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We discuss a conceptually simple scheme for cooling a one-dimensional gas of microwave photons in a super-
conducting transmission line. By shunting one end of the transmission line by a nonlinear Josephson element, we
show how a cooling mechanism can be engineered that transfers photons from high- into low-frequency modes,
while preserving their total number. We evaluate the resulting nonequilibrium steady state of the photon gas,
which arises from a competition between this engineered cooling process and the natural, number nonconserving
thermalization with the surrounding bath. Our analysis predicts that for realistic experimental parameters, this
mechanism can be used to prepare photonic gases at submillikelvin temperatures, considerably below the typical
base temperature of a dilution refrigerator. In addition, the system exhibits a new type of condensation transition
that does not occur in the corresponding equilibrium scenario. As an outlook, we discuss potential applications
of this cooling approach for quantum simulation schemes with interacting microwave photons.
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I. INTRODUCTION

Since the mid-2000s, superconducting quantum circuits
have emerged as one of the leading platforms for quantum
technologies. While the main focus in this field is currently
placed on digital quantum information processing and quan-
tum simulations applications that can be run on already
commercially available hardware, superconducting circuits
also offer great opportunities for analog simulation [1-4].
In particular, this platform benefits from the ability to im-
plement very strong interactions [5-7], to design custom
lattice geometries [8] and long-range connectivity [9], to en-
gineer effective magnetic fields [10-13], and from many other
control capabilities for both two-level systems and bosonic
degrees of freedom. These experimental techniques provide
a versatile set of tools to realize a wide range of effective
quantum many-body Hamiltonians, ranging from Bose- and
Fermi-Hubbard-models [14-21] and fractional quantum Hall
systems [13] to lattice gauge theories [22-24] and gravity
models [25,26].

Superconducting quantum circuits can be cooled to a base
temperature of 7 ~ 20 mK, which is enough to initialize
qubits or microwave resonators—with typical transition fre-
quencies of about ~3-5 GHz—in their ground state. These
temperatures are, however, still large compared to the rele-
vant energy scales of about ~10-100 MHz [13,14,18,19,21]
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of the engineered many-body models of interest, which are
often determined by much weaker Josephson nonlinearities or
by higher-order perturbative processes. Furthermore, simply
cooling the whole microwave circuit reduces the total num-
ber of excitations in the system and thus prevents one, for
example, from investigating bosonic lattice models at fixed
densities. This is in stark contrast to quantum simulations
schemes with cold atoms [27] and also differs from opti-
cal photons or polaritons, where efficient, phonon-induced
thermalization processes [28—34] that approximately conserve
the photon number are naturally available. Therefore, analog
quantum simulation in superconducting circuits is usually
constrained to quench dynamics or nonequilibrium steady
states in continuously driven systems, whereas—in the ab-
sence of a naturally occurring low-temperature reservoir—the
preparation of ground and thermal equilibrium states remains
an open problem.

To overcome this deficiency—at least in part—several
schemes have been put forward to stabilize many-body states
with finite photon numbers. These include, for example, the
preparation of a Bose-Einstein condensate of microwave pho-
tons [35] or a photonic Mott-insulator state [18] in a coupled
array of transmons. These schemes are, however, designed to
stabilize a specific, previously known many-body state and are
thus not immediately applicable for the preparation of more
general equilibrium states that appear in quantum simulations.
Alternatively, active cooling schemes and the upconversion of
low-temperature fluctuations have been proposed as a way
to mimic effective reservoirs for microwave photons, with
tunable temperature and chemical potential [36—38]. Simi-
larly, iterative quantum algorithmic approaches to the cooling
problem have been proposed [39,40], which require only par-
tial knowledge of the many-body energy spectrum. Although
such approaches are more generally applicable, a complete
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thermalization of photonic many-body systems that are cou-
pled to such engineered reservoirs can only be guaranteed
in certain idealized limits, which may not be reachable in
experiments. Any residual decay, finite cooling rates and other
imperfections lead to deviations from equilibrium, which are
difficult to predict in advance for generic quantum many-body
systems. In particular, the stability of the predicted stationary
states under realistic experimental conditions is largely unex-
plored but highly relevant for the application of engineered
equilibrization schemes.

In this paper, we propose and analyze a conceptually sim-
ple and experimentally feasible circuit QED setup, which
is designed to prepare a one-dimensional (1D) gas of mi-
crowave photons close to a thermal equilibrium state with
tunable temperature and a nonvanishing chemical potential.
The purpose of this investigation is twofold. First, by fo-
cusing on the case of a noninteracting gas as the simplest
instance of a photonic many-body system, we can accu-
rately predict the resulting stationary distributions that arise
from the competition between the engineered photon-number
conserving cooling process and the thermalization with the
surrounding electromagnetic environment. This allows us to
characterize both equilibrium and the nonequilibrium aspects
of the steady state and to identify a meaningful, operatively
defined effective temperature to quantify cooling efficiencies
in this setting. For an Ohmic environment, our analysis also
reveals an unexpected feature of the steady state, namely
that its total energy remains conserved when the coupling to
the engineered bath is switched on. In the thermodynamic
limit, this constraint induces a sharp photon-condensation
transition, which does not occur in an equivalent 1D system
in equilibrium. This effect occurs for an arbitrarily weak
residual coupling to the thermal electromagnetic environment
and cannot be predicted from the analysis of the engineered
cooling process by itself. This observation thus provides
valuable insights for the stability and experimental robust-
ness of other engineered many-body cooling schemes, for
which an explicit evaluation of the steady state is usually not
possible.

Second, our setup shows how multimode cooling pro-
cesses can already be implemented using a single nonlinear
Josephson coupler. Compared to related previous schemes
[35,36], this reduces considerably the experimental overhead
and makes first demonstrations of many-body cooling pro-
cesses feasible in small-scale superconducting circuits with
limited control. We provide a detailed microscopic deriva-
tion of the cooling master equation starting from a realistic
circuit model and show that even with this minimal setup,
a gas of hundreds of microwave photons can be cooled to
submillikelvin temperatures. We also identify some of the
main limitations of this approach, which arise primarily from
residual Kerr nonlinearities and must be addressed to further
improve such cooling schemes in future applications.

II. MODEL

We consider a 1D gas of noninteracting microwave photons
in a multimode transmission-line resonator of length ¢ [see
Fig. 1(a)]. The resonator supports a discrete set of standing-
wave modes with bosonic annihilation and creation operators

(a)
";14.712}1 Dug © Pex(t) P
T “4/},.,‘ g @—
e(ng? +1) == Ty
/
(b) o

AI K 77\\Tlh';;(n,w +1)

e gy

ga\tvalak+1

k=2

FIG. 1. (a) Sketch of a refrigerator for microwave photons. A
1D transmission line resonator (blue) of length ¢ and mode spacing
A is coupled to its thermal environment and to an engineered bath
consisting of a lossy LC-resonator (orange), the waste mode. The
coupling to the waste mode is mediated by an externally driven,
nonlinear Josephson coupler to induce a resonant three-wave-mixing
process. (b) Through this process, the photons in the waveguide can
be scattered between neighboring modes, with the excess energy A
being absorbed by the waste resonator and subsequently dissipated
into the environment. This process is incoherent but conserves the
total number of photons in the 1D gas. The steady-state occupations
n are governed by the competition between this engineered cooling
mechanism and the direct interaction of the waveguide with the
environment.

a; and az and frequencies
wp = Ak, (1)

where k = 1,2, 3, ..., knax is the mode index running up to a
cutoff value of ky.x and A = wyy; — wp = v /£ is the mode
spacing for a linear dispersion relation with group velocity v.
Throughout this work, the cutoff k. is set high enough to
ensure that it has no impact on the results.

The photon gas is weakly coupled to the surrounding elec-
tromagnetic environment, which is held at a fixed temperature
T. In the absence of any other couplings, the equilibrium
occupation of the modes is therefore given by the usual Bose-
Einstein distribution,
¥ 1

th _
(akak>eq = oBliox _ lv (2)

n =
where B = 1/(kgT), kg is Boltzmann’s constant, and 7 is the
reduced Planck constant. By lowering the support tempera-
ture, the total energy of the system, Ep, = Zk ha)k<a}:ak), can
be reduced, but only at the expense of reducing the average
total number of photons, Npp = > X (a}:ak), as well.

A. Reservoir engineering

To break this relation between energy and photon number,
one end of the transmission line is coupled to an additional
auxiliary resonator mode, the waste mode, with annihilation
operator a,, and frequency w,. This coupling is imple-
mented via a nonlinear Josephson element that induces a
three-wave-mixing process, described by an Hamiltonian of
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the form:

8 i T i
H,, = —————(a,,a,ar+1 + ayaia , 3
¢ %jk%+&ukﬁl wakdy, ), (3)

where g is the characteristic, mode-independent coupling
strength. The additional k dependence arises from the
zero-point fluctuations qb,? ~ 1//w; of the quantized flux
variables. When the waste mode is tuned into resonance with
the frequency difference between two neighboring modes,
ie., w, = A, Eq. (3) describes a resonant conversion of a
photon in mode k + 1 into a photon in the lower frequency
mode k and a photon in the waste mode [see Fig. 1(b)].
The waste mode then quickly dissipates its energy into the
environment. The net process is an incoherent redistribution of
photons between neighboring waveguide modes [41,42] while
preserving their total number, i.e., [Hiy, Zk aZak] =0.

In Sec. V below we discuss in more detail a specific circuit
layout for implementing H;i, with a time-periodic coupling,
such that the external modulation frequency can be used to
gap any frequency mismatch between w,, and A. In this case,
the resonant three-photon process in Eq. (3) can be realized
independently of the bare energy scales and in the following
we treat w,, and A as independently adjustable parameters.
This external driving field is the key ingredient that allows us
to break thermal equilibrium.

B. Cooling master equation

To achieve cooling, we are interested in the limit where the
waste mode quickly decays with arate I > g. This means that
this mode can be treated as an effective Markovian reservoir,
and we can adiabatically eliminate its dynamics to obtain a
master equation for the reduced state of the photon gas only.
By also taking the bare losses of the waveguide modes into
account, this master equation reads

p = (Accool + ['th)p' 4

Here the first term describes the engineered, photon-number
conserving dissipation. It is given by (see Sec. V for more
details)

kmax—1

Leool = Z K (ny +

k=1

1) Dlajag1] + ny Dlay, arl}. (5)

Hc'e, p} k= &/[Tk(k + 1)] is the
effective transition rate and n,,=(a, a,, )eq=["*/*sTw) — 1]~
is the equilibrium occupation number of the waste mode. Note
that for the sake of generality, we have introduced 7;, as the
relevant temperature of the reservoir to which the waste mode
is coupled. While for most results we assume 7" = T,,, this
temperature can be locally adjusted and used as an additional
tuning knob to set the value of n,,. When n,, < 1, the second
term in Eq. (5) is suppressed and L, describes an incoherent
but number-conserving transfer of photons from high- to low-
frequency modes, i.e., cooling.

This cooling process competes with the equilibration of
the photons with the surrounding bath, which is described by
L. Assuming, for concreteness, an Ohmic coupling to the
environment, the bare decay rates of each mode, y; = w; /0,

where D[c]p = cpoc’ —

are described by the same quality factor Q and we obtain

Kmax

L = Z vef (

with y, = ky and y = A/Q denoting the decay rate of the
fundamental mode. The action of Ly, which arises from weak
linear interactions with the environment, does not conserve
the photon numbers and tends to relax the system back to its
equilibrium state.

Before we proceed with the analysis of Eq. (4), let us
remark that similar photon-number-conserving master equa-
tions have been previously considered in related studies of
photon condensation in the optical [43,44] and the microwave
regime [35] or in reservoir engineering schemes for cold
atoms [45]. Similar dissipative processes as described by
Eq. (5) also appear in the modeling of bosonic cascade lasers
[46—48] and dissipative bosonic transport [49-52]. While the
common phenomenology of condensation and lasing effects
are generally observed in such models, the detailed behavior
of the system depends strongly on the spectral distributions of
the modes and the engineered transition rates and is analyzed
here specifically for the microwave setup described above.

™+ 1)Dla] + n*Dla]1} (6)

III. REFRIGERATION OF MICROWAVE PHOTONS

To analyze the steady state of the system, we focus on the
equations of motion for the average mode occupation numbers
ng = (a,:ak), which are derived from the master equation in
Eq. (4) and obey

= Jiks1 — Jk—1k — vie(me — nih) )

Here Ji x4+ are the currents of photons from mode k 4 1 to
k, which are induced by the engineered cooling processes and
given by

— KMy (azakak+laz+1>-
¥

Since the jump operators that appear in L., in Eq. (5) are
nonlinear, these currents depend on higher moments of the
number operators. To close the system of equations, we use a
mean-field decoupling (a,taka,: 41k+1) = Mgy and approx-
imate the currents by

R
k1 = s (1 + nw)<aka£ak+1ak+l>

i1 = K[y (g1 — me) + (g + D] )

Note that in the limit n,, — 0O the currents become fully di-
rectional and photons only flow from high- to low-energy
modes. From (7), the steady-state occupation numbers can be
obtained by numerically solving the set of equations i = 0
[53,54].

A. Stationary photon-number distribution

Within the mean-field approximation, the equations of mo-
tion given in Eqgs. (7) and (9) split into two parts that act as
competing thermalization mechanisms for the photons in the
waveguide. On the one hand, linear losses ~Ly, o y drive
the system towards an equilibrium state at the temperature
T of the environment [see Eq. (2)] In the limit g =0, we
will therefore recover ngl,—o = nk In contrast, for y =0,
the steady state is solely governed by the engineered cool-
ing mechanism, and the resulting steady-state distribution
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is uniquely determined by the detailed balance conditions
Ji.k+1 = 0. Therefore, it satisfies

1 —i—l’lk_ll _ eha)w/(kBTw)(l —{—l’l;l) (10)

Importantly, although the process Lo is fundamentally out
of equilibrium, this relation still establishes a detailed balance
between the modes k and k + 1. The resulting distributions
can therefore be cast into the form

1

eProwlio—per) _ 1°

(1)

where Biow = 1/(kpTiow) and Tiow = T,y A/w,, is the engi-
neered temperature. We refer to this distribution as the
engineered thermal distribution. Importantly, the process Lol
strictly conserves the total particle number. Hence, in this
idealized limit, the total average photon number in the steady
state,

nk|y:0 =

Npp(t = 00) = Ny, (12)

is determined by the initial photon number Ny. This condition
also fixes the effective chemical potential s in Eq. (11)
through the constraint ), ni|,—o = No.

For y, g # 0 the mode occupation numbers are determined
by the interplay between the two competing thermalization
mechanisms. In the following we characterize this compe-
tition by the dimensionless parameter G = yI'/g*, which
corresponds to the ratio of rates for the naturally occurring
and the engineered dissipation processes for the fundamen-
tal mode, k = 1. The presence of both processes means that
the photon-number conservation in Eq. (12) does not hold
anymore. Remarkably, however, we find that this combined
process can still be understood in terms of a constraint
on the energy of the steady state. To understand this last
point, we notice that changes in the total particle number,
Nph =) i =—> vl — n}(h), occur only through linear
losses described by Eq. (6). In the steady state, this net dis-
sipation vanishes, which imposes a global constraint on the
stationary distribution. Specifically, for the considered Ohmic
bath with y; ~ w; ~ k, the condition Nph = 0 becomes

Epn(t > 00) = E™ =" hayn}! (13)
k

independently of the values of both g and y > 0. This differ-
ence between the conserved quantities in Eqgs. (12) and (13)
shows that even an infinitesimal coupling to the environment
can drastically change the nature of the distribution. Despite
the engineered cooling process, the total energy of the 1D
photon gas in steady state is the same as the energy of the equi-
librium configuration and is only determined by the support
temperature 7. Thus, cooling in this setup must be associated
with an increase of the total photon number, which reduces
the energy per particle, Eyp, /Npyp.

This increase of the total photon number can be intuitively
understood as follows. For an Ohmic bath, the probability for
a photon to enter or exit the waveguide is proportional to its
energy. In equilibrium, the steady-state populations n}(h arise
from a balance of slow gain and slow losses in low-k modes,
and fast gain and losses in high-k modes. When the engineered
cooling mechanism is switched on, it shuttles high-energy
photons into low-energy modes, where their decay rate is
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FIG. 2. Typical steady-state distributions of the average mode
energies E; for a temperature of 7 = 7,, = 50 mK and a mode spac-
ing of A/(2m) = 60 MHz, which corresponds to kg7 /(hA) =~ 20.
(a) Energy per mode for different values of the dissipation parameter
G =yT/g* and A/w, = 1/3. The dotted and the dashed lines indi-
cate the behavior the Bose-Einstein distributions given in Eq. (2) and
Eq. (11) for temperatures T and Tj,,, respectively. The inset shows
the occupation of the lowest mode as a function of G. As this ratio is
reduced, almost all photons end up in the ground mode. (b) Plot of
the steady-state energy distribution for varying w,,/A = T /T, and
for a fixed value of G = 1075,

much lower, and where they can thus become stuck for a
long time. This effectively increases the average lifetime of
photons for a fixed thermal injection rate, thus increasing the
total population.

In Fig. 2(a), we plot the steady-state distribution
of the energy per mode, E; = hwyny, for six different
values of G uniformly distributed on a logarithmic scale
between G=1 and G=10"% and for 7, =7. For a
thermal Planck distribution, E; appears as an almost
straight line in this logarithmic plot. The dashed lines
indicate the steady-state distribution in the limit G — 0,
which coincides with the engineered thermal distribution
given in Eq. (11) for an effective chemical potential ieg
which is determined by the condition in Eq. (13). Note that
for any of the intermediate distributions, a chemical potential
is not defined. Generally, the lowest modes tend to thermalize
at the engineered temperature 7o, While the higher modes
thermalize at the environment temperature 7. Due to the
constraint on the total energy, Ey, = E th the energy that is
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removed from the modes with k > 2 is redistributed to the
fundamental mode and n; > ntlh. The amount of redistributed
energy and, consequently, both the fraction n;/Ny and
the number of modes thermalized at T,,,, are controlled
by the dissipation ratio G. By lowering G (either
by reducing the coupling to the thermal environment

or by increasing the engineered cooling rate), one
can increase the occupation of the lowest mode
until it saturates at a value of (n1/Npn)ly—o <1,

which is determined by the effective thermal distribution
given in Eq. (11). In all intermediate distributions, the
detailed balance between neighboring modes is weakly
broken, and even in the steady state an effective flow of
photons from high-frequency modes to low-frequency modes
is established. This highlights the nonequilibrium nature of
these distributions.

In Fig. 2(b), we vary the engineered temperature 7 /Tjoy =
2,4, 8, and 16 by changing the frequency of the waste mode
for fixed G = 107°. When increasing w,, (i.e., decreasing
Tiow), the redistribution of the energy is restricted to a smaller
and smaller number of modes, which, however, thermalize
at an ever-lower temperature. Hence, although 7j,, may in
principle be arbitrarily low, the constraint on the total energy
restricts the number of modes that can be cooled to this lower
temperature. In Appendix A we present an estimate for the
number of efficiently cooled modes, which shows that this
number only depends weakly on the dissipation ratio G.

B. Effective temperature

The observed stabilization of multiple modes at a tempera-
ture that is below that of the surrounding bath, combined with
an energy transfer toward the lowest mode, clearly indicates
that the engineered dissipation mechanism "cools" the photon
gas. However, the steady state is a nonequilibrium distribution
that cannot be easily described by a single temperature; it is
therefore not obvious how the cooling performances of this
setup can be quantified. Here we adopt an operative approach
that characterizes the nonequilibrium photon gas in terms of
its ability to exchange energy with another ancillary system. In
other words, we are interested in the effective temperature T¢
that another system would thermalize to when weakly coupled
to the photon gas.

To arrive at a meaningful definition for T, we make a
Gedanken experiment and consider a (fictitious) system with
an arbitrary level structure, which exchanges energy with our
photonic gas. Specifically, we assume a weak, nonlinear cou-
pling of the form

V=n)Y aawo, +Hec., (14)
w,k,k’

where the operator o, describes transitions between states of
the ancillary system with an energy difference of /iw. Simi-
larly to the coupling between the photon gas and the waste
mode, this process conserves the total photon number in the
waveguide but permits energy exchange. In the limit n — 0,
we can model this energy transfer by treating the photon gas
as a Markovian reservoir and derive a master equation for the

reduced state of the ancillary system,

pa=Ta ) {m(u + 1)Dlo, ]
w, k., k'

+ (mx + D Do) 1} pa- 15)

Here )’ denotes the sum over pairs of modes that conserve
the energy, i.e., wy — wy =~ w and I', is an effective damp-
ing rate, which we assume to be frequency independent and
whose precise value is unimportant for the present argument.

To proceed, we compare Eq. (15) with the standard form of
a master equation for a system coupled to a thermal reservoir,
0=, *DloS1p + 1,Dlo, 1p, where the absorption and
emission rates at each frequency are related through 1., /i, =
e P Hence, for a given transition frequency w; = kA, we
can define an effective temperature 7¢* as

1 _ kB lo Zq(nq+k+ l)nq
hay > g+ Dngai )

T
where, importantly, the sums over ¢ include all modes up
to k + g = kmax. Hence, this quantity is a global property of
the distribution, which involves all modes in the waveguide.
We have thus achieved a characterization of our steady-state
distribution through its ability to thermalize a system with a
single characteristic frequency.

In general, we are interested in thermalizing a complex
system with many energy levels and associated transitions
over a characteristic spectral range [A, KA]. We can then
define an effective temperature over this spectral range as

(16)

K
1 ),
Tur = EkX_;Y;ffk, (17)

which recovers the limit Tei¢ — Tjow from Eq. (11) as y — 0
and Te — T in the opposite regime and is, again, a function
of all mode occupations n;,__ . Therefore, this operative
approach allows us to characterize the nonequilibrium distri-
bution in terms of a single effective temperature, which can
be interpreted as the average temperature any other systems
would experience, when being weakly coupled to the photon
gas. This effective temperature still depends on the spectral
range K = E,/(hA), which is in turn determined by the char-
acteristic energy scales up to which the ancilla system can
efficiently absorb excitations. Therefore, we obtain a well-
defined temperature for the nonequilibrium photon gas, once
the context of the experiment—in the current example the
relevant energy interval [0, E,]—is specified.

C. Cooling performance

Based on the definition of the effective temperature Ti¢
motivated above, we can quantify the performance of the cool-
ing scheme in terms of the ratio 7' /T.. In Fig. 3(a), we plot
the achievable cooling ratio as a function of the waste fre-
quency w,,/A and spectral range K, assuming T,, = T. The
gray solid line indicates Toir = Tjow. We observe two distinct
regimes. For modest w,,/A > 1 and small spectral range, all
of the modes thermalize close to the temperature Ty, defined
by the engineered dissipation mechanism, see also Fig. 2.
The effective global temperature is therefore also given by
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A =11 MHz, T =20 mK, G =18 x 107°
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FIG. 3. Performance of the engineered cooling scheme for a rep-
resentative set of experimental parameters and quantified in terms of
the effective temperature 7. introduced in Eq. (17). (a) Plot of the
cooling factor T'/T.¢ as a function of w,, /A and for different spectral
ranges K. The gray straight line corresponds to 7' = Tj,,. (b) Plot
of the effective temperature as a function of the support temperature
and for different values of w,, /A and K.

Tt = Tiow = T A/w,, and the cooling ratio T /T increases
linearly with w,,/A. However, for very large values of the
waste mode frequency, only the first few modes thermalize at
Tiow, whereas modes with higher & settle at increasingly higher
temperatures, such that the effective temperature saturates at
T ~ T when considering a sufficiently large spectral range,
i.e., K > 1. Note that in this regime, i.e., when n,, < 1, the
populations n; start to deviate from the detailed-balanced one
in Eq. (11) already for k > 2 (see example distributions in
Appendix B). This can be understood from the onset of a
zigzag instability in directional bosonic transport [50]. For
Tiow = 1 mK, which corresponds to w,,/A = 20, roughly five
modes are fully thermalized to 7joy-.

In Fig. 3(b) we plot the absolute value of 75 as a func-
tion of the support temperature 7 and for different ratios
wy/A. We see that, over a large temperature range, cooling
factors of 10-100 can be reached, depending on the spectral
range of interest. Therefore, for the considered parameters

and starting from a dilution refrigerator temperature of about
T = 20 mK, the few lowest modes of the photon gas can be
cooled to effective temperatures of 0.1-1 mK, while retaining
a finite number of about N, ~ 750 photons in the gas. We
can compare this with an equilibrium photon gas at the same
temperature, for which we would have Ny, ~ 150.

Note that generally the photon temperature can be higher
than the base temperature of the fridge [55,56] if the pho-
ton field is heated by control lines. However, the condensate
studied here can be isolated during its dissipative stabilization
which allows for the assumed temperature of 7 = 20 mK.

IV. NONEQUILIBRIUM CONDENSATION
IN A 1D TRANSMISSION LINE

One of the most salient features of the distributions shown
in Fig. 2 is the accumulation of a large number of photons in
the lowest mode, indicating condensation. This occurs despite
the fact that, for a 1D Bose gas with a dispersion relation wy,
|k|, no condensation is expected in the thermodynamic limit
when the system is in equilibrium [57]. In the following, we
explore in more detail the origin and further properties of this
phenomenon in the current, nonequilibrium scenario. To do
so we focus on the idealized limit G — 0 and assume that
to a good approximation all relevant modes thermalize at the
engineered temperature Tjoy, i.€., the steady-state distribution
is fully described by Eq. (11) (corresponding to the dashed
lines in Fig. 2). In this section, we will also keep the waste
mode temperature T, as an independent parameter.

A. Condensate fraction

As explained above, in the considered setup with an
Ohmic coupling to the environment, the stationary photon
distribution is constraint by the condition Ey, = E™. In the
thermodynamic limit, A — 0 (or £ — 00), we can approx-
imate the sums in that condition by Bose integrals and we
obtain

*  kdk 0 kdk 18
| ebliox — 1 ot 5 ePow(iog—per) — 1° (18)

Crucially, this energy constraint implies that the total photon
number must increase when 7Tj,, < T and that these photons
are added to the lowest mode, which is thus treated separately.
This property distinguishes the effectively cooled photon gas
from an equilibrium gas of massive bosons, which is cooled
under constant photon number, and it is the reason why we
can achieve a condensation phase transition.

For any Tiow < T the effective chemical potential pg in
the right-hand side of Eq. (18) lies between O and 7w, and
only gives rise to a correction of order O(B1A). By neglecting
this correction and solving Eq. (18) in the thermodynamic
limit, we see that the occupation number of the lowest photon

mode,
s 2 kBT : Tlow :
=—— 1 - , 19
"= (hA) ( T > (19)
indeed assumes a macroscopic value. From the occupation of
the condensate mode, we can then also derive the effective
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chemical potential using Eq. (11), and we obtain

. 6 (hA >2 kgTiow
ot XNy — — | — | ————.
Hett =R T2\ T ) 1= (Tiow/ TP

Hence, for any cooling ratio Tiw/T < 1, the chem-
ical potential approaches the ground-state energy,
(et — how1)/(RA) — O when A — 0, and the occupation
n; — oo diverges. To assess that we have condensation, this
divergence must be compared to the number of photons in the
excited modes, Nex = Zk>2 ny, which can be approximately
evaluated by the integral

N o0 dk
&= s ePowlion—pier) — ]

_ kBTiow In kBTiow +O kBTiow ] (21)
hA hA hA

Importantly, although the number of excited photons Nex di-
verges when A — 0, as expected also for an equilibrium gas
of photons in 1D, this divergence is slower than the increase
in n; evaluated in Eq. (19). Therefore, in the thermodynamic
limit the condensate fraction ny/Np, = n1/(n1 + Nex) reaches
1 for any value T, /T < 1. Note that a similar result will also
follow for y; ~ k%, as long as o > 0.

In the opposite case when 7,y > T, the energy constraint
given in Eq. (18) can only be satisfied for a negative effective
chemical potential, which approaches a value of

j'[2 T2
Brow Hetr = In <? T_Z) (22)

low

(20)

in the limit 7j,, /7T > 1. For any negative [, the condensa-
tion fraction ny /Ny, vanishes in the thermodynamic limit.

In Fig. 4 we illustrate this behavior for the condensation
fraction and the effective chemical potential in a finite system.
Darker lines correspond to larger system sizes £ o< (BAA)™!
and approach the thermodynamic limit. The six displayed
values of BAA are uniformly distributed between 10~* and
107! on a logarithmic scale. For comparison, dotted lines
show the behavior of a 1D equilibrium gas of massive bosons
with a constant total particle number of Ny = ), n}(h, which
does not exhibit a sharp transition. The comparison of the
two scenarios illustrates how the sudden rise of the chemical
potential from per < 0 to e =~ @y around Tioy =~ T causes
the photon number to rapidly increase and therefore induce
a macroscopic occupation n; even though the Bose-Einstein
distribution has the same temperature as the one describing
massive bosons.

To tune the system across the condensation transition at
Tiow/T = (T, /T)(A/wy) = 1, one can vary the ratio A/w,,
and use an external driving field to compensate for the fre-
quency mismatch (see Sec. V). Alternatively, one can vary
the ratio T,,/T by coupling the transmission line or the waste
mode to different parts of the circuit held at different local
temperatures. For example, for A/(2n) =30 MHz and T =
250 mK, we obtain BAA = 0.006, for which, according to
Fig. 4, a rather sharp transition is expected. For w,,/(27) ~
250 MHz, thermal radiation at a temperature of T, ~ 2 K,
which is injected, for example, from a high-temperature stage
of the dilution refrigerator, can be used to tune the system
across the transition. Note that for finite values of G, not all

-1
1.0 == \ 1
g (a) ey,
Z 051
: ““"l“
0.0 + T T 'll ==
1 - 1072
. -.n-nnuunnlllll“”
§ (b) “”"!n
3 g
E h
3
A I , 10—3
B
= (c)
i% o —— [} = const.
;;/ Y Npn = const.
E | . . 104
0.0 0.5 1.0
Tiow/T

FIG. 4. Nonequilibrium condensation of microwave photons.
The solid lines show the exact numerical results for the condensa-
tion fraction n; /Ny, and the effective chemical potential fi for an
increasing length £ of the transmission line (decreasing mode spacing
A) and as a function of Ty, /T = T,,A /(T w,,). The dotted lines show
the corresponding quantities for a 1D gas of bosons in equilibrium
at temperature T, and with a fixed particle number Ny, = N®,
which does not exhibit a sharp transition. In the thermodynamic limit
£ o (BAA)™! — oo the condensation transition of the photon gas
leads to a step function in the condensation fraction plotted in panel
(a), and a sudden increase of the chemical potential from a large
negative value to [ter = wy, which is shown in panel (b) and in panel
(¢). For all plots, the idealized limit G = 0% has been assumed, in
which case the nonequilibrium occupation numbers are determined
by Eq. (11).

of the modes thermalize to T,y and the transition will be
less pronounced. However, even in this case the increase of
the condensate fraction n;/Npn near T ~ Ty, is still clearly
distinct from that of a photon gas in equilibrium.

B. Condensate fluctuations

To characterize the nonequilibrium state of the photon gas
beyond the average occupation numbers, we apply Monte
Carlo sampling in order to address the number statistics of
the individual modes. Since the master equation is diagonal
in the Fock basis |{n;, na, ..., ng, }), the exact dynamics of
the probabilities P({ni}, t) = ({nx}| p(¢) |[{nt}) in this config-
uration space are accessible. This supplements the mean-field
approximation, since occupation number fluctuations and cor-
relations between different modes are captured. For details on
the algorithm we refer to Appendix C.

We apply Monte Carlo sampling to simulate a small system
of 10 modes with the parameters A/(2x) = 80 MHz, G =
1074, w,/A =5 and T = 100 mK, using 10* trajectories.
We calculate the mean occupation number and the second-
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FIG. 5. Photon-number distributions. (a) The average steady-
state occupation numbers 7; obtained from Monte Carlo simulations
(MC) are compared with the corresponding mean-field (MF) results
and with the equilibrium distributions given in Eqgs. (2) and (11).
(b) Plots of the steady-state distributions P(n) of photon number
states |n), for a selection of modes, together with the corresponding
value of the second-order correlation function g (0). These distri-
butions have been obtained from Monte Carlo simulations. For both
plots, the same parameters 7 = 100 mK, A/(27r) = 80 MHz, G =
10™*, w,/A =5 and a cutoff of k., = 10 have been assumed.

order correlation function,
, (23)

for each mode. Sampling errors are given in brackets after the
g values and convergence errors are ensured to be small
in comparison. We find that the occupation numbers agree
with the mean-field predictions with very high accuracy, as
shown in Fig. 5(a). In Fig. 5(b), we plot the corresponding
photon-number distributions for a representative selection of
modes, together with the corresponding values of gf)(O). For
modes with k > 2, the photon-number distribution is well
approximated by an exponential distribution, consistent with
a thermal state. This is also confirmed by the correlations,
which exhibit a value of g (0) ~ 2, up to sampling errors. In
the lowest mode, by contrast, the distribution resembles more
closely a Poisson distribution, with a significantly lower value
of g?(0) ~ 1, close to the value associated with a coherent
state. The observed residual deviation from unity is expected
for a condensate with a finite number of particles. These re-

sults show that the nonequilibrium distribution resembles that
of a Bose-Einstein condensate also at the level of second-order
correlations. Similarly to the analysis performed in Ref. [50],
additional simulations of the first-order coherence (not shown)
also confirm that there is a U(1)-symmetry breaking in the
condensate mode.

V. IMPLEMENTATION

In the setup depicted in Fig. 1, the 1D photon gas is realized
by a superconducting transmission line of length ¢, group
velocity v, and impedance Z, which supports a set of standing-
wave modes with frequency spacing A = v /£. These modes
decay with rates y;, = wy/Q into a thermal environment at
temperature 7. One end of the transmission line is coupled to
an additional LC-resonator with frequency w,, and impedance
Z,. This waste mode dissipates energy with a rate I" into a
thermal environment held at a temperature 7,,. For most of
our analysis we have assumed T,, = T, but in general T,, can
be treated as an independent, locally adjustable temperature.
To realize a three-wave mixing interaction as assumed in
Eq. (3), the waste mode is coupled to the transmission line
via a SNAIL-type loop of Josephson junctions [58], which is
penetrated by a time-dependent external flux ¢ex (7).

A. Three-wave-mixing Hamiltonian

The Hamiltonian of the closed system is given by

where the individual terms represent the Hamiltonians of the
waveguide, the waste mode, and the coupler, respectively. The
Hamiltonian of the waveguide,

Kimax

Hye = Z hwkaZak, (25)
k=1

consists of a set of harmonic modes and can be derived from
the discrete transmission line model following the standard
procedure [59]. In terms of these modes, the quantized flux
operator at a position x along the transmission line can be
written as

o(x) = Zd),? cos <I%> (ak + a,t), (26)
k

where ¢,? = J/hZ/ (k) are the zero-point fluctuations of each
mode. The operator relevant for the engineered cooling pro-
cess at the end of the waveguide is thus given by

pug = (X =0) =Y ¢(a; +a)). 27)
k

Similarly, the waste mode can be modeled as a single quan-
tized harmonic mode with a Hamiltonian H,, = an)waLaw and
a quantized flux operator ¢, = ¢° (a,, + al)), where ¢9 =
VhZ,/2.

To obtain a tunable three-wave interaction between the
photon gas and the waste mode, we consider a SNAIL-type
coupler with three identical junctions with Josephson energy
Ej in parallel with one junction with Josephson energy oE;.
By neglecting, for simplicity, the capacitive energy of the
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junctions, we can write H, > Vi(¢we — ¢y), Where gy, =
Pwe/do and @, = ¢y /¢o, ¢o = fi/(2e) is the reduced flux
quantum and e is the elementary charge. In the presence of
the external flux, @ex = @ex /o, the resulting expression for
the coupler potential reads

o= e (5 o) -am[5(5 )] v

We remark that in order to express the potential in this
symmetric form, we have chosen a specific time-dependent
gauge, which gives rise to a charge drive after the Legendre
transformation, if the junction capacitances Cj; do not satisfy
a specific relation [60]. The drive is, however, off-resonant
and can be canceled by applying additional driving fields. For
alternative derivations of similar coupling schemes based on a
different choice of gauge, see, for example, Refs. [61,62].

By setting ¢ = 1/3 and ¢ex = 7w + ¢, where ¢, is the
time-dependent part of the flux, we achieve a potential that
behaves as (¢ — 7 /2)*/81 in leading order around its static
minimum for ¢, = 0. In the flux pumped case, the mini-
mum is determined by the condition VC’(<pm) = 0, which gives
Om =1 +¢/2+ O(p?). We assume that the flux pump is
small enough to expand the potential around that approximate
minimum and find

i 4 i 4 )

Vo(p) =— 3E;(cos 3 cos 3 + sin 3 sin — 3

1
+ §EJ (cos % cos ¢ — sin % sin (p)

1 1
= t. E E
= cons +54 J(pt§0 +81 J(D

+ 0@ 0", 0. 09, ¢°, ..., (29)

where for the truncation of the potential at cubic order we
require ¢, ¢; <K 1.

To obtain the desired interaction, we choose a periodic
flux drive ¢, = € cos(wyt), whose frequency w; = w,, — A is
chosen to resonantly enhance interaction terms of the form
aTwaZakH + H.c. Simultaneously, we want to avoid any other
resonances. For example, the sum of drive and waste frequen-
cies should not couple any combination of widely separated
levels w,, + wy # mA for any integer m. Otherwise, there can
be processes where one waveguide photon of any mode is
absorbed by the waste mode via two-photon absorption. This
process can be avoided by requiring 2w,, = wy; # mA, which
can be satisfied, for example, by the choice

. 5+nA _ l—i—nA (30)
=g 2)% “T\472

for any n =0, 1,... Then, for a given support temperature
T =T,,wecansetn ~ 2T /Tj,w — 5/2 to realize the targeted
engineered temperature Tjo in discrete steps.

The requirement for the off-resonant couplings to be
suppressed is that the linewidth of the waste mode, I, is
smaller than A /4, which is the minimal frequency spacing.
By contrast, the ratio w,, /A can be made arbitrarily high by
an appropriate choice of w,, and w,;. Under this resonance
condition and within the rotating-wave approximation, the

interaction reduces to

3

€E; .

H,. ~ =1 cos(a)dt)|:¢)2)(aw + aTw) — Z (p,?(ak + a,‘{):|
k

hg .+
~ ———(a alay.1 + ayara, ), 31
; T Gk T i) (31)
where we have introduced the coupling strength

g=¢€E;¢0 (ga?)2 /(18h). This is the desired three-wave
mixing Hamiltonian introduced in Eq. (3) and the starting
point for the derivation of the master equation in Eq. (4).

B. Derivation of the master equation

Starting from the three-mode interaction in Eq. (31), we
change into an interaction picture with respect to Hy = Hy,s +
H,, and obtain

“k“kﬂa IR
gZ - =i +Hec. (32)
Here we have included the detunings 6; = w; — kA to al-
low for small deviations of the mode frequencies from being
exactly equally spaced. Below we will use this generalized
setting to estimate the sensitivity of the cooling scheme to
Kerr effects and other potential frequency shifts.

In the limit g < I, the quickly decaying waste mode can
be treated as an effective Markovian bath for the waveguide
modes and its dynamics can be adiabatically eliminated to
obtain a master equation for the reduced state of the 1D photon
gas only. By neglecting small frequency corrections in the
Hamiltonian part, this master equation can be written in a
compact form as

b= 3 kel + DE@ % [epp, o]
kK

+ nye BN el p o] + Heel, (33)

where ¢; = aZakH, Qi = Ska1 — O and the

g r
k(k+1) T2 + @

denote the effective rates.

We see that in an ideal system with €; = 0, we obtain
a time-independent master equation with a collective jump
operator of the form C = )", aZakH //k(k 4 1). It describes
cooling of all the modes, but in a correlated manner, since
the waste mode is coupled to all transition & + 1 — k simul-
taneously. In practice, such a situation is very unlikely and
small anharmonicities in the mode frequencies, decoherence
effects or nonlinear corrections from higher-order terms in
the coupler will result in €; # ¢ and effectively eliminate
the terms with k # &’ in the sum in Eq. (33). Therefore, under
the assumption

= (34)

K K €2 — Q| KT, (35)

the master equation in Eq. (33) reduces to the engineered
cooling master equation in Eq. (5). Once the frequency shifts
8 become too large, i.e., || = T, the corresponding modes
will be out of resonance and will no longer contribute to the
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TABLE 1. Proposed experimental parameters for the refriger-
ation of a gas of microwave photons to temperatures of Tj,y, &
1 mK-20 uK .

Support temperature T 20 mK
Mode spacing A/(2m) 11 MHz
Quality factor (0] 5% 10°
Waste mode frequency wy,/2m) 200 MHz-1 GHz
Waste mode decay rate '/(2m) 1.8 MHz
Waste mode impedance Zy 6 k2
Waveguide impedance Z 15 Q
Josephson energy E;/h 30 GHz
Number of SNAILs N. 3
Flux drive strength € 0.4
Cooling rate &/T/2m) 120 kHz
Resulting dissipation ratio G 1.8 x 1073

cooling dynamics. In practice, this will result in a finite cutoff
kmax due to deviations from an equidistant mode spacing. This
condition will also constrain the total number of photons in
the condensed mode due a residual Kerr effect, as discussed
in more detail in Appendix D.

C. Experimental parameters

The multimode cooling master equation in Eq. (5) has
been derived under various assumptions about the system
parameters, which are required, for example, to justify the
expansion of the coupler potential in Eq. (28) or the adiabatic
elimination of the waste mode in Sec. V B. In Appendix D,
we provide a more detailed discussion of all those constraints
and identify a regime of experimentally feasible parame-
ters for which the derivation of our effective cooling master
equation is valid. A typical set of parameters that satisfies
those constraints and leads to effective parameters similar
to the ones used in our analysis above is summarized in
Table I.

In Appendix D we also propose a generalized coupler com-
posed of a short array of N, identical SNAIL elements. This
approach can be used systematically reduce the Kerr-induced
frequency shift of the fundamental mode, which arises from
the subleading fourth-order term in the expansion in Eq. (28)
and limits the total number of condensed photons. Note that
such extensions and the parameters assumed in Table I aim
at the cooling of rather large, multimode systems. For proof-
of-concept experiments with only a few modes, the thermal
energy influx from all the higher modes is significantly re-
duced, and many constraints on the experimental parameters
can be relaxed.

VI. CONCLUSION AND OUTLOOK

In summary, we have proposed and analyzed a simple
circuit QED setup to cool a 1D gas of microwave photons
to submillikelvin temperatures and to prepare a photon con-
densate in a one-dimensional waveguide. We have shown that
the steady state of this photon gas depends on the interplay
between the engineered cooling processes and bare thermal-
ization at the support temperature and that those two effects
cannot be treated separately. In particular, we have identified

wy/A =20, G=18x10"°

20 o ssssssssssssssssssEsEsEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE
159 «ene equilibirum, T’
= — T =tlw/kp
E gl =< a/@n) = 1M
&
- A/(27) = 22 MHz

=== engineered, Tiow

20 40 60 80 100
transition frequency w/(27) [MHz]

FIG. 6. Many-body cooling using a precooled microwave con-
densate. A transition with frequency w of a generic many-body
system is coupled to all resonant transitions in the 1D photon gas,
which mimics a reservoir with a frequency-dependent effective tem-
perature 7. The crosses show the values of 7§ obtained for a
typical set of waveguide parameters and for two different mode
spacings. The dashed line shows the target temperature 7j,,, = 1 mK.
For those parameters, another many-body system with transitions up
to 100 MHz can be cooled to temperatures well below 5 mK.

an unexpected conservation of the total energy of the photon
gas in this system, which replaces the conservation of the total
number of bosons in gases of massive particles and induces a
sharp condensation transition even in 1D.

In our analysis, we have focused on the case of a noninter-
acting photon gas as an illustrative example for the cooling a
photonic many-body system in the microwave regime below
the base temperature of a typical dilution refrigerator. While
this system already shows interesting properties by itself, we
envision that such an extremely cold gas of photons could be
used in future applications as a universal coolant to prepare
also more complicated many-body systems in such a low-
temperature state. Such applications are already anticipated
in the operative definition of the effective temperature e in
Sec. III B, which is defined as the effective temperature that
another system would thermalize at, when weakly coupled to
the cold photon gas.

As an explicit example, let us consider the implementation
of a photonic Bose-Hubbard-like model [18], with a typical
on-site interaction energy of U/h =~ 100 MHz. This energy
translates into a temperature of about 5 mK, well below the
usually achievable temperatures in a dilution refrigerator. In
Fig. 6 we plot the (frequency resolved) effective temperature
T % of the cooled photon gas for a realistic set of parame-
ters and for transition frequencies w up to U/hi. We see that
within this frequency range, there is a range of possible tran-
sitions for which the effective temperature lies in the range
of 1 mK < T % < 5 mK and we obtain 7o < 2.5 mK for the
two chosen mode spacings. Therefore, by introducing a weak
coupling between the two systems, the precooled noninter-
acting photon gas can cool the interacting photons—at least
in principle—into a Mott-insulator state. We emphasize that
this argument is solely based on ergodicity and the experi-
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mental feasibility of such sympathetic cooling schemes must
still be verified through more involved many-body simula-
tions of explicit circuit designs, which go beyond the scope
of the current study. Nevertheless, this basic estimate al-
ready illustrates the prospects for using simple, precooled
photonic fluids to cool more complex photonic many-body
system into a low-temperature equilibrium state with a fixed
density.
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APPENDIX A: NUMBER OF COOLED MODES

In this appendix, we derive an approximate estimate for
the number of modes that are efficiently cooled to a mode
occupation number n;, < n,L(h that is significantly below the
equilibrium value. From the plots of the stationary energy
distributions shown in Fig. 2, we see that the crossover be-
tween the modes that thermalize at a temperature 7jo, and the
higher modes that thermalize at the bath temperature 7" occurs
roughly at a value k., where the energy per mode has a local
maximum, i.e., oE; = 0. To determine k., we can assume
that the stationary mode occupation can be described by a
Bose-Einstein distribution of the form

n = (ePF% — )71 (A1)

with an effective frequency €2 that slowly changes with k. For
k < k., wehave Q; ~ w,,, and for k > k., Q; ~ A.Provided
that this k dependence is slow enough, the relation

(I + nnggr = ng(mk — Ngyr) (A2)

with ng = (e#™* — 1)~ holds for any temperature. The
steady-state condition in Eq. (7) then translates into the con-
dition

k(g — no) (et +me—y — 2m) = yie(me — nl),  (A3)

which we now evaluate in the vicinity of k.. In this regime, we
are still close to the engineered temperature, i.e., @,, — 2k, =
dw K wy,. Expanding the term n,, — ng in Eq. (A3) as a func-
tion of dw, we obtain n,, — ng >~ —Bhdw/{2[cosh(Bhw, ) —
1]}. Furthermore, the data shown in Fig. 2 indicate that around
the point where the distribution starts deviating from the en-
gineered thermal distribution at 7j,,, the mode population is
already much smaller than one and also much below the equi-
librium value. In other words, we can safely assume n;, << n}{h
and approximate both populations around k. by thermal dis-
tributions ny, ~ e Picke ~ g=Flouke and i ~ ¢=FMAK This
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FIG. 7. Examples of steady-state distributions related to Fig. 3.
The blue solid lines show the steady-state mode energies Ej, while
the black solid line represents the corresponding values EfT as ob-
tained from a Bose-Einstein distribution with temperature T, for
K =5 and a total photon number matching Ny,. The dotted line
indicates the thermal energy values E{" = fioyn!" for reference. The
upper and the lower panels differ in the assumed value for G. All
other parameters are the same as in Fig. 3.

allows us to rewrite the first term in Eq. (A3) as

(M1 + me—1 — 2m) == [2 cosh(Bliw,, ) — 1]ng. (A4)

Together with all other approximations for k ~ k., we then
obtain
Vi n}ch Gk?

Bicr ng B
To determine the inflection point of the distribution, k., we use
the condition d; (kng) = 0, which gives

P, —8)

fidw >~ (A5)

Q(k.) + kedk2 = 0 — ddw = % (A6)

Combining Eqgs. (A6) and (AS), and using Bh(w, — A)k. >
1, we finally arrive at an implicit equation for k,

Qw__ —Bliwu—Dk
Wy —

Gk! = (AT)

In the asymptotic limit k. > 1, the solution of this implicit
equation can be expressed as

4w (4at o, — &)
T B, — D)

where W (x) is the Lambert function and a = e#"» /(1 —
A/w,)/G. Since W (x) diverges logarithmically for x — oo
and a'/* o« G™/#, the crossover mode number k. has only a
weak dependence on the engineered cooling rate.

, (A8)

(e
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APPENDIX B: DETAILS OF THE STEADY-
STATE DISTRIBUTIONS

In Fig. 7 we provide additional plots for the station-
ary distribution of the mode energies, E;, for some of the
parameters assumed in Fig. 3. These plots illustrate the two
regimes discussed in the main text. For w,,/A = 10 the mode
occupation numbers (blue) match that of a Bose-Einstein dis-
tribution (black) with an effective temperature as given by
Eq. (17) for K =5 and a chemical potential n chosen ac-
cording the condition Ny, = Y ™ (@ —m/bsTer — 1)=1
contrast, for w, /A = 100 there are clear deviations already
at small values of k. As G is decreased, these deviations
become less pronounced. We attribute the deviation from a
thermal distribution for n, < 1 to the partial formation of
a staggered population profile, which is known from other
bosonic systems with a directional flow [46,50].

APPENDIX C: MONTE CARLO SIMULATIONS

In this section, we provide technical details about the
Monte Carlo simulations used to calculate number statistics.
The algorithm runs N stochastic trajectories starting from an
arbitrary initial configuration {n;};—o. In every step the time
and the configuration of each trajectory is updated follow-
ing the Gillespie algorithm [63], using two uniform random
numbers r > € (0, 1]. For a number of jump operators L; and
corresponding rates a; the time is updated according to

Inr 1
> 4
and the configuration is updated using a jump operator L;

which is chosen at random with probability a; /> ;jaj using
ry. The update is defined by

|{nk}n>

(ChH

ty =1th—1 —

_ L Hni}n—1)
L, {naer) |

The configurations |{n;},) obtained from the algorithm follow
exactly the probability distribution P({n;},t,) as given by
the diagonal density matrix evolved according to the master
equation with the initial condition p,—¢o = |{nx},=0) ({rk};=ol-
Any higher statistical moments can be estimated with ensem-
ble averages over Monte Carlo trajectories. In particular for
the second-order zero-time autocorrelation of the mode & for

yeey

_ aalma) _ 2, (") —n"]

(afax)? (L3, n")’

N n "k

(C2)

. (C3)

which becomes exact in the limit N — oo.

APPENDIX D: EXPERIMENTAL PARAMETERS

In the derivation of the three-mode interaction in Sec. V,
we have neglected higher-order terms in the expansion of
V., assuming that ¢, and ¢y, are small. In practice, this
limits the total number of photons present in the waveguide.
In particular, at the next subleading order, there is a term
~¢*, which gives rise to a resonant Kerr effect that cannot
be eliminated and leads to large, photon-number-dependent
frequency shifts. This problem can be mitigated by using

an array of N, identical couplers in series. The interaction
then changes from V (@wg, @w, ¢;) 0NV (@wg/Ne, 0w /Ne, 1),
assuming an equal distribution of the flux over all SNAIL
elements. Importantly, the flux drive ¢, is applied to every
loop separately and therefore does not scale as oc N-'. The
resulting expanded potential is

E;¢*

1 1
V(p) = const. + ——E;¢,¢°
(¢) = cons +54N3 199 +81N3

+0(p9”. oo, 00 ¢°, ). (D1)

We see that in this multicoupler configuration, the term ~¢*
can be systematically suppressed compared to the interaction
of interest, by increasing N,.

For this general setup, the main conditions for the va-
lidity of the cooling master equation are as follows. First,
the phase fluctuations of the waveguide and the waste mode
must be smaller than unity: @0, /7, /Ne, ) \/Non /Ne < 1. Sec-
ond, the Kerr and Lamb shifts that arise from the coupler
detune the modes from the ideal equidistant spacing and w;, =
kA + 8i. The resulting frequency differences 2, = §r1 — &k
must be smaller than the decay rate I, in order for the en-
gineered cooling to be efficient. For the kth mode, the total
frequency shift can be estimated by

RS = K () + Y K& (o) + Ky (ny) + L. (D2)
k/

The self-Kerr term reads K{(n;) = 6EJ(¢?)4"[]/(81N3) for
the fundamental mode and can be neglected for all other
modes since their occupation numbers are typically much
lower. The cross-Kerr term between the fundamental mode
and the kth waveguide mode is related to the self-Kerr term
by Ki'j(n1) = 4K7°(n1)/k and the cross-Kerr term between

the fundamental mode and the waste mode reads K"\ (n,,) =

24E; () (¢2)?n, /(81N?). Again, all other cross-Kerr terms
can be neglected compared to those dominate terms that
involve the condensate mode. Additionally, from the sub-
leading interaction term ¢’?¢? a Lamb shift of L; =
6E;€%(¢))?/(81N,) arises for each mode.

The shifts &, are acceptable as long as the resonance
condition wyy; —wx = wy, —wy is fulfilled up to the
bandwidth of the waste mode, i.e., |6y — §rr1| < ['. At the
same time we must ensure I" >> A to resolve the individual
modes and g?/T" > y to obtain a sufficiently fast engineered
cooling. The device parameters summarized in Table I satisfy
all those constraints for the example of N, = 3, but other
parameter choices are possible as well.

Finally, we consider capacitive couplings induced by the
SNAIL, which we have neglected so far. All Josephson junc-
tions have a parallel capacitance, which gives rise to a total
parallel capacitance C,.. Although we can neglect the effect
of this capacitance on the mode decomposition, it induces a
charge-charge coupling between the waste and the waveguide
modes,

C

C
E‘Iw‘]wga

where g, is the waste charge operator and gwe = g(x = 0)
the charge density operator at the end of the waveguide. For
C./(£C) < 1073 the resulting coupling is still weak compared

(D3)
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to the detuning between the waste mode and the closest
waveguide mode. But it can induce an off-resonant linear
loss mechanism. For the parameters of interest, |A — w,,| ~

0.1-1 GHz, we estimate that the resulting capacitive loss rate
is in the order of a few hertz, and thus comparable or smaller
than the Ohmic damping rate y .
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