PHYSICAL REVIEW A 112, 022418 (2025)

Designing quantum error correction codes for practical spin qudit systems
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The implementation of practical error correction protocols is essential for deployment of quantum information
technologies. Ways of exploiting high-spin nuclei, which have multilevel quantum resources, have attracted
interest in this context because they offer additional Hilbert space dimensions in a spatially compact and
theoretically efficient structure. We present a quantitative analysis of the performance of a spin-qudit-based
error-correctable quantum memory, with reference to the actual Hamiltonians of several potential candidate
systems. First, the ideal code-word implemented on a spin-7/2 nucleus, which provides first-order Pauli-X, ¥
and Z error correction, has intrinsic infidelity due to mixed eigenstates under realistic conditions. We confirm
that expansion to a spin-9/2 system with tailored code words can compensate for this infidelity. Second, we claim
that electric field fluctuations, which are inevitable in real systems, should also be considered as a noise source,
and we illustrate an encoding and decoding scheme for a multi-spin-qudit-based error correction code that can
simultaneously compensate for both electric- and magnetic-field perturbations. Such strategies are important as
we move beyond the current noisy-intermediate quantum era, and fidelities above two or three nines become
crucial for the implementation of quantum technologies.
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I. INTRODUCTION

In the past decade, quantum information processing strate-
gies deploying high-dimensional quantum objects have gained
significant attention from researchers across a range of
disciplines. This has well-known advantages in quantum
error correction (QEC), for example, in the Gottesman-
Kitaev-Preskill (GKP) code [1-3], which has been studied
extensively on both theoretical [4—6] and experimental levels
[7-10]. This approach can provide a spatially compact struc-
ture compared to qubit-based correction schemes [11-17].
In this context, high spin nuclei offer promising candidates
for encoding fault-tolerant logical qubits [18,19], not only
owing to their superior coherence times, but also because their
potential multidimensional spin subspace yields a hardware-
efficient structure. Moreover, several recent reports claim
that spin-qudit-based information processing can outperform
the same level of qubit-based counterparts in terms of re-
sources [20] and gate [21] efficiency. Thus, various theoretical
[22-27] and experimental [28,29] studies investigated ways of
exploiting these systems as memory units for quantum tech-
nology. For instance, nuclei from 3d transition metals (such
as Cu, V, Mn, hosting nuclear spins of 3/2 or 5/2) can provide
correction of the Pauli-Z error; larger nuclei, such as Sb, Bi,
La, which have spins of 7/2 or 9/2, can provide simultaneous
correction of all Pauli-X, Y, and Z errors.
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Practical implementation of these ideas, however, comes
with several challenges arising from the actual physical
interaction terms in the Hamiltonian, which are usually
unavoidable in condensed matter systems. In the existing lit-
erature, the spin state has typically been modeled based on
eigenstates of the Sz operator, with first- or second-order er-
rors described as compositions of the ideal spin operators, Sy,
Sy, and Sz. In all cases, a sufficiently large quantizing mag-
netic field By will result in the states |mg) and |m;) being good
eigenstates. However, but practical experiments are performed
in finite field where this limit might not be reached, and
therefore, there is demand for quantitative analysis regarding
errors originating from this issue. We find that existing QEC
protocols with ideal code-word designs are not suitable for an
actual spin system with finite magnetic field, owing to per-
turbations such as hyperfine interaction, nuclear quadrupole
interaction, crystal field splitting, and other terms, which lead
to violations of the Knill-Laflamme (KL) criteria [12].

So far, since we are at the noisy intermediate-scale quan-
tum (NISQ) era [30], control and readout fidelities of systems
lie around two nines or lower [31-33], therefore, consider-
ation for these weak perturbations has not been necessary.
However, to go beyond the NISQ era and build a scalable
quantum computer, we indeed need to tailor or reconstruct
our code word to make our quantum error correction pro-
tocols valid under these various higher-order terms. In the
case of qubit-based QEC protocols, such as the surface code
[14,34-37], similar approaches (tailoring code words and de-
coders) have been reported [38—41] to compensate for biased
error models. Moreover, optimization of a spin qudit code
word [42] to counteract S dephasing has also been suggested,
based on numerical simulation of the spin-bath interaction.
We believe these approaches can be generalized; since we can
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FIG. 1. (a) Anenergy level diagram for the spin states of the Si:Sb system. (b) The nuclear spin transition frequencies within the m;, = —1/2

manifold. (c) The shift of nuclear transition frequencies from their values at a field of 1 T as a function of magnetic field.

parameterize the full spin Hamiltonian of a single quantum
object, the effects of a range of errors can be investigated at
a fundamental level, and effective code-word designs can be
found for each system.

In this article, we provide a quantitative analysis regard-
ing these effects. First, the existence of any non-Ising-type
interaction (e.g., the isotropic hyperfine interaction) leads to
mixing of |mg, m;) eigenstates in the Z basis. We must take
this mixing into account when tailoring code words. Inter-
estingly, a spin-7/2 system, which has been suggested as the
minimal spin dimension for correcting first-order Sx, Sy, and
Sz errors, cannot host a code word meeting the KL criteria in
the presence of such an interaction. As we show in Sec. II,
the spin-9/2 system with tailored coefficients is required to
deal with additional terms and conditions. Second, electron
and nuclear spins with mg, m; > 1 often exhibit electric-field-
sensitive Hamiltonian terms, as confirmed experimentally in
donor spins in semiconductors [43,44] and nitrogen-vacancy
centers in diamond [45,46]. Since, as is well known, magnons
or phonons in condensed matter systems can cause magnetic
or electric-field fluctuations, realistic first-order error protec-
tion requires code words robust against not only By, By,
and By fluctuations, but also Ey, Ey, and E fluctuations. In
Sec. III, we illustrate the construction of logical qubit code
words providing this protection, encoded in multiple nuclear
spin qudits, as suggested conceptually in Refs. [20,24], with
a working example of three coupled nuclear spins 7/2. We
focus on a model environment of group-V donors in Si with
magnetic field on the scale of 1 T, but the approach we use
here can be applied to a wide range of quantum high-spin
systems in condensed matter.

II. TAILORED CODE WORD WITH SPIN HAMILTONIAN

One essential step in a quantum error correction protocol
is, from a thermodynamic point of view, transferring extra
entropy of the logical qubit into an ancillary qubit, and then
transferring it into a thermal bath by initializing the ancillary
qubit. Therefore, there must be coupling between the data
qubit and the ancillary qubit, to perform, repeatedly, the entire
cycle.

In practice, the coupling between spin systems (e.g., the
hyperfine interaction between nuclear and electron spins) gen-
erates an asymmetry in the spin Hamiltonian. For example, the

Hamiltonian of the § = 1/2,1 = 7/2 '*3Sb donor spin in Si is,
to a good approximation

H=gupgB-S+gupB-1+S-A-1, (D)
where gup = 28.02 GHz/T, gjup = 5.55 MHz/T, and A =
101.52 MHz (obtained from Ref. [47]).

Figure 1(a) shows energy levels of this system, with an
external magnetic field Bz around 1 T applied along Z. Fo-
cussing on the lower-energy group of eigenstates, those within
the electron spin mg = —1/2 manifold, Fig. 1(b) shows the
seven Am; = %1 transition frequencies between the nuclear
spin states. To show more clearly the magnetic-field depen-
dence of these frequencies, Fig. 1(c) shows the variation of
the nuclear transition frequencies compared to their values at a
magnetic field of 1 T. As we can see in Fig. 1(c), the gradients
of these transition frequencies against By differ from each
other, reflecting the fact that the states |mg, m;) are not the ex-
act eigenstates of the system owing to the off-diagonal terms
in the isotropic hyperfine interaction term. The consequence
of this is that a fluctuation AB; generates phase shifts on
these levels differing from what is expected in the ideal cases
described in, for example, Refs. [19,20]. We want also to note
that |m;) states mentioned hereafter are not perfect eigenstates
of I, but those for which there is a dominant component in the
superposition.

Under these circumstances, the ideal logical code words,
|0z) and |1.), which are designed to protect against fluc-
tuations of Bz, By, and By under the assumption that only
the nuclear spin Zeeman term plays a role, and are given by

[19,20]
. _\/7_7 +\/7+3
[0.) = o172 olTa)
1——\/T+7 +\/7—3 2)
1) = 0172 ol=3/) (

2

do not satisfy the KL criteria under the influence of a fluctu-
ation ABy. This is demonstrated in Fig. 2, which shows the
matrix elements (0. |I7|0.) and (1,]I7]1.) for magnetic fields
around 1 T. Both are nonzero, and furthermore, they differ
from each other, leading to a violation of the KL criteria [12]

(OLIATA;|1L) =0,
(OL|ATA;10L) — (1.1ATA;|1.) = 0, 3)
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FIG. 2. The expectation value for (0, |/7|0.) and (1.|lz|1.) for
original 7/2 code words, with practical environment of Si:Sb.

where |0.) and |1.) are the code words and A; represent
the errors we want to protect against, i.e., the identity, and
fluctuations of By, By, and By.

This issue can be partially resolved if we also add an
asymmetry in the code word. For example, we can encode
to protect against ABy perturbations by introducing the small
distortion (€, €;) to the original code word, such that

0L) = cos(fp + €1)|—1) + sin(y + €1)|+3),
[11) = —cos(6 + €)[+3) + sin(6y + €2)|—3). (4

Here, 6y = cos™! (, / 13—0) and €; = ¢; = 0 corresponds to the

ideal case. Through careful choice of the two free parameters,
€1 and €;, we can satisfy the condition (O |I7|0.) = (1.|Iz]1L).
The blue line in Fig. 3 shows a set of (€], €;) that satisfying

— (O I'yIy|1)

— (O Ty Ix| 1)
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w
+
<
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cos(By+eq)

FIG. 3. The lines show set of €; and €,, which satisfying zero ex-
pectation value for (Op|17]|0.) — (1.]Iz|1.) (blue), (OLll;lelL) (red),
and (O |I{ Iy |1.) (black).
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FIG. 4. The lines show a set of ¢; and ¢, which satisfies zero
expectation value for (0. |1z|0.) — (1.|1z|1.) (black), (0L|I;IX|OL) —
(1 L|I;IX [1.) (red), with ideal 9/2 code-word and additional €; and €,
parameters.

(Op|1z|0L) — (1p|Iz|11) = 0, demonstrating that this quantity
is zero along a line in (€, €;) space.

However, in this spin-7/2 case, we cannot also satisfy the
equivalent KL criteria for fluctuations ABy and ABy through
a choice of ¢; and €;: the red and black lines in Fig. 3
show the set of (€, €2), which have zero expectation value
for (OL|I;IX|1L) and <0L|I;1y|1L), respectively. As is evident
from Fig. 3, there is no choice of (¢, €;) for which all three
quantities are zero, and therefore, there is no simple way to
identify logical qubits resilient to all three perturbations.

However, extending to a spin-9/2 system, as offered, for
example, by Bi dopants in Si, we acquire the resources re-
quired to deal with this asymmetry. As before, the isotropic
hyperfine coupling of / = 9/2 and S = 1/2 generates mixing
of |mg, my) states, and an asymmetry in gradients of nuclear
transition frequencies with magnetic field.

We model Bi dopants in Si using the same Hamiltonian as
Sb dopants, Eq. (1), but with S = 1/2,1 = 9/2, gz = 28.02
GHz/T, gjup = 6.841 MHz/T, and A = 1475.4 MHz (also
obtained from Ref. [47]). In this case, we can compensate for
AByx, ABy, and ABy fluctuations simultaneously, using the
asymmetric code word

0) = cos(fp + €1)|—2) + sin(B + €1)[+3),
[11) = cos(6p + €2)|+3) + sin(6y + €2)|—3). ()

The case with ) = cos™! (%) and €; = €, = 0 yields the origi-
nal code word for the spin-9/2 QEC code [20]. To this, we can
add the distortion (€1, €;), to match the KL criteria to account
for the presence of the hyperfine term in the Hamiltonian.
The black and red lines in Fig. 4 shows set of
(€1, €2), which have zero expectation value for (0. |/z|0.) —
(1LlIz|1L), (OLlIfIx|0L) — (1.|IiIx|1.) for spin-9/2 logical
code-word in Eq. (5), respectively. The set of (¢, €;) given
by the black line also yields (O |I{Iy|0.) — (1.|I1y|1.) and
the set represented by the red line yields (OL|I;Iy|OL> —
(1|5 Iy 1) and (O |I}Iz|0.) — (1.|I}Iz|1;) (as can be ver-
ified by considering the matrix elements or by numerical
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FIG. 5. (a) €1, €, for the partially tailored 7/2 code words, which
satisfies (0.|Iz|0.) — (1.]Iz|1.) =0 and (OLII;IXHL) =0 condi-
tions. (b) The expectation values for KL criteria, for partially tailored
code words and original 7/2 code words.

calculation). In this 9/2 case, owing to the additional my;
states between those making up the logical qubit, the other
expectation values such as (0L|I;IX|1L) or (OL|I;IY|1L) or
(0L|I;fly|1 ) are trivial zero. Thus, Fig. 4 shows the depen-
dences required to identify how to satisfy the KL criteria.

There exists a unique numerical solution, corresponding
to (€1, €2) = (0.0085, 0.0042) (in radians), satisfying the KL.
criteria

|0,) = 0.492625|—3) + 0.870242|+3),
|1.) = 0.496375|—3) + 0.868208|+3). (6)

While this choice of (€1, €;), and therefore, the coefficients
in Eq. (6), are the specific solution for an external field of
1 T, numerical solutions for other cases can be found easily
by analogy.

In Fig. 5(a), we present the the amplitudes of |m;) super-
position components for the partially tailored code words for
the spin-7/2 case, implemented for parameters for '**Sb:Si,
as a function of magnetic field. These sets of (€1, €;) are

—— (011,10, )- (1,1,11,)

0.25

—— (O L 10, ) - (1, 1T L1, )
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FIG. 6. The infidelity for fully tailored 9/2 code-word for 1 T
coefficients case.

solutions for (0 |1z]0.)—(1.|Iz|1.) =0 and (OL|I;IX| 1.)=0,
but do not give (OL|I;IY [1.) = 0 because, as shown in Fig. 3,
there is no global solution for all three conditions. We plot
the deviation from satisfaction of the KL criteria for these
partially tailored and original (untailored) spin-7/2 code words
in Fig. 5(b), optimized as a function of magnetic field. As
expected, the original spin-7/2 code word exhibits a finite
deviation across the field range. For these partially tailored
cases, we can see that we can achive zero expectation val-
ues for (0. |I7]0.) — (1.|Iz|1.) and (OL|I;IX|1L) across the
magnetic-field range, there is always a finite imperfection for
the (0, |I;IY |1.) case. An interesting feature is that the degree
of imperfection decreases with increasing external field, and
this is well matched with our intuition: a larger external field
brings eigenstates closer to ideal Sz eigenstates.

These deviations, on the scale of ~1073 to ~10~%, indicate
the experimental circumstances under which it is important to
consider the error arising from the hyperfine interaction. Some
state-of-the-art experiments demonstrate control fidelities for
single spin qubits and qudits around the three nines level
[32,33,43], so this source of error is already experimentally
significant. The tailoring of the spin-7/2 code word reduces
these infidelities by a factor of roughly 3, but still there re-
mains a finite amount of error because Sy and Sy errors cannot
be compensated fully.

In Fig. 6, we illustrate the deviations of the KL criteria
in Eq. (3) from O for the fully tailored spin-9/2 code word
[Eq. (6)] implemented for parameters for Bi:Si at 1 T, as a
function of the applied external field strength. In this field
regime, the spin-9/2 cases exhibit a larger error compared
to the spin-7/2 case shown in Fig. 5(b) because of the large
hyperfine coupling of Bi dopants (~1400 MHz) compared to
Sb dopants (~100 MHz). However, as described above, the
infidelity can be suppressed to exactly zero by tailoring the
code word for a particular magnetic field, 1 T in this case.

Thus we identify an approach to preparing robust quantum
error-correctable memories using a nuclear spin-9/2, such as
that offered by the Bi donor in Si, with a logical code word

022418-4



DESIGNING QUANTUM ERROR CORRECTION CODES ...

PHYSICAL REVIEW A 112, 022418 (2025)

tailored to account for the full spin Hamiltonian. Another
practical way to avoid this problem is to use nuclear spin-
7/2 without hyperfine coupling, as demonstrated in Ref. [44],
storing the nucleus in the ionized state in which the donor
electron is removed. Although the initial information encod-
ing, detection (and correction) scheme requires coupling to an
ancillary electron spin, the nuclear spin can be maintained in
the ionized state during the memory storage time. This will
minimize additional error due to asymmetry of the system
Hamiltonian, depending on the ratio between memory storage
time and the interaction time.

III. LOGICAL QUBIT CODE WORD PROTECTING
AGAINST ELECTRIC- AND MAGNETIC-FIELD
FLUCTUATIONS

Often in solid-state systems, the spin Hamiltonian can
be coupled to an external electric field, particularly if the
environment of the spin has broken inversion symmetry. Ex-
amples of Hamiltonian contributions through which electric
field couplings can occur include, for nuclear spins, the nu-
clear quadrupole interaction [ - Q - I [43,44], and for electron
spins, crystal field terms such as S - D - S and higher-order
terms [48—50]. (We note here that for other qudit candidates,
such as superconducting circuits and trapped ions, practi-
cal implementations often rely on analogous higher-order
Hamiltonian terms, to lift the degeneracies of transitions and
allow spectral addressability.) From the engineering point of
view, these spin-electric coupling terms are convenient, al-
lowing coherent manipulation of spin states using electric
control fields [43,44,51-53]. However, from the perspective
of information integrity and fault-tolerant encoding, these
properties also imply that environmental noise of both elec-
tric and magnetic fields can disrupt quantum states. Indeed,
electric-field noise is known as one of the major limiting fac-
tors for spin coherence of nitrogen-vacancy centers [45,46].
By analogy with magnetic-field-fluctuation-related relaxation
mechanisms such as thermal fluctuations of neighboring spins
(including environmental nuclear spin bath, and other electron
spins via the dipolar interaction), scattering of phonons or
charge fluctuations can induce electric-field fluctuations at the
site of spins [54].

This suggests that the first order operators that we should
protect against are not simply Sy, Sy, and Sz, but instead
those associated with both magnetic- and electric-field pertur-
bations. Magnetic-field perturbations generate, to first-order,
fluctuations of operators Sy, Sy, and Sz; experiments on spin-
electric couplings in condensed matter [43,44,51-53] suggest
that we should also consider, to first order, operators of the
form S%, S7, SZ, SxSy, SySz, and SzSx arising from electric-
field perturbations.

One way to make a logical code word robust to all of
these error operators is by exploiting a single spin qudit di-
mension higher than 24 (i.e., S > 23/2). While second-order
error correction of qubit-based code-word require minimum
11 qubits [55] (i.e., a Hilbert space dimension of 2048) this
24-dimensional spin qudit can provide efficient encoding, and
can provide robustness under any perturbation, because all
significant practical perturbations on a spin can be described
as fluctuation of either electric field or magnetic field.

In terms of experimental candidates for implementation,
careful engineering of a giant single molecule magnet has
the potential to build a collective electron spin of S = 23/2
[56-58]. In this case, the spin Hamiltonian is described by a
Zeeman term and a crystal field splitting term, and the logi-
cal codeword against first-order E and B fluctuations can be
prepared by analogy with the procedure described in Sec. II.
Similarly, the code word suggested in Ref. [20] will be able
to correct also for second-order perturbations arising from
fluctuations of £ and B:

n [ 125 | 23 n [ 874 | 5 n [ 483 +15
1482 2 1482 2 1482 2 [

125 +23 n | 874 +5 n [ 483 | 15
1482 2 1482] 2 1482 2 [

(7

However, coherent and high-fidelity control of such a giant
electron spin remains difficult. Additionally, electron spins
usually have shorter relaxation times compared to nuclear
spins, and there also might be relaxation processes related to
the total angular momentum of the giant molecular spin.

Therefore, we propose an alternative scheme for imple-
menting error correctable encoding, by using three coupled
nuclear qudits of spin-7/2 implemented in solid-state envi-
ronment. While trapped and laser-cooled nuclei can have
additional metastable states with higher total angular momen-
tum (such as Refs. [59-61]), a nucleus implemented in the
solid state can be treated as having a constant total angular
momentum / because we can neglect the motional degrees of
freedom in this case. This means that the |m;) (Z-axis projec-
tion) states form a complete basis set when a magnetic field
is applied along the Z axis. These states also provide a good
approximation to the eigenstates and represent a good quan-
tum number. Therefore, code words that provide correction
for only |m;) would be sufficient for fault-tolerant encoding.

A logical code word satisfying the KL criteria for these
error operators is

0 — + 271 7 L [7)3 A
YTIVA6| 2], e 16] 2/,pc V16| 2/, ¢
|1)—+,/2+7 Y A 7|22
SR T REY 1602/, V16| 2/, 5¢

where |my)4.p.c corresponds to the tensor product of three
nuclear spin states, |my)s ® |my)p @ |my)c. (A similar code-
word given in Ref. [20], which consists of four spins-7/2
with the same coefficients, was proposed to protect against
two individual errors. Here, three spins-7/2 are sufficient be-
cause we are considering a single error event, but accounting
for second-order operators.) Suitable corresponding physical
systems may be prepared, for example, by precise ion im-
plantation in semiconductors incorporating control circuitry
[47,62—-64], or by chemical engineering of molecular mag-
nets, such as Sc;@Cs;, [65,60]. While these three spin-7/2
qudits generate a large Hilbert space of dimension 512, we
believe that this configuration is worth considering because it
can host a code protecting against most practically relevant
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FIG. 7. The high-level encoding and decoding scheme for the three spins-7/2 code word.

electromagnetic perturbations; for individual memory ele-
ments, further complexity up is unlikely to be necessary for
practical technologies.

We now consider the detail of the sequence for the en-
coding and decoding of this multiqudit error correction code,
with the logical code word given in Eq. (8). For simplicity
we assume that |my)4 g c are good eigenstates. A high-level
schematic of the process is illustrated in Fig. 7, with more
detail on pulse sequences given in Appendixes A and B. First,
without loss of generality, we can start with the original qubit
stored in a superposition of | —7/2),| —5/2) of the first
nuclear spin (A), in the form «| — 7/2)4 + B| — 5/2)4, while
the other two nuclear spins (B and C) are prepared in pure
| — 7/2) states. This starting state can be written as Eq. (9),

Vo) = (a|_%)A+ﬂ|_%>A)®|_%)B®|_%)C' ©

The logical qubit state is first encoded in qudit A via the
block of operations labeled “ENC.” After this block, the state
of the system is

0= [o( V-, )+ )
wo(Jd) b4

e3), )

The qudits B and C are then entangled by operation block
“ENTANGLE” (as described in more detail in Appendix A),
generating the state in Eq. (11), with |0.) and |1,) defined in
Eq. (8),

(10)

[Vene) = [OL) + BI1L). Y

Following encoding, perturbations affect the system during
the main storage time (block labeled “ERROR?”), after which
the original information lies in multiple subspaces of the the
three qudits. Since all error subspaces satisfy the KL criteria,
it is possible to decode and detect each error case sequentially,
one by one, as indicated by blocks labeled “DISENTANGLE,”
and “DEC” in Fig. 7.

Note that since this error correction code is not pure [67]
(or nondegenerate), this decoding scheme differs from the
first-order single spin qudit error correction code in Eq. (2),
which corresponds to a “pure” code. The number of error
operators (I, Sx, S, Sy, ..., S2) considered in this encoding
is 12, bigger than dimension of the single spin-7/2 qudit
space, 8. Therefore, there necessarily exists some mixing of
logical zero and errored-logical zero (and also, logical one and
errored-logical one). For example, because the Sy operator
is Hermitian, the projection of the original |0z) to S% er-
rors can be rewritten as (0L|S§|OL) = (OL|S;SX|OL> = Cnorm>»
where ¢porm Stands for a finite nonzero normalization factor.

We now provide more details of the actual decoding se-
quence. After applying an error operator on the logical qubit,
the state can be written as

E|Yenc) =1 — €(@|01) + BI1L))
+ Vexa(aSx al0L) + BSx.allL))
+ /era(aSy al0.) + BSyallL))
+ M(“SJZ(,MOL) + ﬂS)z(,A|1L>)

+ee (12)

where («|0.) + B|1.)) represents the original information and
€;,j indicates the probability of an S; error occurring on the qu-
dit j. After this error, the “DISENTANGLE(/)” and “DEC(J)”
gates can be expressed as the unitary operation Up_;, which
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satisfies
Up_1l0L) = | =T7/2)a® | =7/2)p ® | —7/2)c,
Up 1) =1+7/20a® | =7/2)p®| —T7/2)c.  (13)

As shown in Appendix B, this unitary transformation can
be straightforwardly identified. The DISENTANGLE(/) block
is simply the inverse of the ENTANGLE block, and DEC(J) is
quite similar to the inverse of the ENC block. Then the condi-
tional excitation from | — 7/2)4 ® | = 7/2)p Q | — 7/2)c, | +
7/2)Aa® | —7/2)p ® | —7/2)¢ to the electron spin ancilla is
applied to detect the “no-error” case.

At this stage, we must check the effect of Up_; operator
on other terms in the errored state, Eq. (12). The error terms
such as SX,A|OL>, SX,A|1L>» SY,AIOL>» SY,A|1L>’ --- all iein a
subspace orthogonal to both |0.) and |1.). Therefore, they
contribute zero to the coefficients of | — 7/2)4 ® | — 7/2)p ®
| —7/2)c and |+ 7/2)4® | —7/2)p & | —7/2)¢ following
the Up_; operator, and are not affected by the conditional
excitation to the ancilla.

In contrast, the error terms such as Sf(,A [0r), S%’A [0z), - -
have nonzero inner product with original |0, ), and the equiv-
alent is true for |1.). As a working example, consider the
effect of the Up_; operator on S)z(’A (x|0OL) + B|1.)); consid-
ering each logical qubit state, in turn,

UD—IS;Z(,AloL) = Up—i(cxx|0r) + (1 — cxx)IPx2.4.0))
=cxx(|=7/2)a® 1 =7/2)s® | = 7/2)c)
+ (I = exx)Up—11Px2 a0)»
UD—IS)zg,AllL) = Up_j(exx|1) + (1 —exx)|Px2.4.1))
exx(I+7/2)4a@1=7/2)p® | —=7/2)c)
+ (1 —cxx)Up—i|Px24.1)- (14)

Here, we separate Sff’ 410.) into two orthogonal components,
|0z) and [Px240) (and equivalent for Sf(. 4112)). Crucially,
owing to the satisfaction of the KL criteria, (OL|S§|OL) =
(1L|S)2( |1.), the coefficient cxx is the same in both.

Therefore, after conditional excitation of the ancilla, and
allowing for the possibility of occurrence of any of the cor-
rectable errors, the state becomes

|W) = (remaining terms)|Oancita )

+V1—€e+oxx +exy + -

x (@] =3), @ |=3)5 @ |=3)c) ancina)
+V1—€e+oxx +oxy o

X (Bl+3), ® =) ® [=3)) Mancina), — (15)

where 1 — € corresponds to the probability of no error occur-
ring, cxx corresponds to €x: (OL|S,2(|OL), cxy corresponds to
exy {01|SxSy|0.), and so on.

If a measurement of the ancilla yields “1,” we conclude
that an error did not occur and we can conclude the decod-
ing process. Otherwise, we apply the “RECOVERY” block
(which is the inverse of Up_;). This restores the state to Eq.
(12), but with the unerrored component projected out, and
with a corresponding change to the normalization factor. Thus
we can iterate the decoding process over each error case, as

shown in Fig. 7. Note that when we detect the error case
Sx2.4 (and other nonorthogonal cases), we need to decode
for [Px2.4,0), IPx2.4.1) because the state has changed changed
owing to the detection of the no-error case.

The entire decoding sequence is presented in Appendix B.
One cycle of decoding requires roughly 1700 pulses. The
typical relaxation times associated with Sz and S are related
to the phase coherence time 75, of the system, and other terms
Sx, Sy, S, Sz, - - -, are related to the longitudinal relaxation
time, 77. T and 7, are highly system dependent, but based on
some assumptions we can simulate the efficiency this encod-
ing. Given that each round of the error correction sequence
requires around 1700 pulses, we can estimate the how the
overall fidelity depends on the practical single-pulse fidelities.

In Appendix C, we provide an approximate estimate of the
overall fidelity of the three-7/2-qudits error correction code.
Under the assumption that the three qudits (qudits A, B, and C
in our notation) and all first- and second-order errors have the
same probability, achieving an advantage from this protocol
requires a single-qudit gate duration (fgue) shorter than 1073
times Tieax, and a gate rotation angle error less than 10~4.
Note that these guidance values are relevant for the most
general case where all perturbations are comparably impor-
tant. Once a specific experimental environment is identified
and characterized, it is possible to optimize protocol designs
and pulse engineering techniques to correct only the domi-
nant perturbations, thus enhancing performance and reducing
circuit depth for the specific case. For example, in the usual
solid-state spin systems, Z errors tend to occur frequently and
are often the dominant source of decoherence. In that case,
we can frequently check specific types of error (in this case,
Sz,87z8x, SzSy, S%) on the decoding scheme, and effectively,
reduce the required decoding scheme to about 500 pulses, thus
improving the overall error correction fidelity for the same
level of single-pulse fidelity.

IV. CONCLUSION AND FUTURE WORK

We demonstrated how to tailor fault-tolerant spin qudit
code words which can protect quantum information under re-
alistic Hamiltonians in practical environments. The ideal code
word specified in Refs. [19,20] for the spin-7/2 case lies on
somewhat unstable plateau originating from the strict spheri-
cal symmetry; even a single additional coupling term, which
must exist because an ancillary qubit is essential for QEC, can
destroy the symmetry, resulting in intrinsic infidelity. At the
quantitative level, our numerical simulations provide baseline
numbers for the maximum operational fidelity in example sys-
tems. For instance, a fault-tolerant code-word implementation
on the nuclear spin-7/2 Si:Sb system with a typical X band or
Q band electron paramagnetic resonance (EPR) setup will suf-
fer unavoidable errors of around ~10~3 to ~10~* owing to the
hyperfine coupling with the electron ancilla. These effects will
become important when the fidelity of operations improves
to a comparable level, and they should be considered as we
move beyond the current NISQ era and achieve fault-tolerant
information processing. Thanks to the availability of nuclei
having spin-9/2, we confirm that the extra levels available can
be exploited to compensate for perturbations from coupling
terms.
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FIG. 8. The schematic diagram of the full encoding pulse sequence for the multiqudit error correction code.

Another important characteristic of high-spin qudits is their
interaction with electric fields owing to the quadrupole inter-
action. While magnetic-field fluctuations generate first-order
errors, electric-field fluctuations generate error operators that
are second order in the spin operators. To simultaneously
protect against both electric- and magnetic-field fluctuations,
we present the simplest form of a multiqudit fault-tolerant
encoding and decoding process, which can, in principle, be
expanded into more general cases.

Depending on the specific physical system, specialized
code-word designs for specific errors (e.g., a code-word for
correction of AB up to third-order, using a nuclear spin-7/2)
can also be identified. In the case of electric-field-induced
noise, we can benefit from the recent demonstration of
electric-field control of nuclear spin qudits [43,44] to develop
models of how to mitigate associated errors; more accurate
models can be provided as more experimental exploration
is conducted in the field. This approach of multi-spin-qudits
error correction can also be adapted to other architectures,
such as systems of trapped atoms or molecules [59-61], with
some careful consideration of additional error pathways [4,6]
may arise. We believe this work motivates future studies on
strategies that exploit nuclear spin qudits as basic building
blocks of scalable quantum information processors.
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APPENDIX A: SCHEMATIC DIAGRAM OF THE
MULTIQUDIT ERROR CORRECTION ENCODING
SEQUENCE

Figure 8 shows full encoding sequence blocks for first-,
second-, and third qudit of multiqudit error correction se-
quence. Without loss of generality, the starting state (original
information on qudit A, pure | — 7/2) preparation on qudits B
and C) can be written in form of Eq. (A1)

l¥o) = (0[|_%)A + ﬂ|_%)A) ® |_%)B ® |_%>C'
From this general starting states, gates of ENC code block

[as shown in Fig. 9(a)] on qudit A will change state into
Eq. (A2),

) = [“(*\/126"9/4 +\/1j6‘_§>A +\/1z6‘+§>A>
o2 - )]

oHeH.

After the ENC code block, conditional 7 gates from qudit
A to qudits B and C can generate entanglement of three qudits,
as shown in Fig. 8. (This is also labeled in ENTANGLE code

(AL)

(A2)
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(a) (b) (c)
1-7/2) —
1-5/2) —
1-3/2) —
1-1/2) —
I1+1/2) ——— —
+3/2) ——m8 41— RS E—
1-7/2) S —— =
[-5/2)
[=3/2)
[-1/2) 1=7/2) - —e ] i
i o — = —tH= I -
+3/2) - Q— — - =
|+5/2) [ Y — R 1
72 o —— —
o — - ] - = — ] m—

1-3/2)
I-1/2)
[+1/2)
1+3/2)
[+5/2)
1+7/2)

FIG. 9. (a) The schematic diagram for the ENC pulse block. Unitary rotations Uy, are around the y axis, with cos(§;) = +/2/16,

V71716, /172, /7/9 fori =1, 2, 3, 4, respectively. (b) The definition
double 7.

block, in Fig. 7.) In the diagram, controlled-dobule- gates
are designed to apply controlled 7 to the two other qudits,
as defined in Fig. 9(b). Finally, the state will encoded into

Eq. (A3)
>A.B,C

B \/7' 7 \/7‘
|wenc> —Ol<+ E _§>A’B'C + E
21 7
+ +\/:‘+—>
>A,B,C> ﬂ( 16 2 A,B,C
5 W o W
2 A,B,C 16 2 A,B,C .

3

2
7

16

7
16

5

+ +§

of controlled-double 7. (¢) The definition of the inverse of controlled-

APPENDIX B: SCHEMATIC DIAGRAM OF MULTIQUDIT
ERROR CORRECTION DECODING SEQUENCE

In this Appendix, we briefly introduce the detailed decod-
ing sequences for the I (“no-error”) case, the Sy error on qudit
A case, and the S} error on qudit A case. This provides the
general framework to detect and correct other error cases.

1. Decoding sequence for I case

After storage, our encoded state is represented by Eq. (12),
and we will first apply the operation to detect the I case. The
DISENTANGLE(/) gates, shown in Fig. 10 will transform
the state into Eq. (A2), because this is simply the inverse

Gates for Disentanglement case |

=7/2 —(@)
I-5/2 —(p)
. =32 @)
Qudit |-1/2)
A 172
1+3/2) —(B)
|+5/2) a
|+7/2) L 2
I~7/2) 1 ol 1 .
et o ] ——
I-3/2) [~ T '_—H__Z = — H—”
_ 1 _
it1-1/2) ':—lL ':‘H_ [— H T
Qudit o = i [ —| -
B |+3/2) |_T[ |_T[ I - —
N —|
1+7/2) |-n[
L
|-7/2) —1 — — —
|-5/2) —T —TTI — _7T| — _7T| — -
|-3/2) - — - — —T — -1
Qudit -1/2 ol " "
I+1/2) —y 7 =T |-
c [+3/2) |-m |-m i
LI — -
1+5/2) =
[+7/2)

FIG. 10. The disentangle gates for I.
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DEC-I

a — ~al0
—O Ug, al|0,)
o -
Ty __ _ Uso1
@ | I
T T
==
T
:l ] T
T U_g1
@ 2 U B
62
—@ - ~BI1.)

FIG. 11. The DEC gates for I. Unitary rotations U, are around y
axis, with cos(6;) = +/1/2, /2/16 fori = 1, 2, respectively.

of the ENTANGLE circuit we applied during the encoding
sequence.

Then, we can apply the DEC-I operation in Fig. 11. This
will send original /1 — €(«|0.) 4+ B|1.)) state into our target
state

W) =W1T—e+O)(a|-1), +B|+1),) ®|-1),

® |— %)C + (remaining terms). (B1)

As discussed in the main text, these gates correspond to
the Up_; operation, and there can be additional coefficient
arising from nonorthogonal terms. However, the target state
still remains separable, and therefore, we can make a condi-
tional excitation of the ancilla and finally measure (and detect)
the “no-error” case. If the ancilla yields a “0” measurement,
which means some kinds of error occured, we move on to the
next step. We first apply the RECOVERY operation (Fig. 7),

which is defined as the inverse of Up_;, taking the state will
back to a form similar to Eq. (12), but without no error term
and with new normalization factor.

2. Decoding sequence for Sx error on qudit A case

Then, we can start the decoding of the ,/ex 4(aSx.4|0L) +
BSx.al1L)) term. This state can be written as Eq. (B2)

2 V1| 5 7
s =g 53,30,
n 7 12| 5 3
16 2 | 2[,0 2/pc
n 7 15| 1 3
16 2 | 2[,] 2/sc
7 12| 3 5
+y = = |+5) |+5
16 2 | 2/,0 2/pc
7 71 7 5
+ _£ +_ +_
16 2| 2/, 2/pc
w8+ 2 7 +5 7
16 21 2[4 2/5c
7 12| 5 3
+y == +5) |+5
16 2 | 2[,0 2/pc
7 V15| 1 3
+ = —=\+3) [+3
16 2 | 2/, 2[gc
7 12 3 5
16 2 | 2/, 2/pc
7 T 7
Y G AT A N FRO
16 2| 2[4 2/sc

Gates for Disentanglement Sy on Qudit A

1-7/2)

I-5/2)
1-3/2)
Qudit -1/2
A 12
|+3/2)
1+5/2)
1+7/2)
-7/2) [ 1 1 1 — —
|-5/2) U= T |:‘|_|:ZI |—‘|_|:5| :——H:n| -
o -] I i = = -
Qudit -2 . o o A"
1+1/2) " '_‘|-L; r_‘|-LZ '_‘H:n
B L 1 |[-m- I—‘H:ﬂ |——|,|:1 _‘|_|:Z
[ ge Eis - =
1+7/2) Uga| |-m
L L ¥
1-7/2) . — 1 — — | J
e - S e o o e Y o _74—_?':
1=3/2) :'_" = " T_M —-7 '—‘H—_‘
Qudit -2 T = A" -
1+1/2) |——| -7 — T — T e e Y
c 1+3/2) 1 |-m -7 ,——l—n — |-
1+5/2) [ |-| .y — i i_”H_ =
1+7/2) 1T

FIG. 12. The DISENTANGLE (Sx) operation on qudit A. The unitary rotation Uy, is around the y axis, with cos(0;) = +/1/7.
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DEC-Sy
® ~BSxI1.)
(@
®
@ %] ~asyl0y)

FIG. 13. The decoding gates for Sy on qudit A. Unitary rotations
Uy, are around y axis, with cos(6;) = /14/29, \/12/41, \/7/48 for
i =1,2,3, respectively.

On this state, we will apply the DISENTANGLE(S ) oper-
ation, as shown in Fig. 12. This will change the state into

soa) =[a( + Z2-3) + 0L
<53, v 1l+3),)
() ) )
shal)lelal el e

Then, we apply the DEC(Sx) operation shown in Fig. 13.
Then our Sx 4 error state [ /€x a(Sx a|0L) + BSx.al1L))] will
sent to Eq. (B4), allowing detection of this error by condition
excitation and projective measurement of the ancilla.

V) =(exa +Oa|+3), + Bl=3)) @ [=2) ® | =3)c

+ (remaining terms). (B4)

3. Decoding sequence for S2 error on qudit A case

Next, we can start the decoding of the  /éx2. A(anf’ 410L) +
BS5 4l1L)) term. This state can be written as

wad=ale (VT

N [272v21] 3\ | 7

16 4 | 2/, 2/4c
L [72var) 7y |3

16 4 | 2/, 2/4e
N [727] 3\ | 3

16 4| 2/, 2/pc

7 4/15| 1\ | 3
+—=——|+5) |-=

16 4 | 2/,] 2/

765 1\ | 5
+,/——‘/_+— +=

16 4 | 2/, 2/
N [7 19 VLS

16 4| 2/, 2/5c

o+ /27+7 +7
164 2/, 2/5c
+,/ 2 2V2 +3 +7
16 4 | 2/, 2/5¢
7221 7 3
+i===+5) |+=
16 4 2[4l 2/ e
N [7 27 +3 +3
16 4| 2/,] 2/pc
+/ 7 4/15] 1 +3
16 4 | 2/, 2[5
[7 65| 1 5
16 4 | 2/, 2/pc

7 19 5> 5> >]
—J=—|-2) |- : (BS)
16 4| 2/, 2/4c

where ¢( stands for a normalization factor, 357

discussed in main text, we can divide these into terms parallel
and perpendicular to |0y) (and |1.)).

Then, as

[¥s2 a) = cxxlel0L) + BI1L)]

+a ) 2 14| 7 7
ool = 220V
xX 16 4| 2/, 2/4c
N [2 221 3 7

16 4 2[4l 2/pc
+/ 7 221 7 3

16 4 | 2/, 2[4
N [76| 3 3

164 2/,] 2/pc
N /74«/15+1 3

16 4 2[4l 2/pe

[7 65| 1 5
+ ——f+— +=

16 4 | 2/, 2/4c

[T2],5)],5
164" 2/, 2/,c
i [214) 7\ |7
16412/, 2/4e

2221 3\ | 7
+ ==+ |[+5
16 4 | 2/, 2/ze
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(a)

1-7/2)

|-5/2)

1-3/2)

Qudit |-1/2)
A +2)
1+3/2)

1+5/2)

1+7/2)

1-7/2)

1-5/2)

|-3/2)
Qudit - /2
1+1/2)

B |+3/2)
|+5/2)

1+7/2)

1-7/2)
1-5/2)
1-3/2)
Qudit -1/2
|+1/2)
|+3/2)
1+5/2)
1+7/2)

(b)

1-7/2)

|-5/2)

1-3/2)

Qudit |-1/2)
A 1+1/2)
1+3/2)

1+5/2)

1+7/2)

1-7/2)

1-5/2)

1-3/2)
Qudit -/2
|+1/2)

B |+3/2)
|+5/2)

1+7/2)

1=7/2)

|1-5/2)

1-3/2)

Qudit 1-1/2)
|+1/2)

c |+3/2)
1+5/2)

1+7/2)

Gates for Disentanglement S% on Qudit A
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FIG. 14. The Disentangle gates for S)z( on qudit A. Unitary rotations Uy, are around y axis, with cos(6;) = +/2/5, s/4/7 for i =1,2,
respectively. Pulses on diagram (a) applied first, and then pulses on (b) applied.

[7 221 7 3
16 4 2[4l 2/ e
76 +3 +3
164] 2/, 2/pc
N [7 4J15] 1 +3
16 4 2[4l 2/ e
[7 65| 1 5
16 4 | 2/, 2/4c

72| 5
164 2/,

)

where cxy stands for (07[S2[0.) = (1]S2]1,) = \/3517 x 2,
The second term with coefficient (1 — cxx) corresponds to
(| Px2.4.0) + BlPx2.4.1)). Since the first term (cxx[a|0z) +
BlI1.)]) was already projected out during the detection of “no
error,” detection of the second term only (combination of
[Px2 4.0), |Px2.4.1)) is sufficient at this step.

As above, we can first apply the DISENTANGLE(S2)
block, as shown in Fig. 14.

Following this, the state can be written as

14V5] 7 2J105| 3
Vsal =\~ |2, e 2
A A
14/15] 1 2V7| 5
+ +_ _L—_i__
64 2/, 64| 2/,
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DEC- 5%

~a5Xz|0L>

~BSx211,)

FIG. 15. The decoding gates for S3 on qudit A. Unitary rotations

Uy, are around y axis, with cos(6;) = 4/1/106, «/15/121, \/35/156
fori =1, 2, 3, respectively.

y 145 7 N 24105 +3
64 | 2/, 64 2/,
14/15] 1 27| 5
N _1) L 2VT)S
64 2/, 64| 2/,

7

> (B7)

)

Finally, the DEC(S%) operation, shown in Fig. 15, is ap-
plied. This sends the S% , error state [,/€xz4(crS§ 4101) +
BS% 11.))] to the state

V) = (Vex2a + C)(a|_%)A + ﬂ|+%>A) ® |_%>B ® |_%>c
+ (remaining terms), (BY)

and by analogy with the above, conditional excitation and
projective measurement of the ancilla detects this error case.

4. Decoding sequence for other errors

Figure 16 shows full the decoding sequence blocks for the
first-, second- and third qudits of multiqudit error correction
sequence. Each “DET” code block includes the sequence: Dis-
entanglement — decoding — conditional ancilla measurement —
recovery. Depending on the result, the ancilla qubit can be
initialized and original information can be extracted. After full
decoding and detection of the first qudit error case, as shown
in Fig. 16, the error on the other two qudits can be decoded
and detected by repeating the analogous procedure for each
qudit in turn.

Here, we only provide detailed pulses composing the
blocks ENC, DET-I, DET-Sy, DET—S%, but the sequences
for the DET blocks can be obtained by calculating the uni-
tary transformation between each error case and the state in
Eq. (12). It is worth noting again that with each step of the
detection scheme, we project out components of the error state
in sequence.

APPENDIX C: OVERALL FIDELITY OF THE
MULTIQUDIT ERROR CORRECTION PROTOCOL

In this Appendix, we provide a quantitative analysis of
the performance of the three-7/2-qudits error correction code.
For the modeling, we assumed the following: (1) The three
qudits (in our notation, qudits A, B, and C) have identical
relaxation characteristics, enviromental noise corresponding
to the operators Sy, Sy, Sz, S)z(, Sf,, S%, SxSy, SySz, SzSx.
(2) The relaxation rates of all noise channels are equal, i.e.,
1/ Tretax. s = 1/ Tretax,sy = 1/ Tretax.s, = 1/Trelax,S}(=1/Trelax,S§ =
I/Trelax.S% = l/Trelax,SXSy = 1/I;'elax,SySZ = 1/Trelax,SZSx~ This
modeling provides an approximate estimate of the perfomance
of the error correction code. To check practical performance,
a similar modeling apporach can be applied once the target
experimental system and its relaxation charateristics are

DET SET
[ 1o Ho Ho Ho Ho Ho HboHo
. S 1 EEEHRNEHEHTEHRTETHE
QuditA .57 HTHTH T THTHTHTHTH -
v 1 sx) [ 6 H 60 H sH [ (52 HisxSrHSyS2)(525x)
1+7/2) — B B 1 B B B B B
1-7/2) —
e
e '; DET
QuditB 5] SET
1+3/2) — T
St I
|-7/2) — —
|-5/2) — —
i DET [—
uditC 5] —
Q e SET [
|+5/2) — —
|+7/2) — —

FIG. 16. The schematic diagram of full decoding pulse sequence for multi-qudit error correction code. Each DET code block including
Disentanglement — decoding — conditional ancilla measure — recovery sequence for each error case.

022418-13



SUMIN LIM AND ARZHANG ARDAVAN

PHYSICAL REVIEW A 112, 022418 (2025)

(a)
1.0 — Without QEC
— With QEC

0.8 -TT° tgate/Trelax =10°
:'g - - tgate/TreIax =10"*
S
S 061
&
2
g 0.4
[T

0.2

0.0 T T

0 1 2 3
t/T

relax

(b)
104 —— Without QEC
— With QEC
- = = = tyate/ Tretax = 10°%, Rot. Err. = 10
z 0.8 — = tyate/ Trelax = 107, Rot. Err. = 10°
c
=]
8 0.6
8
2
g 0.4
'S
0.2 1
0.0 T T
0 1 2 s
tT,

relax

FIG. 17. (a) The qubit fidelity as a function of time without (black) and with (red) error correction. The effect of decoherence during the
decoding sequence is simulated for condition of g/ Trelax = 1073 (blue), and Toate/ Trelax = 10~* (green). (b) The qubit fidelity simulation with
decoherence during the decoding sequence (fgye/Trelx = 107°), and imperfect gate rotation angle errors of 10~ (blue), and 1073 (green).

identified. In Fig. 17(a), we simulate the logical qubit fidelity
with (red) and without (black) the error correction code, and
we also include results that account for decoherence during
decoding sequence (blue and green). Based on the simulation,
we find that the single-qudit gate duration (fgye) shorter than
1073 times of relaxation time (Tjax) iS required to obtain

a reasonable amount of fidelity gain from error correction
protocol. Additionally, Fig. 17(b), presents the effects of
imperfect gate rotation angles. This result implies that gate
fidelities above three to four nines are required, which are
expected to be achievable with state-of-art quantum devices
and in near future implementations.
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