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Quasiparticle properties of long-range impurities in a Bose condensate
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An impurity immersed in a Bose condensate can form a quasiparticle known as a Bose polaron. When the
impurity-boson interaction is short ranged and three-body Efimov correlations are neglected, the quasiparticle
properties can be characterized in terms of the impurity-boson scattering length aIB and the condensate coherence
length ξ . This description remains valid irrespective of the bath density n0. Long-ranged interactions—such as
provided by Rydberg or ionic impurities—introduce an effective interaction range reff as the third length scale.
The interplay among these competing length scales raises the question of whether a robust description across
different bath densities can still be maintained. In this study, we discuss the quasiparticle nature of long-range
impurities and its dependence on the length scales n−1/3

0 , reff , and ξ . We employ two complementary theories—
the coherent-state ansatz and the perturbative Gross-Pitaevskii theory—which incorporate beyond-Fröhlich
interactions. We derive an analytical expression for the beyond-Fröhlich effective mass for a contact interaction
and numerically compute the effective mass for long-range impurities. We argue that the coupling parameter
|aIB|n1/3

0 remains the principal parameter governing the properties of the polaron. For weak (|aIB|n1/3
0 � 1) and

intermediate (|aIB|n1/3
0 � 1) values of the coupling parameter, long-range impurities in a Bose condensate are

well described as quasiparticles with a finite quasiparticle weight and a well-defined effective mass. However,
the quasiparticle weight becomes significantly suppressed as the effective impurity volume is occupied by an
increasing number of bath particles (reff n

1/3
0 � 1).

DOI: 10.1103/7sfz-pzkh

I. INTRODUCTION

Atomic impurities embedded in weakly interacting Bose
gases [1–4] provide a highly controllable and versatile en-
vironment with which to study quasiparticle physics [5–12].
The interaction between the impurity and the surrounding bath
particles dresses the impurity and causes a quasiparticle—
characterized by an effective mass differing from that of the
bare impurity and a finite residue or quasiparticle weight—
to form. Studies [13–16] of neutral atom impurities suggest
that the impurity-bath two-body scattering length aIB is the
key parameter, irrespective of the condensate density n0, de-
termining the quasiparticle properties of the impurity, when
the three-body Efimov correlations are neglected. For aIB < 0
(aIB > 0), a stable (metastable) attractive (repulsive) polaron
branch with a finite quasiparticle weight emerges. The ability
to modify the scattering length in ultracold atoms via Fesh-
bach resonances has enabled the exploration of both polaron
branches from weak to strong coupling regimes [1–3]. In the
vicinity of a scattering resonance, a−1

IB � 0, the quasiparticle
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nature of the impurities becomes ill defined [10,17–19], as the
quasiparticle residue diminishes significantly.

The problem becomes more involved when the impurity-
bath interaction becomes long ranged, as for ionic [20–25]
or Rydberg atom [26–30] impurities. An ion interacts with
surrounding bath particles via the long-range tail of the
charge-neutral interaction [21,31–33], whereas the interaction
of a Rydberg impurity with a bath particle is proportional to
the electron density and hence oscillatory and extending over
large distances [34,35]. Long-ranged interactions introduce
an additional length scale, the interaction range reff of the
impurity-bath potential, which makes the condensate density
n0 a significant factor in the quasiparticle characterization
of the impurity [36]. The filling parameter reffn

1/3
0 quantifies

the number of particles within the effective interaction vol-
ume. These particles can bind to the impurity, leading to a
reshuffling of spectral weight from the polaron into multiply
occupied molecular states and challenging the quasiparticle
description. These particles also effectively shield the inter-
action potential, modifying the interaction with distant bath
particles and hence the quasiparticle dressing. As a result,
a third length scale, the condensate coherence length ξ ∝
(aBBn0)−1/2, where aBB is the intraspecies scattering length,
becomes relevant.

In this paper, we quantify the quasiparticle nature of
long-ranged impurities as a function of the relevant length
scales: the interparticle distance n−1/3

0 , the interaction range
reff , and the coherence length ξ . We calculate the quasipar-
ticle weight Z and effective mass meff across a range of
interaction strengths and bath densities, showing how the
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interplay between these competing length scales leads to a
range of different behavior. We employ two complemen-
tary theories in our investigation: a variational method using
the coherent-state (CS) ansatz [37–40] and the perturbative
Gross-Pitaevskii (GP) theory [41,42]. We include the beyond-
Fröhlich-interaction terms to correctly account for both the
stronger interactions between the impurity-bath particles and
the existence of molecular bound states [38]. Using the CS
approach, we determine the saddle-point solution of the vari-
ational CS amplitudes in the extended Bogoliubov-Fröhlich
Hamiltonian, which allows for calculating all relevant quasi-
particle properties. In the perturbative GP theory for a moving
impurity, we closely follow the methodology outlined in [41],
but improve the GP energy functional by incorporating the
impurity-condensate perturbation interaction term, enabling
us to explore the beyond-Fröchlich regime. Moreover, we
compare these approaches with mean-field (MF) solutions and
establish the range of validity for each method.

Our main findings are as follows. When the coupling pa-
rameter |aIB|n1/3

0 is of order unity or smaller, (|aIB|n1/3
0 � 1),

the impurity has a quasiparticle nature—it possesses a finite
quasiparticle weight and well-defined effective mass. This de-
scription fails at large coupling parameter |aIB|n1/3

0 � 1, i.e.,
near a scattering resonance. However, as the filling parameter
reffn

1/3
0 increases, the quasiparticle weight of a long-range

impurity is progressively suppressed, and becomes arbitrarily
small when reffn

1/3
0 � 1. This happens due to the increasing

population of many molecular states.
We also find that, in general, stronger intraspecies in-

teractions can modify polaron properties by enhancing the
quasiparticle weight and reducing the effective mass. At high
condensate densities or strong intraspecies interactions, when
ξ � reff is satisfied, the presence of the repulsive Bose field ef-
fectively modifies the impurity-bath potential. Thus, forming
a bound state requires a stronger attraction between the impu-
rity and bath particles, which leads to a shift of the scattering
resonances towards deeper regions of the bare impurity-bath
potential. By comparing three different impurity types, we
demonstrate that these findings are generic: the impurity’s
nature influences only the two-body details, not the qualitative
features of the polaron or its many-body dressing.

This paper is organized as follows. Section II explains the
general theoretical framework, the CS ansatz, and the pertur-
bative GP method. Zero-range, ionic, and Rydberg impurities
are discussed in Secs. III, IV A, and IV B, respectively. Sec-
tion V presents the effect of bath-bath interactions. Finally, we
conclude in Sec. VI.

II. THEORY

In this section, we describe the generic impurity-bath sys-
tem before outlining the two methods used to compute this
system’s properties.

A. Impurity-bath system

We consider a single impurity of mass mI inside of a
weakly interacting Bose condensate composed of atoms of
mass mB. The impurity moves with momentum pI = mIV and
interacts with the bath particles through a central potential

UIB(r) (in real space) or UIB(k) (in momentum space). This
potential can be characterized by its zero-energy scattering
length aIB and interaction range reff . While the former has a
precise definition, the interaction range is not so well defined
and is taken to be roughly proportional to the physical extent
of the interaction. The interaction range is quantitatively spec-
ified at the introduction of the relevant sections.

The interactions between the bath particles are consid-
ered to be contact potentials with coupling constant gBB =
4π h̄2aBB/mB, where aBB is the scattering length. The co-
herence length of the condensate is ξ = h̄√

2mBgBBn0
. Another

important quantity is the gas parameter, ζ =
√

nloca3
BB, where

nloc ≈ �N/r3
eff and �N is the number of particles localized

within the interaction range of the impurity. Our theoretical
methods assume that only a fractional proportion of phonons
are excited from the uniform condensate, ζ � 0.1.

In momentum space, the most general form of the Hamil-
tonian describing the bosonic bath with a single impurity is

Ĥ =
∑

k

εkâ†
kâk + gBB

2V
∑

k,k′,q

â†
k+qâ†

k′−qâk′ âk

+ p̂2
I

2mI
+ 1

V
∑

k,k′,q

UIB(q)e−iq·R̂I â†
k+qâk, (1)

where âk is the annihilation operator for the bath particles.
Here εk = h̄2k2/2mB is the free particle dispersion, V is the
system volume, R̂I and p̂I are the impurity position and
momentum operators, respectively. The first line of Eq. (1)
includes the kinetic and intraspecies interaction energy of the
bath particles, whereas the second line contains the kinetic
energy of the single impurity and its interactions with the bath
particles. In the absence of the impurity, the condensate is
assumed to be homogeneous with a density n0 = N/V , where
N is the total number of bath particles. All of our results are
valid for any mass ratio m∗ ≡ mI/mB, but we choose m∗ = 1
for any numerical illustrations.

B. Coherent-state ansatz in momentum space

1. Extended Bogoliubov-Fröhlich Hamiltonian

The extension of the CS ansatz formalism to long-range
impurities, and the calculation of their effective mass re-
quire a careful treatment of the equations determining the
coherent-state amplitudes. Therefore, we briefly revisit the
derivation of the extended Bogoliubov-Fröhlich Hamilto-
nian from Eq. (1) [22,38,43]. Assuming a weak interaction
among the bath particles, n0a3

BB � 1, only a fraction occu-
pies the nonzero momentum states. Therefore, we include
interaction terms only up to second order in âk by apply-
ing the Bogoliubov transformation, where b̂k = ukâk + vkâ†

−k

are Bogoliubov operators with uk, vk =
√

1
2 ( εk+gBBn0

Ek
± 1) and

the Bogoliubov dispersion is Ek = √
εk (εk + 2gBBn0). We ad-

ditionally move into the frame comoving with the impurity
by applying the Lee-Low-Pines (LLP) transformation ĤLLP =
Ŝ−1ĤŜ , where Ŝ = exp −iR̂I · p̂B/h̄, p̂B = ∑

k h̄kb̂†
kb̂k is

the total phonon momentum. Together, these transforma-
tions yield the LLP Hamiltonian ĤLLP written in terms of
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Bogoliubov operators:

ĤLLP = (ptot − p̂B)2

2mI
+ gBBN2

2V
+ n0UIB(0)

+
∑

k

Ekb̂†
kb̂k +

√
N

V
∑
k �=0

UIB(k)Wk(b̂†
k + b̂−k )

+ 1

V
∑

k,k′ �=0

[
UIB(k − k′)V (1)

kk′ b̂
†
kb̂k′

+UIB(k + k′)
V (2)

kk′

2
(b̂†

k′ b̂
†
k + b̂−kb̂−k′ )

]
. (2)

The first two lines of Eq. (2) yield the Fröhlich Hamilto-
nian, whereas the latter terms constitute the beyond-Fröhlich
interactions. The total system momentum ptot is a con-
served quantity, and Wk = √

εk/Ek , and V (1,2)
kk′ = (WkWk′ ±

W −1
k W −1

k′ )/2 are the coupling coefficients partially deter-
mining the phonon-impurity interactions at Fröhlich and
beyond-Fröhlich levels, respectively.

2. Time-dependent variational coherent states

In the ground state of the Fröhlich Hamiltonian,
ptot = 0, and the system consists of independent phonon
modes b̂k. Each mode can be solved by its coherent state,
and they eventually yield a many-body eigenstate in the form
|�coh〉 = e−iφe

∑
k βk b̂†

k−β∗
k b̂k , where the coherent-state ampli-

tudes are βk = −
√

NUIB(k)Wk
VEk

. This exact solution is employed
to construct the CS ansatz for the beyond-Fröhlich model.
In this formulation, the coherent-state amplitudes βk(t ) ∈ C
are treated as time-dependent variational parameters. The
variational analysis over β∗

k (t ), i.e., ih̄ ∂βk
∂t = δ〈�coh|ĤLLP|�coh〉

δβ∗
k

,
yields the equations of motion for the variational
coherent-state amplitudes:

ih̄
∂βk

∂t
=

(
Ek + h̄2k2

2mI
− h̄k · (ptot − ∑

k h̄k|βk|2)

mI

)
βk

+
√

N

V UIB(k)Wk + 1

V
∑

k′

(
UIB(k − k′)V (1)

kk′ βk′

+UIB(k + k′)V (2)
kk′ β

∗
k′
)
. (3)

3. Saddle point solution

The saddle point solution is found by setting ∂tβk = 0, and
the βk parameters satisfy the following equation:

0 = �kβk +
√

N

V UIB(k)Wk + 1

V
∑

k′
UIB(k − k′)V (1)

kk′ βk′

+UIB(k + k′)V (2)
kk′ β

∗
k′ , (4)

where �k[pB] ≡ Ek + h̄2k2

2mI
− h̄k·(ptot−pB )

mI
and pB ≡ ∑

k h̄

k|βk|2. Note that UIB(k) is spherically symmetric for central
impurity-bath interactions, and the coupling coefficients Wk
and V (1,2)

kk′ depend only on the magnitude |k| or |k′|. For the
ground-state properties of the polaron, such as its energy and
residue, the total system momentum ptot is zero. This ensures
that the spherically symmetric coherent state amplitudes

satisfy βk ∈ R and βk = β|k|. These symmetries simplify Eq.
(4) to

0 = �k0βk +
√

N

V UIB(k)Wk + Wk

V
∑

k′
UIB(k − k′)Wk′βk′ ,

(5)

where �k0 ≡ Ek + h̄2k2

2mI
. When the impurity-bath interaction

is zero ranged, UIB(k) = gIB and Eq. (5) possesses an ana-
lytical solution [38]. For long-range impurities, the presence
of UIB(k ± k′) terms in Eqs. (4) and (5) makes an analytical
treatment intractable, and therefore we solve the set of linear
equations for βk numerically, as described in the Appendix B.

4. Calculation of observables

The polaron energy can be obtained by calculating
〈�coh|ĤLLP|�coh〉 at the saddle point (4). The polaron energy
and the residue for a finite total system momentum become
[38,43]

Epol = n0UIB(0) +
√

N

V
∑

k

UIB(k)WkRe[βk]

+ (ptot − pB)2

2mI
+

∑
k

h̄k · (ptot − pB)

mI
|βk|2, (6)

Z = e− 1
2

∑
k |βk|2 = e− V

(2π )2

∫
dk k2|βk |2 , (7)

where the quasiparticle weight is given by Z = |〈0|�coh

(t → ∞)〉|. The first term in Eq. (6) is the mean-field (MF)
energy EMF = n0

∫
d3rUIB(r), where the impurity is regarded

as a perturbation to the uniform Bose field
√

n0. The summa-
tion over the k vectors is executed by the integration 1

V
∑

k →
1

(2π )3

∫
d3k, i.e. V = (2π/dk)3.

We compute the polaron effective mass through a pertur-
bative expansion of the polaron energy in Eq. (6), assuming
a small impurity velocity V = (ptot − pB)/mI. To this end,
we expand the solution for βk parameters around the zero-
velocity solution, denoted by βk0, in powers of V:

βk = βk0(1 + αk h̄k · V + γk (h̄k · V)2),

|βk|2 = |βk0|2
(
1 + 2αk h̄k · V + (

α2
k + 2γk

)
(h̄k · V)2

)
. (8)

The equations satisfied by βk0, αk , and γk on the zeroth, first,
and second orders of V are given in Appendix C. Once the
zero-momentum solution βk0, and the order corrections αk and
γk are calculated for the impurity type, the corrections to the
polaron energy (6) proportional to V 2 become

1

2
meffV

2 = 1

2
mIV

2 +
∑

k

2αkβ
2
k0(h̄k · V)2

+
√

n0

V
∑

k

WkUIB(k)βk0γk (h̄k · V)2. (9)

This approach allows the calculation of the effective mass
of the impurity solely through the zero-momentum solution,
and the order corrections, without finding the finite-velocity
solution of Eq. (4) explicitly. The contributions to the induced
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mass mind = meff − mI in Eq. (9) are

mind,1 = 4mIV
3π2

∫
dk k2αk

εk

m∗ β2
k0,

mind,2 = 2mI
√

n0V
3π2

∫
dk k2WkUIB(k)γk

εk

m∗ βk0, (10)

where the velocity V = V ez is assumed during integrations
without loss of generality.

C. Perturbative Gross-Pitaevskii theory

1. Gross-Pitaevskii functional

A complementary method to study the same impurity-bath
problem is the theoretical framework of [41], wherein the
total Gross-Pitaevskii (GP) energy is perturbatively expanded
around a uniform condensate field. Here we closely follow this
approach, but explicitly incorporate the previously neglected
impurity-condensate interaction term, enabling us to explore
the beyond-Fröhlich regime.

We assume a GP ansatz �(r, t ) on the condensate field
and treat the impurity as an external potential moving with
velocity V. The total GP energy functional KGP = EGP − μN
of the system is

KGP =
∫

d3r

{
h̄2

2mr
|∇�(r, t )|2 + [UIB(r− Vt ) − μ]|�(r, t )|2

+gBB

2
|�(r, t )|4

}
, (11)

where the chemical potential μ = gBBn0 is set to ensure a
uniform condensate field far away from the impurity, and mr

is the reduced mass. The corresponding time-dependent GP
equation (GPE) is obtained by a variational analysis ih̄ ∂�

∂t =
δKGP
δ�∗ :

ih̄
∂�(r, t )

∂t
= − h̄2

2mr
∇2�(r, t ) + gBB|�(r, t )|2�(r, t )

+ [UIB(r − Vt ) − μ]�(r, t ). (12)

This GPE differs slightly from the one in Ref. [41], where
the bare bath particle mass mB is used instead of mr in
(12), considering the heavy impurity limit mI → ∞. Further-
more, the treatment of the impurity as a moving external
potential UIB(r − Vt ) differs from conventional GPE ap-
proaches, which typically treat the finite momentum of the
impurity and total momentum of the system by explicitly
incorporating the LLP terms (ptot − pB)2/2mI, where pB =
ih̄

∫
d3r�∗(r)∇�(r) [44–46]. By treating the impurity as

an external potential with a fixed velocity vector, one im-
plicitly neglects possible variations in either the impurity or
bath momentum during the time evolution. This approxima-
tion is equivalent to a mean-field treatment of the bath-bath
interactions ∝ pB · pB induced after the LLP coordinate trans-
formation. The equivalence between the GPE (12) and the
LLP Hamiltonian with the GP energy functional [44–46] for
the saddle point analysis is derived in more detail in the
Appendix D.

Now we assume that the condensate field �(r, t ) consists
of fluctuations δψ (r, t ) around the uniform density φ0 = √

n0,

such that �(r, t ) = φ0 + δψ (r, t ). With this assumption, our
approach strictly deviates from Refs. [25,45,47], which utilize
the exact ground-state MF solution of the GPE (12), while ne-
glecting fluctuations. Expanding (12) to first order in δψ (r, t ),
one obtains the GPE for δψ (r, t ) as

ih̄
∂δψ (r, t )

∂t
= − h̄2

2mr
∇2δψ (r, t ) + UIB(r − Vt )φ0

+ UIB(r − Vt )δψ (r, t )

+ gBBφ2
0 [δψ (r, t ) + δψ∗(r, t )], (13)

where the second line represents the interactions, neglected in
Ref. [41], between the impurity and the bath perturbations.
This term is analogous to the beyond Fröhlich-Bogoliubov
terms in the Hamiltonian HLLP (2). Applying the same per-
turbative expansion of the field �(r, t ) for the GP energy
functional EGP in (11), we find in the frame comoving with
the impurity r → r − Vt :

EGP =
∫

d3r

{
h̄2

2mr
|∇δψ (r, t )|2 + UIB(r)φ2

0 + gBBφ4
0

2

+UIB(r)[φ0(δψ (r, t ) + δψ∗(r, t )) + |δψ (r, t )|2]

+ gBB

2

[
2φ3

0[δψ (r, t ) + δψ∗(r, t )]

+φ2
0 (4|δψ (r, t )|2 + δψ2(r, t ) + δψ∗2(r, t ))

]}
.

(14)

Note that one can obtain the same GPE (13) also from the
variation of (14) over δψ∗(r, t ).

2. Solution in momentum space

Assuming the density perturbation closely follows the im-
purity position δψ ≡ δψ (r − Vt ) imposes a condition

∂δψ (r, t )

∂t
= −V · ∇δψ (r, t ). (15)

We define the Fourier transforms δψ (r) = 1√
V

∑
k δψkeikr

and δψk = 1√
V

∫
d3rδψ (r)e−ikr. Then, we rewrite the GPE

(13) in momentum space using the identity in (15). Combining
the equations for δψk and δψ−k, we obtain the following set
of linear equations for δψk:

h̄k · V + εkr√
V

UIB(k)φ0

= [
(h̄k · V)2 − E2

kr

]
δψk + 1

V
∑

k′
[gBBn0UIB(k + k′)

− (h̄k · V + εkr + gBBn0)UIB(k − k′)]δψk′ , (16)

where εkr = h̄2k2

2mr
is the free particle dispersion for the reduced

mass and Ekr = √
εkr (εkr + 2gBBn0) is the energy of the Bo-

goliubov excitations with a reduced mass. We recover the
solution δψk = gIB

φ0√
V

h̄k·V+εkr

(h̄k·V)2−E2
kr

from Ref. [41] by neglecting

the beyond-Fröhlich term [the summation term in (16)] and
using a contact potential.
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3. Calculation of observables

We calculate the polaron energy and residue for the ground
state by setting V = 0. The effective mass is determined using
an approach analogous to the CS ansatz by expanding the GP
energy around the solution EGP,0 at V = 0 to second order
in V, i.e., EGP ≈ EGP,0 + 1

2 mindV 2. To this end, the δψk in
(16) is also expanded around the zero velocity solution δψk0,
with corrections αk and γk at the first and second order of V,
respectively. Details of the numerical solution for δψk0 and
the effective mass corrections are given in Appendixes B and
C.

The polaron energy EGP,0 and the correction due to the
small impurity velocity 1

2 mindV 2 are calculated by expressing
the GP energy terms in (14) in momentum space and applying
the low-velocity expansions. We obtain

EGP,0 = UIB(0)n0 + φ0√
V

∑
k

UIB(k)δψk0 + gBBn0

∑
k

|δψk0|2

(17)

and

1

2
mindV 2 =

∑
k

[
2αk|δψk0|2 + φ0UIB(k)γk√

V
δψk0

+ (2γk + αk )gBBn0|δψk0|2
]

(h̄k · V)2, (18)

where the polaron energy is similar to the CS ansatz ex-
pression in (6), differing only by the inclusion of the MF
interactions between the perturbed field δψ (r) and the uni-
form condensate φ0 on the second line of Eq. (17) [48].

There exist three significant contributions to the induced
mass mind = mind,1 + mind,2 + mind,3:

mind,1 = 16mr

3

V
4π2

∫
dk k2αkεkr |δψk0|2,

mind,2 = 8mr

3

φ0

√
V

4π2

∫
dk k2UIB(k)εkr γkδψk0, (19)

mind,3 = gBBn0
h̄2V
3π2

∫
dk k4

(
2γk + α2

k

)|δψko|2.

The first mass term arises from the perturbed field’s ki-
netic energy, the second from impurity-phonon interactions∫

d3rUIB(r)φ0δψ (r), and the third from the condensate-
perturbed field interaction. Similar to the coherent-state
ansatz, the residue is Z = |〈�(t → ∞)|φ0〉|, which yields

Z = e− 1
2

∑
k |δψk0|2 = e− V

(2π )2

∫
dk k2|δψk0|2 . (20)

D. Discussion

The CS and GP theories detailed above expand the
bath-bath and impurity-bath interactions around a uniform
background in a similar fashion. The interaction components
in the Bogoliubov-Fröhlich Hamiltonian (2) and the pertur-
bative GP energy functional (14) are the momentum and
real-space representations of the same Bogoliubov expan-
sion, with a slight difference in the definition of uniform
background densities

√
n0 and φ0, respectively. The n0 in

the k-space Hamiltonian represents the uniform field created
by all the particles, including both the k = 0 state and the
excited states, i.e. N = N0 + ∑

k a†
kak . In the GP theory, the

uniform background and the corresponding chemical potential
are fixed by φ0. This difference leads to the only qualitatively
distinct term in Eq. (17).

The theories are also similar in their approach to the ef-
fective mass calculation. Both apply an expansion around a
zero-velocity solution, leading to analytically tractable ex-
pressions. In the perturbative GP framework, the impurity is
modeled as an external potential moving at a fixed velocity,
which corresponds to an implicit mean-field treatment of the
Bose-Bose interactions induced by the LLP transformation.
By contrast, the CS ansatz retains all terms of the LLP Hamil-
tonian. This distinction manifests only in the time evolution
of the system. Nevertheless, in both approaches the impurity
is associated with a fixed momentum vector during the saddle
point analysis, an assumption that remains valid as long as the
momentum remains nearly constant in the steady state.

The minor differences between the two approaches give
rise to slight deviations in the quasiparticle properties reported
below. In particular, the GP theory predicts slightly larger
values of both the quasiparticle weight and the effective mass
for any impurity type compared to the CS ansatz. Further-
more, the onset of the new bound state is predicted to occur
at a deeper shift in the impurity-bath potential within the CS
framework.

A notable limitation of the Bogoliubov treatment of bath-
bath interactions in the Bose polaron problem is evidenced by
the divergence of the polaron energy when the impurity-bath
interaction supports a zero-energy scattering resonance. This
divergence can be partially attributed to the underestimated
energy cost of repulsive interactions among bath particles
accumulated around the impurity. Despite this deficiency, the
extended model treated with the CS ansatz remains a robust
and effective approach for exploring impurity-bath couplings
up to the regime in which the quasiparticle weight becomes
vanishingly small [10,38]. We further note that our analy-
sis omits three-body Efimov correlations, which have been
suggested to influence quasiparticle properties even in the
weak-interaction regime where the Efimov trimer is absent in
vacuum [49].

In the following sections, we apply these methods to three
different impurity-bath interactions. Dimensionless variables
are used throughout. Length and energy dimensions, and the
interaction range, specific to each impurity system, are speci-
fied in the introduction to the relevant sections.

III. ILLUSTRATIVE EXAMPLE: ZERO-RANGE IMPURITY

We begin our analysis by considering a short-ranged
impurity-bath interaction parameterized by a zero-range con-
tact potential UIB(r) = gIBδ(r). This system has already
been studied extensively [10], and thus here it serves as a
benchmark for the employed theories, illustrates many of
the qualitative features found in long-range impurities, and
demonstrates how the saddle point solutions provide clear
physical insights (see Appendix A). It is also useful in that
it is amenable to a fully analytical treatment, and we obtain
known results for the polaron energy and quasiparticle weight
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as well as a new result for the effective mass incorporating
beyond-Fröhlich interactions.

To first order in the Born approximation, the coupling
constant is gIB = 2π h̄2aIB/mr , where aIB is the scattering
length between the impurity and a bath particle. Whenever a
renormalization is necessary, all the terms of the Dyson series
are accounted for using [50]:

1

gIB
= mr

2π h̄2aIB
− 1

V
∑

k

2mr

h̄2k2
. (21)

The interparticle distance n−1/3
0 is used as the length scale. The

energy is scaled by ε0 ≡ h̄2n2/3
0

2mr
.

The contact potential permits analytical solutions to be
found for both the coherent-state amplitudes βk and for per-
turbative fields δψk for any ptot or V [51]. By dividing Eq. (4)
through by �k and recognizing that the sum

∑
k Wkβk is

simply a scalar, one obtains βk. Regularizing gIB as in (21)
gives the result first obtained in Ref. [38]

βk = −
√

N

V
Wk

�k

4π

a−1
IB − a−1

+
, (22)

where a−1
+ ≡ 2π

V
∑

k( 1
k2 − W 2

k
�k

). Then, one can use (22) to
calculate the ground-state polaron energy (6) and residue (7)
analytically [38]:

Epol = 4π

a−1
IB − a−1

+
, (23)

Z = exp

[
− 4

3
√

πaBB

1(
a−1

IB − a−1
+

)2

]
. (24)

The order corrections αk and γk in the effective mass calcula-
tions also yield exact analytical expressions (C4), as shown in
Appendix C. This results in the effective mass:

meff

mI
= 1 + 64

45
√

π
√

aBB

1(
a−1

IB − a−1
+

)2 , (25)

where the contribution at the order of (a−1
IB − a−1

+ )−3 is ne-
glected. For simplicity, we have set m∗ = 1, which yields
a−1

+ = 8
3π

√
16πaBB. The general form of (25) and (29) for any

mass ratio m∗ can be found in the Appendix C.
In the perturbative GP method, the analytical solution for

the perturbed fields δψk in (16) is derived similarly to the
coherent-state method, yielding

δψk = φ0√
V

k · V + εkr

(k · V)2 − E2
kr

1

a−1
IB − 1

V
∑

k′
k′ ·V+εk′

r

(k′ ·V)2−E2
k′
r

. (26)

We evaluate (26) for V = 0 to calculate the polaron energy
and residue, and use the induced mass expressions in (19) to
calculate the effective mass. The polaron energy and residue
are

EGP = 4π

a−1
IB − a−1

+,GP

, (27)

ZGP = exp

⎡
⎣− π

a−1
+,GP

1(
a−1

IB − a−1
+,GP

)2

⎤
⎦, (28)

FIG. 1. The quasiparticle properties of the short-range impurity:
(a) the polaron energy Epol, (b) the residue Z , and (c) the effec-
tive masses meff , as a function of a−1

IB , calculated by the CS ansatz
(red solid) and GP theory (blue solid). The black dashed line is
the MF polaron energy EMF. The Fröhlich effective mass (blue
dashed) is also shown. The numerical computations are executed
with the momentum cutoff �n−1/3

0 = 30, the step size dkn−1/3
0 = 0.1,

and aBB = 0.01n−1/3
0 . The gray shaded areas indicate the parameter

regime in which the density around the impurity violates the small
gas parameter assumption.

where a−1
+,GP ≡ √

16πaBBm∗/(m∗ + 1) is the scattering reso-
nance shift calculated by the GP method. The total induced
mass yields the following beyond-Fröhlich effective mass for
the short-range impurity

meff

mI
= 1 + 2

√
2π

3
√

aBB

5/8(
a−1

IB − a−1
+,GP

)2 , (29)

where, interestingly, mind,1, mind,2, and mind,3 in (19) all have
the same functional form and differ only by the prefactors
1, –1/2, and 1/8, respectively. The result (29) is a signifi-
cant improvement over the Fröhlich counterpart meff/mI =
1 + 2

√
π

3

√
a3

BB( aIB
aBB

)2, found in Ref. [41]. This limit can be
recovered from (29), by ignoring the beyond-Fröhlich cor-
rections mind,2 and mind,3, and taking the limit a−1

GP,+ → 0.
Interestingly, both approaches yield the same functional form
for the effective mass, with the minor differences in the defini-
tion of scattering resonance shift a+ and the prefactors leading
to quantitative differences at the 5% level.
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The quasiparticle properties computed by the CS ansatz
(solid red line) and perturbative GP (solid blue line) theo-
ries are shown in Fig. 1. The MF energy of the polaron,
EMF = 4πaIB, is plotted as a dashed black curve. First, the
polaron energy remains repulsive (attractive) on the positive
(negative) scattering lengths, respectively, only shifted by
a+, resulting from the bath-bath particle interactions. The
polaron energies increase in magnitude as the impurity-bath
coupling strengthens. We note that both theories remain valid
even in the regime where the quasiparticle weight becomes
extremely small. But they both diverge near the scattering res-
onance, which occurs partially due to the inadequate treatment
of the bath-bath coupling around the impurity. This is also
highlighted by the failure of both theories near the scatter-
ing resonances, indicated by the gray shaded regions in the
plots.

In Fig. 1(b), the suppression of the quasiparticle weight
as the coupling parameter aIB approaches the strong coupling
regime is clearly demonstrated. But we note that the quasipar-
ticle weight always recovers one as aIB → 0. This behavior
holds specifically for the zero-range impurity and manifests
for the long-range impurity only in the dilute-density limit.
In Fig. 1(c), we show the effective mass results for both
Fröhlich and beyond-Fröhlich models of both theories. The
Fröhlich and beyond-Fröhlich effective masses exhibit sym-
metry around a−1

IB = 0 and a−1
IB = a−1

+ , respectively. In both
cases, the effective mass converges to one as the impurity-
bath coupling approaches zero. The results of the Fröhlich
model fully agrees with the results of the perturbation theory
in Refs. [10,16]. In the beyond Fröhlich model, the shift of
the resonance location towards a positive scattering length
is qualitatively consistent with quantum Monte Carlo results
[10,16].

IV. RESULTS: LONG-RANGE IMPURITIES

In this section, we present the results for long-range impu-
rities near the intermediate filling density regime reffn

1/3
0 � 1.

A. Ionic impurity

At long range, the interaction between an ion and a neutral
atom is determined by the charge-neutral interaction −α/2r4,
where α is the polarizability of one of the bath atoms. The
long-range tail of the ionic impurity does not lead to a cutoff
distance to define the interaction range, and thus we determine
it via setting h̄2

2mrr2
ion

= |UIB(rion )|, which yields rion =
√

mrα

h̄ . At
small r, the interaction changes due to the influence of the core
electrons and becomes repulsive. This is typically modeled by
regularizing the polarization potential, leading to (in real and
momentum space)

Uion(r) = − α

2(r2 + b2)2

r2 − c2

r2 + c2
,

Uion(k) = −απ2

2b

4bc2(e−ck − e−bk ) − k(b4 − c4)e−bk

(b2 − c2)2k
.

(30)

The parameter b defines the depth of the ionic potential well,
whereas the c determines the position of the inner repulsive

FIG. 2. The quasiparticle properties of the ionic impurity calcu-
lated by the GP theory (blue solid) and CS ansatz (red solid). (a) The
polaron energy Epol, (b) the quasiparticle weight Z , (c) the effective
mass meff , as a function of the well depth b of the ionic potential.
The dashed magenta (black) line in (a) represents Ezr (EMF). The
blue dashed line is the Fröhlich effective mass. We set aBB = 0.05rion

and n0r3
ion = 1. The numerical parameters for the momentum are

dkrion = 0.1 and �rion = 30. The gray shaded areas indicate where
the small gas parameter assumption breaks down.

barrier. The length and energy scale of the problem are set
as rion and εion = h̄2

2mrr2
ion

. Here we fix c = 0.0023 to facili-
tate comparison with other literature results [22], and vary
b ∈ [0.16, 1.05]. In this range, the potential is deep enough
to support a single bound state for 0.26 < b < 0.58 and two
for 0.16 < b < 0.26.

Unlike the short-range impurity considered in the previous
section, where the interaction range of the impurity-bath in-
teraction is much smaller than the interparticle distance n−1/3

0 ,
the ratio of these length scales can be tuned as a function of
density when the impurity-bath interaction is long ranged. In
the low filling parameter limit defined by reff � n−1/3

0 , the
zero-energy scattering length aIB remains a useful quantity,
and the dimensionless parameter n0a3

IB serves as a basis for
guiding the analysis of the ionic polaron [36]. We define
the zero-range MF energy Ezr = 4πaIBn0, which the polaron
energy is expected to approach in this regime. The MF energy
is EMF = Uion(0)n0.

We illustrate the quasiparticle properties of the ionic im-
purity in Fig. 2, computed by the GP (blue lines) and CS
(red lines) theories, for n0 = 1, along with the Ezr (magenta
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dashed line) and EMF (black dashed line) energy curves. The
polaron energies calculated by the two methods, in mutual
agreement, deviate from the mean-field energy EMF, which
predicts a monotonic decrease in the attractive polaron energy
as Uion(r) deepens and does not predict the existence of the
repulsive polaron branch. Rather, the polaron energy follows
a qualitative trend similar to that of Ezr.

Before the interaction is strong enough to support a bound
state, b > 0.58, an attractive polaron is formed, with the
quasiparticle weight approaching unity as the ionic interac-
tion weakens. Accordingly, the effective mass converges to
mI. However, the Fröhlich and beyond-Fröhlich models start
to differ drastically around b ∼ 0.5, as the Fröhlich treat-
ment can not describe molecular formation. But both CS
and GP results yield diverging polaron energy and effective
mass expressions around the scattering resonance, due to the
shortcomings of the Bogoliubov expansion over the uniform
density.

A notable new branch emerges within the range b ∈
[0.25, 0.4], initially characterized by the repulsive polaron
and subsequently transitioning to the attractive polaron. In
this regime, Z never approaches unity, as the spectral weight
is partially lost to the molecular states. Yet the quasiparticle
residue Z obtains a well-defined finite value ∼0.58 between
the two scattering resonances, along with a well-defined
effective mass. More precisely, the quasiparticle weight re-
mains finite in the weak |aIB|n1/3

0 � 1 and intermediate
|aIB|n1/3

0 � 1 coupling parameter regimes, whereas it be-
comes vanishingly small for strong coupling parameter
|aIB|n1/3

0 � 1. Moreover, this behavior recurs with the intro-
duction of the new bound states, such as at b ∼ 0.26. Each
recurrence, introduced by the scattering length aIB varying
from positive to negative infinity, echoes the transition from
the repulsive to attractive polaron branch of the zero-range
impurity.

B. Rydberg impurity

We now consider another type of long-range impurity, cre-
ated by a Rydberg excitation of a ground-state atom inside
a Bose condensate [26–28,36]. The interaction between the
Rydberg and the bath atoms is determined by the scattering
of the Rydberg electron off of the bath atoms, and hence the
electronic wave function and its spatial symmetries become
key ingredients of the impurity-bath potential. Here we focus
only on a spherically symmetric electronic s state with the
principal quantum number n, whose interaction potential can
be written, in real and momentum space [52], respectively, as

URy(r) = 2πas|�n00(r)|2, (31)

URy(k) = πas

n−1∑
i, j=0

(
n − 1

i

)(
n − 1

j

)
(−1)i+ j

×
(

i + j + 2

i + 1

)
2F1

(− i+ j+1
2 ,− i+ j

2 ; 3
2 ; −( kn

2 )2
)

[
1 + (

kn
2

)2
]i+ j+2 .

(32)

FIG. 3. The quasiparticle properties of the Rydberg impurity in a
weakly interacting Bose condensate, calculated by the CS ansatz (red
lines) and the perturbative GP theory (blue lines). (a) The polaron
energy Epol, (b) the quasiparticle weight Z , (c) the effective mass meff ,
as a function of the electron-bath particle scattering length as. The
dashed magenta (black) line in (a) represents Ezr (EMF). The polaron
energy, significantly deviating from EMF, is largely consistent with
the Ezr. The dashed blue line in (c) is the Fröhlich effective mass.
Here we set the bath-bath scattering length aBB = 100a0 and the con-
densate density n1/3

0 reff � 0.5 (n0a3
0 = 1.48 × 10−12). In numerical

analysis, we set dka0 = 10−5 and � = 4000dk. The gray shaded
areas indicate where the small gas parameter assumption breaks
down.

The Bohr radius a0 and the Hartree energy h̄2

mea2
0

define the
length and energy scale of the interaction. The electron
mass is me, and �n00(r) is the hydrogenic wave function.
2F1(a, b; c; z) is the confluent hypergeometric function. The
key parameters determining the strength and range of the po-
tential are the electron-bath particle scattering length as, and
the typical extension of the Rydberg orbit reff � 2n2. Without
loss of generality, we consider the bath atoms to be 87Rb
and fix n = 50, We use the electron-atom scattering length
as as the tuning parameter to investigate the quasiparticle
properties. The first and subsequent bound states between the
impurity and bath particle are supported when as decreases
below −0.05, −0.22, −0.49, and so forth.

We show the quasiparticle properties of the Rydberg im-
purity in Fig. 3, computed by the GP (blue lines) and CS
(red lines) methods, for n0 = 1.48 × 10−12 (n0 = 1013cm−3

063313-8



QUASIPARTICLE PROPERTIES OF LONG-RANGE … PHYSICAL REVIEW A 112, 063313 (2025)

FIG. 4. The quasiparticle properties of (a) ionic, and (b) Rydberg impurities across various condensate density regimes as a function of the
potential parameters b and as, respectively. The intraspecies interactions are set to aBB = 0.05rion and aBB = 100a0 for the ion and Rydberg
impurities, respectively. The dashed magenta (black) lines represents Ezr (EMF). The ratios adjacent to curves represent the multiplication
factors of the actual values. The axis limits ensure that all data shown remain within the Bogoliubov approximation’s valid range.

or reffn
1/3
0 � 0.5), along with the MF results Ezr = 2πaIBn0

me
mr

and EMF = URy(0)n0. We observe all the same generic fea-
tures of the short-range and ionic impurity in this case. For
the weak interactions without any available bound states as >

−0.05, the attractive polaron emerges with Epol → 0, as well
as Z → 1 when as → 0. Hereafter, the polaron properties
strictly deviate from EMF, following the effective-zero range
solution Ezr. Both repulsive and attractive polarons exist and
are sequentially introduced as a new bound state becomes
available. Well-defined effective masses accompany the finite
quasiparticle weights with descending peaks, and their be-
havior once again closely follows the key coupling parameter
|aIB|n1/3

0 .
Differences in the two-body physics and functional form

of the interaction potential manifest in the detailed behavior
seen in Figs. 2 and 3. For example, the ranges of the attrac-
tive polaron branches in the presence of the bound states are
much narrower for the Rydberg potential, compared to those
of the ionic impurity. This leads to much sharper increases
(decreases) in the effective mass (quasiparticle weight) near
the next bound-state location.

V. EFFECTS OF BATH PARTICLE INTERACTIONS
AND CONDENSATE DENSITY

We now present a systematic assessment of the quasipar-
ticle nature of impurities across various length-scale regimes,
including the interparticle distance n−1/3

0 , the interaction range
reff , and the coherence length ξ . The effect of intraspecies

interactions on the quasiparticle nature of long-range impu-
rities has remained relatively unexplored in the literature,
particularly for Rydberg impurities, where the functional
determinant approach has been employed [27,36], which
assumes a noninteracting bath. In Fig. 4, we present the
quasiparticle properties of both ionic and Rydberg impurities
across a range of condensate densities for a constant finite
value of aBB. When n1/3

0 reff � 1, the long-range impurity
is rendered effectively short ranged. As a result, universal
features associated with short-range impurities emerge. The
polaron energy (blue solid lines) approaches the zero-range
MF energy Ezr and, away from scattering resonances, the
quasiparticle weight remains close to one. As we move to
the intermediate filling regime, n1/3

0 reff � 1 (red solid lines),
deviations from the zero-range results become apparent.
The quasiparticle weights between the scattering resonances
are significantly reduced, but remain finite as long as
|aIB|n1/3

0 � 1. In the high filling parameter regime n1/3
0 reff �

1 (yellow solid lines), however, the quasiparticle weight
diminishes to arbitrarily small values, even between the scat-
tering resonances. Therefore, the quasiparticle description
breaks down when the impurity volume is filled by a large
number of bath particles whenever the interaction potential
supports at least one bound state. When the latter condition
is not held, the attractive polaron retains a finite quasiparticle
weight independent of density.

In the weak-coupling regime, the effective mass of long-
range impurities converges to unity for any bath density,
provided that no bound state is supported. This convergence
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FIG. 5. The quasiparticle properties of (a) contact, (b) ionic, and (c) Rydberg impurities for various bath-bath scattering length aBB. The
condensate density is set to n0r3

ion = 1 for ionic, and n0a3
0 = 1.48 × 10−12 (n1/3

0 reff � 0.5) for Rydberg impurities. The dashed magenta (black)
lines represents Ezr (EMF). The axis limits ensure that all data shown remain within the Bogoliubov approximation’s valid range.

to the unity is similar to the attractive branch of zero-
range impurities. However, we observe that when a bound
state is supported, the effective mass at the weak coupling
limit aIB → 0, significantly depends on the filling parameter
reffn

1/3
0 . In the dilute-density limit, the effective mass remains

close to unity in the weak-coupling regime, however, it in-
creases with the increasing filling parameter. This behavior
may be attributed to the occupation of molecular states when
such states become accessible. In general, a stronger coupling
parameter indicates a greater effective mass for any impurity
type.

In the presence of intraspecies interactions, an additional
distinct behavior emerges across the transition from low to
high filling parameters: each scattering resonance shifts to-
ward deeper impurity-bath interaction. As seen in Fig. 4(a)
and 4(b), the polaron energy curves, coincident with Ezr at the
low density, shift and eventually converge to EMF at the high
density. We explain this shift by an effective modification of
the impurity-bath potential due to the presence of the repulsive
condensate field, as described in Refs. [45,53,54] for the case
of short-range impurity. This happens when the coherence
length of the condensate ξ ∝ (aBBn0)−1/2 becomes relevant
to the other length scales in the problem. If the condensate
can support density modifications within the interaction range
of the impurity, i.e., ξ � reff , the bare impurity potential is
effectively revised: Ueff (r) = UIB(r) + gBB|�(r)|2 [45]. Sub-
sequently, the effective potential begins to support bound
states at interaction strengths deeper than those supported by
the bare potential alone. As the first scattering resonance shifts
far deeper, the EMF curve provides a reliable guideline over a
region in the parameter space, noticeably broader than that
observed at low densities.

Similar qualitative trends can also be probed by tuning the
coherence length through the variation of intraspecies scat-
tering length aBB. In Fig. 5, the quasiparticle properties are

plotted for three aBB values of each impurity type with a fixed
density. For the short-range impurity, the transition between
the repulsive and attractive polaron branches shifts towards
smaller aIB values, and the quasiparticle weight approaches
unity more rapidly as aBB increases. For the long-range impu-
rities, the next bound state emerges for deeper potentials, and
the fraction of spectral weight lost to the molecular states is
reduced. Stronger aBB results in higher quasiparticle weights
for any type of impurity. This phenomenon can be intuitively
understood by considering the reduced compressibility of
the Bose gas as aBB becomes larger. The condensate’s re-
sistance against the external pressure in the presence of the
impurity increases, resulting in a higher likelihood of pre-
serving the initial many-body state. By the same reasoning,
the effective mass of the impurity decreases considerably.
A compelling question to investigate is the extent to which
stronger bath-bath interactions can further sustain these en-
hanced quasiparticle weights.

VI. DISCUSSION AND CONCLUSION

The reported results can be investigated in ultracold gas
experiments. Radio-frequency spectroscopy [1,2,28], Ramsey
contrast measurements [4], and oscillatory perturbations to
the impurity via external drives [55] have been employed to
obtain the polaron energy, quasiparticle weight, and effec-
tive mass, respectively. Although, in principle, the interaction
between an ionic impurity and bath particles can be tuned
through a Feshbach resonance [56], no analogous tuning
mechanism exists for the scattering length as in the case
of a Rydberg impurity. Instead, variation of the Rydberg
atom’s principal quantum number may enable access to dis-
tinct regimes with a different number of available bound states
[28,36].

We employed two well-established theoretical methods to
assess and compute the quasiparticle properties of long-range
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impurities in a weakly interacting Bose condensate. We addi-
tionally obtained new analytical expressions (25) and (29) for
the effective mass of the short-range impurity, going beyond
Fröhlich interactions in the Hamiltonian.

We considered how polaron properties are affected by
the interplay between the three different length scales of the
system. We found that the coupling parameter |aIB|n1/3

0 , deter-
mined by the zero-energy scattering length of the long-ranged
impurity, remains the key parameter to assess the quasia-
particle nature of the impurity. In the weak |aIB|n1/3

0 � 1
and intermediate |aIB|n1/3

0 � 1 coupling parameter regimes,
the impurity can always be associated with a finite quasi-
particle weight. However, this finite weight is significantly
suppressed as the impurity volume is increasingly occupied
by particles, which can be characterized by the filling pa-
rameter reffn

1/3
0 . Eventually, as the filling parameter becomes

large, the quasiparticle weights become arbitrarily small. We
also found that the coherence length ξ becomes a significant
factor in determining the polaron properties when ξ � reff ,
as the condensate field begins to effectively modify the bare
impurity-bath interaction potential. This leads to a shift of res-
onance positions. Finally, irrespective of the impurity type or
density regime, the stronger intraspecies interactions enhance
the quasiparticle weight and reduce the effective mass.

Future research should address the following issues. First,
the saddle point analysis of the polaron properties between
two scattering resonances does not account for the partial
spectral weight shared with the molarons. A more rigorous
theoretical framework is required to describe the coexistence
of both atomic and molecular polarons (“molarons”) in this
regime. The GP theory can be extended to incorporate the
molecular impurity field created by the atomic impurities after
the quench. Secondly, the regime ξ � reff warrants further
investigation. As ξ decreases, the spectrum may exhibit sig-
nificant shifts in positions of resonances, and sharper features
in the polaron branches, away from resonances.
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APPENDIX A: TIME-DEPENDENT RESULTS AND
SADDLE POINT SOLUTION

The conventional approach used to investigate the behavior
and properties of the impurity-bath system involves the instan-
taneous introduction of the impurity at time t = 0. Effectively,
this means quenching the interaction strength from zero to a
finite value. The autocorrelation function or Loschmidt echo,
S(t ) = 〈�(t )|�(0)〉, provides abundant information regarding
the polaron. It quantifies the degree to which the interacting
state remains similar to the initial noninteracting state, and its

FIG. 6. The time evolution of the autocorrelation function |S(t )|
of (a) attractive, and (b) repulsive contact polarons, for various
impurity-bath scattering lengths aIB. (c) The absorption spectrum of
the impurity A(ω). The dashed white (red) lines are the saddle point
attractive (repulsive) polaron energy solutions, computed by (23).

asymptotic behavior is interpreted as the quasiparticle weight
or residue, Z = limt→∞ S(t ). By Fourier transforming S(t ) to
obtain the absorption spectrum, one can also gain information
about the polaron energy and broadening.

Here we discuss the physical relevance of the saddle
point solutions to the polaron properties by analyzing the
time evolution of the autocorrelation function |S(t )| and the
coherent-state amplitudes βk(t ) in Eq. (3) for attractive and
repulsive interactions. The time evolution of βk(t ) is com-
puted by solving the coupled set of first-order differential
equations ∂t �βk = A �βk + f obtained from the matrix form
of Eq. (3) [22,38,58]. The Loschmidt echo is then numeri-
cally evaluated following S(t ) = exp −iφ(t ) − 1

2

∑
k |βk(t )|2.

Here, the time evolution is studied to show the convergence to
the saddle point behavior.

The saddle point solution admits a clear physical interpre-
tation in the context of the stable attractive polaron. As shown
in Fig. 6(a), the overlap with the initial noninteracting state
converges to a finite value defining the quasiparticle weight
of the particle. The weight is significantly depressed as aIB

approaches the scattering resonance, due to its incoherent
distribution into the scattering continuum at higher frequen-
cies [38] [see Fig. 6(c)].
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T. ALPER YOĞURT AND MATTHEW T. EILES PHYSICAL REVIEW A 112, 063313 (2025)

A remarkable difference arises in the repulsive branch: The
steady-state behavior is oscillatory, and its mean value (ampli-
tude) becomes greater (smaller) for weaker aIB, as illustrated
in Fig. 6(b). The oscillations are attributed to the presence
of the bound states, therefore, the loss of the spectral weight
is coherent, as observed in the absorption spectrum A(ω) =
2Re

∫ ∞
0 dteiωt S(t ) shown in the Fig. 6(c). Due to this oscilla-

tory behavior, the interpretation of the saddle point solution,
which computes the mean value of the oscillations, needs
clarification for the repulsive branch. In the weak coupling
limit, where the mean value is finite and oscillation ampli-
tudes become negligible, as in the orange line in Fig. 6(b),
it physically corresponds to the coherent amplitudes of the
long-living repulsive polaron. For strong couplings, however,
the bound states are heavily populated, leading to a significant
redistribution of spectral weight toward the so-called molaron
states. But the polaron properties, such as the effective mass
and the energy, derived from the saddle point solutions of
the beyond-Fröhlich model, can not capture these molaron
branches in the absorption spectrum. Yet, they provide a good
quantitative agreement in the weak and intermediate cou-
pling regimes and may offer a fair qualitative description for
stronger aIB until the residue becomes extremely small. This
agreement is clearly seen in the absorption spectrum Fig. 6(c),
where the red dashed line, computed by the steady-state solu-
tions (23), closely follows the repulsive polaron branch in the
absorption spectrum.

APPENDIX B: NUMERICAL IMPLEMENTATION

We solve Eq. (4) numerically on a grid of momenta. In
this representation, Eq. (4) can be written in the matrix form
A�β = v, where �β is a vector consisting of βk variables, dis-
cretized in accordance with the symmetry of the problem. For
quasiparticle properties calculated in the ground state of the
impurity-bath system, such as the polaron energy and residue,
βk values depend only on |k|, i.e., βk = βk . Therefore, �β =
(βk1 , βk2 , . . . , βkK )T , and kl = ldk, Kdk = �, where � is the
momentum cutoff, dk is the step size in momentum magni-
tude, and l is a positive integer up to K . The A matrix is a
K-by-K matrix, whose elements Alm contain the coefficients
in linear equations (5). But the degeneracy of βk variables
corresponding to the same βk must be regarded carefully.
Consider the summation over k′ vectors in (5) for a given k.
One can assume k is along z axis without loss of generality,
then the summation is azimuthally symmetric:

Wk

V

∑
k′

UIB(k − k′)Wk′βk′

= Wk

(2π )2

∫ �

0
dk′k′2Wk′βk′

∫ π

0
dθk′ sin θk′UIB(|k − k′|),

(B1)

where |k − k′| =
√

k2 + k′2 − 2kk′ cos θk′ . Define the polar
integration with a function fPI (k, k′) ≡ ∫ π

0 dθk′ sin
θk′UIB(|k − k′|). Then, Eq. (5) becomes:

−
√

N

V
UIB(k)Wk = �kβk + Wk

(2π )2

∫ �

0
dk′k′2Wk′ fPI (k, k′)βk′ .

(B2)

The elements of the matrix A and the vector v in A�β = v are
given by:

All = �kl + W 2
kl

(2π )2
dk k2

l fPI (kl , kl ),

All ′ = WklWkl′

(2π )2
dk k2

m fPI (kl , kl ′ ),

vl = −√
n0

(
dk

2π

)3/2

UIB(kl )Wkl , (B3)

where V = (2π/dk)3 is used for vl coefficients. The solution
for βk variables can be found by a matrix inversion: �β =
A−1v.

Similarly, the matrix and vector elements for the numerical
solution of δψk0 variables in the set of linear equations (16)
are:

All = 1 + 1

4π2
dk k2

l Wkl fPI (kl , kl ),

All ′ = 1

4π2
dk k2

l ′Wkl fPI (kl , kl ′ ),

vl = −√
n0

(
dk

2π

)3/2

UIB(kl )Wkl , (B4)

where Wk ≡ εkr

E2
kr

. Note that each term in Eq. (16) is divided by

E2
kr

.
Both the momentum step size dk and the cutoff momentum

� are refined until convergence of the results is achieved,
with the parameter set reported in the text corresponding to
the converged values. For the Rydberg impurity, the optimiza-
tion of these parameters is more demanding, as the length
scales determined by the internodal distance of the Rydberg
potential and the overall system size differ by several orders
of magnitude. In this case, dk and � are chosen such that
the fine structure of the potential is accurately resolved while
simultaneously ensuring convergence with respect to the total
system size.

APPENDIX C: LOW-VELOCITY EXPANSION
OF THE POLARON ENERGY

We calculate the effective mass of the impurity by ana-
lyzing the low-velocity corrections to ground-state polaron
energy. To this end, we replace βk in Eq. (4) by its expansion
(8) around the zero-velocity solution. This leads to equa-
tions of the zeroth, first, and second order in the velocity V,
expressed in terms of the zero-velocity solution βk0, and the
corresponding order corrections αk and γk:

0 = �k0βk0 +
√

N

V UIB(k)Wk + 1

V
∑

k′
hkk′βk′0 (C1)

0 = �k0βk0αkk · V − βk0k · V + 1

V
∑

k′
hkk′βk′0αk′k′ · V

(C2)

0 = −αkβk0(k · V)2 + �k0βk0γk (k · V)2

+ 1

V
∑

k′
hkk′βk′0γk′ (k′ · V)2, (C3)
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where hkk′ ≡ UIB(k − k′)V (1)
kk′ + UIB(k + k′)V (2)

kk′ . In case of
the short-range impurity, the zero-velocity solution is given
by (22), and the order corrections can be calculated exactly:

αk = 1

�k0
, (C4)

γk = 1

�2
k0

1

1 + gIB

V
∑

k′
W 2

k′
�k′0

. (C5)

For the long-range impurities, analytical expressions for the
exact solutions are infeasible. Instead, one can approximate
the order corrections as αk = 1

�k0
and γk = 1

�2
k0

, leading only

to minor quantitative changes in the effective mass compared
to the exact numerical solution. The zeroth-order solution βk0
can be found by Eq. (5).

In the case of the perturbative GP theory, we derive a set
of equations for the zero-velocity solution δψk0, and the order
corrections αk and γk , similar to (C1):

φ0√
V
UIB(k)εkr = −E2

kr
δψk0 + 1

V
∑

k′
hkk′δψk′0 (C6)

φ0√
V
UIB(k)k · V

= −E2
kr
αkδψk0k · V + 1

V
∑

k′
hkk′δψk′0αk′k′ · V

− k · V
V

∑
k′

UIB(k − k′)δψk′0 (C7)

E2
kr
δψk0γk (k · V)2

= δψk0(k · V)2 + 1

V
∑

k′
[hkk′δψk′0γk′ (k′ · V)2

−(k · V)(k′ · V)UIB(k − k′)δψk′0αk′ ],

(C8)

where hkk′ ≡ gBBn0UIB(k + k′) − (εkr + gBBn0)UIB(k − k′).
We find δψk0 by solving Eq. (16) with setting V = 0. For
the short-range impurity, the zero-velocity solution takes the
form (26) at V = 0, and the order corrections can be obtained
exactly:

αk = 1

εkr

, (C9)

γk = 1

E2
kr

1

1 + gIB

V
∑

k′
εk′

r

E2
k′
r

. (C10)

Similar to the CS ansatz, we determine δψk0 numerically for
the long-range impurities, and approximate the order correc-
tions by αk = 1

εkr
and γk = 1

E2
kr

.

The effective mass of the short-range impurity, for
any mass ratio m∗, is given in the CS and GP ansatz,

respectively, as

meff

mI
= 1 + 4

√
π

3
√

aBBm∗(m∗ + 1)

5/8(
a−1

IB − a−1
GP,+

)2 , (C11)

meff

mI
= 1 +

(
128

3m∗
1(

a−1
IB − a−1

+
)2

)

×
∫

dk k2

√
k2 + τ (k/m∗ + √

k2 + τ )3
, (C12)

where τ ≡ 16πaBB and the latter integral yields 2
15

√
τ

when
m∗ = 1.

APPENDIX D: ALTERNATIVE DERIVATION OF THE GP
EQUATION FOR FINITE IMPURITY AT LOW

VELOCITY LIMIT

An alternative derivation of the GP equation (12) used in
the perturbative GP theory is provided here. This derivation
highlights the connection between the LLP framework for
the GP fields �(r) and the GP equation in (12), clarifying
the implicit assumptions involved. We start with the total GP
energy functional expressed in terms of the condensate field
�(r), obtained after the LLP transformation into the comov-
ing frame of the impurity [44–46]

KGP =
[
ptot − ∫

d3r�∗(r)(−ih̄∇ )�(r)
]2

2mI

+
∫

d3r

{
h̄2

2mr
|∇�(r)|2 + [UIB(r) − μ]|�(r)|2

+ gBB

2
|�(r)|4

}
, (D1)

where the first line corresponds to the real-space counter-

part of the momentum-space representation (ptot−
∑

k h̄kb†
kbk )2

2mI
in

ĤLLP (2). Here the phonon momentum is defined as pB ≡∫
d3r�∗(r)(−ih̄∇)�(r). Note that the motions of impurity

and phonons are involved without any wave-form argument
(r − Vt ) in the impurity-bath potential UIB(r). We now apply
a variational analysis δKGP

δ�∗ = 0 to find the time-independent
GP equation, which yields

μ�(r) = − h̄2

2mr
∇2�(r) + UIB(r)�(r) + gBB|�(r)|2�(r)

+ ih̄∇�(r) · (
ptot − ∫

d3r′�∗(r′)(−ih̄)∇�(r′)
)

mI
,

(D2)

where the second line corresponds to the contributions due to
the nonzero total and phonon momentum. In the time evolu-
tion of the impurity-bath system, ptot is a constant of motion,
whereas pB and the impurity velocity V = (ptot − pB)/mI can
vary. When a fixed velocity vector V is associated with the
impurity, this variation is implicitly neglected. Although this
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assumption may lead to inaccuracies in describing the time
evolution of the polaron, it remains justified in a steady-state
analysis of regimes in which the polaron attains a nearly
or fully constant momentum. This neglect corresponds to

the mean-field treatment of the boson-boson interactions in-
duced by the LLP transformation. In this case, applying the
perturbative expansion �(r) = φ0 + δψ (r) yields the same
equation (13).

[1] M.-G. Hu, M. J. Van de Graaff, D. Kedar, J. P. Corson, E. A.
Cornell, and D. S. Jin, Bose polarons in the strongly interacting
regime, Phys. Rev. Lett. 117, 055301 (2016).

[2] N. B. Jørgensen, L. Wacker, K. T. Skalmstang, M. M. Parish,
J. Levinsen, R. S. Christensen, G. M. Bruun, and J. J. Arlt, Ob-
servation of attractive and repulsive polarons in a Bose-Einstein
condensate, Phys. Rev. Lett. 117, 055302 (2016).

[3] Z. Z. Yan, Y. Ni, C. Robens, and M. W. Zwierlein, Bose po-
larons near quantum criticality, Science 368, 190 (2020).

[4] J. c. v. Etrych, G. Martirosyan, A. Cao, C. J. Ho, Z. Hadzibabic,
and C. Eigen, Universal quantum dynamics of Bose polarons,
Phys. Rev. X 15, 021070 (2025).

[5] L. Landau and S. Pekar, Effective mass of a polaron, Zh. Eksp.
Teor. Fiz 18, 419 (1948).

[6] H. Fröhlich, Electrons in lattice fields, Adv. Phys. 3, 325 (1954).
[7] T. D. Lee, F. E. Low, and D. Pines, The motion of slow electrons

in a polar crystal, Phys. Rev. 90, 297 (1953).
[8] A. S. Alexandrov and J. T. Devreese, Advances in Polaron

Physics (Springer, Berlin, 2010), Vol. 159.
[9] J. T. Devreese, Fröhlich polarons, arXiv:1611.06122.

[10] F. Grusdt, N. Mostaan, E. Demler, and L. A. Peña Ardila,
Impurities and polarons in bosonic quantum gases: A review
on recent progress, Rep. Prog. Phys. 88, 066401 (2024).

[11] R. Paredes, G. Bruun, and A. Camacho-Guardian, Interactions
mediated by atoms, photons, electrons, and excitons, Phys. Rev.
A 110, 030101 (2024).

[12] P. Massignan, R. Schmidt, G. E. Astrakharchik, A. İmamoglu,
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