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Transverse momentum exchange in optical vector beam propagation: Theory and experiment
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In this work we present a model for the paraxial propagation of linearly polarized vector beams. Of particular
importance is the appearance of a transverse momentum term proportional to the linear polarization angle
gradient imparted to the beam during the beam preparation process. The model predicts that during propagation,
this momentum will be exchanged for classical transverse momentum, thereby causing the beam to accelerate.
We observe the momentum exchange in experiment by designing the polarization profile in such a way to cause
the beam centroid to follow a parabolic path through free space.
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I. INTRODUCTION

One of the more fundamental sets of predictions that can
be made in optical physics is the magnitude, phase, and
polarization of a beam at a location downrange from an
aperture. Such predictions form the foundation of technology
development for imaging, spectroscopy, countermeasures,
communications, ranging, etc. Despite the hundreds of years
devoted to the associated models, the field continues to see
the emergence of new physical phenomena that in some cases
have challenged these models and suggested modifications.
Examples include beams with novel phase [1], amplitude [2],
and polarization [3–5] distributions. These novel “structured
light fields” are changing our collective understanding of
fundamental quantities such as optical momentum [6,7], the
Poynting vector [8,9], and the Maxwell stress tensor [10].

In this work we develop the physics underlying the paraxial
propagation of beams with spatially inhomogeneous distri-
butions of linear polarization. Importantly, the transverse
momentum vector of such beams is shown to include a term
proportional to the beam’s polarization angle gradient. We
describe how this polarization momentum is effectively stored
and then subsequently expended on propagation to produce
transverse beam acceleration—a necessary consequence of
momentum conservation. We further identify and highlight
the critical role diffraction plays as a dissipative mechanism
for this stored momentum, thereby driving the momentum
exchange. Next, we predict specific, curved beam paths corre-
sponding to particular polarization profiles and then validate
those predictions in experiment. Indeed, such a beam is seen
to follow precisely the predicted parabolic path, yielding
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centroid deflections of several millimeters at 35-m propaga-
tion distance for a 1.5-µm-wavelength monochromatic beam.

We also provide an alternative derivation of the model
based on the principle of stationary action. By viewing polar-
ization angle and dynamical phase as equivalent contributions
to the Lagrangian density, we demonstrate that polarization
gradient beams constitute a symmetry in the context of field
theory. The term that offers control over the beam path is
then immediately recognized as a “symmetry-breaking” term.
Collectively, these results comprise a fundamentally different
understanding of paraxial beam propagation that predicts pre-
viously unobserved behavior and includes standard paraxial
beam theory as a special case.

The model begins with the vector paraxial wave equation[− i2k0∂z + ∇2
X

]{EX (�x, z), EY (�x, z)} = 0, (1)

which governs the complex amplitude of the transverse,
monochromatic electric field �E (�x, z, t ) = {EX (�x, z), EY (�x, z)}
exp[i(ωt − k0z)]. The notation ∇X (·) ≡ {∂x(·), ∂y(·)} denotes
the transverse gradient operator.

Equation (1) can be constructed directly from Maxwell’s
equations assuming (1) propagation occurs in free space,
(2) propagation proceeds mainly in the preferred direction
z (that is, no backscatter and deviations from the z axis of
less than ≈0.1 rad occur) with phase accumulating in that
direction at a rate governed by wave number k0, and (3)
over z distances of a wavelength or so, variations in the field
amplitude are much smaller than the amplitude itself (the
slowly varying envelope approximation). Solutions to Eq. (1)
therefore comprise the spatially dependent, slowly varying
field amplitudes EX (�x, z) and EY (�x, z) associated with tem-
poral frequency ω = ck0. Note that in free space, Maxwell’s
equations also mandate that the divergence of the electric field
is zero, ∇ · {EX (�x, z), EY (�x, z), EZ (�x, z)} = 0. Enforcing this
constraint under assumption 3 then requires that the ẑ com-
ponent of the electric field is given by EZ (�x, z) = i/k0∇X ·
{EX (�x, z), EY (�x, z)} [6,11]. The dynamics of interest (hence
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our model) is therefore governed entirely by the spatial vari-
ation of the transverse field amplitudes. Moreover, for the
optical beams studied in this work the power in the ẑ-field
component is significantly less than the power in the trans-
verse components [11].

II. FREE-SPACE PROPAGATION OF VECTOR BEAMS

We presume that, consistent with the stated assumptions,
the commonly used transverse vector electric-field model
[12,13]

{EX (�x, z), EY (�x, z)}
= ρ1/2(�x, z)e−iφ(�x,z){cos γ (�x, z), sin γ (�x, z)}. (2)

Note that Eq. (2) presumes linearly polarized light, defined
by an intensity ρ(�x, z), a common phase component φ(�x, z),
and a spatially dependent polarization angle γ (�x, z). Sub-
stituting this model into (1) transforms the complex-valued
vector paraxial wave equation into the real-valued system of
equations (see Appendix A)

∂zρ(�x, z) + ∇X · [ρ(�x, z)�v(�x, z) + ρ(�x, z) ��(�x, z)] = 0,

(3a)

D�v(�x, z)

Dz
= −[ ��(�x, z) · ∇X ] ��(�x, z)

+ 1

2k2
0

∇X

(∇2
X ρ1/2(�x, z)

ρ1/2(�x, z)

)
, (3b)

D ��(�x, z)

Dz
+ [ ��(�x, z) · ∇X ]�v(�x, z) = 0, (3c)

where

�v(�x, z) = k−1
0 ∇X φ(�x, z), (4a)

��(�x, z) ≡ k−1
0 ∇X γ (�x, z) (4b)

capture the spatially localized rate of change in the beam path
in the transverse direction per unit change in the direction of
propagation (i.e., a transverse “velocity”) and the polarization
angle gradient, respectively [4,5]. The notation D(·)/Dz de-
notes the total derivative [14].

We first note that for homogeneously polarized light,
��(�x, z) = 0 and the model (3) predicts the same ampli-
tude and phase as scalar diffraction theory in the Fresnel
approximation [15]. In that case, one can exactly solve (1) in-
dependently for the two orthogonal field components EX (�x, z)
and EY (�x, z) and then simply superimpose (add) the results
[16]. However, it is well-known that this approach does not,
in general, solve the full vector wave equation due to coupling
among vector components (see, e.g., Goodman [17] for a
general statement or Hall [18] for a more specific example).
Indeed, the model (3) illustrates the tight coupling among
the transverse vector components of phase and polarization
gradients and hence the inability of scalar diffraction theory
to capture the dynamics of inhomogeneously polarized beams
in general.

Equation (3a) is the familiar “transport of intensity equa-
tion” [8], but it is augmented by a different transverse linear
momentum component ρ(�x, z) ��(�x, z), namely, the product of
the beam intensity and the scaled polarization gradient.

Expression (3b) governs the optical path as determined by
the transverse phase gradient. The second term on the right-
hand side governs diffraction [15], while, importantly, the
beam’s trajectory is clearly also influenced by the polarization
angle gradient. In fact, through the proper choice of ��(�x, z)
the beam can be caused to accelerate and follow a parabolic
path through free space. This method of “beam bending” was
demonstrated initially in [4] and will be explored further in
Sec. V.

Interestingly, Eq. (3c) is well-known in fluid mechanics as
the vorticity transport equation for inviscid flow, with ��(�x, z)
playing the role of “vorticity” [19]. This term is necessary for
the conservation of momentum, and in fluid mechanics, (3c)
captures “vortex stretching,” a phenomenon whereby velocity
gradients change the rate of rotation of particles in a fluid
flow. In the optical case, ��(�x, z) captures the variation of the
local polarization angle in the transverse plane. As the beam
diffracts, the polarization gradient necessarily decreases as the
transverse velocity is “stretched” [Eq. (3c)], thereby decreas-
ing the beam acceleration via (3b). In this sense, diffraction
dissipates the polarization gradient during propagation.

As we will show next, the model (3) describes an ex-
change between the momentum stored within the polarization
angle gradient and the transverse linear momentum as the
beam propagates. The former is generated during the beam
preparation process and is then expended on propagation due
to diffraction, which causes the beam to accelerate via a
corresponding increase in the classical transverse linear mo-
mentum. Once the stored momentum is expended, the model
predicts the beam will cease to “bend” and will simply follow
a straight path governed by the standard diffraction theory,
albeit at some nonzero angle relative to the z direction.

III. MOMENTUM CONSERVATION
AND MOMENTUM EXCHANGE

The model (3) can alternatively be written in the “con-
servation form” commonly used in continuum mechanics.
Following the basic steps outlined in Appendix A, we can
express (3) as

∂zρ(�x, z) + ∇X · [ �P(�x, z)] = 0, (5a)

∂z �P(�x, z) + ∇X ·
[

�P(�x, z) ⊗ �P(�x, z)

ρ(�x, z)

]
= −∇X · P(�x, z), (5b)

where the ⊗ symbol denotes the vector outer product and
�P(�x, z) is a generalization of the transverse optical Poynting
vector

�P(�x, z) =ρ(�x, z)[�v(�x, z) + ��(�x, z)]. (6)

The tensor P(�x, z) plays the role of diffractive “pressure,”
which will be discussed shortly. This form of the model
combines the phase and polarization vector fields into a sin-
gle quantity, highlighting the fact that, if only intensity is
measured downrange, the contribution from these two fields
cannot be distinguished. Equations (5a) and (5b) express (spa-
tially) local conservation of intensity and transverse linear
momentum, respectively. Integrating these expressions over
the transverse plane (see Appendix B) gives the corresponding
global conservation statements. Note the momentum density
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in the direction of propagation is simply ρ(�x, z) for this parax-
ial model [20] and does not play a role in the transverse
dynamics.

We can also define the transverse Maxwell stress tensor in
the paraxial limit,

σ(�x, z) = P(�x, z) + �P(�x, z) ⊗ �P(�x, z)

ρ(�x, z)
, (7)

in which case (5b) further condenses to

∂z �P(�x, z) + ∇X · σ(�x, z) = 0. (8)

Expression (8) mirrors the one that is often derived from the
familiar Lorenz force law [21].

This form of the model and the structure of Eq. (6) clearly
suggest two types of local, transverse optical momenta:
the conventional ρ(�x, z)�v(�x, z) (see, e.g., [22], Eq. (20))
and a second type, ρ(�x, z) ��(�x, z). Both are required to
write the conservation form of our system (5b) and thus
demonstrate that momentum is conserved. Moreover, just
as the classical momentum is proportional to a phase gra-
dient, so too is the polarization gradient momentum. We
show in Appendix C that the initial transverse polarization
momentum ρ(�x, 0) ��(�x, 0) is directly related to a geomet-
ric, Pancharatnam-Berry (PB) phase gradient [23–25] that
accompanies the series of polarization transformations in
the beam preparation process (see Sec. V or Ref. [4]). It
is therefore not surprising that ρ(�x, z) ��(�x, z) captures a type
of transverse optical momentum.

As we will show in experiment, we have ρ(�x, 0)�v(�x, 0) =
0 (collimated light at the exit aperture) and |ρ(�x, 0) ��
(�x, 0)| > 0. During propagation, diffraction will reduce the
polarization gradient through (3c), which will reduce the as-
sociated momentum. Momentum conservation then mandates
that the beam accelerate [ρ(�x, z)�v(�x, z) increases]. This pro-
cess continues until all of the initial polarization gradient
momentum has been converted to ρ(�x, z)�v(�x, z).

Diffraction therefore plays a critical role in the dynamics.
For example, smaller beam diameters will lead to stronger
diffraction, which is predicted to dissipate the bending ef-
fect over shorter propagation distances. The dynamics we
observe are therefore appropriately viewed as a momentum
exchange whereby the initial momentum associated with the
polarization gradient is converted to conventional transverse
momentum, thereby accelerating the beam.

To conclude this section, we note that an interesting by-
product of the formulation (5) is the implicit definition of a
diffractive force as the divergence of a pressure tensor [26]:

P = −ρ(�x, z)

4k2
0

∇X

(∇X ρ(�x, z)

ρ(�x, z)

)

= −ρ(�x, z)

4k2
0

(∇X ⊗ ∇X ln [ρ(�x, z)]). (9)

Thus, we arrive at an alternative view of diffraction, namely,
that it stems from an internal “pressure” associated with the
distribution of intensity. The pressure will clearly vanish for
a uniformly distributed intensity; that is, a plane wave will
not diffract. However, by (5b), we see that the transverse
acceleration is driven by the negative of the divergence of this

term, in other words, diffraction drives uneven or “peaked”
intensity distributions toward flatter, more uniform distribu-
tions, and the rate at which the flattening occurs depends on
the logarithm of the distribution. This is, to our knowledge,
a different interpretation of diffraction. We also note that the
“Airy-beam-bending” path found in the literature (see, e.g.,
[27]) can be modeled solely with this diffractive term, as we
showed in [4]. The bending effect described in this work, how-
ever, is driven entirely by the polarization gradient ��(�x, z) and
therefore represents an entirely different bending mechanism.

IV. ALTERNATIVE VIEWS OF THE MODEL

One can also arrive at the model (3) through considera-
tion of the Lagrangian density and the principle of stationary
action. If we let α(�x, z) = φ(�x, z) + γ (�x, z), the Lagrangian
energy density can be written as

L = − k0ρ(�x, z)∂zα(�x, z) − 1

2
ρ(�x, z)|∇X α(�x, z)|2

− |∇X ρ(�x, z)|2
8ρ(�x, z)

. (10)

Using the Euler-Lagrange equations to set the variation in
α equal to zero directly yields Eq. (3a), while the variation
in ρ yields (upon taking the transverse gradient) the sum of
Eqs. (3b) and (3c). In the absence of a transverse gradient in
γ , one recovers the hydrodynamic form of standard paraxial
beam propagation [15]. Thus, going from a scalar (standard)
to vector beam model simply involves the transformation
φ → φ + γ in the Lagrangian density. Moreover, this trans-
formation is a symmetry in that, to leading order in γ , it adds
Dγ /Dz to the Lagrangian density, which, as a consequence
of Noether’s theorem, is zero. This mathematical statement
(upon taking the transverse gradient) then matches Eq. (3c).
Importantly, however, the transformation also results in the
addition of the higher-order term ρ|∇X γ |2/2, which breaks
the symmetry and ultimately becomes the bending term in
Eq. (3b).

That a polarization gradient and a phase gradient are on
equal footing in the definition (6) and in the energy density
(10) should not be entirely surprising. For example, if one
represents the electric field (2) in the circular basis, γ appears
in the argument of a complex exponential (in the same manner
as φ).

Additionally, the connection between polarization, optical
momentum, and the aforementioned geometric PB phase has
been known for some time (see, e.g., [1,25,28–34]). The ge-
ometric PB phase is a fundamentally different quantity than
the dynamical phase φ(�x, z) in that it is nonntegrable [24] and
requires a vector (as opposed to scalar) electric-field model.
This is yet another reason why scalar diffraction theory can-
not capture the effect reported here. We already discussed in
Sec. III how a spatially dependent PB phase is accumulated
during the creation of the polarization gradient. The exact re-
lationship between the PB phase gradient and the polarization
angle gradient is provided in Appendix C for our specific ex-
perimental implementation. Thus, our model can be viewed in
terms of two distinct types of phase: dynamical and geometric.
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The polarization gradient momentum possesses at least
some of the properties of so-called hidden momentum (see,
e.g., [35–37]). For example, if one observed a transverse
displacement of the beam centroid but was unaware of the
polarization gradient’s contribution, one would conclude there
must be a hidden source of momentum in the system. As
noted in [37], “the usual momentum density proportional
to Poynting’s vector is equal to the hidden momentum and
cancels it,” which is precisely what is implied by Eq. (6),
where ρ(�x, z) ��(�x, z) acts to balance the traditional transverse
Poynting vector ρ(�x, z)�v(�x, z).

Based on our model structure, the term ρ(�x, z) ��(�x, z) is
perhaps appropriately viewed as a vector potential. In the
language and notation of [38,39] this term is referred to as
a “potential momentum,” “available for exchange with kinetic
momenta” just as our model predicts. Alternatively, this term
plays the role of the density-dependent gauge potential in
quantum mechanics [40], as suggested by our Eq. (10). To
be more specific, instead of (2), write the complex scalar
potential

E (�x, z) = ρ1/2(�x, z)e−iφ(�x,z)e−iγ (�x,z), (11)

which simply augments the traditional (scalar) model by the
gauge function γ (�x, z) (the polarization angle in this case).
Substituting (11) into the scalar paraxial wave equation again
yields our model (3). The author of [40] went on to note “the
action of a gauge potential can be mimicked by imparting a
geometric phase onto the wavefunction,” precisely what we
have done here in creating our polarization or Berry phase
gradient (again, see Appendix C). Thus, viewing a polariza-
tion angle as a geometric phase in the scalar beam model is
equivalent to our initial treatment in the vector model (2).
The physical meaning of vector potentials has been debated
for over 150 years [41], and the model offered here offers
a concrete example in the field of classical optics where the
presence of such a potential predicts an effect—bending—that
has been observed in experiment.

Last, although the definition (6) occurs quite naturally in
the transport model, it is not at all an obvious choice. This
difficulty was acknowledged by Berry [6], who suggested
multiple definitions of the transverse Poynting vector for
paraxial vector light. Bekshaev and Soskin presented a gen-
eral definition of the Poynting vector for vector fields which
includes both the standard (scalar) component ρ(�x, z)�v(�x, z)
and a “spin flow density” (SFD) equal to the gradient of the
third Stokes parameter [22]. For our linearly polarized beam
the SFD is zero, although in an earlier work [5] we showed

ρ(�x, z) ��(�x, z) = lim
�x′→{0,0}

[−ik−1
0 ∇X ′s3(�x, �x′)

]
; (12)

that is, a spatial gradient in linear polarization is related
to the transverse spatial gradient of the generalized Stokes
parameter s3(�x, �x′) ≡ i[EX (�x − �x′/2)E∗

Y (�x + �x′/2) − E∗
X (�x +

�x′/2)EY (�x − �x′/2)] [easily verified by substituting Eq. (2) into
Eq. (12)]. Alternatively, (12) can be written as an integral
over transverse spatial frequencies, suggesting that changes
in ��(�x, z) yield changes in spatial frequencies of the beam,
which is also the conclusion of [30]. Our observed effect
occurs in free space and is unrelated to the optical Magnus
effect [42], “spin Hall” effect [43,44], the orbital-angular-

FIG. 1. Experimental setup where a λ = 1552 nm beam with
an initially spatially homogeneous transverse linear polarization is
transformed into a vector beam with a spatially inhomogeneous
polarization distribution using the series of polarization rotating ele-
ments enclosed by the gray rectangle (SLM → HWP2 → QWP1).
Mirrors M1–M3 are used for beam alignment, whereas HWP1 and
LP1 are used to ensure the correct input polarization

momentum Hall effect [7,45]), or other “spin-redirection”
phases [33]. Importantly, while the deflection of the beam
centroid in these effects is typically on the order of a
wavelength, the transverse displacement associated with our
momentum exchange is many orders of magnitude larger and
can be easily observed in experiment. Indeed, our transverse
momentum component has been observed directly via its ef-
fect on the optical path [via Eq. (3b)], a prediction that is
supported by our initial result in [4] and the results reported
here.

V. EXPERIMENTAL VALIDATION

As noted in the previous sections, the influence of the
polarization gradient momentum on a vector beam’s trajectory
is directly observable through the proper choice of ��(�x, 0). In
[4], it was shown that generating a vector beam with an initial
(z = 0) transverse polarization angle distribution of

γ (x, 0) = π

2

(x − x0)2

a2
+ π

8
(13)

will cause the beam to accelerate in the transverse direction
along the chosen coordinate axis (in this case laboratory x).
The parameters a and x0 determine the initial magnitude and
direction of ��(x, 0) and therefore the resulting curvature of
the beam’s path. Here, x0 is measured relative to the centroid
of ρ(x, 0).

The optical setup used to create a vector beam with the
desired γ (x, 0) is shown in Fig. 1. First, after being reflected
by a series of beam alignment mirrors (M1–M3), the out-
put from a λ = 1552 nm laser is converted to a linearly
polarized beam (+ 45◦) by a half-wave plate (HWP1) and
linear polarizer (LP1). After the LP1, the beam is reflected
by M4 and is then incident on the spatial light modula-
tor (SLM), which applies a spatially dependent phase shift
along the beam’s x axis. Consequently, the reflected beam’s
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FIG. 2. Left axis: measured transverse polarization angle dis-
tributions γ (x, 0)’s of the vector beam with [a, x0]’s of [3.5 mm,
−3.5 mm] (red points), [5.5 mm, −5.5 mm] (green points), [4.5 mm,
4.5 mm] (blue points), and [3.5 mm, 3.5 mm] (black points). Also
plotted is Eq. (13) using the same values of [a, x0] (black dotted
lines). Right axis: an example measured intensity distribution ρ(x, 0)
(red line).

polarization state is no longer independent of its transverse
spatial dimension(s); that is, it has become a vector beam. The
vector beam is then transmitted through HWP2, which applies
another spatially dependent polarization rotation (since the
input beam’s polarization is itself spatially dependent). The
beam then propagates through a quarter-wave plate (QWP1),
which applies the final polarization rotations. Finally, after
the QWP1 the vector beam’s width is expanded twofold by a
Galilean beam expander before propagating downrange. Note
that in our implementation, the Gaussian beam width w must
be less than a due to the width of the phase mask on the SLM
and its maximum available phase retardation. The vector beam
preparation technique, polarization rotations, and the resulting
accrual of a spatially varying PB phase are discussed in [4].

Figure 2 displays the measured transverse polarization an-
gle distributions γ (x, 0) at z = 0 m (immediately after the
output of the beam expander) for several values of a and x0

(see also Fig. 3 for a two dimensional visualization). The
different γ (x, 0)’s were obtained by varying both parameters
in Eq. (13), corresponding to variation of only the SLM’s
phase mask in the experimental setup. The γ (x, 0)’s were
measured using the Stokes polarimeter described in [4]. Also
plotted in Fig. 2 is a typical measured intensity profile, ρ(x, 0).
The small fluctuations in ρ(x, 0) are simply measurement arti-
facts arising from Fabry-Perot reflections within the protective
window of the InGaAs camera.

Figure 4 displays the normalized transverse intensity pro-
files of the vector beams measured at each different value of
z downrange [ρ(x, z)]. Figure 4(a) shows the ρ(x, z)’s of a
spatially homogeneous, linearly polarized beam, which ex-
hibits behavior that is well described by standard Gaussian
beam propagation. In contrast, Figs. 4(b)–4(e) display the
ρ(x, z)’s of our vector beams with the initial γ (x, 0)’s shown
in Fig. 2. The vector beams clearly exhibit a nonlinear, or

FIG. 3. Visualization of the measured, spatially dependent polar-
ization angles for the different values of [a, x0] shown in Fig. 2. The
arrows represent the direction of �E at various points across the face of
the beam. Note that for our experiments, the variation in polarization
angle is only in the x̂ direction.

curved, path, and the curvatures change as a and x0 are varied,
with their centroids shifting by up to ±6 mm at z = 30 m.
The paths of their centroids can be predicted by presuming
that (1) diffraction acts as it does for a standard Gaussian
beam, spreading light symmetrically about the centroid, and
(2) diffractive effects do not appreciably reduce the polar-
ization angle gradient via Eq. (3c). The latter assumption
allows us to write D ��/Dz ≈ 0 and is akin to presuming an
unlimited supply of stored momentum over the propagation
range of interest. With �� approximately constant in z and a
standard Gaussian diffraction model, Eq. (3b) can be rewritten
to describe the evolution of the beam center, xc ≡ 0 at z = 0. If
we use Lagrangian coordinates (coordinates become functions
of the independent variable z), vc(z) ≡ dxc(z)/dz, and

d2xc(z)

dz2
≈ −[ ��(xc(0)) · ∇X ] ��(xc(0)) = π2x0

2k2
0a4

, (14)

where we have used the polarization profile (13) to obtain
��(xc(0)). We can solve this expression with the initial con-
ditions dxc(0)/dz = 0 (light is collimated) and xc(0) = 0 for
the beam centroid. Integrating Eq. (14) twice in z then gives,
for the beam center,

xc(z) ≈ π2x0

2k2
0a4

z2. (15)

The paths predicted by Eq. (15) are also plotted in Fig. 4,
displaying good quantitative agreement with the measured
profiles, with some deviations due to environmental noise. It
is important to note that the transverse intensity profiles of the
vector beams remain well described by a Gaussian distribution
at each z as they propagate downrange.
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FIG. 4. Normalized transverse intensity profiles ρ(x, z) of the beams vs z. (a) ρ(x, z) of a spatially homogeneously, linearly polarized
(scalar) beam. (b)–(e) ρ(x, z)’s of the beams with [a, x0]’s of [4.5 mm, 4.5 mm], [3.5 mm, 3.5 mm], [5.5 mm, −5.5 mm], and [3.5 mm,
−3.5 mm], respectively. Also plotted are the centroid paths (white lines) predicted by Eq. (15) using the same corresponding values of [a, x0].

Figure 5 shows the measured transverse displacements of
the beam centroids xc as a function of propagation distance
out to 35 m along with their paths predicted by Eq. (15). The
transverse displacements were measured using the procedure
described in [4], where the vector beam’s displaced centroid
position is measured relative to the centroid of the homoge-
neously polarized (scalar) reference beam at every value of
z downrange. In contrast to the single line images of ρ(x, z)
displayed in Fig. 2, here, 10 images of both the reference beam
and shifted vector beams are captured at each z, and their
profiles are averaged to reduce the influence of environmental
fluctuations. With an initial Gaussian beam width of w =
1.5 mm and a’s between 3.5 and 5.5 mm, the predicted paths
are in excellent agreement with the measured displacements
over the range of z values shown. The larger errors in xc

beyond z ≈ 29 m are most likely due to both an increase in
beam-pointing errors due to environmental fluctuations over
longer path lengths and an increase in peak-fit errors due to
the beam’s larger widths relative to the width of the camera.

It is important to understand properly the meaning of
the data points in Fig. 5. As already discussed, each data
point simply represents the transverse location of the beam

centroid as a function of downrange distance. It would be
incorrect to conclude from the plot that angular momentum
is not conserved, as if the points somehow represented the
motion of a particle with fixed mass traveling along a path
with increasing curvature. The points represent only the po-
sitions of the intensity centroid. Upon propagation of the
Gaussian beam both the intensity at the centroid and the
overall polarization gradient decrease with increasing z due
to standard diffraction. As shown in Appendix B, the quantity
�P = ρ(�v + ��) captures the local transverse momentum flux,
and the total transverse momentum, given by the integral of
�P over the transverse plane, is independent of z; that is, it is
conserved [see Eq. (B2)]. Hence, as �� decreases with distance
z, �v must increase nonlinearly in order to conserve transverse
momentum.

We finally note that although the approximation (15) accu-
rately predicts the results shown in Fig. 5, our model suggests
that diffraction will ultimately (at longer propagation dis-
tances) reduce the beam acceleration, as discussed in Sec. III.
The coupling between diffraction and the polarization gradi-
ent and their mutual influence on the path of the beam are sub-
jects of ongoing numerical and experimental investigations.
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FIG. 5. The measured transverse displacements of the vector
beam centroids xc vs z, corresponding to the γ (x, 0)’s in Fig. 2 with
[a, x0]’s of [3.5 mm, −3.5 mm] (red points), [5.5 mm, −5.5 mm]
(green points), [4.5 mm, 4.5 mm] (blue points), and [3.5 mm,
3.5 mm] (black points). Also plotted are the approximate curves
predicted by Eq. (15) using the same corresponding values of [a, x0].

VI. MODEL EXTENSIONS

Although this paper focuses on free-space propagation, we
can easily adapt the transport model to include propagation
in a lossless, nonmagnetic, isotropic, homogeneous medium
characterized by relative permittivity ε1(�x, z) �= 0. This inclu-
sion adds the term k2

0ε1(�x, z) inside the brackets in (1) and, by
extension, the term ∇X ε1 on the right-hand side of Eq. (3b).
This term also results in the addition of the “body force”

�s(�x, z) ≡ ρ(�x, z)∇X ε1(�x, z) (16)

to the right-hand side of the conservation-of-momentum ex-
pression, Eq. (5b). This holds true whether the permittivity
is assumed to be a deterministic function or, rather, captures
statistical variations in the refractive index of the medium [5].

We also note that while we have considered coherent, fully
polarized, monochromatic light, the model holds more gener-
ally for polychromatic, partially coherent, partially polarized
light. The only difference is that one has to redefine the beam
intensity, transverse phase gradient, and transverse polariza-
tion angle gradient as appropriate statistical quantities. In the
more general setting, these quantities were defined as averages
over both time and spatial frequency in [5]. Appropriately,
these quantities reduce to their coherent, monochromatic,
fully polarized counterparts in those respective limits. Thus,
the model (3) or (5) represents a very general model for lin-
early polarized vector beam propagation under a wide variety
of conditions.

Last, we mention that it may be of interest to extend
the model to elliptically polarized light. Such an extension
would require adding a spatially dependent phase difference
between the vector components of the electric-field model
(3). While this addition would not change the appearance of
the polarization gradient momentum reported herein, it may
produce additional effects. This is a topic we are currently
investigating.

VII. SUMMARY

We showed that paraxial propagation of linearly polar-
ized beams can, in general, be described by the model (3).
The model is entirely consistent with the conservation equa-
tions found in many areas of continuum mechanics and can
alternatively be written in the form (5). The model also clearly
suggests a more general Poynting vector (6) which handles
the spatially nonuniform polarization case but reduces to the
standard form for uniformly polarized light. The acceleration
of a beam in the transverse plane is viewed appropriately as a
momentum exchange whereby an initial momentum, captured
in the model by the polarization gradient, is converted to
conventional transverse momentum during propagation. The
physics of polarization gradient bending were alternatively
described as a symmetry breaking in the Lagrangian density
and as an observable manifestation of the vector potential
found in other areas of physics.

An additional by-product of the model is the interpretation
of diffraction as a kind of pressure. The notion that intensity
will always seek to move away from highly concentrated
regions to flatter regions is consistent with both intuition and
observation.

We then validated the predictions of this model in ex-
periment. The vector beams were generated using sequential
polarization rotations and thus were accompanied by a ge-
ometric, Pancharatnam-Berry phase gradient. Experimental
measurements of the beam centroid as a function of prop-
agation distance were then shown for different slopes and
directions of the polarization gradient. These results closely
match the associated parabolic paths predicted by an approx-
imate closed-form solution to the model. The ultimate limits
of the bending effect will be determined by both the strength
of the polarization gradient, as it dictates the available mo-
mentum that can be exchanged for transverse motion of the
centroid, and the initial width of the beam, which dictates
the polarization gradient’s rate of dissipation via diffraction.
More generally, the model provided here gives practitioners a
fundamentally different design tool for tailoring the behavior
of light beams. New beam preparation approaches and testing
longer propagation paths (numerically and experimentally)
are the focus of ongoing investigations.
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APPENDIX A: DERIVATION OF THE TRANSPORT
MODEL FOR VECTOR BEAMS

To derive the model (3) and the conservation form (5),
we use the electric-field model (2) with a spatially varying
polarization angle γ (�x, z) and insert it into Eq. (1). The result
is four equation:

k−1
0 ∇X · [ρ(�x, z)∇X γ (�x, z)] = 0, (A1a)

∂zρ(�x, z) + k−1
0 ∇X · [ρ(�x, z)∇X φ(�x, z))] = 0, (A1b)
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k0∂zφ(�x, z) + 1

2
|∇X φ(�x, z)|2 + 1

2
|∇X γ (�x, z)|2

= 1

2

∇2
X ρ1/2(�x, z)

ρ1/2(�x, z)
, (A1c)

Dγ (�x, z)

Dz
= 0, (A1d)

where we recall that D(·)/Dz denotes the total deriva-
tive. If we define �v(�x, z) = k−1

0 ∇X φ(�x, x) and ��(�x, z) =
k−1

0 ∇X γ (�x, z), (A1a) can be added to (A1b) to arrive at (3a)
and (5a). Taking the transverse gradient of both (A1c) and
(A1d) yields, upon simplification, (3b) and (3c). In doing so,
we make use of the identity ∇X ( �A · �B) = ( �A · ∇X ) �B + ( �B ·
∇X ) �A.

To arrive at the conservation form of the model, we first
multiply (3c) by ρ(�x, z) and add to the result the quantity

[�v(�x, z) + ��(�x, z)]

× (∂zρ(�x, z) + ∇X · {ρ(�x, z)[�v(�x, z) + ��(�x, z)]}), (A2)

which, by (3a), is identically zero. With this addition and the
use of the vector identity ∇X · ( �B ⊗ �A) = �A(∇X · �B) + ( �B ·
∇X ) �A, Eq. (3c) becomes

∂z[ρ(�x, z) ��(�x, z)]

+ ∇X · {ρ(�x, z)[�v(�x, z) ⊗ ��(�x, z) + ��(�x, z) ⊗ �v(�x, z)]}
= −�v(�x, z){∂zρ(�x, z) + ∇X · [ρ(�x, z)�v(�x, z)]}

− ��(�x, z)∇X · [ρ(�x, z) ��(�x, z)]. (A3)

Now multiplying Eq. (3b) by ρ(�x, z) and
adding the result to Eq. (A3) then gives the
momentum-conservation equation (5b). Thus, un-
der the more general definition of the Poynting
vector,

�P(�x, z) = ρ(�x, z)[�v(�x, z) + ��(�x, z)], (A4)

the system (5) expresses conservation of intensity and conser-
vation of momentum for polarization gradient vector beams.

APPENDIX B: TOTAL TRANSVERSE
MOMENTUM CONSERVATION

Equations (5a) and (5b) are local expressions of conserva-
tion in the transverse plane in the sense that they depend on �x.
Using the Reynolds transport theorem (see, e.g., [46,47]), we
can relate these expressions to global statements of conserva-
tion. Specifically, Eq. (5a) can be integrated in the transverse
plane to yield

d

dz

∫
Xz

ρ(�x, z)d�x = 0. (B1)

In other words, the total intensity is conserved on propagation,
although its distribution in the transverse plane may be altered
under action of the field �v(�x, z) + ��(�x, z) via (3a).

Likewise, Eq. (5b) expresses the conservation of trans-
verse linear momentum. By integrating this expression in the
transverse plane and again applying the transport theorem
to the left-hand side of (5b) and the well-known divergence

theorem to the right-hand side of Eq. (5b), we can write the
expression as

d

dz

∫
Xz

�P(�x, z)d�x = −
∫

∂Xz

P · n̂ ds = 0, (B2)

where ds =
√

dx2 + dy2 is the differential element along the
closed curve ∂Xz which physically defines the boundary of
the beam in the transverse plane as it propagates. Along this
boundary the intensity approaches zero by definition, and
therefore, so too does P [by Eq. (9)]; hence, diffraction does
not change the total transverse linear momentum per unit
length of propagation distance. This was also the conclusion
of [48] in the analysis of the analogous “quantum pressure”
term found in hydrodynamic models of Schrödinger’s equa-
tion [49,50].

Last, we note that we could have written these global,
transverse conservation laws with t as the independent vari-
able by redefining ε0ρ(�x, z)/c2 ∼ [kg m−3] (mass per unit
volume) and ε0 �P(�x, z)/c2 ∼ [kg (m/s) m−3] (transverse lin-
ear momentum density). This alternative representation is
realized by allowing z → ct and multiplying Eq. (5) by the
free-space permittivity ε0 (effectively making the slowly vary-
ing envelope approximation in time).

APPENDIX C: POLARIZATION GRADIENTS
AND THE PANCHARATNAM-BERRY PHASE

The electric-field model (2) does not explicitly include the
Pancharatnam-Berry (PB) phase that was acquired in creating
the polarization gradient [4]. However, at the aperture (z = 0)
the geometric PB phase and polarization angle are directly
related, so that the subsequent evolution in the transverse
gradient of the latter [Eq. (3c)] can be viewed as predicting
the transverse gradient of the former.

To see this in more detail, we recall from our earlier work
that the PB phase is generally a function of the polarization
angle F (γ (�x)). For our particular experiment, this relationship
is [4]

φPB(�x) = F (γ (�x)) = − 1
2 {A cos[2γ (�x)] + B}. (C1)

That is, during the process of creating the polarization angle
gradient, the beam acquires a PB phase proportional to the
cosine of twice the polarization angle. Taking the transverse
gradient of (C1), rearranging, and multiplying by the intensity,
we can write

ρ(�x, 0) ��(�x, 0) = ρ(�x, 0)k−1
0 ∇X F (γ (�x, 0))

F ′(γ (�x, 0))

= ρ(�x, 0)k−1
0 ∇X φPB(�x)

A sin[2γ (�x, 0)]
. (C2)

The polarization gradient is therefore proportional to a
transverse PB phase gradient, a relationship also noted in
[51], Eq. (4). The factor in the denominator, F ′(γ (�x, 0)) ≡
dF (γ (�x))/dγ (�x), stems from applying the chain rule in dif-
ferentiating (C2) and depends, in general, on the particular
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sequence of transformations that lead to the polarization gra-
dient.

The polarization gradient momentum could therefore also
be described as a transverse momentum associated with a
geometric phase gradient. Put another way, our model sug-
gests that the dynamic and geometric phases give rise to

corresponding, distinct momenta. Once the beam leaves the
aperture, the transverse gradients �v(�x, z) and ��(�x, z) evolve
according to (3b) and (3c), respectively, although they clearly
remain coupled on propagation in such a way that the latter
is eventually converted to the former, causing the observed
acceleration.
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