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We study the classical compilation of quantum circuits for the preparation of matrix product states (MPS),
which are quantum states of low entanglement with an efficient classical description. Our algorithm represents
a near-term alternative to previous sequential approaches by reverse application of a disentangler, which can
be found by minimizing bipartite entanglement measures after the application of a layer of parametrized
disentangling gates. Since a successful disentangler is expected to decrease the bond dimension on average, such
a layer-by-layer optimization remains classically efficient even for deep circuits. Additionally, as the Schmidt
coefficients of all bonds are locally accessible through the canonical �-� form of an MPS, the optimization
algorithm can be heavily parallelized. We discuss guarantees and limitations to trainability and show numerical
results for ground states of one-dimensional, local Hamiltonians as well as artificially spread out entanglement
among multiple qubits using error-correcting codes.
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I. INTRODUCTION

Finding quantum circuit representations of useful entan-
gled initial states can be decisive for a successful quantum
simulation of many-body physics. But also beyond quan-
tum simulation, mapping classical solutions of parts of the
problem, or educated guesses, to quantum circuits is highly
relevant in ground-state problems [1] and for avoiding bar-
ren plateaus in variational algorithms and quantum machine
learning [2].

Especially on one-dimensional chains, matrix product
states (MPS) have been proven useful structures for inves-
tigations on ground states of gapped, local Hamiltonians on
one-dimensional chains [3,4], as they are efficient classical
representations of quantum states with bounded bipartite en-
tanglement. The time evolution of such systems, however, is
generally a hard task [5], which is believed to be a natural
first candidate for quantum advantage [6,7]. An MPS provides
classical access to physical states of quantum many-body
systems and is known to be exactly preparable by a quan-
tum circuit of depth linear in system size n and quadratic in
the bond dimension D [8]. More recently, it was shown that
sequential preparation could be refined for MPS with finite
correlation length yielding a log-depth O[D4 log(n)] quantum
circuit for small-error approximate preparation [9]. An inter-
esting intermediate strategy interpolating between sequential
and brick-wall layouts has also been proposed [10] and
benchmarked against other preparation strategies in the pres-
ence of noise. Using midcircuit measurements, the depth can
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be further reduced to O(log log n) [9] or even constant-depth
circuits [11], though only for a restricted subclass of MPS, on
which measurement-induced defects can be “pushed” to the
physical indices.

While past approaches have been proven to have optimal
asymptotic scaling [9], what is needed in near-term applica-
tions are hardware-efficient circuits with two-qubit gates on
neighboring sites, allowing for approximation errors on the
same scale as gate errors. In fact, a number of investigations
have been built upon the sequential preparation [12,13] as well
as application-specific approaches like image data encoding
[14] and general classification tasks [15]. It is important to
note that while sequential preparation yields exact states, or
small many-body infidelity in the log-depth method, it re-
quires a minimum number of implementable gates to begin
with. This makes it poorly suited for near-term applications,
where gate budgets are severly restricted and idle qubits
should be avoided, especially considering state preparation
as only a small subroutine in a larger quantum algorithm.
Recent approaches under the paradigm of approximate quan-
tum compiling (AQC) have therefore proposed the general
task to variationally compile circuits using tensor network
methods to optimize for a target fidelity [16–18] or to leverage
counterdiabatic dynamics [19]. Other strategies include local
infidelity minimization [20], variational quantum eigensolver
(VQE) preroutines [21], and quantum circuit representations
of analytical functions [22]. While these methods highlight
the power of tensor-network-assisted optimization and the
benefits of local cost functions for avoiding barren plateaus,
fidelity-based cost function does not offer control over the
bond dimension of the MPS, thus allowing a potential expo-
nential growth of the bond dimension in circuit depth. The
challenge remains to design a strategy that is both trainable
and classically efficient for arbitrary circuit depths, and at the
same time flexible enough to adapt to practical gate budgets
on near-term devices.
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In this work, we present classical variational disentan-
glement (CVD), a near-term focused approach to MPS
preparation with parametrized brick-wall circuits optimized
to disentangle the state using entanglement entropies as a cost
function. At each bond, the Schmidt values can be efficiently
processed to calculate von Neumann and Rényi entropies.
Once a unitary disentangler U as a product of local gates is
found, the preparation circuit is read off as the inverse oper-
ator U †. While in general, contracting quantum circuits with
MPS increases the bond dimension exponentially in the circuit
depth, a successful disentangler decreases the bond dimension
of the MPS on average and thus ensures efficient classical
scaling. We further show that the approximation error by
truncating an MPS, that is close to a product state, and reverse
propagating it with U † is bounded by the square root of the
system size

√
n, the circuit depth L, and the truncation error ε.

Finally, we show that as a consequence of ultralocality of the
cost function, i.e., being defined on only two sites of the MPS,
there are no barren plateaus that would impede trainability of
the model. In that, CVD enhances the idea of AQC by using
the local nature of the encoding of an MPS enabling efficient,
local gate-by-gate optimizations.

Although previous works have explored disentangling-
based and variational approaches to prepare MPS, our work
differs crucially in three respects. First, we introduce an
entanglement-based cost function, using Rényi or von Neu-
mann entropies, whose minimization is shown to provably
bound the bond dimension (Lemma 1), ensuring that the al-
gorithm remains classically efficient regardless of how deep
the circuit becomes. Second, we establish trainability guar-
antees: together with an explicit error bound (Lemma 2), we
prove absence of barren plateaus (Lemma 3). Finally, our
method is designed with near-term constraints in mind, i.e.,
fixed gate budgets rather than exact zero-error or asymp-
totic behavior, and is applicable with any circuit ansatz, and
not necessarily tied to a brickwall ansatz, making it more
flexible than sequential preparation or global overlap-based
optimization approaches. These features combined (bond-
dimension bounding, trainability, fixed-budget working, and
ansatz-independence) are, to our knowledge, not present to-
gether in any previous state-preparation strategy.

II. CLASSICAL VARIATIONAL DISENTANGLEMENT

We consider finite matrix product states (MPS) with open
boundary conditions, i.e., we assume D0 = Dn = 1:

(1)

The matrices A[k] ∈ Mat(Dk−1 × Dk,C) have a maximal bond
dimension D = maxk Dk , which is assumed to be constant in
system size. As most of the discussion is considering local
quantities, CVD can also be applied to map finite chunks of in-
finitely large systems to quantum circuits. In this case, we can
allow for larger bond dimensions at the boundary and contract
A[1] and A[n] with D0 and Dn dimensional vectors |φl/r〉 for the

left and right boundary, respectively. On systems with periodic
boundary conditions, the concepts can be similarly applied,
although the calculation of the entanglement entropies is more
tedious, as there does not exist a canonical form, in general.

A. Overview

In order to minimize entanglement entropies on all bonds
simultaneously, we are working with Vidal’s �-� form
[23,24], in which the � matrices are diagonal, positive-
definite matrices carrying the Schmidt values of the bipartite
state separated by the respective bond. A finite MPS |ψ〉 ∈ H
can always be brought into �-� form

|ψ〉 =
∑

b1,...,bn

�
b1
1 �1�

b2
2 �2 · · · �n−1�

bn
n |b1 . . . bn〉

(2)

by applying a singular value decomposition (SVD) on each
site [24]. We are looking for a quantum circuit U = ∏

i Gi,i+1

built from a product of gates Gi,i+1 ∈ SU(d2), that maps a
given MPS |ψ〉 ∈ H ∼= (Cd )⊗n as above to a product state.
For the sake of concreteness, we focus on the qubit case d =
2, but CVD works the same way on systems with higher local
dimension d if the gates Gi ∈ SU(d2) are adapted adequately.

Once a product state is reached, it can be mapped to |0〉⊗n

by one layer of single-qubit gates (see Fig. 1). We will ab-
sorb this last layer into U without loss of generality. This
is possible since a product state, i.e., an MPS with bond
dimension D = 1 can be prepared with a Pauli X and Pauli Z
rotation with angles φx/z that can be read off of the coefficients
�0 = cos(φx ) and �1 = eiφz sin(φx ). The disentangler U auto-
matically leaves us with a state preparation circuit simply by
reverse application.

To ensure classical efficiency, the bond dimensions of the
MPS are truncated under a map TD : H → H that projects
the input state to the closest bond dimension D MPS by
cutting off all but the largest D Schmidt coefficients. Even if
the disentangler does not create a perfect product state after
L layers, we can terminate CVD by applying the truncation
map T1 and reading off the last layer of single-qubit gates as
described above. The state that would be ultimately prepared
on a quantum computer, U †|0〉, carries an error that is dis-
cussed in detail in Lemma 2, where we prove an upper bound
containing the truncation error

ε =
∥∥∥∥∥|ψ〉 −

(
1∏

i=L

TD ◦ G†
i

)
◦ T1 ◦

(
L∏

i=1

TD ◦ Gi

)
|ψ〉

∥∥∥∥∥
=

∥∥∥∥∥|ψ〉 −
(

1∏
i=L

TD ◦ G†
i

)
|0〉

∥∥∥∥∥, (3)

which is calculated by forward application, truncation to the
product state |0〉 (omitting the last layer of single-qubit gates
without loss of generality), and finally reverse application of
the disentangler while keeping a maximum bond dimension
D. We relabeled the gates Gi to be ordered in the brick-wall
structure as depicted in Fig. 1. The product

∏
orders its terms
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FIG. 1. Graphical representation of a unitary disentangler U acting on an MPS |ψ〉. U is built from a product of local gates Gi,i+1 (blue)
acting on neighboring sites. When the bond dimension is reduced to one, a last layer of single-site gates can be read off to finally map the MPS
to the computational basis state |0〉⊗n.

from right to left, i.e.,
∏L

i=1 Gi applies G1 first and GL last,
and

∏1
i=L is reverse. This error is classically accessible and

can thus be used as an additional figure of merit.

B. Disentanglement by entropy minimization

In �-� form, an efficiently calculable entanglement mea-
sure on |ψ〉 is the α-Rényi entanglement entropy SA ,α (θ ) =

1
1−α

log[Tr(ρα
A )] of a bipartition into a subsystem A and

its complement A c. A natural choice for A and A c on an
MPS is defined by the ith bond, whose � matrix contains
the Schmidt values of a Schmidt decomposition with respect
to the bipartition into [i] := { j| j � i} and its complement.
The Rényi entropy can thus be calculated without explicitly
working with the reduced density matrix ρA , it reads as

SA ,α = 1

1 − α
log

[
Tr

(
ρα

A

)]

= 1

1 − α
log

⎛
⎝∑

j

λ2α
j

⎞
⎠, (4)

with λ j := � j j being the jth diagonal element of the � ma-
trix defining the bipartition. In order to find the disentangler,
we are treating SA ,α as a cost function for variational opti-
mization on the variational reduced density matrix ρA (θ ) =
TrA c [U (θ )|ψ〉〈ψ |U (θ )†], or in other words on the variational
�(θ ) matrices. As an ansatz for U (θ ), we choose a brick-wall
circuit

U (θ ) =
L∏

μ=1

(
n∏

i odd

Gμ
i,i+1(θ )

n∏
i even

Gμ
i,i+1(θ )

)
, (5)

consisting of L layers of the most general disentangler [25] on
two qubits, that is,

Gi, j (θ ) = e−i(θi,1XiXj+θi,2YiYj+θi,3ZiZ j )

× (e−i(θi,4Xj+θi,5Yj+θi,6Z j ) ⊗ e−i(θi,7Xi+θi,8Yi+θi,9Zi ) ).
(6)

The most general SU(4) operator from [25] also includes
single-qubit gates at the end. These do not need to be part
of Gi,i+1, as they do not remove any entanglement. With nine
parameters per gate, the total number of parameters is hence
9(n − 1)L. Although this is the most general ansatz, in some

applications it might be favorable to choose a more restricted
gate set tailored to the available hardware, accepting possibly
deeper circuits. In that case, the method can be straightfor-
wardly adapted.

To ensure a classically efficient evaluation of the cost
function, we perform a layer-by-layer optimization of the
parameters θ since a contraction of the full circuit on nonop-
timized parameters can lead to an exponential scaling of the
bond dimension D � 4L. The contraction of a single disen-
tangling gate with two sites of the input MPS, on the other
hand, is efficient and can be parallelized for every gate in
the same layer. After contracting a gate Gl,r on two sites l
and r, the new Schmidt values �′

0 result from an SVD in the
following way:

Γl Γr

Λl ΛrΛ0

Gl,r

=

Γl Γr

D ≤ 4

Λl ΛrΛ0

= UlΛ′
0Vr

=:
Γ′

l Γ′
r

Λl ΛrΛ′
0

.

(7)

Using a matrix product operator (MPO) form of the gate Gl,r

shows that the contraction of �l/r with Gl,r can be carried out
efficiently paying the prize of an increase in bond dimension
of �0 by a factor of 4 in the worst case. In the second step, all
tensors are being contracted and isometries Ul and Vr as well
as the new singular values �′

0 have been defined via singular
value decomposition (SVD). Finally, the new � tensors are
defined via

�′
l = �−1

l Ul and �′
r = Vr�

−1
r . (8)

This allows for an efficient evaluation of the new entangle-
ment entropy by plugging �′

0 into Eq. (4). While the bond
dimension could in principle grow by a factor of 4 in each such
layer, the optimizer actively tries to reduce the rank of �0 and
therefore also the necessary bond dimension by minimizing
the entanglement entropy. We give a rigorous explanation of
this in Lemma 1.

It is clear that the Rényi index has an influence on the
change in bond dimension. In the limit α → 0, SA ,α reduces
to log(D), whereas for α → ∞, the entropy only considers the
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FIG. 2. Bond dimensions for disentanglement of the ground state of a 1D Ising model with skew magnetic field of strengths hx = 0.5
and hz = 0.05 [see Eq. (13)]. After the target MPS is prepared with a DMRG, CVD is carried out using different values for the Rényi index
α showcasing a suppression of the maximal bond dimension D for small indices α in the presence of an error threshold p = 10−7. A bond
dimension larger than one should not be interpreted as a failure of disentangling. All three algorithms converge to a per-site overlap error of
approximately ε = 10−4.

largest Schmidt value SA ,α → − log(λ2
1). The Rényi index

thus serves as an adaptive control parameter to balance the
exploration of entangled states and classical efficiency via a
maximal bond dimension. Figure 2 illustrates the application
of CVD to the ground state of a transverse-field Ising model
on a one-dimensional chain using different Rényi indices.
While the precision of state preparation does not differ sig-
nificantly, the suppression of the bond dimension by a small
Rényi index becomes apparent. Note that a bond dimension
larger than one does not imply a failure of the disentangling
procedure or residual entanglement. While reducing the bond
dimension ensures classical representability, the relevant fig-
ure of merit is the fidelity, which is high in all cases of
Fig. 2. We refer to Sec. III for a more detailed discussion
on numerical experiments. In the following section, we show
how a successful minimization of SA ,α yields guarantees for
classical efficiency.

C. Classical efficiency

We prove a variant of Lemma 2 from [3] to give an explicit
form of the bound on the bond dimension, given an entangle-
ment entropy value as output of the optimizer.

Lemma 1. Let SA ,α (pi ) = 1
1−α

log(
∑

i pα
i ) with pi := λ2

i
be the α-Rényi entropy with 0 < α < 1 given by the � matrix
separating an MPS into left and right subsystems A and A c.
Let p = ∑2n

i=D+1 pi be the error from cutting off the squared
Schmidt coefficients at bond dimension D. Then,

D � (1 − α)α
α

1−α

p
α

1−α

eSA ,α . (9)

Lemma 1 is derived by minimization of the entanglement
entropy, while considering the normalization constraint and
a minimal cutoff threshold for the Schmidt values (see Ap-
pendix A 1 for details).

We observe that for SA ,α → 0, the bound on the rank goes
to a constant that can be larger than one depending on p. Since
SA ,α = 0 implies D = 1, the bound becomes loose in this
limit. Equation (9) supports the claim that an optimization for
entropies with small α focus on lowering the bond dimension
since the α-dependent prefactor becomes small for small α

and diverges for α → 1 like ( 1
p )

α
1−α .

In case of arbitrary precision p → 0, the rank is un-
bounded. To ensure efficiency, the MPS has to be truncated
regularly introducing the approximation error p at each bond.
The unitary disentangling process U thus becomes

∏L
i=1 TD ◦

Gi with the truncation map TD enabling the classical calcu-
lation of an error measure ε from Eq. (3). However, a state
preparation on a quantum machine does not contain trunca-
tions TD, but prepares U †|0〉. We thus tackle the question
about the total error being made in CVD when keeping a
constant bond dimension D.

Lemma 2. Let U = ∏L
i Gi be a unitary disentangler

resulting from a CVD with a precision ε = ‖|ψ〉 −
(
∏1

i=L TD ◦ G†
i )|0〉‖ and maximal bond dimension D, then the

total error of state preparation is

‖|ψ〉 − U †|0〉‖ � ε + L
√

2(n − 1)p, (10)

with p = maxk p[k] and p[k] denoting the truncation error at
the kth bond.

See Appendix A 2 for a proof.

D. Absence of barren plateaus

The guarantees for classical efficiency rely on the perfor-
mance of the optimizer finding transformations which lower
the entanglement entropy. For a complete discussion on clas-
sical efficiency, we include a note on trainability of the
variational ansatz due to the existence of significant gradients.
Quantum variational algorithms are known to suffer from
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barren plateaus [2,26], which ultimately leads to a sample
problem in resolving the direction of the gradient. While in
classical computations with MPS, the full state is available,
an exponentially small gradient is not necessarily a sample
problem, but still imposes an overhead in the convergence of
the optimization. In the following, we show that variational
disentangling does not suffer from barren plateaus, which
becomes apparent from the locality of Eq. (7), pointing out the
decomposition of the problem into gate-by-gate optimizations
on two sites. In order to be able to calculate expressions of the
gradient, we focus on the 2-Rényi entropy and its gradient that
reads as

∂iSA ,2(θ ) = − 2

Tr[ρA (θ )2]
Tr[ρA (θ )∂iρA (θ )]

with ∂iρA (θ ) = TrA c [(∂iU (θ ))|ψ〉〈ψ |U (θ )† + H.c.]. (11)

The calculation straightforwardly generalizes to Rényi indices
α > 1, however, gradients might become unstable for α � 1
in the presence of small Schmidt values. However, this is not a
problem in practice since the introduction of a cutoff threshold
leads to the truncation of small Schmidt values before enter-
ing a singularity. At θ = 0, the elements of ∂iρA (θ ) are of
the form −iTrA c ([σl ⊗ σr, |ψ〉〈ψ |]) with σl/r having support
across the boundary between A and A c. An evaluation of
Eq. (11) in graphical notation allows a formal identification of
the extrema. Next to product states (�0 = 1) being minima
and maximally entangled states being maxima, states with
real-valued coefficients represent saddle points. This property
is discussed in detail in Appendix A 3 and ensures that a
gradient calculated from finite differences will thus not halt
at the unstable fixed points, but move towards product states,
as desired, or possibly get stuck in local minima.

In parameter spaces of large dimension, however, cost
landscapes with small typical gradients, or barren plateaus, are
a more serious concern than local minima would be. In order
to make a statement about generic MPS with a fixed bond
dimension D, we calculate the first and second moments of
the gradient from Eq. (11) evaluated on randomly distributed
MPS with bond dimension D. Using the isometric property
of �l�l and �r�r , we can utilize statistical tools for the Haar
measure of SU(2D), leading to a quantification of the variance
of the gradient ∂iSA ,2 in terms of the bond dimension.

Lemma 3. Let A = �l�l and B = �r�r be random isome-
tries with fixed bond dimension D and �0 a matrix of Schmidt

values. The expected value of the gradient ∂iSA ,2|θ=0 is zero
and the variance is

E[(∂iSA ,2|θ=0)2] = 8

(2D + 1)2

(
1 − e2(SA ,2−SA ,3 )

)
, (12)

for i corresponding to σl ⊗ σr ∈ {X ⊗ X,Y ⊗ Y, Z ⊗ Z}.
The proof consists of a straightforward, but technical, cal-

culation in Weingarten calculus involving integrals over the
Haar measure on SU(2D) to account for the random isome-
tries A and B. Technical details are provided in Appendix A 3.

The statement of Lemma 3 is more general than it may
first appear. The restriction to θ = 0 can be lifted as long as
a constant maximal bond dimension is ensured by regularly
truncating the state. Doing so, an error bounded by Eq. (10)
is introduced. Typically, barren plateaus are diagnosed by

randomizing over the parameters θ rather than the state that
is acted upon. One can view Lemma 3 as an equivalent
perspective whenever the unitary Gl,r (θ ) is absorbed into the
tensors A and B. In that case, one would have to consider a
bond dimension 4D. While this argument ensures the absence
of barren plateaus, local minima can still occur. However,
in practice these are mitigated by alternating between even
and odd pairs after each layer, which maintains optimization
momentum and reduces the chance of getting trapped.

Furthermore, it is important to distinguish the local nature
of CVD from approaches based on the quantum marginal
problem [27]. Starting from an MPS in canonical form allows
us to locally access entanglement properties across biparti-
tions separating all sites to the left and right of a given bond.
The corresponding local MPS tensors generally encode more
information than the two-site reduced density matrix on which
the optimized unitary acts.

The key distinction is that disentangling a two-site
marginal addresses only strictly local correlations, whereas
the MPS representation captures correlations on finite length
scales beyond nearest neighbors. We refer to Sec. III C for
illustrative examples.

III. NUMERICAL EXPERIMENTS

In order to test the performance and classical efficiency
guarantees of CVD, we carried out a number of numerical ex-
periments. We first consider ground states of one-dimensional
(1D) spin Hamiltonians and an approximation to the ground
state of a Fermi-Hubbard model found classically by the den-
sity matrix renormalization group (DMRG) method. We plot
the ∞-Rényi entropy as a measure for the tail weight of the
Schmidt values on each bond and for each layer, as well as
the per-site contribution of the overlap error ε from Eq. (3).
The overlap error is calculated between the input MPS and an
MPS resulting from forward propagation of the disentangler,
truncation to bond dimension D = 1, and finally backwards
propagation of the disentangler.

Since physical states of locally interacting spin systems
are typically weakly correlated, we also test CVD on an
artificial state of high bipartite entanglement. In particular,
we disentangle a logical Bell pair, where two qubits are
encoded in a quantum error-correcting code each. Although
the entanglement is distributed among many qubits, we find
that CVD successfully disentangles the state only considering
two neighboring sites at a time. In Appendix B, we repro-
duce preparation circuits for known MPS structures like the
Greenberger-Horne-Zeilinger (GHZ) state, the cluster state,
and the Affleck-Kennedy-Lieb-Tasaki (AKLT) state exhibit-
ing different ranges of correlation length.

All numerical experiments have been carried out with us-
ing the julia library “ITensor” [28] and can be reproduced
using the code available at [29].

A. Spin model ground states

An interesting quantum computing application of MPS
preparation is the study of quantum many-body physics.
Especially on one-dimensional spin chains, MPS have been
proven faithful representations of ground states of gapped
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No. of No. of

FIG. 3. Disentanglement of the ground states of the Ising model with skew magnetic field hx = 0.5, hz = 0.05, the XY model with g = 0
and a magnetic field in X direction, hx = 0.1, and the Heisenberg XXZ model with Jz = 0.5 and a skew magnetic field hz = 0.1 and hx = 0.1
defined on 50 sites. The target state has been determined using a DMRG routine and subsequently disentangled using a Rényi index α = 1

2
on every third layer and α = 1 else. The color plots (a) show a gradual decrease of the ∞-Rényi entropy starting from the boundary. As an
approximation to the tail weight, it measures the distance of the MPS to a product state across the bond. Since the overlap error (b) also
saturates for all three spin models, this indicates that there exist local minima with unresolved correlations. The system-size scaling (c) of the
final errors after 32 layers saturate at around 10−4 with one outlier for the 50-site Ising model.

Hamiltonians with local interactions [3,4]. In this section, we
find ground-state preparation circuits for the following spin
Hamiltonians:

HIsing = −1

2

∑
i

ZiZi+1 + hx

∑
i

Xi + hz

∑
i

Zi, (13)

HXY = −1

2

∑
i

(XiXi+1 + YiYi+1) + hx

∑
i

Xi, (14)

HHeisenberg = − 1

2

∑
i

(XiXi+1 + YiYi+1)

− Jz

2

∑
i

ZiZi+1 − hx

∑
i

Xi − hz

∑
i

Zi, (15)

by first finding an MPS representation of the respective
ground state using a density matrix renormalization group
(DMRG) algorithm and subsequently disentangling the tar-
get MPS with CVD. There is a freedom in balancing
interaction strengths in the Heisenberg model via Jz and
tuning the magnetic field strengths hx, hz. Choosing a state
deep in a phase more likely results in extremely shallow,

or even trivial, preparation circuits, as the ground states
can be very close to product states for some models. We
thus pick near-critical models with nontrivial MPS repre-
sentations and add small magnetic field values to ensure
nonintegrability.

In Fig. 3, we show results for the ground-state preparation
of the three spin models above. Next to the evolution of the tail
weight S∞ = − log(λ2

1) ≈ 1 − λ2
1 of the Schmidt coefficients

λi at any bond and after every disentangling layer, we plot the
overlap error per site,

εsite = 1 − (1 − ε)
1
n , (16)

with ε being taken from Eq. (3). We choose this figure of
merit as it reflects the error of the prepared state at the level
of the individual matrices in the MPS, which contribute to the
overall fidelity multiplicatively.

The ground state of the Ising model with a skew magnetic
field hx = 0.5 and hz = 0.05 appears to have comparatively
low state complexity, as it is prepared with high fidelity
using around 10 brick-wall layers for a state on 50 sites.
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The ground states of the XY (with hx = 0.1) and Heisenberg
XXZ models (with Jz = 0.5 and hx = hz = 0.1), on the other
hand, converge to per-site overlap errors of just above 10−4,
which is small compared to near-term gate fidelities. From
a near-term perspective, it hence makes sense to stop at this
point and spend the rest of the limited gate budget on the
actual computation after the initial state is prepared. Higher
fidelities are achievable by tuning down the cutoff parameter
p (compare Lemma 1) and allowing for higher maximal bond
dimensions along the way. The tail weights shown in Fig. 3(a)
display a gradual concentration towards a product state, as
S∞ decreases starting from the boundary towards the center
bonds. The maximal bond dimension of D = 100 was never
reached during CVD.

Using the MPS representation of the ground state of
a local, gapped Hamiltonian defined on a one-dimensional
lattice is a very convenient position to take, as there are
guarantees for a faithful representation [3] leaving us with
practically no restriction in system size. To showcase this
fact, we plot the overlap error per site, εsite, of state prepa-
rations of the spin model ground states after 32 layers in
Fig. 3(c). Although the state complexities differ, resulting
in different final error levels, the per-site error saturates.
While it is to be expected that the total fidelity faces an
orthogonality catastrophe, i.e., decreases exponentially in the
system size n, a constant per-site error further supports the
scalability of CVD.

B. 1D Fermi-Hubbard ground state

The problem of preparing low-temperature equilibrium
states in the canonical ensemble of electronic structure Hamil-
tonians, even on one-dimensional lattices, targets highly
entangled states. Tensor network approaches like DMRG are
struggling to find scalable approximations, in general [30,31].
This is why quantum algorithms are being investigated for
the quantum simulation of electronic structure problems, but
(like most quantum algorithms) they suffer from scalability
problems in sample [2] and gate complexity [32]. An educated
initial guess with sufficient overlap with the target state eases
the ground-state problem possibly even by an exponential
factor [33]. This is where CVD comes into play. A (poten-
tially faulty) DMRG and subsequent CVD yield a preparation
circuit that produces a state in the low-energy subspace, for
which efficient ground-state algorithms have been investi-
gated, for instance via digital cooling [1] or with variational
algorithms [34]. In this section, we illustrate this classi-
cal preprocessing step on the Fermi-Hubbard model with
Hamiltonian

HFH = −t
∑
i,σ

(
c†

i,σ ci+1,σ + ci,σ c†
i+1,σ

) + U
∑

i

ni,↑ni,↓,

(17)

constructed from creation and annihilation operators c†
i,σ

and ci,σ with site indices i ∈ {1, . . . , n} and spin indices
σ ∈ {↑,↓}. The operators ni,σ := c†

i,σ ci,σ are the number op-
erators on site i and spin σ . Running a DMRG within a
particle-number-conserving subspace yields an MPS with lo-
cal dimension 4. This state can be mapped to qubits yielding
an MPS with local dimension 2, which is suitable for CVD.

Each electronic site is separated into two neighboring qubit
sites representing the spin-up and -down degrees of freedom,
respectively. Although the DMRG with heavily restricted
bond dimension might not be quite successful in finding the
ground state of HFH, it provides a low-energy state as an edu-
cated guess for a potential quantum computing application.
For illustration, we probe the energy of an MPS approxi-
mation with bond dimension D = 5 of the Fermi-Hubbard
ground state on 25 electronic sites or 50 qubit sites, respec-
tively. We compare the energy of the state prepared by local
unitary gates using CVD to a benchmark of the ground-state
energy using DMRG on an MPS with bond dimension D =
1000 as well as the energy of the target state (D = 5) in Fig. 4.
Even though the prepared quantum state lies far above the
actual ground state in energy, it still exemplifies how CVD
can generate structured initial states that may reduce the com-
plexity of a subsequent quantum solution to the ground-state
problem. Importantly, our example is meant as a preparatory
step rather than a proposal for solving ground-state problems
in 1D, where DMRG is already highly efficient. The task
becomes much harder and more interesting in 2D, where the
Fermi-Hubbard model is QMA-hard [30], but can be reduced to
BQP when a ground-state guess with inverse-polynomial pre-
cision is available [33]. Cooling algorithms such as [1] only
require that the initial state lies in a sufficiently low-energy
subspace; in some instances this can lead to high overlap with
the ground state, but this is certainly not guaranteed in general,
assuming no collapse of complexity classes. With an appro-
priate snaking of the 2D lattice, a faulty MPS approximation
of the ground state can thus be transferred to the quantum
processor.

C. Entangled logical qubits

Going beyond ground states of local Hamiltonians, in this
section we challenge CVD on states whose entanglement
is distributed such that it is not removable by single local
operations. Consider the example of a Bell pair distributed
on far away sites. Its state complexity is proportional to the
distance of the entangled qubits, as the state can only be
disentangled by first swapping the pair to neighboring sites
and subsequently applying a disentangling gate, a CNOT gate
for instance. Swapping the Bell pair closer together only
decreases the entanglement entropy of the leftmost and right-
most bonds. Thus, there is hope that CVD, which only looks
at pairs of two neighboring sites at a time, can find a good
approximation of this state.

In order to make the example more interesting, we ad-
ditionally smear out the entanglement among many qubits
by encoding the Bell pair in a stabilizer code. There, local
operations should not alter the state, if stabilizer measure-
ments are carried out fast enough. We thus expect that a
single layer of unitaries cannot significantly disentangle the
state alone, but there will be a minimal necessary depth to
be able to concentrate the entanglement entropy into two
neighboring qubits. We consider two examples of stabilizer
codes with distances three and five, in particular the [5,1,3]
code and the [11,1,5] code defined by the symmetric subspace
of the stabilizers displayed in Table I. Our goal is to dis-
entangle the logical Bell pair 1√

2
(|01〉L − |10〉L ) that defines
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No. of

FIG. 4. Disentanglement of an MPS approximation to the ground state of the Fermi-Hubbard model with hopping parameter t = 1 and
Coulomb interaction strength U = 2 on 25 electronic sites at half-filling (12 spins up and 12 spins down) using α = 1. These are encoded
into 50 qubits with each qubit the occupation of a spin-up or -down particle, respectively. Next to a plot of the tail weight (a), the energy of
the prepared low-rank state is plotted against the layer count (b). The ground-state energy is approximated by a DMRG calculation with bond
dimension D = 1000 (orange) and the target state (D = 5) energy is plotted in green.

a 10-qubit or 22-qubit quantum state, respectively, shown
in Fig. 5(d).

We plot the results for both the [5,1,3] and the [11,1,5]
codes for separated and interlaced logical Bell pairs in Fig. 5.
While the separated states can be prepared exactly (up to nu-
merical precision) with approximately n

2 layers, disentangling
the interlaced logical qubits needs a deeper circuit to properly
swap the entanglement to neighboring sites. Although the
optimizer eventually reaches overlap errors of below 10−3 per

TABLE I. Stabilizers for the [5,1,3] stabilizer code [35] (a) and
the [11,1,5] stabilizer code [36] (b) used for the disentangling test
case shown in Fig. 5.

(a)

S[5]
1 I X Z Z X

S[5]
2 X Z Z X I

S[5]
3 Z Z X I X

S[5]
4 Z X I X Z

(b)

S[11]
1 Z Z Z Z Z Z I I I I I

S[11]
2 X X X X X X I I I I I

S[11]
3 I I I Z X Y Y Y Y X Z

S[11]
4 I I I X Y Z Z Z Z Y X

S[11]
5 Z Y X I I I Z Y X I I

S[11]
6 X Z Y I I I X Z Y I I

S[11]
7 I I I Z Y X X Y Z I I

S[11]
8 I I I X Z Y Z X Y I I

S[11]
9 Z X Y I I I Z Z Z X Y

S[11]
10 Y Z X I I I Y Y Y Z X

site, the interlaced [11,1,5] Bell pair is not exactly prepared,
but seems to be stuck in a local minimum. The evolution of the
tail weights behaves similar in both codes, while the decrease
of the tail weights in the [11,1,5] code is evidently subject
to fluctuations. It appears that CVD, being a strictly local
disentangling strategy, is having trouble finding the correct
order of swapping back the interlaced qubits before remov-
ing the nonlocal entanglement as in the separated case. The
attempt to directly remove entanglement from the start, i.e.,
without swapping qubits around first, leads the optimizer into
a convergence barrier.

IV. CONCLUSION

We present classical variational disentanglement, or CVD,
a classical mapping of MPS representations to quantum
circuits for state preparation. The classically efficient rep-
resentation of MPS using local information is utilized to
optimize a parametrized circuit to minimize the entanglement
entropy for bipartitions defined by each bond of the MPS. We
prove guarantees for classical efficiency ensuring trainability
and bounds on the maximal bond dimension and the error of
the output state and showcase the algorithm on a number of
examples.

We expect CVD to be a flexible preprocessing routine for
the simulation of quench dynamics, where the initial state
is taken as the ground state of a gapped, local Hamilto-
nian. Since the initial-state preparation is not the quantumly
hard part, it should be processed classically. Also, generic
ground-state algorithms like the variational quantum eigen-
solver, imaginary-time evolution or cooling protocols benefit
from an educated guess, which CVD provides. CVD also
improves the access to entangled bases for sample efficient
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No. of 

FIG. 5. Disentanglement of logical Bell pair in a [5,1,3] and [11,1,5] stabilizer code using α = 1 in both the separated and the interlaced
versions as depicted in (d). In (a) and (b), the tail weights on each bond and for each layer in the disentangling process are shown and in (c), the
overlap errors from backwards preparation of the initial MPS in the [11,1,5] code are shown. We find that in all cases a linear circuit depth is
required to fully disentangle the state. Although the bond dimension is decreasing along the way, the overlap error undergoes an abrupt jump.

measurements [37], as well as for tomography of low-rank
states [38] and processes [39], which are further known ways
of connecting classical and quantum information processing.
CVD is not restricted to disentangling only local correlations,
but can in practice become trapped in local minima that yield
good approximations but neglect longer-range correlations.
Such cases may be alleviated by blocking sites before opti-
mization, which offers a natural extension of the method to
more strongly correlated systems.

The idea of disentangling tensor networks with local gates
reaches beyond state preparation. Interesting generalizations
include classical compilation of circuits for time evolution by
disentanglement of matrix product operators (MPOs) going
beyond Trotterization-based classical compilation schemes
like [40–42] or sequential preparation [43]. Similarly, matrix
product functions (MPFs) have been successfully applied for
machine-learning tasks [44,45] and thus their compilation
into circuits (potentially including nonunitary structures) pro-
vide classical guesses for quantum machine-learning models
boosting trainability with CVD as a systematic segue past
barren plateaus and towards narrow gorges.
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APPENDIX A: CLASSICAL EFFICIENCY OF CVD

In this appendix, we provide technical details for the proofs
of classical efficiency of CVD including a bound on the bond
dimension for a given entanglement entropy value, an error
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bound for the approximation of the prepared state by trunca-
tion of MPS and finally a proof of absence of barren plateaus
in optimization. Together these results yield good evidence for
efficient disentanglement.

1. Bounds on bond dimension: Proof of Lemma 1

Just as the entanglement entropy is bounded by the bond
dimension D, vice versa for a given entropy value SA ,α , the
bond dimension is bounded. We derive a relation for the
minimal entropy defined by the squared Schmidt coefficients
λ2

i =: pi, which also satisfy the normalization constraint∑D
i=1 pi = 1 − p. The entropy constraint can be reformulated

to
∑

i=1 pα
i = eSA ,α (1−α). We observe that the gradient of the

Lagrangian
∑

i pα
i − μ(

∑
i pi − 1) becomes zero only at the

maximum where pi = p j ∀ i, j. The concavity of the Rényi
entropy implies that the minimum is taken at the boundary
where p1 = 1 − p − (D − 1)h and p2 = · · · = pD = h, such
that

2n∑
i=1

pα
i � [1 − p − (D − 1)h]α + (D − 1)hα + p

h
hα, (A1)

using pi � h for all i > D and therefore
∑

i>D pα−1+1
i � p

h hα .
The normalization constraint and pi � h for all i � D further
implies Dh � 1 − p, which we can use to make the estimate∑

i

pα
i � Dhα + phα−1

� D1−α pα

((
1 − α

α

)α

+
(

1 − α

α

)α−1
)

= D1−α pα

αα (1 − α)1−α
. (A2)

The second inequality represents the global minimum of
Dhα + phα−1 as a function of h. Plugging in

∑
i pα

i =
eSA ,α (1−α) yields the result. �

2. Approximation error bound: Proof of Lemma 2

We show the error bound ‖|ψ〉 − U †|0〉‖ � ε +
L
√

2(n − 1)p by separating the error into two parts.
The first part is the accuracy of the optimizer ε =
‖|ψ〉 − (

∏1
i=L TD ◦ G†

i )|0〉‖, which can be efficiently
calculated classically. The second part is the truncation
error arising for the sake of a bounded bond dimension. By
the triangle inequality, we can extract ε via

∥∥∥∥∥|ψ〉 −
1∏

i=L

G†
i |0〉

∥∥∥∥∥ � ε +
∥∥∥∥∥
(

1∏
i=L

(TD ◦ G†
i ) −

1∏
i=L

G†
i

)
|0〉

∥∥∥∥∥.

(A3)

We show that every layer in the second term contributes at
most linearly to the worst-case error. To do this, we prove the
following estimation by induction:

∥∥∥∥∥
(

1∏
i=L

(TD ◦ G†
i ) −

1∏
i=L

G†
i

)
|φ〉

∥∥∥∥∥
�

L∑
i=1

∥∥∥∥∥∥(TD ◦ G†
i − G†

i )
i+1∏
j=L

(TD ◦ G†
j )|φ〉

∥∥∥∥∥∥∀ |φ〉. (A4)

The statement is trivially correct for L = 1 and the induction
step is done via

∥∥∥∥∥∥
⎛
⎝ 1∏

i=L+1

(TD ◦ G†
i ) −

1∏
i=L+1

G†
i

⎞
⎠|φ〉

∥∥∥∥∥∥
=

∥∥∥∥∥∥
⎛
⎝ 1∏

i=L+1

(TD ◦ G†
i ) −

(
1∏

i=L

G†
i

)(
TD ◦ G†

L+1

) +
(

1∏
i=L

G†
i

)
(TD ◦ G†

L+1) −
1∏

i=L+1

G†
i

⎞
⎠|φ〉

∥∥∥∥∥∥
�

L∑
i=1

∥∥∥∥∥∥(TD ◦ G†
i − G†

i )

⎛
⎝ i+1∏

j=L

(TD ◦ G†
j )

⎞
⎠(TD ◦ G†

L+1)|φ〉
∥∥∥∥∥∥ + ‖(TD ◦ G†

L+1 − G†
L+1)|φ〉‖, (A5)

where we used the triangle inequality in the last step together with the induction assumption on the state (TD ◦ G†
L+1)|φ〉 for

the first term and unitary invariance of the Euclidean norm for the second. It has been shown [3,46] that the truncation error of
a state |ψ〉 to a bond dimension D state TD|ψ〉 is bounded by ‖|ψ〉 − TD|ψ〉‖2 � 2

∑
k

∑2n

i=D+1(λ[k]
i )2 =: 2

∑
k p[k] with λ

[k]
i

being the ith Schmidt value on the kth bond. We can estimate the right-hand side of Eq. (A4) by the truncation errors of the
bond dimension D MPS |φi〉 := ∏i+1

j=L(TD ◦ G†
j )|ψ〉. This reduces to L truncation errors, which are in the worst case equal to√

2(n − 1)p. �
Although, we can find cases in which the triangle inequalities and the bounds by maximizing all tail Schmidt values are being

exhausted, we expect the “typical error” of the state preparation to be below the derived bound.
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3. Absence of barren plateaus in CVD: Proof of Lemma 3

At θ = 0, the gradient from Eq. (11) has a relatively simple form and can be calculated in graphical notation to be

− iTrA

(
TrAc (|ψ〉〈ψ |)TrA c

([
σ

(l )
j ⊗ σ

(r)
j |ψ〉〈ψ |]))

Im

(A6)

using the isometry property of �r�r and �l�l . It becomes
evident that for a product state, i.e., �0 = 1, the gradient van-
ishes. As the Rényi entropy is always non-negative, product
states are global minima of the cost function. The gradient also
vanishes exactly, whenever the Schmidt values are evenly dis-
tributed, �0 ∝ 1, or when all transition amplitudes between
Schmidt vectors over σl ⊗ σr are real. In these cases, we are
facing an unstable fixed point.

Consider the example of two qubits in the state |ψ〉 =
α|00〉 + βeiφ |11〉. The gradient for the 2-Rényi entanglement
entropy reads as

−i Tr(ρ∂ jρ) = 2 Im(e−iφαβ3〈1|σl |0〉〈1|σr |0〉
+ eiφα3β〈0|σl |1〉〈0|σr |1〉), (A7)

with two nonvanishing elements for σl = σr = X :
−iTr(ρ∂XX ρ) = 2 sin(φ)(βα3 − αβ3) and similarly σl =
σr = Y . One can quickly see that the gradient vanishes for
the product state α = 0 or β = 0, as well as for the Bell
state α = β. As the Bell state is maximally entangled, it can
only be a maximum of the entanglement entropy and thus an
unstable fixed point. Indeed, adding a slight imbalance in the
amplitudes α2 → 1

2 + δ, β2 → 1
2 − δ results in an increasing

gradient. Another case, in which the gradient vanishes, is
φ = 0, where all transition amplitudes with respect to σl ⊗ σr

are real valued. Also here, the gradient increases whenever
φ → ±δ is perturbed around the fixed point φ = 0. The
gradient then pulls toward α = 1 or β = 1 depending on the
sign of φ.

More generally, a state |ψ〉 = ∑
j λ j |φ(l )

j 〉 ⊗ |φ(r)
j 〉 with

only real transitions 〈φ(l )
j |σ (l )|φ(l )

k 〉〈φ(r)
j |σ (r)|φ(r)

k 〉 will have a
vanishing gradient. However, that fixed point is easily escaped
by tilting the relative phase towards one of the |φ(r)

j 〉, for
instance.

We now prove Lemma 3 using the result of Eq. (A6). To
do so, we consider uniformly distributed isometries A = �l�l

and B = �r�r and calculate the first and second moments of

the gradient ∂iSA ,2|θ=0. Using the isometric property of A and
B, we can formulate the calculation in terms of unitaries U,V
defined via

(A8)

and consider them distributed via the Haar measure on
SU(2D). With this, we can integrate polynomials of U and
U † or V and V †, respectively, using Weingarten calculus, in
particular we make use of the formulas

∫
SU(2D)

dU UabUcd = δacδbd

2D
, (A9)

∫
SU(2D)

dU UabUcdUe f Ugh

= 1

4D2 − 1
(δaeδb f δcgδdh + δagδbhδceδdf )

− 1

2D(4D2 − 1)
(δaeδbhδcgδdf + δagδb f δceδdh),

(A10)
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which also can be written in graphical notation

(A11)

(A12)

Being ultimately a trace of Pauli operators, the expected value of the gradient thus vanishes. The first term of Eq. (A6) reads as,
for instance,

(A13)

and similarly the second term vanishes. The second moment is calculated using Eq. (A10), whereas two of the four contractions

vanish as they separate into terms of the form of Eq. (A13). The remaining terms are integrals over squares of , once with

�3
0 on the upper contraction and once on the lower contraction, as well as the mixed term between both. The squared terms

read as

(A14)

The second squared term yields the same outcome and the mixed term can be calculated similarly by just swapping �0 and �3
0

in one of the terms. This yields Tr(�6
0 )

(2D+1)2 instead. Plugging in everything into the formula of the gradient of the Rényi entropy,
Eq. (11), finally yields the second moment as claimed:

EAEB[(∂iSA ,2|θ=0)2] =
(

− 2

Tr
(
�4

0

)
)2

2

(2D + 1)2

(
Tr

(
�4

0

)2 − Tr
(
�6

0

)) = 8

(2D + 1)2

(
1 − Tr

(
�6

0

)
Tr

(
�4

0

)2

)
. (A15)

�

APPENDIX B: CVD ON THE GHZ, CLUSTER, AND AKLT STATE

Some matrix product states are of conceptual interest in quantum information theory and quantum many-body physics. In the
following, we want to consider the GHZ state |ψ〉 = 1√

2
(
⊗n

i=1 |0〉 + ⊗n
i=1 |1〉), the cluster state, which is the ground state of the
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No. of No. of

FIG. 6. Disentanglement of the GHZ, cluster, and AKLT state on 50 sites using α = 1. (a) A plot of the tail weights reveals that exact
preparation circuits for the GHZ and the cluster state can be found with the expected circuit depth, that is n

2 for the GHZ state and 2 for the
cluster state. (b) The AKLT state on 25 spin-1 sites (50 qubit sites restricted to the triplet subspaces) is approximately prepared in 10–13 layers,
as the overlap error comes close to εsite = 10−3. After that, some tail weights can be exactly set to 0 as can be seen in the third color plot in (a).
(c) The AKLT state preparation is scalable to larger system sizes, as εsite saturates.

cluster Ising Hamiltonian H = ∑
i Zi−1XiZi+1 and the (unnormalized) AKLT state,

(B1)

which is built from neighboring singlet states |ψ−〉 with each
an end point of two different singlets projected onto the triplet
subspace. In the literature, one often finds the pictorial repre-
sentation shown in Eq. (B1) of the AKLT state, where the dots
are spin-1/2 sites, straight lines denote singlet states and the
ellipse depicts a projection onto the triplet subspace spanned
by {|00〉, |11〉, 1√

2
(|01〉 + |10〉)}.

Our results to these three states are illustrated in Fig. 6. It
is well known that the GHZ state exhibits topological order
and therefore cannot be prepared with a local circuit of sub-
linear depth. The cluster state, on the other hand, is known
for having particularly low-state complexity being exactly
preparable with a depth-2 circuit. Our results are in agree-
ment with these expectations and show exact preparation of

the GHZ state in circuit depth n
2 and the cluster state with

depth 2.
The AKLT state does not have a straightforward circuit

representation except the trivial approach of sequential prepa-
ration. There has been some effort to find preparation circuits
[47,48] with imaginary-time evolution on the AKLT Hamilto-
nian. We manage to find a shallow quantum circuit to prepare
the AKLT state on 25 spin-1 sites, where each spin-1 site is
encoded into the triplet subspace of two qubits. We reach a
per-site overlap error of 1.8 × 10−3 with 13 layers of disen-
tangling gates. Although this is a non-negligible remaining
error, it is below the typical gate error rate of near-term quan-
tum hardware. Better fidelities can be achieved using a lower
cutoff for the Schmidt values and deeper circuits.
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