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Rotational excitation in sympathetic cooling of diatomic molecular ions by laser-cooled atomic ions
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Sympathetic cooling of molecular ions through the Coulomb interaction with laser-cooled atomic ions is
an efficient tool to prepare translationally cold molecules without, ideally, affecting the internal state of the
molecular ions. However, the electric field due to the Coulomb interaction may induce rotational transitions
that change the purity of initially quantum state prepared molecules. Here, we use estimates of rotational state
changes in single collisions of diatomic ions with atomic ions [J. M. Berglund, M. Drewsen, and C. P. Koch,
Phys. Rev. A 113, 042816 (2026)] to determine the overall rotational excitation accumulated over the sympathetic
cooling. Considering two different experimental scenarios, that of a molecular ion cotrapped with a single atomic
ion and a molecular ion immersed in a Coulomb crystal of atomic ions, we also estimate the cooling time.

DOI: 10.1103/7kym-lfxl

I. INTRODUCTION

Sympathetic cooling of molecular ions by means of co-
trapped laser-cooled atomic ions [1,2] is an efficient method
for creating cold and ultracold molecular ions. Since cooling
is mediated by the mutual Coulomb repulsion between the
ions, it is independent of the details of the internal structure
of the ions and, therefore, generally applicable. Consequently,
it has been applied to a wide range of different species, includ-
ing various polar [1,3–6] and apolar [7,8] diatomic molecular
ions as well as polyatomic molecular ions [9–11], some of
which have been successfully cooled down to temperatures
of some tens of millikelvins. The study of molecular ions
is currently an active research topic with applications in,
e.g., quantum logic protocols [12–14], fundamental physics
[15–18], and cold and ultracold chemistry [19–21].

In particular, rovibrationally cold molecular ions are a
versatile tool on which to implement quantum technolo-
gies [20]. Polar molecular ions benefit from their permanent
dipole interaction, which allows for effective control over
the molecular ion and has been used to implement various
quantum control protocols [12,22–24]. A drawback with po-
lar molecular ions is that they may couple to the blackbody
radiation via their dipole moments. A way around this issue
is to utilize apolar molecular ions [25], which lack a perma-
nent dipole moment. The pristine control over the molecular
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ions has allowed us to leverage quantum logic spectroscopy
[26] for molecular quantum state control with unprecedented
spectral resolution [25,27,28]. Molecular ions can also be
combined into hybrid systems with neutral species for a wide
range of applications in quantum technology and fundamental
physics [20].

Cooling of both the translational and internal degrees of
freedom is of great interest in this respect. Indeed, sym-
pathetic cooling by one laser-cooled atomic ion can cool
one molecular ion to the ground state of the ion pair
within the trap [24,27,29–31]. Simultaneously, optical pump-
ing [32–35], helium buffer gas cooling [36], probabilistic
state preparation [24,27], and resonance-enhanced multi-
photon ionization (REMPI) [8,37,38] have been applied to
produce molecular ions in specific internal states with high
probability.

The latter method differs from the others in that the internal
quantum state is prepared prior to sympathetic translational
cooling and may thus be prone to state changes during cool-
ing. So far, state-selective REMPI has only been demonstrated
to form state-selected N2

+ molecular ions in the vicinity of
the trap potential minimum [8]. For other molecules, how-
ever, this may not be practical, for example, when the neutral
precursor molecule (such as H2 [38] or HD) reacts efficiently
with the laser-cooled atomic ions. In such cases, it can be
favorable to first produce the state-selected molecular ions in
one trap and transfer them into another trap more suitable
for translational sympathetic cooling. A similar situation is
encountered for molecular ions that have to be produced by an
external source, such as an electrospray ion source combined
with an internal state precooling trap [39]. In all these cases,
the initial kinetic energy of the captured molecular ions can
be as high as the effective trap potential, typically in the
1–10 eV range.
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A potential issue with sympathetic cooling of molecular
ions arises from the Coulomb field, originating from the
atomic coolants. It may also couple to the rotational degree
of freedom and thereby induce rotational state changes dur-
ing the scattering events of the cooling process [40]. The
excitation probability depends sensitively on the molecular
parameters as well as the collision energy [40]. Sympathetic
cooling typically requires multiple collisions to extract the
translational energy, and each of these collisions occurs at a
different collision energy. Changes in the internal molecular
state, each accompanied by a loss of purity, may thus accumu-
late. This raises the question of whether sympathetic cooling
induces a significant error in the internal molecular state at
the end of the cooling process. This is the question we address
here. To this end, we consider sympathetic cooling of diatomic
molecular ions with an emphasis on the translational cooling
dynamics and rotational state excitations. We also investigate
the feasibility of cooling depending of the interatomic dis-
tances of the atomic ions in the trap which effectively set the
rate of collisions.

The starting point of our investigation is the rotational
excitation probability for a given collision energy that has
been determined by leveraging the separation in time, respec-
tively, energy scales, of translational (relative) and rotational
(internal) motion [40]. Using a classical description of the
translational motion and approximating both atomic ions and
molecular ions as point particles, the interparticle separation
is given by Kepler’s law of motion, as known from textbook
classical mechanics. The electric field due to the Coulomb
interaction also couples to the internal molecular degrees of
freedom. While vibrational excitations can be neglected, the
electric field may induce rotational state changes. These have
been calculated by solving the time-dependent Schrödinger
equation of a molecular rotor in a time-dependent electric
field, where the time dependence arises from the relative
motion during the collision. Incidentally, the time-dependent
field has a nearly Lorentzian profile, allowing for analytical
approximations of the rotational dynamics [40]. Due to their
fundamentally different couplings to an electric field, polar
and apolar molecular ions have been treated separately. Polar
species possess a permanent dipole moment, and the inter-
action is dominated by the dipole term. Apolar species, on
the other hand, lack a permanent dipole moment by sym-
metry, and the leading-order contributions are due to the
induced dipole moment (or polarizability anisotropy) and the
quadrupole moment. Numerical simulations of the rotational
dynamics have revealed two different regimes for polar and
apolar molecular ions [40]: For apolar species, the quadrupole
interaction is found to dominate, and population excitation
remains small throughout the collision, allowing for a rea-
sonably accurate analytical approximation at the end of the
collision via first-order perturbation theory. This closed-form
estimate depends on the collision energy and the impact
parameter, in addition to the atomic mass and molecular pa-
rameters. In contrast, for polar molecular ions, the dipole
interaction, which is linear in the electric field strength and
varies only gradually at large distances, results in a slow align-
ment (dealignment) as the two particles approach (veer away
from) each other [40]. This in turn allows for the dynamics
of a single collision to be analyzed in the adiabatic picture,

FIG. 1. Sympathetic cooling of a molecular ion via collisions
with laser-cooled atomic ions. The considered cooling scenarios with
either a single trapped atom (a) or many atomic ions forming a
Coulomb crystal (b).

characterized by a superposition of many field-free rotational
states at intermediate times but zero excitation probability at
the final time. No closed expression for the excitation prob-
ability was found for collisions proceeding in the high field
limit with strong following of the field. But, for molecular
ions with a small dipole moment, the effect of the field on the
rotational states is moderate, and an approximate, two-level
model can be used. This yields an upper bound on the excita-
tion probability, which again depends on the collision energy
and impact parameter. In particular, all relevant rotational
excitation occurs for impact parameters on the order of several
hundreds of bohrs or less [40].

With this comprehensive understanding of rotational state
changes in a single collision of a molecular ion with an atomic
ion, we are now in the position to estimate the accumulated
rotational state change at the end of a sympathetic cooling
process involving many such collisions. To determine how
many collisions are necessary to reach, from a given initial
energy, a desired final kinetic energy of the molecule, we
need to estimate the energy transfer per collision. Knowing
the energy transfer, we can then construct the sum over all
cooling steps to calculate the overall probability for rotational
state changes as well as the overall cooling time.

Just like the population excitation, the energy transfer in a
single collision depends on the collision energy and the impact
parameter. The latter is the perpendicular distance between
the initial velocity vector of the molecular ion and the center
of the Coulomb potential, i.e., the atomic ion; it quantifies
how “off-center” the collision is before the particles begin to
interact [41]. While the collision energy is determined by the
energy transfer in the previous collision, the impact parame-
ter is not controllable. We account for this by averaging all
relevant quantities over the impact parameter. The idea is that
the molecular ion is injected into an ion trap holding a single
laser-cooled atomic ion or a laser-cooled Coulomb crystal of
many atomic ions, as depicted in Fig. 1. The maximum dis-
tance of the molecular ion from an atomic ion then determines
the range of possible values that the impact parameter can
take, as indicated in the figure. The problem of finding the
energy transfer and constructing the averages over the impact
parameter for the two scenarios of Fig. 1 are the subject of the
present study, whereas the excitation probabilities at a given
scattering energy and impact parameter are reported in the
companion paper [40].

The remainder of this paper is organized as follows. We
describe the averaging over all relevant impact parameters and
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derive the amount of kinetic energy transferred in a single
collision in Sec. II. This allows us to estimate the overall
cooling time for the two scenarios of Fig. 1. We then present
the results for the rotational excitation at the end of the sym-
pathetic cooling process in Sec. III for both apolar and polar
molecules. We conclude with an outlook in Sec. IV.

II. TRANSLATIONAL COOLING

Our model is built on a separation of energy scales for
translational and internal molecular motion: While initial col-
lisional energies range from 0.1 to 10 eV, the rotational energy
scale is only of the order of 10−4 eV, so we can treat the trans-
lational dynamics without having to worry about changes in
collisional energies due to rotational excitations and vice versa
[40]. We inspect two sympathetic cooling regimes, illustrated
in Figs. 1(a) and 1(b), respectively. In both cases, we assume
the ion trap potential to be harmonic and isotropic, and to
contain either a single atomic ion [4,6,8] (a) or many atomic
ions in the form of a Coulomb crystal [33,42] (b), which for
simplicity is assumed to have a simple cubic structure (though
often fcc or bcc). As we shall see at the end of this section,
the specific scenario, (a) or (b), will be important for the time
required to reach the final energy.

Treating the molecular ion as a point particle as far as
the translational motion is concerned, the relative transla-
tional motion reduces to the textbook problem of classical
scattering in a 1/r potential [41]. This neglects the trap po-
tential which is reasonable at the relevant short distances
where effective translation energy exchange take place [40].
Classical scattering is characterized by the collision energy
E and the impact parameter b as well as the reduced mass
μ = MmolMat/(Mmol + Mat ), with Mmol and Mat being the
molecular and atomic masses, respectively. Since the impact
parameter is not fixed, nor controllable, in a sympathetic cool-
ing experiment, we need to average over all possible values
of b. In the following, we focus on two extreme situations—
cooling by a single atom (SA) and a large Coulomb crystal
(CC) (cf. Fig. 1).

In the single-atom case, cf. Fig. 1(a), laser-cooling keeps
the atomic ion at millikelvin temperatures such that the atom
will remain close to the trap minimum. Consequently, we
assume the atom all the time to be in the center of the trapping
potential. Furthermore, we assume that the energy is not fixed,
but rather given by a thermal distribution with E being its
mean value. Then, for an isotropic trapping potential, the
distribution of impact parameters is given by

fSA(b) = b

σ 2
e− b2

2σ2 , (1)

where σ =
√

E/(μω2) is the effective length of the trap at a
given energy and trap frequency ω.

In the second scenario, that of a large Coulomb crystal,
cf. Fig. 1(b), the lattice spacing d determines the maximum
impact parameter in a scattering event, i.e., bmax = d/2. As-
suming the molecular ion is entering along the [100] direction
of the simple cubic lattice, cf. Fig. 1(b), we approximate the
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FIG. 2. CM-frame translational energy transfer, relative to the
collision energy, as a function of the impact parameter b for two col-
lision energies E = 2 eV (solid lines) and E = 1 eV (dashed dotted
lines) and various pairings of molecular and atomic ions.

impact parameter distribution by

fCC(b) = 8b

d2
, b ∈

[
0,

d

2

]
. (2)

In the laboratory frame, the translational energy transferred
from the molecular ion to the atom in a single collision, δElab,
is given by

δElab = 2ξ (1 − cos θsc)

(1 + ξ )2
Elab, (3)

where Elab is the initial collision energy, ξ = Mmol/Mat is the
molecule to atomic mass ratio, and θsc is the scattering angle.
The latter depends on the scattering energy E [in the center-of-
mass (CM) frame], the impact parameter b, and the charges qat

and qmol of the atomic and molecular ions, respectively [40],

θsc(E , b) = 2 sin−1

[
1

/√
1 +

(
2Eb

qatqmol

)2]
.

For elastic collisions, the CM and laboratory frame energies
are simply related by

Elab = EMmol/μ, (4)

which allows us to express the energy transfer in the labora-
tory frame, Eq. (3), to that in the CM frame. The resulting
CM-frame energy transfer in a single collision, relative to the
collision energy, is shown in Fig. 2 as a function of the impact
parameter b. As one would expect, the energy transfer in a sin-
gle collision is seen to be most efficient for collision partners
with similar masses. In addition, for non-head-on collisions,
the energy transfer is larger at lower collision energies, and
for very large impact parameters, the relative energy transfer
behaves as ∝ b−2. In this regime, the rotational excitation
scales as b−4 for polar and as b−6 for apolar molecules, as
we show in Appendix A. This scaling is beneficial for keep-
ing excitations in sympathetic cooling low. Large values of
the impact parameter are relevant since the lattice spacing is
typically of the order of micrometers.

A complete cooling process consists of a series of such
collisions and will successively lower the translational energy
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of the molecular ion. Let the initial and final translational
energies of the molecular ion be Emax and Emin, respectively.
For a given scattering energy, the typical transfer of kinetic
energy from the molecular ion to the coolant, 〈δE〉, is given
by the average with respect to the impact parameter,

〈δE (E )〉 =
∫ ∞

0
δE (E , b) f (b) db, (5)

where the probability distribution f (b) depends on the specific
cooling scenario and is found in Eqs. (1) and (2) for the
single-atom and crystal-cooling scenarios. The total energy
transferred in a cycle of N collisions is then

�E = Emax − Emin =
N−1∑
n=0

〈δE (En)〉, (6)

where En+1 = En − 〈δE (En)〉. If the energy transfer in each
collision is very small compared to the collision energy, then
the energy transfer is approximately constant over several
collisions, n(Ei ). It is convenient to partition the full energy
interval (E ∈ [Emax, Emin]) into N subintervals such that

Emax = E0 > E1 > · · · Ei > Ei+1 > · · · EN = Emin, (7)

and, assuming that the energy interval �Ei ≡ Ei − Ei+1 is not
too large,

�Ei ≈ n(Ei )〈dE (Ei )〉 ⇒ n(Ei ) ≈ �Ei

〈δE (Ei )〉 , (8)

thus defining n(Ei ). We can now rewrite Eq. (6) as

�E =
N−1∑
i=0

�Ei ≈
N−1∑
i=0

n(Ei )〈δE (Ei )〉. (9)

We now estimate the number of collisions necessary to
reach a desired final energy, beginning with the Coulomb
crystal scenario, where, by Eq. (2), the mean energy loss
becomes (specializing to the case of unit charges qaqm = e2)

〈δE (E )〉CC = 8

d2

∫ d
2

0
δE (E , b)bdb,

= 4e4ξ log
[(

d·E
e2

)2 + 1
]

(1 + ξ )2d2E
. (10)

With Eqs. (8) and (10), we can express the number of col-
lisions required to reduce the collision energy from Ei to
Ei+1 as

n(Ei )CC ≈ (1 + ξ )2d2Ei

4e4ξ log
[( d·Ei

e2

)2 + 1
]�Ei. (11)

Moreover, we can estimate the time between collisions as

τCC = d

vlab
= d

√
Mmol

2Elab
= d

√
μ

2E
, (12)

where vlab is the speed of the molecular ion in the laboratory
frame such that the cooling time for a given subinterval i is
given by the product of Eqs. (11) and (12). Summing over all

subintervals leads to the total cooling time,

TCC ≈ (1 + ξ )2d3

4e4ξ

√
μ

2

N−1∑
i=0

√
Ei

log
[( d·Ei

e2

)2 + 1
]�Ei

→ (1 + ξ )2d3

4e4ξ

√
μ

2

∫ Emax

Emin

√
EdE

log
[(

d·E
e2

)2 + 1
] , (13)

where the integral corresponds to the limit �Ei → dE .
In the case of cooling with a single atomic ion, the trap

width σ in Eq. (1) is large compared to any b at which energy
transfer is significant. We thus find

〈δE (E )〉SA = 1

σ 2

∫ ∞

0
δE (E , b)be− b2

2σ2 db

<
e4ξ log

[(
2σE

e2

)2 + 1
]

(1 + ξ )2σ 2E
. (14)

Using Eq. (14), the number of scattering events required to
change the translational energy of the molecular ion by �Ei

becomes

nSA(Ei ) ≈ �Ei

〈δE (Ei )〉 SA

>
(1 + ξ )2σ 2Ei

e4ξ log
[( 2σEi

e2

)2 + 1
]�Ei. (15)

Since the molecular ion oscillates in the trap back and forth
whereas the atom remains at the trap center, the time between
two collisions amounts to τSA = π/ω, independent of E . By
this approximation we essentially neglect the fact that the
Coulomb scattering cross section is infinite. Discretizing the
energy range, the total time needed to lower the molecular
ion’s energy by �E can be approximated by

TSA ≈
N−1∑
i=0

nSA(Ei )τSA = π

ω

N−1∑
i=0

nSA(Ei )

> π
√

μ

N−1∑
i=0

(1 + ξ )2σ 3
i

√
Ei

e4ξ log
[( 2σiEi

e2

)2 + 1
]�Ei, (16)

with σi =
√

Ei/μω2. From Eq. (16), it is clear that cooling
at high energies is much slower than at low energies. As a
matter of fact, one can estimate an average value for σ̃ ≈
6σ (Emax)/7, cf. Appendix B, which allows us to approximate
the total cooling time,

TSA > π
√

μσ̃ 3
N−1∑
i=0

(1 + ξ )2
√

Ei

e4ξ log
[( 2σ̃Ei

e2

)2 + 1
]�Ei. (17)

Comparing Eqs. (17) and (13), we find a simple relation
between the cooling times in the two regimes,

TSA

TCC
∼

(
σ̃

d

)3

. (18)

For typical Coulomb crystals, d ≈ 10 µm, whereas σ (E0) =
635 µm for E = 2 eV. With ω = 2π × 1 MHz, TSA is more
than 106 times larger than TCC. As an example, cooling
24MgH+ from 2 to 0.01 eV in a crystal of 24Mg+ with
d = 5.29 µm takes approximately 2 ms, in agreement with an
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TABLE I. Comparison of the cooling time in the Coulomb
crystal scenario, as obtained by molecular dynamics (MD) simu-
lations and by our model. The comparison uses the scattering pair
24MgH+ - 24Mgn+, where n is the charge of the atomic ion, a starting
energy Emax = 0.4 eV, and Emin = 0.0 eV, in the laboratory frame.
In the flat distribution, Eq. (2), the cutoff is d = 17.5 µm. The colli-
sion rate was estimated from the initial speed and the mean free path
and found to be ≈280 MHz. TCC was calculated using one term in the
series expansion in Eq. (13), using the listed values of the average
energy transfer in a single collision, 〈δElab〉, and of the number of
collisions, ncoll, obtained from Eqs. (10) and (11), respectively. TMD

corresponds to the time reported in Ref. [43].

n 〈δElab〉 (eV) ncoll TCC (ms) TMD (ms)

10 1.15 × 10−5 3.5 × 104 3.5 × 10−1 ≈ 4.6 × 10−1

20 4.80 × 10−5 8.3 × 103 8.5 × 10−2 ≈ 1.3 × 10−1

30 1.14 × 10−4 3.5 × 103 3.6 × 10−2 ≈ 6.0 × 10−2

40 2.11 × 10−4 1.9 × 103 1.9 × 10−2 ≈ 3.6 × 10−2

earlier estimate [43]. This needs to be compared to ∼40 min
when cooling with a single atomic ion. Sympathetic trans-
lational cooling is, thus, much more advantageous with a
Coulomb crystal.

In order to validate our model for sympathetic cooling in
a Coulomb crystal, we compare our estimated cooling times
with cooling times obtained from molecular dynamics (MD)
simulations. The comparison is presented in Table I. While
we are mainly interested in singly charged ions, we can eval-
uate our estimates also for the higher charges used in the
MD simulations for the sake of the comparison. Remarkably,
our estimates are of the same order of magnitude, even for
charges as high as 40. For smaller charges the agreement of
our estimates with the MD simulations is even better. Such
better agreement with decreasing charge is expected since col-
lective effects (that are accounted for in the MD simulations
but not in our model) should be less pronounced. Given the
many simplifications and approximations of our model, the
good agreement with full MD simulations is encouraging. It
suggests that our model provides, at least for small charges,
a simple means of assessing whether a sympathetic cooling
experiment is worth pursuing, assuming that one wishes to
avoid planning for extra efforts on rotational cooling.

One may wonder if local disruption of the crystal structure
and heating effects due to collisions may have a significant
effect on subsequent collisions. However, since the speed of
sound is typically of the order of ∼10 m/s, the ions during
most of the cooling process will be moving with supersonic
velocities. Therefore, previous collisions have no effect as
long as the crystal is long enough to stop the incoming ion by
passing through once. Even if this is not the case, the mean
density of cold ions will not change dramatically after the
passing of a fast ion, and the crystal will be essentially the
same before the next passage.

III. ROTATIONAL EXCITATION DURING
THE COOLING PROCESS

Just as with the kinetic energy transfer, the rotational
excitation depends on the scattering energy and the impact

parameter. Let the rotational excitation associated with a sin-
gle collision at a given energy and impact parameter, obtained
in Ref. [40], be ε(E , b). In order to estimate the rotational ex-
citation over a complete cooling cycle, we discretize the range
from the initial to the final scattering energy, analogously
to Eq. (13). Just like in the treatment of the translational
cooling, we need to average over the impact parameter. We
are now only concerned with the crystal cooling scenario,
so we use the distribution function in Eq. (2), obtaining
ε̃(E ) = 〈ε(E , b)〉CC. If the accumulated cycle excitation is
to be small, then certainly ε(E , b) needs to be small, and
since most excitation takes place for impact parameters much
smaller than d [40], we must have ε̃(E ) 
 1. Once we have
obtained ε̃(Ei ) corresponding to the energy of subinterval i,
we can estimate the accumulated rotational excitation on this
interval by n(Ei )ε̃(Ei ). The accumulated rotational excitation
in a complete cycle is obtained by summing up the contribu-
tions from the subintervals as follows:

�� ≈
N−1∑
i=0

n(Ei )ε̃(Ei ). (19)

Notice that Eq. (19) disregards deexcitations that might occur
in a multiple-scattering sequence. However, this effect will be
minor as long as the degree of excitation during the complete
translational cooling cycle is much smaller than 1 as assumed
above.

In order to obtain the accumulated excitation we need to
first estimate the single-collision excitation, ε̃(E ). Since it
fundamentally depends on whether it is a polar and apolar
molecular ion that is sympathetically cooled, in the following
we consider the two cases separately.

A. Apolar molecular ions

For apolar molecular ions, we have calculated numerically
the population excitation in a single collision, taking the po-
larizability and quadrupole interactions into account, and only
the stronger quadrupole interaction for the perturbation theory
(PT) treatment [40]. For a full cooling process, we need to
calculate the accumulated rotational excitations by averaging
over the impact parameter. In particular, we are interested in
calculating averages for the excitations in a single collison at a
fixed scattering energy. In our model, the only quantity in the
expression for the single-collision excitation that depends on
the impact parameter is the third power of the maximum field
strength [40],

ε3
0 (E , b) = 1[

e2

2E +
√(

e2

2E

)2 + b2
]6

. (20)

In the CC scenario, we use Eqs. (2) and (20) to calculate the
average:

8

d2

∫ d
2

0
ε3

0 (E , b)b db ≈ 6

5d2

(
E

e2

)4

(21)

(the evaluation is presented in Appendix C). From this av-
erage we have now obtained an estimate for the population
excitation at a given scattering energy in terms of the reduced
mass, the lattice spacing, the rotational constant B, and the
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FIG. 3. Accumulated excitation for apolar molecular ions after a
complete cooling cycle as function of the initial scattering energy,
comparing numerical calculations taking both the quadrupole and
polarizability interactions into account [40] (dashed lines) to PT
(solid lines, d ≈ 5.3 µm). The final energy in the calculations is set
to Efinal = 0.1 eV, since for lower scattering energies excitations are
negligible.

quadrupole moment along the molecular axis, QZ :

ε̃(E ) ≈ 〈∣∣c(1)
2,0(E )

∣∣2〉 ≈ 1.862 1

150d2

(
3QZ

4

)2

e4μE

(
1 + 6 × 1.86

√
e4μ

E3
B

)
e−6×1.86

√
e4μ

E3 B
. (22)

This expression for the typical rotational excitation in a single
collision, together with Eqs. (11) and (19), is what we need to
estimate the accumulated cycle excitation. If we let the energy
partition become infinitesimal, i.e., let �Ei → dE in Eq. (11),
then the sum in Eq. (19) becomes an integral,

�� ≈ 1.862 3(1 + ξ )2μQ2
Z

200ξ

×
∫ E f

Ei

E2

(
1 + 6 × 1.86

√
e4μ

E3 B

)
e−6×1.86

√
e4μ

E3 B

log

[(
d·E
e2

)2 + 1

] dE ,

(23)

which is our final result for apolar molecular ions. The final
estimate for the accumulated excitation probability at the end
of the cooling process nearly only depends on the molecular
parameters and initial scattering energy, where the depen-
dence on the lattice splitting is weak due to the logarithm.

In Fig. 3, numerical and analytical results are presented
for a few selected combinations of molecular and atomic ion
species. For the popular example of N2

+−Ca+ [8,44–46], we
expect excitation of more than a few percent only for initial
scattering energies well above 1.5 eV (CM). However, for
very heavy molecular ions with small rotational constants,
such as I2

+, significant rotational excitation is expected al-
ready for initial energies of a few hundred millielectronvolts.
At the other end, we find the scattering pair H2

+−Be+, repre-
senting a molecular ion with a large rotational constant. In this
case, we observe a resilience to rotational excitations, and our
results indicate that significant excitations above a few percent
to occur above 3.5 eV (CM). Notice that the discrepancy
between analytical and numerical results for higher energies
are more significant for H2

+ than for N2
+. The reason for this

is our neglect of the polarizability interaction for the analytical
calculations. The polarizability becomes more important for
high energies, and the polarizability interaction is relatively
more pronounced for H2

+ [40]. In Fig. 3 we have assumed
d = 5.3 µm. However, since the main contribution to both
the sympathetic cooling process and the rotational excitations
take place at very much shorter distances, neither d nor actu-
ally the cooling scenario is important for the complete cooling
cycle result. The total cooling time, however, strongly depends
on the particular scenario and values of d as explained above.

B. Polar molecular ions

For the polar case, the dominant interaction between the
molecular ion and the electric field originating on the coolant
atomic ion is the dipole interaction, which is linear in the
electric field strength. This combined with the gradual vari-
ation of the Coulomb interaction at large distances leads to
a slow onset (offset) of the interaction between the two scat-
tering ions as they approach (recede). This in turn allows for
the single collision dynamics to be analyzed in the adiabatic
picture, as done in Ref. [40]. In general, the scattering is in
the high-field limit, leading to strong following of the field,
and no closed formula can be found for ε̃(E ). However, for
molecular ions having a low permanent dipole moment, the
effect of the field on the rotational states is moderate, and an
approximate, two-level model can be used, which leads to the
following expression for ε(Ei ) [40]:

ε̃(E )= (1.86πD)2e4μ

6E3b2
max

∫ bmax

0

exp
( − 2 × 1.86B

√
e4μ

E3

√
1 + D2

3B2[ e2
2E +

√
( e2

2E )2+b2]4

)
[

e2

2E +
√(

e2

2E

)2 + b2
]4 + D2

3B2

b db. (24)

From this we estimate the accumulated excitation in a complete cooling cycle using Eq. (19) to be

�� ≈
N∑

i=1

n(Ei )ε̃(Ei ) ≈ (1 + ξ )2d2

4e4ξ

N∑
i=1

Eiε̃(Ei )

log
( d·Ei

e2

)2 + 1
�Ei. (25)
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FIG. 4. Accumulated excitation probability, Eq. (19), for polar
molecular ions after a complete cooling cycle, as a function of the ini-
tial scattering energy with Efinal = 0.1 eV (excitations are negligible
for lower scattering energies), comparing the estimate (solid lines)
based on approximation (25) (with δE = 0.05 eV) to full numerical
simulations (dashed lines, δE = 0.1 eV). Within each interval δE ,
the excitation occurring in a single collision, ε̃, can be evaluated at
the highest and lowest energies, Ei and Ei − δE , defining the shaded
region, or taken to be the arithmetic mean, indicated by the dashed
lines. The horizontal gray line marks an excitation level of 5%.

The accumulated excitation is presented in Fig. 4. Here
we present both analytical and numerical results for HD+,
representing the low-field limit, and only numerical results
for MgH+, representing the high-field limit. For the low-field
limit (orange), our estimate, Eq. (25), is in fair agreement
with the numerical results, but not as good as for the apolar
case. We notice that our estimate gives an upper bound to the
numerical results at relevant scattering energies. We attribute
this effect, in part, because single collisions tend to give an
upper bound for low energies and high values of the impact
parameters, where the effect of the field is weak [40]. Notice
also that the averaging process, Eq. (24), suppresses the value
of the integral at low-impact parameters, due to the differential
element, b db. This resoning fails at higher energies, as can
be seen in Fig. 4, but at such high energies the probability
excitation is so high that an estimate is no longer relevant.
In the high-field limit, we have no estimate for the single
excitation [40], and therefore we cannot estimate the full cycle
either. A high dipole moment does suppress the rotational
excitation process [40], a fact that is reflected in the low accu-
mulated excitation probability seen in the figure, and we can
therefore expect, contraintuitively, that a molecular ion with
a high permanent dipole moment should be resilient against
rotational excitations in a sympathetic cooling process. The
accumulated excitations obtained from numerical calculations
of single-collision excitations predict a total excitation of
0.05 at E ≈ 1.8 and 1.25 eV for MgH+ and HD+, respec-
tively. By Eq. (4), these energies correspond to Elab ≈ 3.5 and
1.6 eV for MgH+ and HD+ respectively. For the apolar
species N2

+, H2
+, and I2

+, the corresponding laboratory en-
ergies are Elab ≈ 2.6, 4.9, and 2.8 eV.

One may wonder if the trapping field also could lead to
rotational excitations. The strongest fields are found in rf

traps, where the dominating rf fields can reach maximum
amplitudes of ∼105 V/m. For typical values, dipole moments
of polar diatomic molecular ions, such fields lead to a cou-
pling energy of ∼10−24 J or equivalent to a frequency of
∼1 GHz. Since this frequency is orders of magnitude lower
than the frequencies associated with the rotational splitting in
the molecular ions considered above, we do not expect any
significant contribution of the trapping fields to rotational state
excitations. Notice, however, that even though the trap field is
negligible in terms of the rotational state splitting it can lead
to mixing of mJ sublevels [47,48].

IV. CONCLUSIONS AND OUTLOOK

We have constructed an approximation that allows us to es-
timate the overall rotational excitation accumulated over many
collisions in the sympathetic cooling of a diatomic molecular
ion by laser-cooled atomic ions. We have considered two
possible experimental scenarios, that of cooling with a single
atomic ion and that of a Coulomb crystal of trapped atomic
ions, as well as polar and apolar molecules. With regards to
the rotational excitation at the end of the sympathetic cool-
ing, we have found it to be considerably different for apolar
and polar molecular ions. For polar molecules, an adiabatic
picture describes the rotational dynamics best [40], which
yields an estimate that is conservative and not very accurate,
in particular for high collision energies corresponding to high
field scattering. For polar molecular ions, an accurate esti-
mate requires a full quantum-dynamical treatment, whereas
the validity of perturbation theory for apolar molecular ions
has allowed us to derive a closed-form estimate of the ac-
cumulated population excitation which solely depends on the
molecular parameters and initial scattering energy [40]. This
then translates also into the estimates of the overall rotational
excitation. The scenarios of using a Coulomb crystal of atomic
ions or just a single atomic ion do not significantly change
the final degree of collision-induced rotational excitation.
However, translational cooling with a single atomic ion is
dramatically slower and will generally be impractical.

More precisely, for a wide range of apolar molecular ions,
we find the internal state to be preserved for initial energies
of 1 eV and above, eventually limited by close-encounter
interactions disregarded in the present treatment. Our results
should be of interest for designing of new cooling experi-
ments. In particular, for a given molecular ion of interest, our
estimates can serve as a guide for choosing the trap depth that
allows for keeping the rotational excitations below a desired
threshold. Conversely, if the potential depth is set for a given
experiment, our results can serve as a guide indicating which
molecular ions are suitable for sympathetic cooling without
suffering rotational state changes.

There is presently growing interest in polyatomic
molecules [17,18,21]. When extending our treatment to poly-
atomics, we expect rotational excitation to be more critical,
because of both more degrees of freedom with low-energy
spacings and the physical size of the molecules making close-
encounter interactions more likely. The latter deserve a more
thorough investigation in future work as they might provide
a new avenue for controlling collisions due to the extremely
large fields present in a close encounter. The control knob
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would be the initial collision energy which can be varied via
the choice of the molecule’s position in the trap during pho-
toionization or by injecting low-energetic molecular ions from
an external source into the trap. The same techniques could
also be used to experimentally test our present predictions for
diatomics.
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APPENDIX A: COLLISIONS WITH
LARGE-IMPACT PARAMETER b

The energy transfer at a scattering energy E and an impact
parameter b is given by

δE (E , b) = 2ρ

(1 + ρ)2
[1 − cos θsc(E , b)]E , (A1)

where

θsc(E , b) = 2 sin−1 1/

√
1 +

(
2Eb

e2

)2

(A2)

and e is the elementary charge (we assume unity charges here)
and ρ = Mmol

Mat
. The maximum field strength is given by

ε0 = 1

r2
0

= 1[
e2

2E +
√(

e2

2E

)2 + b2

]2 . (A3)

We are interested in estimating the behavior of these quan-
tities in the high-b limit. We see for apolar molecular
ions the population excitation probability is ∝ ε3

0 = 1
r6

0
via

perturbation theory. For polar species, we can use the low-
field two-level expression to obtain population excitation
probability ∝ ε2

0 = 1
r4

0
.

We proceed to estimate the energy transfer for high b. First
define x = 2Eb

e2 . Then for x � 1 (high b)

θsc(E , b) ≈ 2 sin−1 x−1 ≡ 1

x
≈ sin

θsc

2
≈ θsc

2
, (A4)

since x−1 
 1. In other words, θsc ≈ 2
x . We substitute this

value for θsc in Eq. (A1) and we get

δE (E , b) ≈ 2ρ

(1 + ρ)2

[
1 −

(
1 − θsc(E , b)2

2

)]
E

= 2ρ

(1 + ρ)2

4

2x2
E

= 4ρ

(1 + ρ)2

e2

4E2b2
E

= ρ

(1 + ρ)2

e2

Eb2
∝ b−2.

(A5)

For high b, we see from Eq. (A3) that

ε0 → 1

b2
(A6)

for large b. This implies that the excitation probability for
polar species is proportional to b−4 and for apolar species
it is proportional to b−6. This follows from the absolute
squares of Eqs. (16), (24), and (29) in the companion
paper [40].

APPENDIX B: AN ESTIMATE OF AN AVERAGE OF σ(E )
IN THE SINGLE-ION COOLING SCENARIO

The average of σ (E ) =
√

E
μω2 in the single ion cooling

scenario, from an initial scattering energy Emax to a final
scattering energy Emin, can be estimated by

σ̃ = 1

N

∫ Emax

Emin

σ (E )n(E ) dE , (B1)

where the total number of collisions is

N =
∫ Emax

Emin

n(E ) dE (B2)

and n(E ) is given by Eq. (15), i.e. we will approximate
n(E ) dE ≈ (1+ξ )2σ 2E

ξ log [(2σE )2+1] dE . Since the logarithm changes
slowly compared to other factors in the integrand we will
treat it as a constant, 1

log (x̃2+1) , for some 2σ (Emin)Emin < x̃ <

2σ (Emax)Emax. With this approximation we arrive at

N ≈ α

3

(
E3

max − E3
min

)
, (B3)

where α = (1+ξ )2

ξ
1

μω2
1

log(x̃2+1) . Now, Eq. (B1) becomes

σ̃ ≈
2α
7

√
1

μω2

(
E7/2

max − E7/2
min

)
α
3

(
E3

max − E3
min

) . (B4)

Assuming that the lower energy is much smaller than the
maximum, or Emin → 0, we obtain

σ̃ ≈ 6

7

√
1

μω2
E1/2

max = 6

7
σ (Emax). (B5)

042817-8



ROTATIONAL EXCITATION IN SYMPATHETIC COOLING … PHYSICAL REVIEW A 113, 042817 (2026)

APPENDIX C: EVALUATION OF 〈ε3
0〉CC

The average of ε3
0 [40] over the impact parameter in the crystal cooling scenario is

〈
ε3

0

〉
CC = 8

d2

∫ d
2

0

b db[
1

2E +
√(

1
2E

)2 + b2
]6

. (C1)

Let r = 1
2E . The integral can be evaluated by a symbolic mathematical software program, such as wxmaxima, with the result

〈
ε3

0

〉
CC = 8

d2

∫ d
2

0

bdb

(r + √
r2 + b2)6

= 8

d2

⎛
⎜⎝−5

(
d
2

)6 +
√(

d
2

)2 + r2
[
24

(
d
2

)4
r + 88

(
d
2

)2
r3 + 64r5

] − 60
(

d
2

)4
r2 − 120

(
d
2

)2
r4 − 64r6

20
(

d
2

)10 + 3

320r4

⎞
⎟⎠. (C2)

With d
2 � r = 1

2E , the main contribution from the first term in the parentheses is | − 1
4( d

2 )4 | 
 3
320r4 . Therefore,

〈
ε3

0

〉
CC ≈ 8

d2

3

320r4
= 12

10d2
E4. (C3)
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