wμν (mμ + 1)mν (Pmmm+sssμν
− Pmmm )

+
∑

ν

θν[(mν + 1)Pmmm+eeeν
− mνPmmm]

+
∑

ν

ην[mνPmmm−eeeν
− (1 + mν )Pmmm], (30)

with Wμν and Pmmm defined as in Eq. (27). In comparison to
Eq. (27), the master equation (30) gains new terms due to loss
and pump as expected.

Again, it is important to emphasize that neither the deriva-
tion of Eq. (27) nor that of Eq. (30) explicitly requires the
assumption that the system is in a definite Fock state. As we
mentioned, it is important that the Fermi Golden Rule was also
not explicitly invoked. Specifically for the ultradecoherence
limit, however, the system can be assumed to be indeed in

a definite state as an independent justified assumption, as
discussed in Sec. II B. The consequence of this assumption
for the computation of the stochastic time of first arrivals will
be discussed in Sec. V.

IV. CLASSICAL STOCHASTIC DYNAMICS OF FERMIONS

The derivation of the master equation for a fermionic
system can proceed similarly to that for bosonic systems.
It is, however, important to keep in mind the anticommuta-
tion of fermionic operators. As a particular consequence, the
fermionic occupation number vector mmm now has only binary
values (0 and 1) for its components. Here, we sketch the main
steps of the derivation.

One starts with the general Lindblad master equation with
pump and loss for fermions in second-quantization as

dρ

dt
= −i[H, ρ] +

∑
μ

γμ

(
nμρnμ − 1

2

{
n2

μ, ρ
})

+
∑

ν

θν

(
bνρb†

ν − 1

2
{b†

νbν, ρ}
)

+
∑

ν

ην

(
b†

νρbν − 1

2
{bνb†

ν, ρ}
)

, (31)
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where the fermionic annihilators bμ’s and creators b†
ν’s follow

the fermionic anticommutation relations,

{b†
μ, bν} = δμν, {bμ, bν} = 0, {b†

μ, b†
ν} = 0. (32)

Recall that from the fermionic anticommutation relations, it
then follows directly that

bμ|nμ〉 = nμ|1 − nμ〉 = nμ|nμ − 1〉, (33)

b†
μ|nμ〉 = (1 − nμ)|1 − nμ〉 = (1 − nμ)|nμ + 1〉, (34)

with the convention that nμ ∈ {0, 1} and nμ|nμ − 1〉 = 0 for
nμ = 0 and (1 − nμ)|nμ + 1〉 = 0 for nμ = 1 so that states of
occupation numbers other than 0 and 1 do not actually arise.

For N fermionic modes, a Fock state is denoted by an
N-dimensional binary integer vector |mmm〉 = |{mμ}〉, whose
components assume values of 0 or 1. Explicitly, the Fock state
|mmm〉 is given as

|mmm〉 =
N∏

μ=1

(b†
μ)mμ |0〉, (35)

where |0〉 represents the vacuum state. From Eq. (31), the ex-
plicit evolution of the matrix elements of the density operator
in the Fock basis reads

d

dt
ρmmm,nnn = −i

⎡
⎣ρmmm,nnn

∑
μ

�μ(mμ − nμ) +
∑
μ �=ν

Vμν{mμ(1 − mν )ρmmm−eeeμ+eeeν ,nnn − (1 − nμ)nνρmmm,nnn+eeeμ−eeeν
}
⎤
⎦

− 1

2
ρmmm,nnn

∑
λ

γλ(mλ − nλ)2 +
∑

ν

θν

[
(1 − mν )(1 − nν )ρmmm+eeeν ,nnn+eeeν

− 1

2
(mν + nν )ρmmm,nnn

]

+
∑

ν

ην

[
mνnνρmmm−eeeν ,nnn−eeeν

− 1

2
(2 − mν − nν )ρmmm,nnn

]
. (36)

Following the same argument as in Sec. III in the ultradecoherence limit, one then obtains

ρmmm,nnn ≈ −i
∑

μ �=ν Vμν

{
(1 − mν )mμρmmm−eeeμ+eeeν ,nnn − (1 − nμ)nνρmmm,nnn+eeeμ−eeeν

}
1
2

∑
λ γλ(mλ − nλ)2 + i

∑
μ �μ(mμ − nμ)

(mmm �= nnn). (37)

Observe that Eq. (37) for fermions can be obtained from Eq. (25) for bosons by replacing (1 + mν ) and (1 + nμ) with (1 − mν )
and (1 − nμ), respectively. To the first order O(1/γμ), ρmmm,nnn also vanishes, except when nnn = mmm − sssμν , where we have

ρmmm,mmm−sssμν
≈ −iVμν (1 − mν )mμ

i�μν + γμν

(ρmmm−sssμν ,mmm−sssμν
− ρmmm,mmm ),

in similarity with Eq. (26) for bosonic systems.
Then, following the same arguments after Eq. (25), one eventually arrives at

dPmmm

dt
=

∑
μ �=ν

Wμν (1 − mμ)mν (Pmmm+sssμν
− Pmmm )

+
∑

ν

θν[(1 − mν )Pmmm+eeeν
− mνPmmm]

+
∑

ν

ην[mνPmmm−eeeν
− (1 − mν )Pmmm], (38)

with the same definition of single-particle transition rate Wμν

as in Eqs. (11) and (27). Again, this equation does not assume
or imply that the system can be interpreted as being in a
definite Fock state. Such an assumption can be, as above,
specifically argued for systems in the ultradecoherence limit.
The corresponding consequences are then discussed in Sec. V.

V. NONEQUILIBRIUM TRANSPORT
AT ULTRADECOHERENCE

As an illustration of the derived emergent stochasticity, we
are to discuss some transport phenomena in simple physical
setups. Our starting point is the master Eqs. (30) and (38),

which can be written in a compact form as

dPmmm

dt
=

∑
μ �=ν

Wμν (1 + smμ)mν (Pmmm+sssμν
− Pmmm )

+
∑

ν

θν[(1 + smν )Pmmm+eeeν
− mνPmmm]

+
∑

ν

ην[mνPmmm−eeeν
− (1 + smν )Pmmm], (39)

where s = 1 is for bosons and s = −1 for fermions.
We are to derive the evolution of the local particle density

and discuss the condensation of bosons and the blockage of
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fermions due to the Pauli exclusion principle. Both phenom-
ena were well discussed in the quantum theory of bosons and
fermions and are sometimes considered to be the manifesta-
tion of (macroscopic) quantum mechanical phenomena. Here,
we show that they persist in the ultradecoherence limit. We
are also to compute the unique distribution of the time of first
arrivals for identical particles in the ultradecoherence regime.
Of interest for statistical physics, we also briefly discuss cu-
rious different dynamical phases in the exponential growth of
bosonic systems.

A. Evolution of the local particle density

Let us start by deriving the mean occupation numbers
(which describe the local density of particles) from the master
equation (39). The manipulation of the indices during this
derivation is straightforward but tedious. To illustrate the pro-
cedure, we first ignore the pump and loss terms. Without
the pump and loss terms, one multiplies mα to both sides of
Eq. (39) and takes the summation over mmm to obtain

d〈mα〉
dt

=
∑
μ �=ν

Wμν

(∑
mmm

mα (1 + smμ)mνPmmm+sssμν
− 〈mα (1 + smμ)mν〉

)
. (40)

Concentrating on the first term, one would like to change the
summing variable mmm to mmm + sssμν . Consider the case of bosons,
s = +1. This leads to the substitution of mμ by mμ − 1 and
mν by mν + 1. On the other hand, mα changes as mμ if α = μ,
as mν if α = ν, and remains constant otherwise. So we have∑

mmm

mα (1 + mμ)mνPmmm+sssμν

= 〈mαmμ(1 + mν )〉
− 〈δαμmμ(1 + mν )〉 + 〈δανmμ(1 + mν )〉. (41)

For the case of fermions, s = −1, one should keep in mind
that the occupation numbers can only assume two values: 0
and 1. In particular, m2

μ = mμ, mμ(1 − mμ) = 0. In changing
the summing variable mmm to mmm + sssμν , one can substitute mμ by
1 − mμ and mν by 1 − mν . On the other hand, mα changes as
mμ if α = μ, as mν if α = ν, and remains constant otherwise.
One then obtains∑

mmm

mα (1 − mμ)mνPmmm+sssμν

= 〈mαmμ(1 − mν )〉
− 〈δαμmμ(1 − mν )〉 + 〈δανmμ(1 − mν )〉. (42)

Therefore, for both bosons and fermions, one arrives at

d〈mα〉
dt

=
∑
ν �=α

Wαν (〈mν〉 − 〈mα〉)

+
∑
μ �=ν

Wμν〈mα (mμ − mν )〉. (43)

The last term in Eq. (43) also vanishes, as the single-particle
transition rate is symmetric, Wμν = Wνμ.

The loss term and pump term can be manipulated similarly.
The final equation for the evolution of the mean occupation
numbers then reads

dm̄μ

dt
=

∑
ν �=μ

Wμν (m̄ν − m̄μ) + (1 + sm̄μ)ημ − m̄μθμ, (44)

where we denoted m̄α = 〈mα〉 to simplify the notation.
Equation (44) is somewhat surprising: if one ignores

the loss and pump, the evolution of the mean occupation
numbers follows exactly that of the single-particle master

equation (11). This is so for both bosons and fermions: the
amplification factors of (1 + smμ) are absent from the evo-
lution of mean occupation numbers, as opposed to Eq. (39).
Intuitively, this can be understood as follows. The scatter-
ing rate from site ν to μ is indeed proportional to (1 +
smμ)mν . However, the reverse scattering is also proportional
to mμ(1 + smν ). The crucial point is that the microscopic rates
of these two processes are symmetric Wμν = Wνμ. The actual
rate of change of the mean occupation numbers is therefore
only proportional to the difference between the forward and
reverse transitions, which is (1 + smμ)mν − mμ(1 + smν ) =
mν − mμ.

From the above discussion, one can also understand the
origin of the amplification factor 1 + sm̄μ in the pump terms
in Eq. (44). The pump can be considered as a special mode,
where scattering from the system back to the pump is not
allowed. This creates the microscopic irreversibility and the
factor 1 + sm̄μ remains.

It should, however, be emphasized that even in the absence
of pump and loss, equilibrium properties of the identical parti-
cles beyond mean occupation numbers are still quite different
from that of classically distinguishable particles. As an ex-
ample, consider the system of M bosons scattering between
two modes. That the equilibrium distribution is uniform in
Fock space implies that the number of particles in one mode is
uniformly distributed from 0 to M. In contrast, for classically
distinguishable particles, one expects, however, a binomial
distribution, which can also be approximated by a Gaussian
distribution around the mean value of M/2.

B. Transport in a one-dimensional diffusion chain

Consider a chain of L + 1 sites arranged linearly, μ =
0, 1, 2, . . . , L. Particles are injected at site 0 with rate η, which
diffuse over the chain and are absorbed at site L with rate θ .
We assume Wμ−1,μ = � uniformly for μ = 1, 2, . . . , L, which
can be referred to as the mobility of the particles; see the
sketch in Fig. 2.

Considering Eq. (44) in the stationary regime, one has

�(m̄1 − m̄0) + η(1 + sm̄0) = 0, (45)

�(m̄μ+1 + m̄μ−1 − 2m̄μ) = 0, (46)

042207-8



EMERGENCE OF CLASSICAL STOCHASTICITY PHYSICAL REVIEW A 114, 042207 (2026)

FIG. 2. Sketch of the one-dimensional lattice we consider with
L + 1 sites. Particles are injected with rate η at the first site μ = 0
and absorbed with rate θ at the last site μ = L. The hopping rate �

is symmetric and uniform along the lattice.

�(m̄L−1 − m̄L ) − θm̄L = 0. (47)

From Eq. (46), one sees that m̄μ admits a linear profile in the
chain, namely,

m̄μ = m̄0 + (m̄1 − m̄0)μ. (48)

It then follows that m̄L − m̄L−1 = m̄1 − m̄0 = (m̄L − m̄0)/L.
Substituting these expressions into Eqs. (45) and (47), one
obtains

�/L(m̄L − m̄0) + η(1 + sm̄0) = 0, (49)

�/L(m̄0 − m̄L ) − θm̄L = 0, (50)

which can be solved for m̄0 and m̄L. From that, the current
flowing through the system can be computed as the rate of
particles absorbed at the ending site L, J = θm̄L, giving

J =
[

1

η
− s

θ
− sL

�

]−1

. (51)

Let us consider different cases. For fermions s = −1, we
see that the current monotonically increases with increasing
the pumping rate η at the starting site, the mobility of the
particle �, or the absorption rate of the particle θ at the ending
site. In particular, even for η → ∞, the current is well defined
and equals θ�/(Lθ + �). This is because the Pauli exclusion
principle prevents particles from being injected into the sys-
tem, when the removal mechanism is not efficient enough
and too many particles still accumulate in the system, which
can be called Pauli blocking. On the other hand, if either the
pumping rate η, the mobility �, or the loss rate θ are small,
then J is proportional to that parameter and vanishes if it
vanishes.

The case of bosons s = 1 is rather interesting. Here one
sees that, contrary to fermions, the current J monotonically
increases when decreasing the loss rate θ as well as the
mobility �. This somewhat counterintuitive behavior can be
easily understood by realizing that when the loss rate θ and/or
the mobility � decrease, particles accumulate in the system.
In particular, the starting site accumulates particles, which
increases the probability for more particles from the source
to be injected into the system. In fact, at

1/η = 1/θ + L/�, (52)

the current becomes infinite, signaling that particles keep ac-
cumulating in the system, which never becomes stationary.

FIG. 3. (a) Mean occupation numbers of particles at each lat-
tice site from Monte Carlo simulations (points) and analytical
results (lines). Parameters: L + 1 = 10 sites, � = 1; η = θ = 0.2
for fermions (red); η = 0.01 and θ = 0.02 for bosons (blue), as an
extremely low gain is required for a stationary state to exist, see
Eq. (52). In simulation, the population is counted in the stationary
regime and averaged over ≈105 iterations. (b) Results of Monte
Carlo simulations of the probability distribution of arrival times for
fermions (red) and bosons (blue) in the low-gain regime η/� = 0.01.
The analytical expression is plotted as a green dashed line. (c and d)
Results of Monte Carlo simulations of the probability distribution of
arrival times with different gain values (η/� = 0.01, 0.1, 0.5, 1, 2)
for fermions (c) and bosons (d). Note that the scales vary between
panels.

This resembles the nonequilibrium behavior of Bose-Einstein
condensation, which has been observed in polaritonic systems
[30–32].

C. Time of first arrivals

We continue to consider the model discussed in the pre-
vious section. The analytical calculation of the time of first
arrivals is rather involved and goes beyond the scope of the
present work; instead, we turn to Monte Carlo simulations to
get physical insights on its behavior. We simulate numerically
a chain of L + 1 = 10 sites, as represented in Fig. 2. The
parameters of the simulations are expressed with respect to
�, which is set to 1. At each time step, the system will make
a transition between two “neighboring” Fock states (meaning
states that differ by only one particle jump to a neighboring
site), and multiple iterations starting from an empty lattice are
run to gather statistics. The persistent time before a transi-
tion follows an exponential distribution, as we discussed in
Sec. II B.

To verify the validity of our calculations, we simulate the
chain until reaching a stationary solution and compare the
statistics with the analytical calculation of the local particle
density from the previous subsection. The results are plotted
in Fig. 3(a) for bosons (s = +1, blue) and fermions (s = −1,
red). We see an excellent agreement between the Monte Carlo
simulations (points) and the analytical expressions (lines).
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Then, we extract from the simulation the first arrival time
for different values of gain η. As we are interested in the first
event of particle reaching the site L, the parameter θ plays no
role. One is left with two parameters � and η, both with the
dimension of inverse time. Using � to define the time unit,
we consider the distribution of first arrival times dependent on
η/�.

In Fig. 3(b), we plot the distribution of the time of arrivals
(in units of 1/�) for different types of particles in the low-gain
regime, η/� = 0.01. In this case, the specific particle statistics
parameter s should not play a major role because particles
rarely interact. This is what we observe also in the simulation
results plotted in Fig. 3(b): for both bosons and fermions, the
arrival time distribution follows the same behavior. In fact,
the distribution of the time of first arrivals for all particle
types in the low-gain regime coincides and can be analytically
computed. Indeed, the first arrival time in the limit of low gain
is simply the summation of two independent stochastic times.
The former is the time when a first particle is successfully
injected into the system, which is exponentially distributed
with exponent η. The latter is the time that the particle even-
tually arrives at site L, whose tail distribution is given in
Appendix A. So the limiting distribution of the time of first
arrivals in the low-gain regime can be computed as

pT (t ) = 2

2L + 1

L−1∑
k=0

cos2(qk/2)

(−1)k sin(qk/2)

ηλk

η − λk
(e−λkt − e−ηt ),

(53)
where λk = 2�(1 − cos qk ) and qk = (2k + 1)π/(2L + 1), as
defined in Appendix A. The distribution (53) is plotted as the
dashed line in Fig. 3(b), showing excellent agreement with the
Monte Carlo simulations.

Next, we increase the ratios η/� to 0.1, 0.5, 1, and 2.
The distribution of arrival times for different particle types is
computed for fermions in Fig. 3(c) and for bosons in Fig. 3(d).

The case of fermions, Fig. 3(c), can be understood in-
tuitively. When the gain is increased, the time of arrival
decreases up to a certain limit. Indeed, we see that the dis-
tributions for η/� = 0.5 and η/� = 2 do not differ much,
both in mean and variance. This can be understood as fol-
lows. When a fermion occupies site μ = 0, further particle
injection is forbidden. Thus, even at high gain, the diffusion
events of particles at other sites still dominates, which remains
inefficient. As a result, the mean arrival time is bounded by a
finite nonzero value determined by diffusion processes. The
variance of the arrival time is large in all regimes—especially
at low gain—because the contribution from random events
dominates.

The arrival time distributions for bosons are plotted in
Fig. 3(d). Increasing the gain leads to a monotonic decrease
in arrival time; unlike the fermionic case, the curves for
η/� = 0.5 and η/� = 2 differ clearly in both mean and vari-
ance. This reflects the growing dominance of injection events
as gain increases. Consequently, particles accumulate, which
then causes faster diffusion events. In the infinite-gain limit,
the arrival time tends to zero as events become arbitrarily fast.

D. Exponential growth dynamics in infinite-dimensional systems

Interestingly, the exponential growth dynamics of the sys-
tem of bosonic particles also have different phases. In this
section, we will not assume a linear chain of modes with
nearest-neighbor jumps, but rather start with the general dy-
namics Eq. (44). To illustrate these nonequilibrium phases, we
first assume a uniform pump, ημ = η, and uniform loss rate,
θμ = θ . Summing Eq. (44) over μ, we have

dM̄

dt
= −(θ − sη)M̄ + Nη, (54)

where M̄ is the mean of the total number of particles, M̄ =∑
μ m̄μ, and N is the number of modes.
For fermions (s = −1), θ − sη > 0, and the system always

reaches equilibrium at a particle density of η/(θ − sη). On the
contrary, for a bosonic system (s = 1), if θ > η, the system
becomes stationary with mean density of particles M̄/N =
η/(θ − η). If θ < η, i.e., the creation rate is larger than the
loss rate of the particles, one has an exponential accumulation
of particles into the system, in accordance with the nonequi-
librium condensation discussed in Sec. V B. Interestingly, this
exponential growth has different phases in itself.

For simplicity, we further assume that Wμν = � (constant)
for any μ �= ν. Then, the evolution of the occupation number
at a particular site reads

dm̄μ

dt
= �M̄ − (N� + θ − η)m̄μ + η. (55)

One sees that at η = θ + N� > θ , the growth has a critical be-
havior: particles accumulate at all sites with exactly the same
speed. In particular, all sites have exponential growth of par-
ticles, but the difference of particles at different sites remains
constant. This is in contrast with the case θ < η < θ + N�,
where the occupation numbers grow exponentially at any
site, but become uniform as the difference between different
sites actually decays. On the other hand, for η > θ + N�, the
system becomes inhomogeneous, as any difference between
occupation numbers at two different sites is exponentially
amplified.

VI. CONCLUSION

In this work, we have emphasised that the existence of a
closed master equation for the probability distribution does
not, by itself, justify the use of classical stochastic concepts
that rely on conditioning on definite states at intermediate
times.

We argued that such an interpretation becomes meaningful
only under additional assumptions—notably, a strong separa-
tion of timescales leading to ultradecoherence—which allows
the system to be regarded as occupying well-defined states
over relevant time intervals. Under these conditions, classical
stochastic notions such as persistent times and first-arrival-
time distributions can be consistently introduced. Worked-out
examples are given for the stochastic dynamics of a single
particle, bosons, and fermions. The emergence of classical
identical particles is also discussed.

Extensions to more general settings, including situations
with incomplete decoherence or memory effects, may help
further characterize the limits of classical stochastic reasoning
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in quantum dynamics. From the foundational viewpoint, our
work hints at a possible connection between the time problems
in quantum mechanics [25,26] and the problem of definite out-
comes [9–13,17–21], a topic worthy of further investigation.
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APPENDIX A: THE TIME OF FIRST ARRIVALS
IN CLASSICAL STOCHASTIC PROCESSES

One of the examples of the computation of the time
distribution of first arrivals can be formulated as follows.
Consider a continuous symmetric random walk on a one-
dimensional lattice of sites labeled by non-negative integer
numbers 0, 1, . . . , L. The transition rates from sites k to k ± 1
are the same and equal to �. Supposing the particle starts at
site 0, one would like to compute the (stochastic) time it takes
for the particle to first arrive at site L, which is referred to as
the time of first arrivals.

Crucial to the computation of the first arrival times is to
consider the problem for a variable starting point. Assuming
that the system is started at a general site n, the arrival time
at L is denoted by τn. We are to compute the cumulative
distribution P(τn > t ).

As the system is initiated at site n, after an infinitesimal
time �t , three possibilities can happen: the system remains
at n, or the system is changed to n + 1 or to n − 1, with
the corresponding probabilities of 1 − 2��t , ��t , and ��t .
Thus, the probability P(τn > t ) can be decomposed as

P(τn > t + �t ) = P(τn > t )[1 − 2��t]

+ ��tP(τn−1 > t ) + ��tP(τn+1 > t ).
(A1)

Denoting P(τn > t ) = Sn(t ) and taking the limit �t → 0, one
obtains

d

dt
Sn(t ) = �[Sn−1(t ) + Sn+1(t ) − 2Sn(t )]. (A2)

To model the ending of the chain, one sets S−1 = S0,
so that Ṡ0(t ) = �[S1(t ) − S0(t )]. The differential-difference
equation then needs to be solved for Sn(t ) with the initial
condition Sn(0) = 1 for all n < L and the absorbing boundary
condition SL(t ) = 0. Techniques to solve such an equation can
be found in standard textbooks [27]. The results read

Sn(t ) = 2

2L + 1

L−1∑
k=0

(−1)k cos(qk/2) cos[qk (n + 1/2)]

sin(qk/2)
e−λkt ,

(A3)
with qk = (2k + 1)π/(2L + 1) and λk = 2�(1 − cos qk ).

It is important here to observe that the derivation of
Eq. (A2) itself, as that of the persistent time discussed in
Sec. II B, crucially relies on the conditioning of the system
on a particular state.

APPENDIX B: EXAMPLE OF DECOUPLED DYNAMICS
OF THE DIAGONAL OF THE DENSITY OPERATORS

We take the example also considered in Ref. [8]. This
corresponds to the Lindblad master equation (28) for a single
mode with energy �μ = ω, pumping rate ημ = η, and loss
rate θμ = θ ,

dρ

dt
= −iω[a†a, ρ] + θ

(
aρa† − 1

2
{a†a, ρ}

)

+ η

(
a†ρa − 1

2
{aa†, ρ}

)
. (B1)

In quantum optics [23], this is a standard equation describing a
single mode of photon in a cavity with frequency ω coupled to
loss and pump. Let |n〉 denote the Fock state of photon number
n. Multiplying the two sides of equation (B1) from the right
with |n〉 and from the left with 〈n|, one obtains

dPn

dt
= θ [(n + 1)Pn+1 − nPn] + η[nPn−1 − (n + 1)Pn],

(B2)
where Pn = 〈n|ρ|n〉 is the probability of having n photons in
the system. One sees that the diagonal terms of the density
operator in the Fock basis follow exactly a master equation,
which is uncoupled from the evolution of the off-diagonals.
The evolution of the off-diagonal terms themselves can remain
not small and nontrivial [8]. In this case, even though a master
equation of the type (B2) is valid, computation based on
conditioning the system in a particular photon number such
as the time of arrivals is not well justified; further assumption
is generally needed.
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