
PHYSICAL REVIEW A 112, 023703 (2025)

Time-resolved second-order autocorrelation function of parametric down-conversion

Dmitri B. Horoshko ,1,2,* Shivang Srivastava ,1,3 Filip Sośnicki ,4,5 Michał Mikołajczyk ,4 Michał Karpiński ,4
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We study a possibility of measuring the time-resolved second-order autocorrelation function of one of two
beams generated in type-II parametric down-conversion by means of temporal magnification of this beam,
bringing its correlation time from the picosecond to the nanosecond scale, which can be resolved by modern
photodetectors. We show that such a measurement enables one to infer directly the degree of global coherence
of that beam, which is linked by a simple relation to the number of modes characterizing the entanglement
between the two generated beams. We illustrate the proposed method by an example of photon pairs generated
in a periodically poled potassium titanyl phosphate (KTP) crystal with a symmetric group velocity matching for
various durations of the pump pulse, resulting in different numbers of modes. Our theoretical model also shows
that the magnified double-heralded autocorrelation function of one beam exhibits a local maximum around zero
delay time, corresponding to photon bunching at a short time scale.
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I. INTRODUCTION

The second-order intensity autocorrelation function of the
optical field, g(2)(τ ), where τ is a time delay, is a powerful
tool to determine the physical properties of light beams and
their sources [1,2]. In particular, the value of this function
at τ = 0 reveals the statistics of the photons: g(2)(0) = 2 for
Gaussian statistics; g(2)(0) = 1 for Poissonian statistics; and
the value g(2)(0) < g(2)(τ ), where τ > 0, indicates the phe-
nomenon of photon antibunching, which is a signature of field
nonclassicality [2]. Measurement of this function with fully
resolved temporal dependence became in the last decade a
routine task in the characterization of single-photon sources
such as quantum dots [3], single molecules [4], and diamond
color centers [5], where its width is in the nanosecond scale,
above the resolution time of modern photodetectors ranging
from about 50 ps. Another important source of single photons
and photon pairs, single-pass parametric down-conversion
(PDC), is, however, hard to characterize in this way, because
of a rather high bandwidth, more than 1 THz, of the gener-
ated light, placing the typical width of the g(2)(τ ) function
into the subpicosecond range, well below the photodetector
resolution time. A time-integrated second-order autocorrela-
tion function g(2)

int was introduced for this case [6], which in
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particular allows one to determine the number of modes K
of two entangled beams by measuring the autocorrelation
function of one of them: K = (g(2)

int − 1)−1. However, in a
highly multimode case, where g(2)

int → 1, the evaluated number
of modes becomes highly sensitive to the measurement error
in determining g(2)

int .
A time-resolved measurement of the second-order auto-

correlation function for a broadband field is possible with
the help of a temporal imaging technique, which allows
one to stretch or compress optical waveforms in time [7,8].
This technique, known for several decades in classical optics,
has been successfully applied to nonclassical fields [9–11]
and the corresponding quantum theory of this technique has
been developed [12–14]. Recent experiments with single pho-
tons [15–17] demonstrated the possibility of bringing their
picosecond-scale temporal features to the nanosecond scale,
thus paving the way for a time-resolved measurement of
the g(2)(τ ) function. In this paper, we demonstrate how the
temporal width of the second-order autocorrelation function
measured in this way can be used to precisely determine
the number of modes in PDC. We also analyze the heralded
version of the g(2)(τ ) function and predict that it has a local
maximum at short times around zero, which is a signature of
photon bunching.

The paper is structured in the following way. In Sec. II,
we describe the general framework for generation of pho-
ton pairs in a nonlinear crystal, their temporal magnification,
and detection. In Sec. III, we give an analytical expression
for the second-order autocorrelation function in the low-gain
regime of PDC with a Gaussian model of the phase-matching
function. We illustrate the different limiting cases of the
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FIG. 1. Scheme for generation of photon pairs and detection of their second-order correlation function. A pump pulse impinges on a
nonlinear crystal cut for type-II collinear PDC. Two subharmonic pulses appear as ordinary and extraordinary waves in the crystal. The pump
is removed, while two subharmonic pulses are separated by a polarizing beam splitter (PBS). The extraordinary pulse is discarded. The ordinary
pulse passes through a temporal imaging system, composed of an input dispersive medium, a time lens, and an output dispersive medium. The
stretched ordinary pulse is split by a beam splitter (BS) and detected by photodetectors D1 and D2. The second-order autocorrelation function
of the ordinary wave is obtained from the records of both photodetectors.

general formalism by considering a symmetric group velocity
matching in a periodically poled KTP crystal. We extend the
developed theory to the case of heralded photons in Sec. IV.
Section V concludes the paper.

II. GENERAL FRAMEWORK

The scheme for the generation of two entangled beams of
light in PDC and detection of the autocorrelation function of
one of them is shown in Fig. 1. Each of its components is
explained and modeled in subsequent sections. In contrast to a
more traditional approach to the description of low-gain PDC
in the Schrödinger picture [18–21], we describe the quantum
optical field transformation in the Heisenberg picture to en-
sure a natural extension to the high-gain regime and because
the quantum temporal imaging formalism is developed in the
Heisenberg picture [13,14].

A. Parametric down-conversion

We consider a parametric down-conversion in a second-
order nonlinear crystal with a type-II collinear phase
matching. The plain-wave pump with central frequency ωp

propagates along the z axis and is polarized as an ordinary
or extraordinary wave. As a result of the nonlinear transfor-
mation of the pump field in the crystal, two subharmonic
waves with the central frequencies ωo and ωe, summing up
to the pump frequency, ωo + ωe = ωp, emerge, polarized as
ordinary and extraordinary waves. The interaction of these
waves is most easily described in the Heisenberg picture in
the spectral domain. The positive-frequency part of the field
of each wave is [22]

Ê (+)
μ (z, t ) = iEμ

∫
εμ(z,�)eikμ(�)z−i(ωμ+�)t d�

2π
, (1)

where μ takes values {p, o, e} for the pump, ordinary, and
extraordinary subharmonic waves, respectively; t is time; �

denotes the frequency detuning from the carrier frequency;
kμ(�) is the wave vector of the corresponding wave at

frequency ωμ + �; and Eμ is the single-photon electric field

Eμ =
(

h̄ωμ

2ε0cAnμ

) 1
2

(2)

with ε0 the vacuum permittivity, A the cross-sectional
area of the light beam, and nμ the refractive index of
the corresponding wave. For a strong undepleted pump,
its spectral amplitude εp(�, z) is a c number independent
of z. We assume that it is a Gaussian transform-limited
pulse E (+)

p (0, t ) = Epeake−t2/4�t2−iωpt with a FWHM dura-

tion τp = 2
√

2 ln 2�t . From Eq. (1), we obtain εp(0,�) =
α(�) = α0 exp(−�2/4�2

p), where �p = √
2 ln 2/τp and

α0 = −i2
√

π�tEpeak/Ep.
The spectral amplitude of the ordinary or extraordinary

subharmonic wave, εμ(z,�), is the annihilation operator of
a photon at position z with the frequency ωμ + � and the
corresponding polarization, satisfying the canonical equal-
space commutation relations [22–24] [εμ(z,�), ε†

ν (z,�′)] =
2πδμνδ(� − �′). The evolution of this operator along the
crystal is described by the spatial Heisenberg equation [25]

d

dz
εμ(z,�) = i

h̄
[εμ(z,�), G(z)], (3)

where the spatial Hamiltonian G(z) is given by the momentum
transferred through the plane z [24] and equals

G(z) = χ (z)
∫ +∞

−∞
E (+)

p (z, t )Ê (−)
o (z, t )Ê (−)

e (z, t )dt + H.c.,

(4)

where Ê (−)
μ (z, t ) = Ê (+)†

μ (z, t ) is the negative-frequency part
of the field and χ (z) = 4ε0Ad (z) is the coupling coefficient
[26] with d (z) the second-order nonlinear susceptibility of
the crystal. In a periodically poled crystal, d (z) changes
sign every distance of 
/2, where 
 is the poling period.
i.e., represents a meander function. This function can be
decomposed into Fourier series, where only the term of or-
der 1 affects the phase matching [27,28]. Thus, we write
d (z) ≈ (2/π )deff exp(2π iz/
). Substituting Eqs. (1) and (4)
into Eq. (3), performing the integration, and applying the
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commutation relations, we obtain the spatial evolution equa-
tions similar to those introduced by Caves and Crouch [29]

dεo(z,�)

dz
= γ

∫
α(� + �′)ε†

e (z,�′)ei�(�,�′ )z d�′

2π
,

dεe(z,�)

dz
= γ

∫
α(� + �′)ε†

o (z,�′)ei�(�′,�)z d�′

2π
, (5)

where γ = 8ε0AdeffEpEoEe/(π h̄) is the new coupling con-
stant and �(�,�′) = kp(� + �′) − ko(�) − ke(�′) + 2π/


is the phase mismatch for the three interacting waves.
The solution of Eq. (5) can be written as an integral Bo-

goliubov transformation of the vacuum fields at the crystal
input. For writing this transformation in a compact form,
we introduce the envelopes of the ordinary wave at the
crystal input and output faces by the relations Ê (+)

o (0, t ) =
iEoA0(t )e−iωot and Ê (+)

o (L, t ) = iEoA1(t )ei(k0
o L−ωot ), respec-

tively, while those of the extraordinary wave at the
same positions by the relations Ê (+)

e (0, t ) = iEeB0(t )e−iωet

and Ê (+)
e (L, t ) = iEeB1(t )ei(k0

e L−ωet ), respectively. Here, k0
μ =

kμ(0). In these notations, the field transformation in the
crystal is

A1(t ) =
∫

Uo(t, t ′)A0(t ′)dt ′ +
∫

Vo(t, t ′)B†
0(t ′)dt ′, (6)

B1(t ) =
∫

Ue(t, t ′)B0(t ′)dt ′ +
∫

Ve(t, t ′)A†
0(t ′)dt ′, (7)

where the kernels Uμ(t, t ′) and Vμ(t, t ′) (μ = o, e) satisfy the
unitarity conditions∫

Uμ(t, t ′)U ∗
μ (t ′′, t ′)dt ′ −

∫
Vμ(t, t ′)V ∗

μ (t ′′, t ′)dt ′ (8)

= δ(t − t ′′),∫
Uo(t, t ′)Ve(t ′′, t ′)dt ′ =

∫
Vo(t, t ′)Ue(t ′′, t ′)dt ′, (9)

guaranteeing the conservation of the commutation
relations, [Ai(t ), A†

i (t ′)] = [Bi(t ), B†
i (t ′)] = δ(t − t ′) and

[Ai(t ), Bi(t ′)] = 0, i = 0, 1. Analytical expressions for the
Bogoliubov kernels Uμ(t, t ′) and Vμ(t, t ′) will be found in the
low-gain regime in Sec. III.

B. Correlation functions

From Eqs. (6) and (7), we find that the mean field of
the generated light is zero: 〈A1(t )〉 = 〈B1(t )〉 = 0. The field
obtained from the vacuum by means of a Bogoliubov trans-
formation is known to possess Gaussian statistics, which
means that its higher-order moments are expressed via its
second-order moments [2]. Thus, all correlation functions
can be obtained from the first-order ones: the normal au-
tocorrelator and crosscorrelator 〈Ê (−)

μ (L, t )Ê (+)
μ (L, t ′)〉 and

〈Ê (−)
o (L, t )Ê (+)

e (L, t ′)〉, respectively, and the anomalous au-
tocorrelator and crosscorrelator 〈Ê (+)

μ (L, t )Ê (+)
μ (L, t ′)〉 and

〈Ê (+)
o (L, t )Ê (+)

e (L, t ′)〉, respectively. For the field generated in
a type-II PDC with vacuum at the input, the normal cross-
correlator and anomalous autocorrelator are identically zero,
as can be easily found from Eqs. (6) and (7). The anoma-
lous crosscorrelator, also known in the low-gain regime as
biphoton amplitude, plays the central role in the description

of entanglement between the generated photons and will be
considered later. The only correlator to be calculated in this
section is the normal autocorrelator of the ordinary wave,
〈Ê (−)

o (L, t )Ê (+)
o (L, t ′)〉.

The second-order autocorrelation function of the ordinary
wave is defined as [1]

g(2)(τ ) = 〈Ê (−)
o (L, t )Ê (−)

o (L, t + τ )Ê (+)
o (L, t + τ )Ê (+)

o (L, t )〉
〈Ê (−)

o (L, t )Ê (+)
o (L, t )〉〈Ê (−)

o (L, t + τ )Ê (+)
o (L, t+τ )〉

(10)

and is typically measured by a Hanbury Brown and Twiss
setup shown in Fig. 1, which involves the detection of single
photons and a record of the time intervals between successive
photon detections.

The numerator of Eq. (10) is expressed via first-order cor-
relators by the Gaussian moment factoring theorem [2] (we
omit the position L for simplicity),

〈Ê (−)
o (t )Ê (−)

o (t + τ )Ê (+)
o (t + τ )Ê (+)

o (t )〉
= 〈Ê (−)

o (t )Ê (+)
o (t )〉〈Ê (−)

o (t + τ )Ê (+)
o (t + τ )〉

+ |〈Ê (−)
o (t )Ê (+)

o (t + τ )〉|2 + |〈Ê (+)
o (t )Ê (+)

o (t + τ )〉|2.
(11)

Upon discarding the last term, the anomalous autocorrelator
being identically equal to zero, and substituting the rest into
Eq. (10), we obtain

g(2)(τ ) = 1 + |g(1)(τ )|2, (12)

where

g(1)(τ ) = G(1)(t, τ )

[Io(t )Io(t + τ )]1/2 (13)

is the normalized first-order correlation function [1]. Here,
we have introduced the nonnormalized first-order correlation
function G(1)(t, τ ) = 〈Ê (−)

o (L, t )Ê (+)
o (L, t + τ )〉 and the mean

intensity of the ordinary wave Io(t ) = G(1)(t, 0). Substituting
Eq. (6) into the definition of G(1)(t, τ ), we obtain

G(1)(t, τ ) = E2
o e−iωoτ

∫
V ∗

o (t, t ′)Vo(t + τ, t ′)dt ′. (14)

This function will be calculated analytically in the low-gain
regime of PDC in Sec. III.

C. Temporal imaging

Single picosecond-scale pulses of light generated by PDC
in typical nonlinear crystals are impossible to resolve by mod-
ern photodetectors. Here, we study a possibility of stretching
the field envelope of the ordinary wave by means of a temporal
imaging system. A single-lens temporal imaging system con-
sists of an input dispersive medium, a time lens, and an output
dispersive medium, and it realizes the temporal stretching or
compressing of a waveform similar to the manipulation of a
wavefront by a single-lens imaging system in space [7,13].

We consider an optical wave with the carrier frequency
ωo propagating through a transparent medium of length l
and experiencing dispersion characterized by the dependence
of its wave vector k(�) on the frequency ω = ωo + �. We
decompose k(�) around the carrier frequency in powers of
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� = ω − ωo and limit the Taylor series to the first three
terms, k(�) ≈ k0 + k′� + 1

2 k′′�2, where k′ = (dk/d�)ωo is
the inverse group velocity and k′′ = (d2k/d�2)ωo is the group
velocity dispersion of the medium at the carrier frequency ωo.

The spread of the initial waveform is governed by the
second-order term, specifically through the group delay
dispersion (GDD) denoted as D = k′′l . The dispersive char-
acteristics of the input and output media in the temporal
imaging system are represented by their respective GDDs, Din

and Dout.
A time lens is a device imprinting a quadratic-in-time

phase modulation on the transmitted waveform [30,31]. Op-
tical time lenses are engineered through electro-optical phase
modulation (EOPM) [7], through nonlinear processes such
as cross-phase modulation [32], sum-frequency generation
(SFG) [33,34], or four-wave mixing (FWM) [35,36], and
through atomic-cloud-based quantum memory [37–39]. In
any realization, the time lens is characterized by its focal
GDD, Df , an ideal time lens providing a transformation
Aout(t ) = Ain(t ) exp(it2/2Df ), where Aout(t ) is the field enve-
lope in the group-delayed reference frame [7,13]. A realistic
time lens can provide this modulation in a limited time win-
dow only, which is known as the temporal aperture of the
time lens. In order for the above ideal transformation to be
valid, it is necessary that the temporal object, upon stretching
in the input dispersive medium, is shorter than the temporal
aperture [40]. A parametric lens, where the fields Ain(t ) and
Aout(t ) have typically different carrier frequencies, should also
have a frequency conversion efficiency close to unity within
the temporal aperture [41]. In addition, the time lens should
be synchronized with the PDC: the vertex of the parabola
representing the time dependence of the modulating phase
should coincide with the time of passage of the ordinary wave
peak through the time lens [42]. When all these conditions and
the temporal imaging condition

1

Din
+ 1

Dout
= 1

Df
(15)

are satisfied, the group-delayed output field envelope A2(t )
defined via Ê (+)

o (zd , t ) = iEoA2(t − τg)eik0zd −iω0t , where zd is
the position after the temporal imaging system and τg is the
group delay in all its elements, can be expressed via the input
field envelope A1(t ) in a rather simple way [13],

A2(t ) = 1√
M

exp

(
it2

2MDf

)
A1(t/M ), (16)

where M = −Dout/Din is the magnification. As we can see,
the output field intensity is a temporally scaled copy of the
input field intensity, which is known as “temporal imaging”
[7,31]. We also see that the field amplitude, in addition to
temporal scaling, has a chirp described by the term eit2/2MDf ,
which in spatial imaging corresponds to the wavefront cur-
vature in the image plane. This chirp can be removed in a
two-time-lens imaging system [40], but in the direct detection
case considered here, it is irrelevant.

The nonnormalized first-order correlation function for
the field after the temporal imaging system is G(1)

im (t, τ ) =
〈Ê (−)

o (zd , t )Ê (+)
o (zd , t + τ )〉. The modulus of this function is

just a scaled and delayed version of the modulus of the

function G(1)(t, τ ) analyzed in the previous section:

∣∣G(1)
im (t, τ )

∣∣ = 1

|M| |G
(1)(t ′/M, τ/M )|, (17)

where t ′ = t − τg is the group-delayed time. This means that
for sufficiently large magnification |M|, temporal variations
of both the mean intensity |G(1)

im (t, 0)| and the normalized
second-order autocorrelation function g(2)

im (τ ) = g(2)(τ/M )
can be brought to the time scale exceeding the resolution time
of the photodetectors.

III. CALCULATION OF THE SECOND-ORDER
AUTOCORRELATION FUNCTION

In this section, we calculate the second-order autocorre-
lation function of one of the entangled beams, making three
main approximations: approximation of the low-gain regime,
where at most one pair of photons is generated per pump
pulse; approximation of linear in frequency dispersion of the
nonlinear crystal; and the Gaussian modeling of the phase-
matching function.

A. Low-gain regime of PDC

In the general case, the solution of Eq. (3) represents a
space-ordered exponent [43] requiring a numerical treatment
[44], the analytical solution being known only for the case of a
monochromatic pump [45]. However, in the low-gain regime
of PDC, the probability of photon pair (biphoton) generation
per pump pulse, Pb, is so small that the Bogoliubov kernels
can be found perturbatively in the first nonvanishing order
of Pb.

Equation (5) can be solved perturbatively by substituting
ε†
μ(z,�′) → ε†

μ(0,�′) under the integral. In this way, we ob-
tain the fields at the output of a crystal of length L,

εo(L,�) = εo(0,�) +
∫

J (�,�′)ε†
e (0,�′)

d�′

2π
,

εe(L,�) = εe(0,�) +
∫

J (�′,�)ε†
o (0,�′)

d�′

2π
, (18)

where J (�,�′) = γ Lα(� + �′)�(�,�′) is the joint spec-
tral amplitude (JSA) of two generated photons and �(�,�′)
= ei�(�,�′ ) L/2 sinc[� (�, �′) L/2] is the phase-matching
function.

A typical approximation in type-II PDC consists in lin-
earizing the dispersion law: kμ(�) ≈ k0

μ + k′
μ�, where k0

μ =
kμ(0) and k′

μ is the derivative of kμ with respect to � at
� = 0, having the meaning of the inverse group velocity.
In this approximation, the phase mismatch angle takes the
form �(�,�′)L/2 ≈ τo� + τe�

′, where τμ = (k′
p − k′

μ)L/2
and we assume that the poling period 
 is chosen so that the
condition of phase matching at degeneracy k0

p − k0
o − k0

e +
2π/
 = 0 is satisfied. The time τμ has the meaning of the
interval by which the peak of the corresponding subharmonic
pulse advances the peak of the pump pulse at the crystal
output: The peak of the subharmonic is generated when the
pump pulse is in the center of the crystal, and the travel times
for the pump and subharmonic peaks through the second half
of the crystal are k′

pL/2 and k′
μL/2, respectively, hence the
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meaning of τμ as the difference of these times [42]. The JSA
in this approximation reads

J (�,�′) = γ Lα0e
− (�+�′ )2

4�2
p

+i(τo�+τe�
′ )
sinc(τo� + τe�

′).

(19)

Substituting the solutions, Eq. (18), into Eq. (1), we obtain
the field transformation from the input of the crystal to its out-
put. To write this transformation in compact form, we define
the group-delayed envelopes: Ê (+)

o (L, t ) = iEoA1d (t − k′
oL −

τo)eik0
o L−iωot and Ê (+)

e (L, t ) = iEeB1d (t − k′
eL − τe)eik0

e L−iωet .
In this notation, the field transformation in the crystal has the
form

A1d (t ) = A0d (t ) +
∫

J̃0(t, t ′)B†
0d (t ′)dt ′, (20)

B1d (t ) = B0d (t ) +
∫

J̃0(t ′, t )A†
0d (t ′)dt ′, (21)

where A0d (t ) = A0(t + τo) and B0d (t ) = B0(t + τe) are de-
layed vacuum fields, while the zero-centered joint temporal
amplitude (JTA) of two generated photons J̃0(t, t ′) is the dou-
ble Fourier transform of their phase-shifted JSA J0(�,�′) =
J (�,�′)e−i(τo�+τe�

′ ):

J̃0(t, t ′) =
∫∫

J0(�,�′)e−i�t−i�′t ′ d�d�′

(2π )2
. (22)

The first-order autocorrelation function of the delayed or-
dinary wave is

G(1)
d (t, τ ) = E2

o 〈A†
1d (t )A1d (t + τ )〉

= E2
o

∫
J̃∗

0 (t, t ′)J̃0(t + τ, t ′)dt ′. (23)

The function introduced in Sec. II differs from it by a delay
and a phase: G(1)(t, τ ) = G(1)

d (t − k′
oL − τo, τ )e−iωoτ . Thus, in

the following we will calculate the delayed first-order autocor-
relation function, which carries all necessary information on
the field coherence. The correspondingly delayed intensity is
denoted as Id (t ) = G(1)

d (t, 0).

B. Gaussian modeling

Both JSA and JTA can be significantly simplified by ap-
proximating them with double Gaussian functions. For this
purpose, we replace the sinc(x) function in Eq. (19) with the
Gaussian function e−x2/2σ 2

s having the same width at half-
maximum for σs = 1.61 [46,47]. Upon this replacement, the
JSA becomes a double Gaussian function,

J0(�,�′) = γ Lα0 exp

[
− (� + �′)2

4�2
p

− (τo� + τe�
′)2

2σ 2
s

]
.

(24)

Substituting it into Eq. (22) and applying the multidimen-
sional Gaussian integration technique [40,42], we obtain the
JTA also in the form of a double Gaussian function,

J̃0(t, t ′) = J1e−M11t2−M22t ′2−2M12tt ′
, (25)

where J1 = γ Lα0�
2
p/π |To − Te|, To and Te are dimension-

less advance times of the respective waves defined as

Tμ = √
2�pτμ/σs, and Mi j are elements of the matrix

M = �2
p

(To − Te)2

(
1 + T 2

e −1 − ToTe

−1 − ToTe 1 + T 2
o

)
. (26)

Substituting Eq. (25) into Eq. (23) and performing the
integration (see Appendix A), we obtain

G(1)
d (t, τ ) = [Id (t )Id (t + τ )]1/2 e−τ 2/2�τ 2

o , (27)

where

Id (t ) = E2
o Pb√

2π�to
e−t2/2�t2

o (28)

is the mean intensity of the ordinary wave,

Pb =
∫∫

|J̃0(t, t ′)|2dtdt ′ = (γ Lα0�p)2

2π |Te − To| (29)

is the probability of biphoton generation per pump pulse,

�to =
√

1 + T 2
o

2�p
(30)

is the standard deviation of the mean intensity, and

�τo = |To − Te|
√

1 + T 2
o

�p|1 + ToTe| (31)

is the coherence time.
The correlation function (27) describes a field emitted by a

Gaussian Schell-model source [2]. In the spatial domain, the
ratio between the coherence length and the standard deviation
of the transverse intensity distribution is known as the “degree
of global coherence” [2] of a partially coherent light beam. In
a similar way, we introduce the (temporal) degree of global
coherence as

C = �τo

�to
= 2

∣∣∣∣ To − Te

1 + ToTe

∣∣∣∣, (32)

which tends to zero for a completely incoherent field and
to infinity for a fully coherent one. This quantity can be
inferred from the experimental data of temporally magnified
photodetection described in Sec. II C. First, the distribution
of arrival times on every detector in Fig. 1 is determined by
the temporal profile of the magnified ordinary wave, which is
given by Eq. (17) as

Iim(t ) = ∣∣G(1)
im (t, 0)

∣∣ = 1

|M| Id (t/M ), (33)

and, taking Eq. (28) into account, we see that the standard
deviation of photon arrival times is �tM = M�to. Second, as
shown in Sec. II C, the normalized second-order autocorrela-
tion function of the magnified wave is g(2)

im (τ ) = g(2)(τ/M ).
Therefore, we have from Eqs. (12), (13), and (27) that

g(2)
im (τ ) = 1 + e−τ 2/M2�τ 2

o , (34)

and a Gaussian fit of the function g(2)
im (τ ) − 1 will give a

standard deviation �τM = M�τo/
√

2. As a result, the degree
of global coherence can be found as C = √

2�τM/�tM .
The described method of measuring the degree of global

coherence is insensitive to the loss which may occur between
the crystal and the detectors, including the nonunit quantum
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efficiency of the latter. Indeed, linear loss does not affect the
normalized temporal profile of the optical pulse, and therefore
does not change �tM . On the other hand, the normalized
second-order autocorrelation function, and therefore its width
�τM , are well known to be loss insensitive. Even a very
high loss in the temporal imaging system and photodetectors
will affect the time necessary for gathering a large enough
statistics but not the quality of the obtained result.

C. Schmidt decomposition

A double-Gaussian JTA can be represented in a form of
Schmidt decomposition by means of Mehler’s formula for
Hermite polynomials (see Appendix B) [48]

J̃0(t, t ′) = √
Pb

∞∑
n=0

√
λnψn(t )ϕn(t ′), (35)

where ψn(t ) and ϕn(t ′) are the Schmidt modal functions of the
ordinary and extraordinary photons, respectively, defined via
the Hermite-Gauss functions hn(x) as

ψn(t ) = 1√
τ1

hn(t/τ1), (36)

ϕn(t ) = 1√
τ2

hn(t/τ2), (37)

λn are the Schmidt coefficients

λn = 2

K + 1

(
K − 1

K + 1

)n

(38)

normalized to unity,
∑

n λn = 1; and

K = 1∑
n λ2

n

=
√(

1 + T 2
o

)(
1 + T 2

e

)
|To − Te| (39)

is the Schmidt number. The Schmidt number K shows the
effective number of entangled modes for each photon and as
such is a measure of the degree of entanglement [49–51]. The
temporal scales of the Schmidt modes are

τ1,2 =
√|To − Te|√

2�p

(
1 + T 2

o,e

1 + T 2
e,o

) 1
4

. (40)

Substituting the decomposition (35) into Eq. (23) and using
the completeness of modal functions, we obtain

G(1)
d (t, τ ) = E2

o Pb

∞∑
n=0

λnψ
∗
n (t )ψn(t + τ ), (41)

which is known as the Mercer expansion in coherence modes
[2]. We see that the Schmidt modes of two entangled waves
are the coherence modes of each wave. From Eqs. (32) and
(39) we obtain

K2 = 1 + 4

C2
, (42)

which relates the measure of entanglement K to the measure
of coherence C. Equation (42) has a clear physical meaning:
The higher the coherence, the lower the entanglement, with
a single-mode regime (K = 1) for a fully coherent ordinary

wave (C = ∞). In addition, this equation allows one to exper-
imentally determine the number of modes by measuring C, as
described in the preceding section.

It should be noted that the Mercer expansion of the first-
order correlation function of one of the two entangled beams
was used to determine the spatial Schmidt modes of that
beam [52–54]. A similar technique was applied to determine
the spatial Schmidt modes of a pseudothermal light [55].
However, the relationship between single-beam coherence
and cross-beam entanglement measures was not previously
analyzed, to the best of our knowledge.

In addition to what was said in the preceding section about
the influence of loss, we note that the loss occurring inside the
nonlinear crystal affects the modal structure of the field and
requires a more complicated model [54] and a separate study.
This kind of loss can typically be neglected in bulk crystals,
but may be significant in relatively long nonlinear waveguides.

D. Symmetric group velocity matching

We illustrate the general formalism by considering a crystal
with τo = −τe, which is known as symmetric group velocity
matching [21,56] or extended phase matching [57]. This type
of phase matching is attractive because it allows one to pass
from the single-mode to a multimode regime simply by vary-
ing the pump spectral bandwidth [58]. It was first engineered
in a crystal of periodically poled potassium titanyl phosphate
(ppKTP) [59], which we consider here as an example. The
pump propagates along the X axis of this biaxial crystal and is
polarized along the Y axis, i.e., represents an ordinary wave.
The two subharmonic waves are polarized along the Y (ordi-
nary wave) and Z (extraordinary wave) axes of the crystal. The
latter should not be confused with the z axis of the reference
frame, the direction of pump propagation.

The refractive indices for the Y and Z polarized waves
are obtained from the Sellmeier equations for KTP [59], and
for a crystal of length L = 40 mm pumped at wavelength
λp = 2πc/ωp = 791.5 nm, we obtain τo = −τe = 2.95 ps.
The poling period required to reach the quasi-phase matching
at degeneracy is 
 = 47.6 μm. Substituting τo = −τe > 0
into Eq. (39), we obtain

K = 1

2

(
1

To
+ To

)
= 1

2

(
τp

δsτo
+ δsτo

τp

)
, (43)

where δs = 2
√

ln 2/σs ≈ 1.03. The minimal value of K = 1
is reached at the pump pulse duration τp = δsτo ≈ 3 ps, which
corresponds to �p = 2π × 62 GHz or FWHM spectral band-
width �λ = 0.3 nm. In this case the photons are disentangled,
each occupying just one Gaussian temporal mode, as required
for some applications, for example, the heralded generation of
modally pure single photons [60].

Substituting τo = −τe into Eq. (32), we obtain

1

C
= 1

4

∣∣∣∣ 1

To
− To

∣∣∣∣ = 1

4

∣∣∣∣ τp

δsτo
− δsτo

τp

∣∣∣∣, (44)

showing that the inverse degree of global coherence tends to
zero at the pump pulse duration τp = δsτo. Figure 2 shows
this dependence together with the dependence of the Schmidt
number, Eq. (43).
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FIG. 2. Schmidt number and inverse degree of global coherence
of the ordinary wave generated by PDC in a 40-mm-long ppKTP
crystal pumped at λp = 791.5 nm as functions of the pump pulse
duration.

A more detailed picture is provided by Fig. 3 showing the
JSA of the photons and their normalized correlation function
and mean intensity. For comparison, we consider the case of
τp = 3 ps and also the case of a ten-times-longer pump pulse

with τp = 30 ps, which corresponds to �p = 2π × 6.2 GHz
or FWHM spectral bandwidth �λ = 0.03 nm. In the case of
τp = 3 ps, we have To ≈ 1 and K ≈ 1. We find �to = 1.8 ps
and �τo = 226 ps, wherefrom C = 125, which corresponds to
Eq. (42) with K ≈ 1. In the case of τp = 30 ps, we have To ≈
0.1 and obtain K ≈ 5 from Eq. (43). We also find �to = 13
ps and �τo = 5.3 ps from Eqs. (30) and (31), and obtain C =
0.41. These values of K and C are related by Eq. (42). The
same values of K and C appear for pulses ten times shorter
than in the single-mode case, that is, for τp = 0.3 ps.

In Figs. 3(b) and 3(d), we show the normalized single-
count rate on both detectors as a function of the absolute time
and the magnified g(2)(τ ) function as a function of the time
difference. We see that, in a regime close to the single-mode
one, the coherence time may significantly exceed the pulse
duration. In practice, measuring a long coherence time similar
to that shown in Fig. 3(b) requires two conditions: (1) a high
number of detection events N and (2) a low repetition rate
R. Indeed, the standard deviation of the magnified function
g(2)(τ ) − 1 is M�τo/

√
2 = MC�to/

√
2. Since photodetec-

tion events have a Gaussian distribution in time with the
standard deviation M�to, we find that the average number
of events outside the area ±M�τo/

√
2 around the peak is

Nout = Nerfc(C/
√

2). In order for the fit of the dependence
of the magnified function g(2)(τ ) − 1 within its entire σ area

µ

µ

µ

µ

FIG. 3. (a), (c) Normalized JSA and (b,d) temporally magnified g(2)(τ ) function and normalized mean intensity (single-count rate) of the
ordinary wave generated by PDC in a 40-mm-long ppKTP crystal pumped at λp = 791.5 nm by pulses of duration (a) and (b) 3 ps resulting in
a single-mode regime, or (c) and (d) 30 ps resulting in a multimode regime. In the single-mode regime, the coherence time is much larger than
the pulse duration. In the multimode regime, it is less than the pulse duration. Temporal magnification is M = 1000, repetition rate is 10 MHz.
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FIG. 4. Scheme similar to Fig. 1 to measure the time-resolved heralded second-order autocorrelation function. The only difference is the
measurement of the extraordinary wave by a binary bucket detector D3, which resolves neither the time of arrival nor the number of arriving
photons. A click of this detector creates a heralding event and the photocount statistics of detectors D1 and D2 are conditioned on this event.

to be efficient, we expect Nout 
 1. Thus, for measuring
C = 4.9, one needs to satisfy the condition N 
 106, which is
rather stringent. Higher values of C require a large unpractical
number of detection events. Another limitation concerns the
repetition rate. Indeed, the pairs of photodetection events used
to determine the g(2)(τ ) function should come from the same
pump pulse, which requires the repetition period to be greater
than the two standard deviations of the magnified function
g(2)(τ ) − 1, i.e., R � (

√
2MC�to)−1. The necessity of having

a low repetition rate and a high number of detection events at
the same time makes measuring high values of C extremely
challenging. However, even measurable values 0 � C � 5
provide deep insight into the modal structure of generated
photons. We note that in the case of high temporal coherence,
the traditional method of determining the number of modes by
the time-integrated function g(2)

int provides excellent results [6],
as mentioned in the Introduction.

Concluding this section, we discuss how the introduced
quantities are obtained in an experiment. The intensity auto-
correlation function is measured by selecting two intervals of
width δt around time tp + t on detector D1 (interval 1) and
around time tp + t + τ on detector D2 (interval 2), where tp

is the time of the peak of the closest pump pulse. Denote
by N1 and N2 the total numbers of photocounts in intervals
1 and 2, respectively, and by N12 the number of coincidences
in intervals 1 and 2.

We introduce delayed intensities (in photon flux units) of
the ordinary and extraordinary waves, Îo(t ) = A†

1d (t )A1d (t )
and Îe(t ′) = B†

1d (t ′)B1d (t ′), respectively. Since Îo(t ) is the op-
erator of the photon flux of the ordinary wave, its average
gives the single-count rate. Therefore, the probability of ob-
serving a photon in interval 1 is P1 = Fo〈Îo(t )〉, where Fo =
1
2δt , the factor 1

2 being the transmittance of the beam splitter
in the ordinary arm. Similarly, the probability of observing
a photon in interval 2 is P2 = Fo〈Îo(t + τ )〉, and the prob-
ability of coincidence in these two intervals is P12 = F 2

o 〈:
Îo(t )Îo(t + τ ) :〉. To obtain the number of events, we need to
multiply its probability by the total number N of pump pulses:
N1 = P1N , N2 = P2N , and N12 = P12N . As a result, Eq. (10)
can be rewritten as

g(2)(τ ) = P12

P1P2
= N12N

N1N2
, (45)

and, in the ideal case considered here, this ratio should
not depend on the absolute time t , but only on the time
difference τ .

IV. HERALDED SECOND-ORDER
AUTOCORRELATION FUNCTION

In this section, we consider a more complicated scenario,
where the extraordinary photon is not discarded, as above, but
detected on detector D3 (see Fig. 4) without photon number
nor temporal resolution (the so-called “binary bucket” de-
tector), which produces a “heralding event” [60]. Since the
time of arrival of this photon remains unknown, we need to
integrate the corresponding probability density throughout the
pump repetition period �t that contains the time t .

The “heralded” autocorrelation function of the ordinary
wave can be defined by extending Eq. (45) for triple co-
incidences. To this end, we define interval h as the entire
period �t on detector D3 and denote by Nh the number of
heralding events. We denote also by N12h the number of triple
coincidences in intervals 1, 2, and h, and by Nih the num-
ber of double coincidences in intervals i = 1, 2, and h. The
coincidence probability P12 = N12/N should be replaced in
the heralded case by the conditional coincidence probabil-
ity P12|h = N12h/Nh, which counts the statistical frequency of
coincidences in the periods where a heralding event occurs.
Here, we imply that intervals 1 and h belong to the same pump
period, while interval 2 may belong to the same or different
pump period.

We see two possible ways of modifying the denominator
of Eq. (45) in the heralded case. First, we can replace the
probability P1 = N1/N with the conditional probability P1|h =
N1h/Nh, but leave P2 unchanged. In this way, we introduce the
single-heralded autocorrelation function,

g(2)
sh (τ ) = P12|h

P1|hP2
= N12hN

N1hN2
, (46)

which is an extension of Eq. (45) with the assumption that
only the click of detector D1 is heralded, while the click of
detector D2 is produced by an unheralded photon from another
photon pair generated in the same or different period.

Second, we can replace both probabilities P1 and P2 with
their conditional variants Pi|h = Nih/Nh and introduce the
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double-heralded autocorrelation function,

g(2)
dh (τ ) = P12|h

P1|hP2|h
= N12hNh

N1hN2h
, (47)

which is an extension of Eq. (45) with the assumption that
both clicks on detectors D1 and D2 are heralded by the same
photon detection on detector D3. This function represents a
time-resolved version of the “anticorrelation parameter” in-
troduced in Ref. [61]. It was shown that its value below 1
is a witness of light nonclassicality [61,62], which is also
discussed in Refs. [63,64].

The coincidence probabilities can be rather easily calcu-
lated from the analytical model of PDC presented in the
previous section. The number of heralding events is obtained
by calculating the probability of photodetection on detector
D3 at time t ′ with a subsequent integration with respect to the
latter:

Nh = N

〈∫
�t

Îe(t ′)dt ′
〉

= NPb, (48)

where the average was calculated from Eqs. (20) and (21).
The number of double coincidences between detectors D1

and D3 (in the same pump period) is given in a similar way
by

N1h = NFo〈: Îo(t )
∫

�t

Îe(t ′)dt ′ :〉

= NFo〈Îo(t )〉(1 + Pb), (49)

where again we used Eqs. (20) and (21) to find the average.
The number of double coincidences between detectors D2

and D3 in the same pump period is calculated as above. In
different periods, the two fields are completely decorrelated.
As a result, we have

N2h =
{

NFo〈Îo(t + τ )〉(1 + Pb), if t + τ ∈ �t ,

NFo〈Îo(t + τ )〉Pb, if t + τ /∈ �t .
(50)

For calculating the probability of a triple coincidence, we
need again to distinguish two cases: The detection on D2

occurs in the same period as the detections on D1 and D3 or
in a different period. In the first case, where τ is sufficiently
small so that t + τ ∈ �t , the number of triple coincidences in
intervals 1, 2, and h is

N12h = 1

2
NF 2

o 〈: Îo(t )Îo(t + τ )
∫

�t

Îe(t ′)dt ′ :〉, (51)

where the factor 1
2 reflects the fact that the detector fixes

only the first photon arriving to its surface, but not the sec-
ond one, while the third-order intensity correlator gives the
probability of all possible triples created by two ordinary and
two extraordinary photons; see Fig. 5. When τ grows so high
that t + τ falls into the next pump period, i.e., t + τ /∈ �t ,
the field Îo(t + τ ) is decorrelated from the other two fields

FIG. 5. Triple coincidences from four photons. Ordinary (o) and
extraordinary (e) photons separated by a polarizing beam splitter, as
shown in Fig. 4, are detected with or without temporal resolution.
When a coincidence of two ordinary photons occurs at times t and
t + τ , two extraordinary photons arrive to the detector of the extraor-
dinary arm, which resolves neither the time of arrival nor the number
of arriving photons. As a result, only the first triple coincidence
(solid line triangle) is registered, but not the second one (dashed line
triangle).

and the number of triple coincidences in intervals 1, 2, and
h is

N12h = NF 2
o 〈: Îo(t )

∫
�t

Îe(t ′)dt ′ :〉〈Îo(t + τ )〉. (52)

Using again Eqs. (20) and (21) to find the averages, we finally
obtain

N12h

NF 2
o

=
{

〈: Îo(t )Îo(t + τ ) :〉(1 + 1
2 Pb

)
, if t + τ ∈ �t ,

〈Îo(t )〉〈Îo(t + τ )〉(1 + Pb), if t + τ /∈ �t .

(53)

We see that in the limit of very low gain, where Pb � 1,
the number of heralded double coincidences on D1 and D2 is
equal to the number of unheralded coincidences found in the
preceding section. This is easy to understand, because, in the
lossless model considered here, any pair of ordinary photons
is accompanied by a pair of extraordinary photons, which
trigger a heralding event with probability 1. For example, if
we consider a realistic experiment with N = 109 pump pulses
and the probability of biphoton generation Pb = 10−2, we
obtain the number of double ordinary photons generated in the
same period as P2

b N = 105. In half of the cases, these photons
will go to different detectors producing N total

12 = 50 000 coin-
cidences, where the superscript “total” means a summation
over all possible intervals of duration δt . In the lossless model
considered here, every such coincidence will be accompanied
by a click on detector D3, which means that the number of
triple coincidences is N total

12h = 50 000 = N total
12 . Similarly, we

obtain the number of heralded single clicks N total
1h = PbN =

107 = N total
1 . It means that, in the limit of very low biphoton
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generation probability and in the absence of losses, heralding
does not change the observed number of single or double
clicks in the ordinary arm.

Using the obtained expressions for the numbers of co-
incidences, we rewrite the single- and double-heralded
autocorrelation functions, Eqs. (46) and (47), in the case
t + τ ∈ �t as

g(2)
sh (τ ) =

1
2

〈
: Îo(t )Îo(t + τ )

∫
�t

Îe(t ′)dt ′ :
〉

〈
: Îo(t )

∫
�t

Îe(t ′)dt ′ :
〉〈Îo(t + τ )〉

= g(2)(τ )
1 + 1

2 Pb

1 + Pb
(54)

and

g(2)
dh (τ ) =

1
2 〈: Îo(t )Io(t + τ )

∫
Îe(t ′)dt ′ :〉〈 ∫ Îe(t ′)dt ′〉〈

: Îo(t )
∫

Îe(t ′)dt ′ :
〉〈

: Îo(t + τ )
∫

Îe(t ′)dt ′ :
〉

= g(2)(τ )

(
1 + 1

2 Pb
)
Pb

(1 + Pb)2
, (55)

where all integrations are assumed to be over the period �t .
For t + τ /∈ �t , both functions are equal to unity. These func-
tions are shown in Fig. 6 for the case of a multimode PDC.

We see in Fig. 6 that, on the one hand, the single-heralded
autocorrelation function has the same shape as the non-
heralded one shown in Fig. 3(d), corresponding to photon
bunching. On the other hand, the double-heralded autocorrela-
tion function has values much lower than unity for delays not
exceeding the pump period, which is a signature of antibunch-
ing. However, on the timescale of the coherence time, this
function exhibits a local maximum, corresponding to photon
bunching. One may say that the double-heralded function is
a witness of light nonclassicality, while the single-heralded
function is more appropriate for the description of photon
bunching. The state of the ordinary wave upon the heralding
event is nonclassical because the vacuum is removed [65,66],
but the removal of the vacuum does not affect the bunching
property of the photons when two of them are present in the
field.

The difference between the two autocorrelation functions
can be further understood by rewriting Eq. (55) as g(2)

dh (τ ) =
g(2)

sh (τ )/g(1,1)
int (τ ), where

g(1,1)
int (τ ) = P2|h

P2
=

〈
: Îo(t + τ )

∫
�t

Îe(t ′)dt ′ :
〉

〈Îo(t + τ )〉〈∫
�t

Îe(t ′)dt ′〉 (56)

is the integrated cross-correlation function showing how many
times the conditional probability of detection in interval 2 (un-
der the condition of a heralding event in period �t ) exceeds
the unconditional one. From Eqs. (20) and (21) we obtain

g(1,1)
int (τ ) =

{
1 + 1

Pb
, for t + τ ∈ �t ,

1, for t + τ /∈ �t ,
(57)

which shows that within the same period as the heralding
event, the conditional probability is 1 + P−1

b times higher than
the unconditional one.

FIG. 6. Single- and double-heralded autocorrelation functions of
the ordinary wave generated by PDC in a 40-mm-long ppKTP crystal
pumped at λp = 791.5 nm by pulses of duration 30 ps and measured
with a temporal magnification M = 1000. The solid curves corre-
spond to Eqs. (54) and (55) in the limit of Pb � 1, but, in (b), we set
Pb = 0.2 for the illustration purpose, because g(2)

dh (τ ) ranges from Pb

to 2Pb for |τ | below the half-repetition period of the pump.

V. CONCLUSION

We have shown how the measure of entanglement of two
photons generated in a nondegenerate PDC, the Schmidt num-
ber, is related to the degree of global coherence of one of
these photons. This relation provides a method for determin-
ing the number of modes of photon pairs in two entangled
beams by measuring the time-magnified g(2)(τ ) function of
one beam. The proposed method is most efficient in the
multimode case and, in this sense, is complementary to the
traditional measurement of the time-integrated second-order
autocorrelation function g(2)

int , which enables the determination
of the number of modes when it is relatively low [6]. Extend-
ing the consideration to the generation of heralded photons,
we predicted that the time-magnified double-heralded auto-
correlation function exhibits a local maximum around zero
delay, corresponding to photon bunching. The width of this
function can also be used to find the degree of global coher-
ence. The new method can be applied to the characterization
of multimode sources of entangled photons used for high-
dimensional time-frequency encoding in photonic quantum
technologies.
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APPENDIX A: GAUSSIAN MODEL

Substituting Eq. (24) into (22), we arrive at

J̃0(t, t ′) =
∫∫

γ Lα0 exp

[
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This integration can be taken analytically by the multidimen-
sional Gaussian integration formula∫ ∞

−∞
e− 1
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where u and v are two n-dimensional column vectors, while
� is a symmetric n × n matrix. In this way, Eq. (A1) obtains
the form

J̃0(t, t ′) = γ Lα0

2π
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e− 1

2 vT �−1v, (A3)

where

� = 1
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e
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and v = (−t,−t ′)T . From this, we find M = �−1/2 as speci-
fied by Eq. (26) and obtain Eq. (25).

Now, substituting Eq. (25) into Eq. (23), we arrive at
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1

∫
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where we have used the one-dimensional version of Eq. (A2).

Putting τ = 0 in Eq. (A5), we obtain the mean intensity of
the ordinary wave

Id (t ) =
√

πE2
o J2

1√
2M22

e−2M11t2+2M2
12t2/M22 , (A6)

which we rewrite in the form of Eq. (28) with �t2
o =

M22 det � and Pb = πJ2
1 �to/

√
M22. Substituting the matrix

elements from Eqs. (A4) and (26), we obtain Eqs. (30)
and (29).

Comparing Eqs. (A5) and (A6), we arrive at Eq. (27) with
�τ 2

o = M22/M2
12, which is equivalent to Eq. (31).

APPENDIX B: TEMPORAL SCHMIDT DECOMPOSITION
FOR A TYPE-II BIPHOTON

The spectral decomposition of a real symmetric double-
Gaussian kernel is given by multiplying both sides of the
Mehler’s formula for Hermite polynomials by e−x2/2−y2/2

[46,47]
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where −1 < q < 1, p =
√

1 − q2, and hn(x) = (2nn!
√

π )−
1
2

Hn(x)e−x2/2 is the Hermite-Gauss function, Hn(x) being
the Hermite polynomial. Identifying x = t/τ1, y = t ′τ2, q =√

(K − 1)/(K + 1), and equalizing the exponents on the
right-hand side of Eq. (25) and the left-hand side of Eq. (B1),
we find the following system of equations:
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Solving this system for K , τ1 and τ2, we obtain Eqs. (39) and
(40). We imply here that 1 + ToTe > 0, which is the regime of
our interest.

The singular value (Schmidt) decomposition of JTA can be
easily obtained from its spectral decomposition, especially in
the case of a positive q, considered here. Since all eigenvalues
pqn are positive, they are also the singular values. The corre-
sponding singular functions are given by the eigenfunctions,
Eqs. (36) and (37). The factor before the sum in Eq. (35) is
given by

√
πτ1τ2J1, which coincides with

√
Pb.
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