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Quantum optomechanics of lossy bodies: General approach and structured squeezed vacuum effects
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We investigate the overall optomechanical force experienced by a macroscopic lossy object in free space
under external quantum illumination. To this end, utilizing the modified Langevin noise formalism, we derive
the time-averaged expectation value of the Maxwell stress tensor for a nonequilibrium scenario in which the
incoming scattering field is prepared in an arbitrary mixed quantum state, while the medium-assisted field is
maintained in local thermal equilibrium. In the limit of full radiation-matter thermal equilibrium, our expression
exactly recovers the well-known fluctuation-dissipation relation governing the Casimir effect, and under coherent
illumination it yields the standard classical radiation pressure. We demonstrate that by driving the scattering
field with an anisotropic, multimode squeezed vacuum state, the spatial profile of the electromagnetic quantum
fluctuations can be engineered to exhibit broken rotational symmetry, thereby inducing a fluctuation-driven
mechanical force acting on the object. Such mechanical interaction is generated in the strict absence of a
mean field 〈Ê〉 = 0 and is governed exclusively by second-order field correlations 〈Ê2〉, unlike classical optical
radiation pressure dictated by the squared mean field 〈Ê〉2. Applying this exact formulation to a homogeneous
lossy sphere, we demonstrate the experimental feasibility of the effect using realistic material parameters and
optical estimations. Ultimately, we establish a general formalism for macroscopic quantum optomechanics that
operates beyond the constraints of thermal equilibrium, enabling the prediction of regimes where the structured
force operates without classical carriers, providing a theoretical framework to systematically investigate the
mitigation of radiation-pressure shot noise and macroscopic spatial decoherence.
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I. INTRODUCTION

The macroscopic manifestations of quantum vacuum
fluctuations represent a fundamental intersection between
quantum field theory and macroscopic physics. A primary
example is the Casimir force, an attractive mechanical inter-
action between neutral, polarizable bodies arising from the
confinement of the electromagnetic zero-point energy [1]. The
generalization of this effect to arbitrary macroscopic lossy
media was first accomplished by Lifshitz [2]. Relying on
fluctuational electrodynamics, Lifshitz’s original derivation
required the evaluation of Maxwell stress tensors driven by
fluctuating sources obeying the fluctuation-dissipation the-
orem [3]. Later, the development of the Langevin noise
formalism (LNF), also referred to as macroscopic quantum
electrodynamics, provided a systematic framework [4–8] to
derive such fluctuational forces. By quantizing the electro-
magnetic field in the presence of dispersive and absorbing
media via the introduction of continuous bosonic heat baths,
the LNF allows the Casimir-Lifshitz force to be derived di-
rectly from the zero-temperature ground state or the thermal
equilibrium state of the coupled light-matter system [9,10].
However, standard LNF formulations typically focus on the
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medium-assisted field generated by quantized dipolar sources
distributed throughout the volume of the absorbing medium.
While adequate for systems in global thermal equilibrium,
where the incoming external radiation is balanced with the
medium emission, this approach often lacks the explicit inclu-
sion of an independent scattering sector and typically relies
on modeling the incident field via limiting procedures of
damped waves with vanishing damping [11,12], a mathe-
matical procedure that can become analytically demanding
for nonplanar geometries. An exact treatment of the scatter-
ing modes becomes necessary when moving beyond global
thermal equilibrium. Over the past two decades, theoretical
and experimental studies have investigated nonequilibrium
Casimir forces driven by temperature gradients, such as bod-
ies maintained at different temperatures or objects immersed
in an environment with a mismatched thermal bath [13–19].
In these thermal nonequilibrium scenarios, the mechanical
force is modified by the directional flow of thermal photons.
Because these studies rely on thermal statistical mixtures
(Bose-Einstein distributions) to populate the scattering modes,
nonclassical nonequilibrium states remain largely unexplored.

Concurrently, the field of quantum optomechanics [20–22]
has explored the quantum limits of mechanical systems inter-
acting with tailored electromagnetic fields [23,24]. However,
the macroscopic mechanical drive in these setups is con-
ventionally achieved via a strong classical coherent field,
generating a radiation pressure proportional to the squared
mean field 〈Ê〉2, often within the restricted geometry of
one-dimensional optical cavities [25–27]. Significantly, the
presence of such an intense mean field (〈Ê〉 �= 0) inherently
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limits the quantum regime: It acts as a linear amplifier for
vacuum fluctuations, amplifying radiation-pressure shot noise
[20,28], and its scattering subjects the mechanical oscillator to
rapid spatial decoherence, effectively degrading macroscopic
quantum superpositions [29–31]. To mitigate this amplified
shot noise, squeezed light is routinely injected into these
setups; however, it almost invariably acts as a mere quan-
tum perturbation atop the macroscopic, classical carrier field
(e.g., a high-power laser) [32–34]. Consequently, engineer-
ing electromagnetic fluctuations to produce a macroscopic
directional force in three-dimensional (3D) free space, driven
solely by time-averaged second-order field correlations 〈Ê2〉
in the strict absence of a classical mean field (〈Ê〉 = 0),
remains a fundamental open challenge. Crucially, operating
in this zero-mean-field regime provides a physical scenario
where the mitigation of radiation-pressure shot noise and
macroscopic spatial decoherence can be systematically inves-
tigated. Describing this scenario from first principles requires
handling arbitrary quantum illumination interacting with re-
alistic, finite-size macroscopic lossy objects, a requirement
precisely fulfilled by the modified Langevin noise formal-
ism (MLNF) [35–38], which specifically enables an explicit
partitioning of the global Fock space into two orthogonal sec-
tors: the scattering sector, spanned by the scattering-polariton
operators, and the medium-assisted sector, generated by the
electric and magnetic medium-polariton operators. As explic-
itly demonstrated in Refs. [39,40], the MLNF possesses a
solid and canonical theoretical foundation, being the exact
second-quantized version of the macroscopic electromag-
netism quantum theory introduced in Ref. [41]. Furthermore,
owing to its capability to handle the scattering modes, the
MLNF has recently been exploited to model the interaction
of quantum emitters with dispersive objects [42–44] and to
develop a general approach to quantum optical scattering by
finite-size lossy objects in vacuum [45,46].

In this work we present a comprehensive theoretical
description of the optomechanical force exerted on a macro-
scopic lossy object in 3D free space under arbitrary external
illumination. Leveraging the MLNF, we derive the time-
averaged Maxwell stress tensor for the general nonequilib-
rium dynamics wherein the scattering polaritons are described
by an arbitrary and time-evolving density operator, while the
medium electric and magnetic polaritons are maintained in
local thermodynamic equilibrium. As a necessary consistency
check, we consider the limit of global radiation-matter thermal
equilibrium, showing that the combined contributions of the
two field sectors naturally recover the fluctuation-dissipation
relation and the standard Lifshitz theory of Casimir forces. We
then specialize our general formalism to the scenario in which
the incident field is prepared in an anisotropic, multimode
squeezed vacuum state, thereby modifying the spatial distri-
bution of the electromagnetic-field fluctuations. Such tailoring
of the quantum field breaks the rotational symmetry of the
vacuum’s momentum flux, generating a net mechanical force
on the object. A distinguishing feature of this interaction is
that it occurs in the strict absence of a mean field (〈Ê〉 = 0).
While traditional optomechanics relies on the radiation pres-
sure of coherent fields, typically governed by the squared
mean field 〈Ê〉2, the force investigated here originates solely
from the structured second-order field correlations 〈Ê2〉. By

analyzing the spatial distribution of these correlations, we
demonstrate how structured fluctuations can be harnessed to
exert directional pressure on a macroscopic body without the
assistance of any classical carrier. To extract analytical in-
sights and assess experimental feasibility, we apply the theory
to a homogeneous lossy sphere. This exact analysis highlights
the interplay between the object’s classical radiation-pressure
cross section and the spatial distribution of the squeezing pa-
rameters, demonstrating the directional nature of the force and
providing realistic magnitude estimations for the fluctuation-
driven mechanical manipulation of macroscopic objects. Our
results establish a general framework for macroscopic quan-
tum optomechanics capable of describing zero-mean-field
regimes where the mechanical force arises solely from the
spatial control of structured fluctuations, independently of
classical drives and thermal gradients.

The paper is organized as follows. In Sec. II we introduce
the theoretical model based on the MLNF, defining the exact
dyadic field operators and the fundamental integral relations.
In Sec. III we define the general nonequilibrium scenario and
derive the time-averaged Maxwell stress tensor along with
the exact decomposition of the spectral correlation dyadic.
In Sec. IV we evaluate the spectral correlation dyadic for
specific external field preparations, analyzing the cases of
thermal radiation, coherent illumination, and multimode
squeezed vacuum. In Sec. V we derive the exact analytical
expression for the optomechanical force under squeezed
illumination, highlighting the competition between the active
nonclassical drive and the passive thermal recoil. In Sec. VI
we apply the macroscopic formalism to a homogeneous lossy
sphere to extract analytical insights via exact Mie optical
cross sections and provide realistic magnitude estimations to
assess the experimental feasibility of the effect. In Sec. VII
we outline our conclusions.

II. MODIFIED LANGEVIN NOISE FORMALISM

In this section, we briefly recall the main features of the
modified Langevin noise formalism [39,40], whose founda-
tional details are outlined in Appendix A. The framework
provides the description of the quantum electromagnetic field
in the presence of an arbitrary finite-size, inhomogeneous,
dispersive, and lossy magnetodielectric object, whose optical
response is encoded in the complex electric permittivity εω(r)
and magnetic permeability μω(r) (both equal to 1 in the sur-
rounding vacuum). Within this framework, if the Schrödinger
picture is chosen, the Hamiltonian operator Ĥ and the electric-
field operator Ê are given by

Ĥ =
∫

dω h̄ω

( ∫
donĝ†

ωs(n) · ĝωs(n)

+
∑

ν

∫
d3r f̂†

ων (r) · f̂ων (r)

)
,

Ê(r) =
∫

dω

(∫
donFωs(r|n) · ĝωs(n)

+
∑

ν

∫
d3r′Gων (r|r′) · f̂ων (r′)

)
+ H.c. (1)
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These expressions are formulated in terms of the scattering
polariton operators ĝωs(n) and the medium-assisted polariton
operators f̂ων (r) (ν ∈ {e, m}), which satisfy the bosonic com-
mutation relations

[ĝωs(n), ĝ†
ω′s(n

′)] = δ(ω − ω′)δ(on − on′ )In,

[f̂ων (r), f̂†
ω′ν ′ (r′)] = δ(ω − ω′)δνν ′δ(r − r′)I, (2)

where all other commutators vanish. Here I is the identity
dyadic, In is the dyadic projector onto the plane transverse to
the direction n, and δ(on − on′ ) is the angular delta function.
Furthermore, the dyadic kernel Fωs(r|n) appearing in the
electric-field operator is related to the two scattering modes
produced by plane waves incoming from the direction n. Con-
versely, the kernel Gων (r|r′) is related to the dyadic Green’s
function of classical electrodynamics, but it identically van-
ishes for source points r′ located outside the volume of the
lossy medium. The association of these specific dyadic kernels
with their respective polaritonic operators directly justifies the
nomenclature adopted for the latter. Crucially, these dyadic
kernels satisfy the fundamental integral relation∫

donFωs(r|n) · FT ∗
ωs (r′|n) +

∫
d3s

∑
ν

Gων (r|s) · GT ∗
ων (r′|s)

= h̄k2
ω

πε0
Im[Gω(r|r′)]. (3)

It should be noted that in the standard LNF, the imaginary
part of the dyadic Green’s function Gω(r|r′) is reconstructed
solely through the medium-assisted contribution (second term
on the left-hand side), an identity that remains mathematically
exact as long as the entire surrounding space is treated as an
unbounded dissipative medium via asymptotic limiting pro-
cedures. However, Eq. (3) explicitly demonstrates that for a
bounded lossy object, the inclusion of these scattering modes
is strictly required if one wishes to bypass such asymptotic
limits for the background vacuum. This additional scattering
term guarantees the completeness of the partitioned quan-
tization scheme and ensures the rigorous fulfillment of the
fluctuation-dissipation theorem.

The diagonal form of the Hamiltonian in Eq. (1) demon-
strates that the quanta associated with the polaritonic op-
erators (the scattering and medium-assisted polaritons) are
indeed the true elementary excitations of the system, effec-
tively mapping the complex interaction between the radiation
and the lossy body onto a set of independent bosonic modes.
Consequently, the global Fock space of the electromagnetic
field is the direct sum of three mutually orthogonal sectors:
the scattering (s) sector, representing incoming radiation exci-
tations, and the electric (e) and magnetic (m) medium-assisted
sectors, associated with the quantized dipolar sources within
the object’s volume V arising from its dissipative nature.

It is worth emphasizing that the MLNF rigorously incor-
porates absorption and dispersion without ad hoc approxima-
tions. Although the Kramers-Kronig relations dictate that the
absolute vacuum is the only strictly transparent medium, it
is physically instructive to artificially consider the transpar-
ent limit (Im[εω(r)] → 0 and Im[μω(r)] → 0) in which the
electric and magnetic dyadic kernels Gωe and Gωm identically
vanish. This leads to the complete collapse of the medium-

assisted sector, effectively decoupling the medium polaritons
f̂ων from the field dynamics. Consequently, Eq. (3) reduces to
the completeness relation for the modes associated with the
scattering polaritons; these remain the sole elementary exci-
tations of the system and correspond exactly to the standard
photons of the macroscopic quantization theory of Glauber
and Lewenstein [47].

III. MOMENTUM FLOW AROUND A THERMALIZED
MACROSCOPIC OBJECT UNDER ARBITRARY

QUANTUM ILLUMINATION

We consider a general nonequilibrium scenario where the
incident radiation field is specified by an arbitrary density
operator ρ̂s(t ) acting on the s sector and evolving according to
the Liouville–von Neumann equation ih̄d ρ̂s/dt = [Ĥs, ρ̂s(t )],
where Ĥs is the scattering part of the Hamiltonian in Eqs. (1).
Conversely, the object is maintained in local thermodynamic
equilibrium at temperature Tem and is described by the density
operator ρ̂em = e−βemĤem/Tr(e−βemĤem ) acting on the medium-
assisted (e and m) sectors, where βem = (kBTem)−1. Assuming
statistical independence between the s and em sectors, the total
density operator is ρ̂s(t )ρ̂em, which enables the calculation
of the quantum-statistical expectation value of an arbitrary
operator Ô as

〈Ô〉(t ) = Tr[ρ̂s(t )ρ̂emÔ], (4)

where Tr denotes the operator trace performed over the full
Fock space. The time-averaged expectation value of the oper-
ator is then defined accordingly as

〈〈Ô〉〉 = lim
T →+∞

1

T

∫ T/2

−T/2
dt〈Ô〉(t ). (5)

Owing to the factorization of the total density operator, the
bosonic nature of the medium polariton operators f̂ων (r) al-
lows one to rigorously prove that

〈f̂ων (r)〉 = 0,

〈f̂†
ων (r)f̂ω′ν ′ (r′)〉 = nω(βem)δ(ω − ω′)δνν ′δ(r − r′)I, (6)

where nω(β ) = (eβ h̄ω − 1)−1 is the Bose-Einstein distri-
bution, as physically expected since the medium-assisted
field (i.e., the body) is maintained in local thermal equi-
librium. Note that, since ρ̂em is strictly stationary, these
quantum-statistical averages inherently coincide with their
time-averaged counterparts.

The net momentum flow at a vacuum point outside the
object is quantified by the time-averaged expectation value
〈〈T̂ 〉〉 of the Maxwell stress dyadic operator

T̂ = ε0

[
ÊÊ − 1

2
(Ê · Ê)I

]
+ 1

μ0

[
B̂B̂ − 1

2
(B̂ · B̂)I

]
, (7)

whose use, in addition to established electrodynamic prin-
ciples, is here rigorously justified by the momentum-
conservation analysis of Ref. [9]. Indeed, such an analysis is
rooted in the canonical quantization of macroscopic electro-
magnetism [41], of which the MLNF employed in this work
constitutes the exact second-quantized version [39,40]. As
shown in Appendix B, the time-averaged expectation value
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of the Maxwell stress dyadic operator is

〈〈T̂ (r)〉〉 = ε0

∫
dω

[(
Cω(r|r′) − 1

k2
ω

∇r × Cω(r|r′) × ←∇r′

)
− 1

2
tr

(
Cω(r|r′) − 1

k2
ω

∇r × Cω(r|r′) × ←∇r′

)
I
]

r′→r

, (8)

where tr denotes the dyadic trace, whereas

Cω(r|r′) = h̄k2
ω

πε0
Im[Gω(r|r′)] + 2 Re

∫
don

∫
don′Fωs(r|n) ·

(∫
dω′〈〈ĝ†

ωs(n)ĝω′s(n′)〉〉
)∗

· FT ∗
ωs (r′|n′)

+ 2nω(βem)Re
∫

d3s
∑

ν

Gων (r|s) · GT ∗
ων (r′|s) (9)

is the spectral correlation dyadic. Equation (9) provides a rig-
orous decomposition of Cω(r|r′) into its fundamental physical
contributions. Because the adopted formalism retains all terms
and introduces no a priori approximations, the equation re-
flects the exact partition of the field fluctuations into three
fundamental physical contributions. The first term, propor-
tional to Im[Gω(r|r′)], represents the intrinsic electromagnetic
zero-point fluctuations. Consistent with the zero-temperature
fluctuation-dissipation theorem, the local density of electro-
magnetic states is entirely encoded in the imaginary part
of the system’s dyadic Green’s function. Dynamically, this
term accounts for the Casimir-Lifshitz forces in the abso-
lute vacuum, reproducing standard literature expressions for
the Casimir force between two objects at zero temperature.
The second term describes the contribution of external elec-
tromagnetic fields prepared in arbitrary quantum states. The
time-averaged expectation value 〈〈ĝ†

ωs(n)ĝω′s(n′)〉〉 dictates
how the statistical and coherence properties of the incident
field (e.g., classical coherent states or nonclassical squeezed
light) spatially propagate through the dyadic kernel Fωs. This
addend quantifies externally induced optical forces, including
gradient forces and radiation pressure, while accounting for
the quantum nature of the source. The third term, proportional
to the Bose-Einstein distribution nω(βem), isolates the thermal
contribution from the bath of medium polaritons character-
izing the object’s thermodynamic equilibrium. Vanishing at
absolute zero, this term quantifies internal thermal fluctua-
tions and constitutes the exact thermal contribution of the
medium-assisted field (medium polaritons) to the Casimir-
Lifshitz force.

To further analyze the electromagnetic fluctuations, the
zero-point contribution can be expanded. Applying the fun-
damental integral relation of Eq. (3) to Eq. (9) yields

Cω(r|r′) = Re
∫

don

∫
don′Fωs(r|n) ·

(
Inδ(on − on′ )

+ 2
∫

dω′〈〈ĝ†
ωs(n)ĝω′s(n′)〉〉

)∗
· FT ∗

ωs (r′|n′)

+ coth

(
βemh̄ω

2

)
Re

∫
d3s

∑
ν

Gων (r|s)

· GT ∗
ων (r′|s). (10)

It is important to note that the time-averaged Maxwell stress
tensor in Eq. (8) is obtained from the spectral correlation
dyadic Cω through a strictly linear mathematical transfor-

mation involving spatial derivatives, cross products, and
dyadic traces. Consequently, all the fundamental physical
dependences and spatial symmetries of the optomechanical
momentum flow are entirely captured by Cω, allowing us
to focus our analysis on its exact decomposition. This rep-
resentation clarifies the spatial and statistical decoupling of
the correlator into two independent fluctuation channels, a
feature that naturally facilitates the rigorous analytical and
numerical evaluation of the ensuing quantum interactions. The
first line groups the external radiative contributions. It shows
that the bare radiative vacuum, represented by Inδ(on − on′ ),
and the excitations of the incident quantum field, encoded
in 〈〈ĝ†

ωs(n)ĝω′s(n′)〉〉, are structurally equivalent. Both com-
ponents propagate and diffract around the object through the
identical spatial dyadic kernel Fωs, allowing the correlation
properties of the total external field to be tailored, at least
in principle, by macroscopic quantum states. Simultaneously,
the second line combines the internal material vacuum, arising
from local dissipation, with the thermal medium-polariton
bath. The hyperbolic cotangent factor, mathematically equiv-
alent to 1 + 2nω(βem), confirms that the internal degrees of
freedom strictly obey the local fluctuation-dissipation theorem
at thermal equilibrium, acting as distributed stochastic sources
throughout the volume of the lossy object. This formulation
ensures that any external manipulation of the incident field
occurs without altering the thermodynamic consistency of the
internal material fluctuations.

To further elucidate the exact decomposition in Eq. (10),
it is instructive to revisit the transparent limit (Im[εω(r)] →
0 and Im[μω(r)] → 0). Since the medium-assisted dyadic
kernels Gων identically vanish (see Sec. II A), the second
contribution of Eq. (10) collapses to zero. This reduction
yields two main physical implications. First, it dictates a
strict thermodynamic decoupling: The spectral correlation
dyadic becomes entirely independent of the internal tem-
perature parameter βem. Consistent with Kirchhoff’s law, a
nonabsorbing object cannot emit thermal photons, making it
thermally decoupled from the surrounding vacuum regardless
of its internal temperature Tem. Second, since the real parts of
the material response remain finite (Re[εω] �= 1), the modal
dyadic Fωs still accounts for refraction and diffraction. Conse-
quently, any optomechanical interaction in this regime arises
exclusively from the elastic scattering of the bare zero-point
fluctuations and the incoming quantum excitations [encoded
in the first contribution of Eq. (10)]. The object experiences
a purely conservative momentum transfer, entirely devoid of
the thermal recoil that would otherwise stem from internal
material dissipation.
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IV. SPECTRAL CORRELATION DYADIC FOR THERMAL,
COHERENT, AND SQUEEZED ILLUMINATION

Having established the general expression for the spec-
tral correlation dyadic in Eq. (10), we now evaluate it for
three distinct physical preparations of the external scattering
field. Specifically, we analyze the cases of thermal radiation,
coherent illumination, and a multimode squeezed vacuum.
By systematically specifying the scattering density operator
ρ̂s(t ) for each scenario, we demonstrate how the statistical
and quantum coherence properties of the incident radiation
uniquely shape the spatial distribution of the electromagnetic
fluctuations. This analysis provides the necessary foundation
for understanding how different external field states drive the
optomechanical interaction, transitioning from macroscopic
thermal gradients and deterministic classical fields to zero-
mean-field fluctuation-driven forces.

A. Thermal radiation

As a first application of the general formalism, we consider
the scenario where the incident scattering polaritons are in
thermal equilibrium at a temperature Ts, which is generally
different from the internal temperature Tem of the lossy ob-
ject. In this regime, the scattering density operator is time
independent and it is given by ρ̂s = e−βsĤs/Tr(e−βsĤs ), where
Ĥs is the scattering part of the Hamiltonian. This implies
that the normally ordered quantum-statistical correlator of the
scattering polariton operators evaluates to 〈ĝ†

ωs(n)ĝω′s(n′)〉 =
nω(βs)δ(ω − ω′)δ(on − on′ )In, where nω(βs) is the Bose-
Einstein distribution at temperature Ts. Since this state is
strictly stationary, its time-averaged counterpart trivially co-
incides with it, i.e., 〈〈ĝ†

ωs(n)ĝω′s(n′)〉〉 = 〈ĝ†
ωs(n)ĝω′s(n′)〉.

Substituting this expression into Eq. (10), the dyadic corre-
lator takes the form

Cω(r|r′) = Re

[
coth

(
βsh̄ω

2

) ∫
donFωs(r|n) · FT ∗

ωs (r′|n)

+ coth

(
βemh̄ω

2

) ∫
d3s

∑
ν

Gων (r|s) · GT ∗
ων (r′|s)

]
.

(11)

In this nonequilibrium thermal regime, the physical origin of
the ensuing optomechanical interactions resides entirely in
the electromagnetic fluctuations, since the macroscopic mean
field strictly vanishes,

〈Ê(r)〉 = Tr[ρ̂sρ̂emÊ(r)] = 0. (12)

Equation (11) illustrates that while the formal symmetry
between the s-sector and medium-assisted sector contribu-
tions is completely preserved, the numerical difference in
their temperatures (Ts �= Tem) produces a nontrivial spatial
structure in the correlation s dyadic. Accordingly, the en-
suing optomechanical force can be dynamically tuned via
the macroscopic temperature difference 	T = Ts − Tem. This
result directly reproduces the nonequilibrium Casimir forces
previously investigated via macroscopic fluctuational electro-
dynamics and scattering-matrix approaches [13–17]. While
these established treatments typically require phenomeno-
logically partitioning the coupled radiation-matter system to
separately evaluate the classical stochastic currents within

the medium and the background radiation from infinity,
the MLNF circumvents this procedural complexity. Rather,
the MLNF natively encodes these nonequilibrium dynamics
through the distinct thermal populations of its orthogonal po-
laritonic sectors, yielding a physically transparent framework
that entirely bypasses the need for supplementary boundary-
matching or scattering-matrix techniques.

In the limit of global thermal equilibrium, where the ex-
ternal radiation and the macroscopic body share the same
temperature T = Ts = Tem (and thus β = βs = βem), the hy-
perbolic cotangent factors in Eq. (11) become identical and
can be factored out. By virtue of the fundamental integral re-
lation in Eq. (3), the angular scattering integral and the spatial
medium-assisted integral exactly recombine to reconstruct the
imaginary part of the dyadic Green’s function, yielding

Cω(r|r′) = coth

(
β h̄ω

2

)
h̄k2

ω

πε0
Im[Gω(r|r′)]. (13)

This result perfectly coincides with the predictions of
the fluctuation-dissipation theorem at finite temperature. It
demonstrates that the MLNF recovers the standard Lifshitz
theory [2], offering a direct and physically transparent deriva-
tion of the Casimir-Lifshitz force that avoids the complexities
of macroscopic fluctuational electrodynamics. Furthermore,
while the standard LNF [9,10] also yields this equilibrium
expression by formally treating the surrounding vacuum as
an unbounded material medium with vanishingly small ab-
sorption, the MLNF reconstructs it without requiring such
asymptotic limiting procedures, natively recombining the
physically distinct contributions of the independent external
scattering modes and the medium-assisted contribution. A
strictly analogous condition emerges in the quantum electro-
dynamics of two-level emitters interacting with macroscopic
dispersive bodies. As recently demonstrated [42–44], the
MLNF description of the atomic spontaneous emission and
the corresponding field correlations rigorously reduces to
the standard LNF results solely when the scattering and the
medium-assisted sectors are in full thermal equilibrium. This
further highlights how explicitly incorporating an independent
scattering sector provides a mathematically straightforward
pathway to properly capture scenarios involving multiple tem-
perature baths, such as quantum optical phenomena operating
out of global thermal equilibrium.

B. Coherent illumination

To evaluate the optomechanical response under a classical
driving field, such as a continuous-wave laser illumination, we
consider the scenario where the external scattering polaritons
are prepared in a multimode coherent state. For this pure state,
the density operator is ρ̂s(t ) = |[e−iωtαω(n)]〉〈[e−iωtαω(n)]|,
where the state is formally defined by the displacement oper-
ator acting on the vacuum |0〉,

|[e−iωtαω(n)]〉 = exp

(∫
dω

∫
don[e−iωtαω(n) · ĝ†

ωs(n)

− eiωtα∗
ω(n) · ĝωs(n)]

)
|0〉, (14)
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where the complex amplitude αω(n) is a vector field defined
on the unit sphere, constrained by the transversality condition
n · αω(n) = 0. The normally ordered expectation value of the
scattering operators is evaluated via a long-time average to
extract the stationary spectral contribution

〈〈ĝ†
ωs(n)ĝω′s(n′)〉〉 = lim

T →+∞
1

T

∫ T/2

−T/2
dt〈ĝ†

ωs(n)ĝω′s(n′)〉

= lim
T →+∞

1

T

∫ T/2

−T/2
dt ei(ω−ω′ )tα∗

ω(n)αω′ (n′).

(15)

Assuming the coherent illumination is strictly stationary, its
spectral amplitude is sharply peaked at a driving frequency
ω0, taking the form αω(n) = δ(ω − ω0)A(n), where A(n)
specifies the angular distribution of the incident field. Under
this condition, the correlator evaluates to 〈〈ĝ†

ωs(n)ĝω′s(n′)〉〉 =
δ(ω − ω0)δ(ω′ − ω0)A∗(n)A(n′). Substituting this expecta-
tion value into the general expression of Eq. (10), the spectral
correlation dyadic becomes

Cω(r|r′) = Re

[ ∫
donFωs(r|n) · FT ∗

ωs (r′|n)

+ coth

(
βemh̄ω

2

)∫
d3s

∑
ν

Gων (r|s) · GT ∗
ων (r′|s)

]

+ 2δ(ω − ω0)Re
[
E(cl )

ω0
(r)E(cl )∗

ω0
(r′)

]
, (16)

where we have defined the macroscopic coherent field profile
E(cl )

ω0
(r) = ∫

donFω0s(r|n) · A(n). This profile represents the
complex amplitude of the monochromatic field E(cl )(r, t ) =
2 Re[e−iω0t E(cl)

ω0
(r)] describing the classical scattering pro-

duced by the object under an incident radiation specified, in
the far past, by the angular amplitudes A(n). As expected for
a coherent state, this classical field exactly coincides with the
instantaneous quantum expectation value of the electric-field
operator, i.e.,

〈Ê(r)〉 = Tr[ρ̂s(t )ρ̂emÊ(r)] = E(cl)(r, t ). (17)

When inserted into the Maxwell stress dyadic of Eq. (8),
the bilinear term E(cl)

ω0
(r)E(cl)∗

ω0
(r′) of Eq. (16) generates a

macroscopic momentum flow governed by the local classical
field intensity |E(cl)

ω0
(r)|2, which exactly coincides with the

standard classical radiation pressure exerted by the incident
field. Thus, Eq. (16) reveals that optomechanical actions in
this regime comprise two fundamentally different contribu-
tions. The first is a stochastic fluctuation-driven component
arising from the scattering-sector vacuum and the medium-
assisted thermal equilibrium, states where the mean electric
field strictly vanishes. The second is a deterministic radiation
pressure governed by the time average of the squared classical
field. It is precisely this reliance on a nonvanishing mean field
that allows the second deterministic contribution to inherently
survive in the classical limit.

C. Multimode squeezed vacuum illumination

To evaluate the optomechanical response under a nonclas-
sical driving field, we consider the scenario where the external
scattering polaritons are prepared in a multimode squeezed
vacuum state. For this pure state, the density operator is

ρ̂s(t ) = |[ζω(n)e−i2ωt ]〉〈[ζω(n)e−i2ωt ]|, where the state vector
is generated by the application of the multimode squeeze
operator onto the vacuum |0〉,

|[ζω(n)e−i2ωt ]〉 = exp

(
1

2

∫
dω

∫
don[ζ ∗

ω (n)ei2ωt ĝωs(n)

· ĝωs(n) − ζω(n)e−i2ωt ĝ†
ωs(n) · ĝ†

ωs(n)]

)
|0〉,
(18)

with the complex squeezing parameter defined as ζω(n) =
rω(n)eiφω (n). The quantum-statistical expectation value of the
normally ordered scattering operators evaluates to the trans-
verse identity dyadic In scaled by the characteristic stationary
photon-number distribution of the squeezed vacuum

〈ĝ†
ωs(n)ĝω′s(n′)〉
= 〈{ζω(n)e−i2ωt }|ĝ†

ωs(n)ĝω′s(n′)|{ζω(n)e−i2ωt }〉
= sinh2[rω(n)]δ(ω − ω′)δ(on − on′ )In (19)

so that the long-time average trivially preserves the corre-
sponding spectral contribution yielding 〈〈ĝ†

ωs(n)ĝω′s(n′)〉〉 =
sinh2[rω(n)]δ(ω − ω′)δ(on − on′ )In. Substituting this expec-
tation value into Eq. (10) yields the explicit form of the
spectral correlation dyadic for the squeezed illumination

Cω(r|r′) = Re
∫

don{1 + 2 sinh2

× [rω(n)]}Fωs(r|n) · FT ∗
ωs (r′|n)

+ Re
∫

d3s
∑

ν

[1 + 2nω(βem)]Gων

× (r|s) · GT ∗
ων (r′|s). (20)

This formulation reveals that, under nonclassical squeezed
illumination, a fundamental physical symmetry emerges
between the scattering and medium-assisted sectors. The
squeezed state effectively acts as an anisotropic thermal envi-
ronment whose effective temperature and angular distribution
are fully tunable via the squeezing parameter rω(n). Its spec-
tral contribution pairs a unit term for zero-point fluctuations
with the stationary correlated photon population sinh2[rω(n)].
This bipartite structure perfectly mirrors the medium-assisted
sector, which identically combines the vacuum unit term
with the stationary Bose-Einstein population nω(βem) of the
medium polaritons. This physical symmetry reflects a rig-
orous dynamical equivalence, since both contributions are
fundamentally driven by pure field fluctuations. Indeed, under
squeezed vacuum illumination, the macroscopic mean field
identically vanishes at all times,

〈Ê(r)〉 = Tr[ρ̂s(t )ρ̂emÊ(r)] = 0. (21)

To compare this regime with the previously discussed scenar-
ios, we note that while the optomechanical interactions in the
two-temperature thermal case are similarly driven entirely by
fluctuations, their tunability is strictly limited to the macro-
scopic temperature difference. The squeezed vacuum instead
provides a substantially richer set of degrees of freedom, al-
lowing the optomechanical response to be actively tailored via
the full spectral and angular profile of the squeezing parameter
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rω(n). Furthermore, in sharp contrast to coherent illumination,
which is dominated by the deterministic radiation pressure of
a nonvanishing mean field, the structured squeezed vacuum
generates a fluctuation-driven mechanical force entirely de-
void of any classical carrier.

V. QUANTUM FORCE ON A LOSSY BODY UNDER
SQUEEZED ILLUMINATION

In this section we evaluate the net optomechanical force
exerted on a single macroscopic object immersed in an ex-
ternal multimode squeezed vacuum. While squeezed light
is conventionally employed in optomechanics as a noise-
reduction technique alongside a dominant classical drive,
here the macroscopic mechanical interaction originates solely
from the spatial structuring of pure vacuum fluctuations, en-
tirely devoid of any nonvanishing classical mean field. This
zero-mean-field force inherently avoids the radiation-pressure
shot noise and spatial decoherence associated with intense
coherent fields, delineating a distinct physical mechanism
that remains unaddressed in the current literature. Further-
more, as discussed in Sec. III C, this nonclassical illumination
scheme affords extensive spatial and spectral control over the
optomechanical response. It provides a significantly richer
degree of tunability than the macroscopic gradients of a two-
temperature thermal environment, while strictly preserving
the zero-mean-field condition that coherent illumination in-
herently violates.

The net optomechanical force F experienced by the object
is obtained by integrating the time-averaged expectation value
of the Maxwell stress dyadic, given by Eq. (8), over any closed
surface enclosing the body. Since the object is isolated in
vacuum, it is analytically convenient to evaluate this surface
integral over a sphere of infinite radius, yielding

F = lim
r→∞ r2

∫
dorur · 〈〈T̂ (r)〉〉, (22)

where ur = r/r is the radial unit vector and dor is the solid
angle element. In this expression, the momentum flux is rigor-
ously evaluated by substituting the spectral correlation dyadic
Cω(r|r′) specifically derived for the squeezed vacuum illumi-
nation in Eq. (20). As extensively detailed in Appendix C,
carrying out this surface integration requires separating the
total momentum flux into its scattering and medium-assisted
contributions. By evaluating the far-field asymptotic behavior
of the modal dyadics and exploiting the fundamental integral
relations of the MLNF to exactly handle the medium-assisted
fields, the integral can be solved analytically. This rigorous
derivation ultimately yields the exact expression for the total
optomechanical force

F = Fs[sinh2[rω(n)]] − Fs[nω(βem)], (23)

where

Fs[wω(n)]

=
∫

dω
h̄k3

ω

8π3

∫
donwω(n)

(
n

4π

kω

Im[trSω(n|n)]

−
∫

domm tr[Sω(m|n) · ST ∗
ω (m|n)]

)
, (24)

where Sω(m|n) is the scattering dyadic of classical electrody-
namics, which describes the amplitude of the field scattered
by the object into the outgoing direction m for an incident
plane wave impinging from direction n (see Appendix A for a
detailed discussion).

Before proceeding, it is crucial to clarify the physical
nature of the force expressed in Eq. (23). Because the
anomalous correlators 〈ĝωsĝω′s〉 and 〈ĝ†

ωsĝ
†
ω′s〉 strictly vanish

under the long-time average, the stationary mean force is
entirely independent of the squeezing phase φω(n). Instead,
it is governed exclusively by the normally ordered photon-
number distribution sinh2[rω(n)]. Consequently, at the level
of the macroscopic mean force, the mechanical interaction
driven by the squeezed vacuum is mathematically indistin-
guishable from the momentum transferred by a classical
phase-insensitive incoherent radiation source with zero mean
field and identical angular occupation spectrum. While a clas-
sical stochastic field could in principle replicate this mean
momentum transfer, the fundamental significance of Eq. (23)
lies in its fully quantum-mechanical derivation. By utilizing
the MLNF, we provide the exact first-principles demonstration
of how a genuine macroscopic quantum state (the multimode
squeezed vacuum) exerts a deterministic optomechanical
force on a finite absorbing body. This establishes a rigorous
formal connection between external quantum optical states
and macroscopic mechanical actions in the presence of realis-
tic dissipation, a scenario that remains entirely unaddressed by
standard classical electrodynamics and conventional macro-
scopic QED formulations.

Equation (23) constitutes a central result of this study.
It expresses the exact macroscopic optomechanical force
on a dissipative object as the strict competition between
two physical agents: the active nonclassical drive and the
passive medium-assisted thermodynamic reaction. Crucially,
reflecting the fact that the squeezed vacuum and the ther-
mal background share the same physical nature originating
from field fluctuations, as established in Sec. III C, both the
quantum squeezing parameter and the thermodynamic pho-
ton number enter the exact same universal radiation-pressure
functional Fs[wω(n)]. Consequently, the total force natu-
rally emerges as a direct subtraction, unifying the external
structured push and the internal thermal recoil into a single ef-
fective statistical weight 	wω(n) = sinh2[rω(n)] − nω(βem).
This exact formulation notably demonstrates the rigorous al-
gebraic cancellation of the force exerted by the unperturbed
zero-point vacuum, ensuring that the macroscopic dynamics
are driven strictly by the active thermal and squeezed excita-
tions, free from divergent background contributions.

The underlying mechanism of momentum transfer is en-
tirely captured by the functional Fs, whose terms in large
parentheses define the vectorial momentum transfer cross sec-
tion for a plane wave impinging from direction n. The first
term, proportional to n Im[trSω(n|n)], relies on the gener-
alized optical theorem to quantify the total momentum flux
extracted from the incident mode through both absorption
and elastic scattering (extinction). The subtracted second term
isolates the contribution of the elastically scattered light;
within it, the trace evaluates the intensity summed over all
polarization states along the outgoing direction m so that
the integration over the solid angle dom exactly yields the
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momentum reradiated into the far field. The exact difference
between the total extracted flux and this reradiated momentum
yields the true radiation-pressure vector, rigorously account-
ing for both direct momentum absorption and the recoil
induced by the asymmetric redirection of the scattered light.

By evaluating this functional, the term Fs[sinh2[rω(n)]]
represents the active macroscopic push exerted by the ex-
ternally structured squeezed vacuum, where sinh2[rω(n)]
is precisely the directional photon-number density of the
impinging quantum field. Conversely, the subtracted term
Fs[nω(βem)] governs the thermal recoil induced by the ob-
ject’s own spontaneous emission. The explicit subtraction in
Eq. (23) carries a precise physical interpretation dictated by
Kirchhoff’s law of thermal radiation: The net momentum lost
via anisotropic thermal emission is mathematically identical
to the opposite of the radiation pressure the body would ex-
perience if illuminated by a perfectly isotropic thermal bath.
This exact momentum balance provides in principle a versatile
tuning mechanism: The net observable force can be actively
controlled by simultaneously exploiting the engineering of the
squeezed vacuum, such as its spectral properties and spatial
directivity, and the thermodynamic temperature of the macro-
scopic body.

Finally, the structure of the functional Fs reveals a funda-
mental geometric property concerning any arbitrary spectral
weight wω that is isotropic, meaning it is independent of the
incidence direction n. In such cases, the generic functional
Fs[wω] reduces to the unweighted solid-angle integration of
the momentum transfer cross section over all incident direc-
tions. If the macroscopic object possesses spatial inversion
symmetry (e.g., a homogeneous sphere or a regular cylinder),
this global angular integration identically vanishes. This math-
ematical property has two immediate physical consequences.
First, if the externally applied squeezed vacuum were com-
pletely isotropic, it would exert exactly zero net force on a
symmetric object. Second, by the very same principle, be-
cause the Bose-Einstein distribution nω(βem) is intrinsically
isotropic, the thermal recoil functional Fs[nω] is rigorously
zero for symmetric bodies: The spontaneous thermal emission
is perfectly balanced in all opposite directions, yielding no
net recoil regardless of the internal temperature. Therefore,
the emergence of a net macroscopic force necessitates ei-
ther an explicit breaking of spatial inversion symmetry in
the material geometry or a deliberately anisotropic quantum
drive, where the engineered directivity of the squeezed vac-
uum Fs[sinh2[rω(n)]] remains the exclusive active driver of
the mechanical interaction.

To verify the physical consistency of Eq. (23), we consider
the macroscopic force in the transparent limit (Im[εω(r)] → 0
and Im[μω(r)] → 0). For a nonabsorbing object, the gen-
eralized optical theorem dictates that the extinction cross
section equals the elastic scattering cross section, yield-
ing 4π

kω
Im[trSω(n|n)] = ∫

domtr[Sω(m|n) · ST ∗
ω (m|n)]. Sub-

stituting this identity into the radiation-pressure functional, we
get

Fs[wω(n)] =
∫

dω
h̄k3

ω

16π3

∫
donwω(n)

∫
dom(n − m)tr

× [Sω(m|n) · ST ∗
ω (m|n)]. (25)

In this expression, the vectorial factor (n − m) explicitly
quantifies the momentum transfer resulting from the elas-
tic redirection of an incoming excitation from direction n
into the outgoing direction m. This firmly establishes that
for a transparent medium, the optomechanical force arises
exclusively from the geometrical scattering of the inci-
dent momentum, with no momentum being transferred to
the internal degrees of freedom. Furthermore, by exploit-
ing the reciprocity relation of the scattering dyadic given in
Eq. (A4), it can be shown that the double angular integral∫

don
∫

dom(n − m)tr[Sω(m|n) · ST ∗
ω (m|n)] = 0 identically

vanishes. Consequently, for any isotropic weight wω, the
pure-scattering functional disappears for an object of arbitrary
shape, Fs[wω] = 0, effectively relaxing the requirement of
spatial inversion symmetry. This geometric cancellation en-
sures that Fs[nω(βem)] = 0 for asymmetric transparent bodies,
consistent with the thermodynamic requirement that a non-
absorbing medium cannot emit thermal radiation and thus
experiences no thermal recoil. This perfectly agrees with the
fact that the term Fs[nω(βem)] originates from the medium-
assisted sector of the MLNF, which vanishes identically in the
transparent limit (Gων → 0), as shown in Sec. II A.

VI. APPLICATION TO A HOMOGENEOUS
MACROSCOPIC SPHERE

A. Theoretical derivation for spherical targets

To quantify the optomechanical interaction, we evaluate
the exact force exerted on a nonmagnetic, homogeneous,
isotropic lossy sphere of radius a. For a spherically symmetric
object, the scattering properties are rotationally invariant, and
the scattering dyadic Sω(m|n) is completely described by Mie
theory [48–50]. As detailed in Appendix D, this symmetry
allows the tensorial trace properties of the scattering dyadic to
be mapped directly onto the standard macroscopic scalar opti-
cal cross sections. Specifically, due to rotational symmetry,
the momentum transfer vector enclosed in the large paren-
theses of the functional Fs[wω] defined in Eq. (24) must be
strictly aligned with the incidence direction n. By exploiting
the integral trace relations for the extinction and asymmetry
cross sections summarized in Appendix D, this vectorial quan-
tity exactly reduces to 2(σ ext

ω − σ
asym
ω )n = 2σ

pr
ω n, where σ

pr
ω

is the classical radiation-pressure cross section. The general
optomechanical functional for the homogeneous sphere there-
fore simplifies to

Fs[wω(n)] =
∫

dω
h̄k3

ω

4π3
σ pr

ω

∫
donwω(n)n, (26)

where the cross section σ
pr
ω is explicitly evaluated via the Mie

multipole expansion coefficients anω and bnω. Finally, the total
macroscopic force on the sphere is obtained by substituting
the quantum-statistical weights of the nonequilibrium fields
into this simplified functional. Since the Bose-Einstein dis-
tribution nω(βem) characterizing the medium-assisted thermal
bath is isotropic, its angular integration over the incidence
direction vector n identically vanishes [

∫
donnω(βem)n = 0].

This confirms that the sphere experiences zero thermal re-
coil, as required by its spatial inversion symmetry. The net
fluctuation-driven force is thus driven exclusively by the engi-
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FIG. 1. Radiation-pressure cross section σ pr
ω0

(left axis) and stationary fluctuation-driven macroscopic force F · n0 (right axis) experi-
enced by a homogeneous lossy sphere as a function of its radius a. The target material is modeled with a complex relative permittivity
ε = 12.11 + 0.1i, representative of silicon microparticles, evaluated at the central vacuum wavelength λ0 = 1550 nm. The macroscopic
force is computed assuming an external ultrabroadband squeezed vacuum illumination, yielding an equivalent zero-mean-field pressure
Psq � 0.5 fN/µm2. The fine oscillatory structure superimposed on the purely geometric profile reflects the morphology-dependent multipolar
Mie resonances characteristic of weakly dissipative high-index dielectrics.

neered anisotropy of the external squeezed vacuum, yielding

F =
∫

dω
h̄k3

ω

4π3
σ pr

ω

∫
don sinh2[rω(n)]n. (27)

Equation (27) demonstrates that the optomechanical force
on a macroscopic sphere originates solely from the coupling
between the material radiation-pressure cross section and the
directional asymmetry of the quantum squeezing parameter
rω(n). Although σ

pr
ω is conventionally termed the classical

radiation-pressure cross section, its appearance here does not
imply that the force is driven by classical radiation pressure.
With the mean field strictly vanishing (see Sec. III C), σ

pr
ω

acts purely as a transfer function governing the momentum
extracted from the second-order field fluctuations.

B. Experimental feasibility and force magnitude estimation

To quantify the achievable macroscopic force, we evaluate
the integral in Eq. (27) by noting that even for ultrabroadband
squeezing in the telecom regime, the frequency spread 	ω

remains a small fraction of the central carrier frequency ω0

(e.g., 	ω/ω0 ∼ 10−2). Consequently, the complex material
cross section σ

pr
ω and the density-of-state factor k3

ω vary slowly
over the squeezed spectrum and can be robustly evaluated at
ω0, thereby factoring out of the spectral integration. Further-
more, assuming the field is paraxially concentrated along the
incidence axis n0, the force vector strictly aligns with n0. The
exact functional evaluates to

F � σ pr
ω0

(
h̄k3

ω0

4π3

∫
dω

∫
don sinh2[rω(n)]

)
n0 = σ pr

ω0
Psqn0,

(28)
where we have introduced the equivalent zero-mean-field ra-
diation pressure

Psq = h̄k3
ω0

4π3
sinh2(r0)	ωeff	oeff, (29)

with r0 the peak squeezing parameter. Here 	ωeff and 	oeff

are rigorously defined as the effective spectral bandwidth and

effective solid angle of the stationary correlated photon dis-
tribution, respectively, absorbing any geometric factor arising
from the specific nonlinear profile of sinh2[rω(n)]. To provide
a realistic estimation, we utilize state-of-the-art parameters
for continuous-wave single-pass squeezing at a vacuum wave-
length λ0 = 1550 nm. Recent advances in periodically poled
lithium niobate waveguides allow for an effective ultra-
broad bandwidth 	ωeff ≈ 2.5 THz with a noise reduction of
6 dB (r0 � 0.69) [51]. Assuming the correlated fluctuations
are tightly focused by a high-numerical-aperture objective,
yielding an effective solid angle 	oeff ≈ 1 sr, the equivalent
radiation pressure exerted exclusively by the structured vac-
uum evaluates to Psq � 0.5 fN/µm2 (5.0 × 10−16 N/µm2).

To maximize the optomechanical coupling, we consider
a spherical target composed of a high-index lossy dielectric
with a relative permittivity ε = 12.11 + 0.1i evaluated at the
telecommunication wavelength λ0 = 1550 nm. This specific
parameter space is representative of silicon microparticles,
which are widely employed in state-of-the-art Mie-resonant
photonics to achieve strong optical confinement [52]. In Fig. 1
we report the exact calculation of the radiation-pressure cross
section σ

pr
ω0 alongside the corresponding macroscopic station-

ary force F · n0 as a function of the sphere radius a. The
strictly linear relationship between the two physical quantities
is governed by the equivalent structured-vacuum radiation
pressure Psq � 0.5 fN/µm2. Due to the moderate imaginary
part of the silicon permittivity, the internal cavity resonances
are not completely damped. This enables the manifestation
of morphology-dependent multipolar Mie resonances (accu-
rately resolved by retaining 200 terms in the multipole series),
which emerge as a fine oscillatory structure superimposed on
the monotonically increasing quadratic profile that asymptoti-
cally approaches the geometric optics limit. For a macroscopic
sphere with a radius a = 10 µm, the fluctuation-driven radia-
tion pressure yields a stationary nonclassical force exceeding
160 fN. Such a force magnitude is fundamentally independent
of thermal background noise (as demonstrated in Sec. V A)
and falls well within the high-fidelity detection capabilities
of modern optomechanical force sensors, demonstrating that
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ultrabroadband squeezed vacuum fluctuations can induce a
directly measurable macroscopic displacement. Crucially, as
explicitly demonstrated in Appendix E, the extremely low
equivalent intensity associated with this zero-mean-field pres-
sure ensures that the illumination-induced internal thermal
gradient remains entirely negligible (	T ≈ 20 mK). This
quantitatively validates the underlying assumption that the
medium-assisted local thermal equilibrium remains unper-
turbed, rigorously preserving the inversion symmetry required
for the nullification of the macroscopic thermal recoil.

Finally, it is important to emphasize that while this initial
estimation confirms the theoretical viability of the stationary
mean force, realizing this optomechanical measurement in
a realistic laboratory setting requires careful consideration
of environmental noise and optical losses. First, the present
analysis focuses strictly on the time-averaged momentum
flux. A complete assessment of the experimental signal-to-
noise ratio requires evaluating the force fluctuations (i.e.,
the noise spectral density and the momentum diffusion rate),
which are governed by fourth-order field correlation functions
〈Ê4〉 resulting from the photon-number fluctuations of the
injected squeezed state. Second, a realistic 10-µm sensing
target (whether levitated or clamped) at room temperature
will be subjected to fundamental thermal mechanical noise
(Brownian motion), establishing a baseline noise floor that
must be overcome by the 160-fN signal. To provide a scale
of magnitude for this fluctuation-driven signal, we note that
a conventional continuous-wave calibration laser of modest
power (1 mW) focused onto the same 10-µm sphere would
exert a classical radiation-pressure force on the order of a
few piconewtons. Thus, while the zero-mean-field force is
approximately four orders of magnitude weaker, it nonethe-
less falls within the sensitivity limits of state-of-the-art
optomechanical detectors. Third, experimental implementa-
tions will inevitably encounter source-to-target propagation
losses across lenses and optical interfaces; such losses act
as effective vacuum-injection channels, which will attenuate
both the delivered squeezing parameter and the net mean
force. Furthermore, physical generation of squeezed light via
nonlinear processes typically involves an intense pump laser.
Any residual leakage of this regular classical light through fil-
tering setups constitutes an undesired mean-field background
that must be rigorously calibrated and subtracted from the fi-
nal mechanical signal. Consequently, while this strict absence
of a classical carrier holds profound promise for bypassing
classical carrier-amplified shot noise and mitigating spatial
decoherence, a full quantification of the optomechanical noise
statistics, background leakage limits, and decoherence rates
remains a clear imperative for future theoretical and experi-
mental investigations.

VII. CONCLUSION

In this work we have established a comprehensive and
first-principles framework for the quantum optomechanics
of macroscopic dissipative bodies by employing the MLNF.
This formalism provides an exact description of the elec-
tromagnetic momentum flow that overcomes the structural
limitations inherent in existing theoretical approaches. Our
derivation of the time-averaged Maxwell stress tensor rigor-

ously unifies the contributions from the external scattering
sector and the internal medium-assisted fluctuations, offering
a universal platform to investigate mechanical forces under
arbitrary illumination and nonequilibrium thermal conditions.
We have shown that in the limit of full radiation-matter
thermal equilibrium, our approach recovers the standard
Casimir-Lifshitz (and LNF) description, while for incident
quantum coherent states, it successfully reproduces the clas-
sical radiation-pressure results. This approach resolves the
long-standing challenge of describing the momentum ex-
change between quantized fields and realistic finite-size
objects where both material loss and the independent scat-
tering of incoming modes are physically indispensable. To
illustrate the unique predictive power of this general formu-
lation, we have investigated the notable illumination case
of an anisotropic multimode squeezed vacuum. We have
demonstrated that such nonclassical illumination generates
a macroscopic directional mechanical force in the strict
absence of a classical mean field (〈Ê〉 = 0). Because this
stationary force is governed exclusively by the structured
photon-number distribution, its mean momentum transfer
mathematically mirrors that of a directional phase-insensitive
incoherent source. However, the fundamental merit of our
framework is the explicit derivation of this effect from a
genuine macroscopic quantum state, successfully embedding
an active zero-mean-field quantum drive into an exact 3D
scattering problem with realistic dissipation. This result is
particularly significant as it delineates a regime of fluctua-
tional optomechanics that remains largely unexplored within
traditional theoretical treatments; specifically, standard LNF
typically requires the implementation of singular limiting
procedures of vanishing absorption to account for incoming
free-space radiation, a method whose application to structured
quantum fields illuminating finite dispersive objects remains
absent in the current literature. Concurrently, classical scat-
tering theories are inherently incapable of accounting for
structured zero-point fluctuations within dissipative volumes.
In this context, our approach predicts the active mechanical
manipulation of macroscopic bodies through the spatial en-
gineering of quantum field fluctuations, providing a pathway
to inherently mitigate the radiation-pressure shot noise and
the rapid spatial decoherence associated with intense coher-
ent carriers. Finally, we have demonstrated the experimental
feasibility of this fluctuation-driven momentum transfer by
applying the framework to high-index silicon microspheres.
The prediction of a stationary force exceeding 160 fN for a tar-
get with a radius of 10 µm confirms that these effects are well
within the high-fidelity detection capabilities of contemporary
optomechanical sensors. By providing a rigorous foundation
for macroscopic quantum optomechanics that operates inde-
pendently of classical drives and thermal gradients, this work
establishes a paradigm for the control of macroscopic me-
chanical systems via structured field fluctuations.
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APPENDIX A: MODIFIED LANGEVIN
NOISE FORMALISM

We consider an arbitrary finite-size lossy object filling a
spatial region V in vacuum. In the frequency domain e−iωt ,
its inhomogeneous, isotropic magnetodielectric response is
described by the complex permittivity εV

ω (r) and permeability
μV

ω (r), which are holomorphic functions for Im(ω) > 0 to
preserve causality. It is convenient to define the global piece-
wise responses εω(r) and μω(r) as

εω(r) =
{

εV
ω (r), r ∈ V

1, r /∈ V,

μω(r) =
{

μV
ω (r), r ∈ V

1, r /∈ V.
(A1)

The essential classical electrodynamic tools for the MLNF are
the modal dyadic Fω(r|n) and the dyadic Green’s function
Gω(r|r′), governed by the respective boundary-value prob-
lems[(

∇r × 1

μω(r)
∇r×

)
− k2

ωεω(r)

]
Fω(r|n) = 0,

Fω(rm|n) ≈
r→+∞

ei(kωn)·(rm)In + eikωr

r
Sω(m|n),[(

∇r × 1

μω(r)
∇r×

)
− k2

ωεω(r)

]
Gω(r|r′) = δ(r − r′)I,

Gω(rm|r′) ≈
r→+∞

eikωr

r
Wω(m|r′), (A2)

where n and m are unit vectors, ≈r→+∞ denotes the leading-
order asymptotic behavior, Sω(m|n) is the scattering dyadic
[48], and Wω(m|r) is the asymptotic amplitude of the Green’s
function. The scattering dyadic Sω(m|n) satisfies the orthog-
onality relations

m · Sω(m|n) = 0, Sω(m|n) · n = 0 (A3)

together with the reiciprocity relation

ST
ω (m|n) = Sω(−n|−m). (A4)

As a consequence, the modal dyadic satisfies the orthogonal-
ity relation Fω(r|n) · n = 0 and accordingly it is convenient
to introduce two mutually orthogonal unit vectors en1 and
en2 orthogonal to n so that, since In = ∑

λ enλenλ, the field
Fωnλ(r) = Fω(r|n) · enλ satisfies the boundary-value problem[(

∇r × 1

μω(r)
∇r×

)
− k2

ωεω(r)

]
Fωnλ(r) = 0,

Fωnλ(rm) ≈
r→+∞

ei(kωn)·(rm)enλ + eikωr

r
Sω(m|n) · enλ (A5)

or, in other words, Fωnλ(r) is the overall field scattered by
the object (scattering mode) when illuminated by the modal
plane wave of frequency ω, direction n, and polarization enλ.
It is also evident that the modal dyadic admits the decompo-
sition Fω(r|n) = ∑

λ Fωnλ(r)enλ, which further elucidates its
physical meaning. The dyadic Wω(m|r) satisfies the orthog-
onality relation m · Wω(m|r) = 0. Two essential properties
of the dyadic Green’s function are the reciprocity relation

GT
ω (r|r′) = Gω(r′|r) and the fundamental integral relation

h̄k3
ω

πε0

∫
domWT

ω (m|r) · W∗
ω(m|r′)

+
∑

ν

∫
d3sGων (r|s) · GT ∗

ων (r′|s)

= h̄k2
ω

πε0
Im[Gω(r|r′)], (A6)

where Gωe(r|r′) and Gωm(r|r′) are the electric and magnetic
dyadic kernels

Gωe(r|r′) = Gω(r|r′)i

√
h̄k4

ω

πε0
Im[εω(r′)],

Gωm(r|r′) = Gω(r|r′)
× ←∇r′

ikω

√
h̄k4

ω

πε0
Im

( −1

μω(r′)

)
. (A7)

Such essential properties have been rederived in Ref. [39]
where, in addition, it has been shown that the asymptotic
amplitude of the dyadic Green’s function is related to the
modal dyadic by the relation

Wω(m|r) = 1

4π
FT

ω (r| − m), (A8)

which, together with Eq. (A6), yields the integral relation∫
donFωs(r|n) · FT ∗

ωs (r′|n) +
∑

ν

∫
d3sGων (r|s) · GT ∗

ων (r′|s)

= h̄k2
ω

πε0
Im[Gω(r|r′)] (A9)

connecting the modal dyadic and the dyadic Green’s function,
where Fωs(r|n) is the scattering dyadic kernel

Fωs(r|n) = Fω(r|n)

√
h̄k3

ω

16π3ε0
. (A10)

The MLNF describes the field-matter system via the con-
tinuous bosonic operators for positive frequencies (ω > 0):
the transverse scattering polaritons ĝωs(n) (n · ĝωs = 0) and
the electric (e) and magnetic (m) medium polaritons f̂ων (r)
(with ν ∈ {e, m}), which are strictly confined to the object’s
volume (r ∈ V ). These operators satisfy the canonical com-
mutation relations

[ĝωs(n), ĝ†
ω′s(n

′)] = δ(ω − ω′)δ(on − on′ )In,

[f̂ων (r), f̂†
ω′ν ′ (r′)] = δ(ω − ω′)δνν ′δ(r − r′)I, (A11)

with all other commutators vanishing, where In is the dyadic
projector onto the plane orthogonal to the direction n =
sin θn(cos ϕnux + sin ϕnuy) + cos θnuz, I is the dyadic iden-
tity, and δ(on − on′ ) = δ(θn − θ ′

n)δ(ϕn − ϕ′
n)/ sin θn is the

angular delta function. The Hamiltonian operator is

Ĥ =
∫

dω h̄ω

(∫
donĝ†

ωs(n) · ĝωs(n)

+
∑

ν

∫
d3r f̂†

ων (r) · f̂ων (r)

)
, (A12)
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where don = sin θndθndϕn is the solid angle element around
the direction n, whereas the electric-field and magnetic-
induction-field operators are

Ê(r) =
∫

dω[Êω(r) + Ê†
ω(r)],

B̂(r) =
∫

dω
1

iω
[∇ × Êω(r) − ∇ × Ê†

ω(r)], (A13)

where

Êω(r) =
∫

donFωs(r|n) · ĝωs(n)

+
∑

ν

∫
d3r′Gων (r|r′) · f̂ων (r′). (A14)

Note that this spectral electric-field operator is consistent with
the polariton definitions because, from Eq. (A10), Fωs(r|n) ·
n = 0 and, from Eqs. (A7), Gων (r|r′) = 0 for r′ /∈ V . As a
final remark, we note that the bosonic commutation relations
of the polariton operators in Eqs. (A11) straightforwardly
yield

[Ĥ, ĝωs(n)] = −h̄ωĝωs(n), [Ĥ, f̂ων (r)] = −h̄ωf̂ων (r),

[Ĥ, Êω(r)] = −h̄ωÊω(r), (A15)

whereas the fundamental integral identity in Eq. (A9) enables
us to prove that

[Êω(r), Ê†
ω′ (r′)] = δ(ω − ω′)

h̄k2
ω

πε0
Im[Gω(r|r′)]. (A16)

APPENDIX B: EVALUATION OF THE MAXWELL STRESS
DYADIC EXPECTATION VALUE

By using the expression for the electric-field and the
magnetic-induction-field operators in Eqs. (A13), the time-
averaged expectation value of the Maxwell stress dyadic
operator in Eq. (7) at a position r in the vacuum region outside
the objects turns out to be

〈〈T̂ (r)〉〉 = ε0

∫
dω

∫
dω′{Aω,ω′ (r, r′)

− 1

2
Tr[Aω,ω′ (r, r′)]I}r′→r, (B1)

where the standard prescription r′ → r has been used, while
the spectral correlation dyadic Aω,ω′ (r, r′) is given by

Aω,ω′ (r, r′) = [〈〈Êω(r)Êω′ (r′)〉〉 + 〈〈Ê†
ω(r)Ê†

ω′ (r′)〉〉
+ 〈〈Ê†

ω(r)Êω′ (r′)〉〉 + 〈〈Êω(r)Ê†
ω′ (r′)〉〉]

+ 1

kωkω′
∇r × [〈〈Êω(r)Êω′ (r′)〉〉

+ 〈〈Ê†
ω(r)Ê†

ω′ (r′)〉〉 − 〈〈Ê†
ω(r)Êω′ (r′)〉〉

− 〈〈Êω(r)Ê†
ω′ (r′)〉〉] × ←∇r′ . (B2)

Here it is convenient to introduce the time-averaged total
density operator

ρ̂ =
(

lim
T →+∞

1

T

∫ T/2

−T/2
dt ρ̂s(t )

)
ρ̂em (B3)

such that for any operator Ô the relation 〈〈Ô〉〉 = Tr(ρ̂Ô)
strictly holds. The underlying motivation for such a definition
is that, as can be readily demonstrated from the Liouville–von
Neumann equation, this time-averaged operator commutes
with the Hamiltonian [Ĥ, ρ̂] = 0, which is a crucial property
involved in the subsequent evaluation of the four dyadic cor-
relators appearing in Eq. (B2).

Let us first consider the evaluation of the anomalous cor-
relator 〈〈Êω(r)Êω′ (r′)〉〉. By expressing its left electric-field
operator through the relation Êω(r) = − 1

h̄ω
[Ĥ , Êω(r)] [see

the third of Eqs. (A15)], invoking the stationarity property
[Ĥ , ρ̂] = 0, and exploiting the cyclic property of the trace, the
Hamiltonian commutator is effectively transferred to the right
electric-field operator, yielding

〈〈Êω(r)Êω′ (r′)〉〉 = − 1

h̄ω
Tr{ρ̂[Ĥ , Êω(r)]Êω′ (r′)}

= 1

h̄ω
Tr{ρ̂Êω(r)[Ĥ, Êω′ (r′)]}

= −ω′

ω
〈〈Êω(r)Êω′ (r′)〉〉. (B4)

Since frequencies are strictly positive (ω,ω′ > 0), this rela-
tion necessarily implies

〈〈Êω(r)Êω′ (r′)〉〉 = 0. (B5)

By taking the Hermitian conjugate of this result, it trivially
follows that

〈〈Ê†
ω(r)Ê†

ω′ (r′)〉〉 = 0 (B6)

as well. Turning to the normally ordered correlator
〈〈Ê†

ω(r)Êω′ (r′)〉〉, substituting the expression for the spectral
electric-field operator from Eq. (A14), and exploiting the
statistical independence between the scattering and medium-
assisted sectors yields

〈〈Ê†
ω(r)Êω′ (r′)〉〉 =

∫
don

∫
don′F∗

ωs(r|n) · 〈〈ĝ†
ωs(n)ĝω′s(n′)〉〉 · FT

ω′s(r
′|n′)

+
∫

d3s
∑

ν

∫
d3s′ ∑

ν ′
G∗

ων (r|s) · 〈〈f̂†
ων (s)f̂ω′ν ′ (s′)〉〉 · GT

ω′ν ′ (r′|s′)

+
(∫

d3s
∑

ν

Gων (r|s) · 〈〈f̂ων (s)〉〉
)∗(∫

donFω′s(r′|n) · 〈〈ĝω′s(n)〉〉
)

+
(∫

donFωs(r|n) · 〈〈ĝωs(n)〉〉
)∗(∫

d3s
∑

ν

Gω′ν (r′|s) · 〈〈f̂ω′ν (s)〉〉
)

, (B7)
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consisting of four distinct terms: the pure scattering contribution, the pure material fluctuation term, and the cross correlations
between the two sectors. By applying the thermal averages of Eqs. (6) (which, due to the stationarity of the medium bath,
correspond identically to their time-averaged counterparts, e.g., 〈〈f̂† f̂〉〉 = 〈f̂† f̂〉), the cross terms identically vanish and the
Bose-Einstein distribution shows up in the material fluctuation term, so that we obtain

〈〈Ê†
ω(r)Êω′ (r′)〉〉 =

(∫
don

∫
don′Fωs(r|n) · 〈〈ĝ†

ωs(n)ĝω′s(n′)〉〉∗ · FT ∗
ω′s (r′|n′)

+ δ(ω − ω′)nω(βem)
∫

d3s
∑

ν

Gων (r|s) · GT ∗
ων (r′|s)

)∗
. (B8)

The scattering correlator is diagonal with respect to frequency, i.e.,

〈〈ĝ†
ωs(n)ĝω′s(n′)〉〉 = δ(ω − ω′)

∫
dω′〈〈ĝ†

ωs(n)ĝω′s(n′)〉〉, (B9)

as can be demonstrated by following a procedure analogous to the one used to prove that the anomalous dyadic correlator
vanishes. Indeed, by expressing the adjoint scattering operator through the commutator ĝ†

ωs(n) = 1
h̄ω

[Ĥ , ĝ†
ωs(n)] [see the first of

Eqs. (A15)] and exploiting the stationarity of the time-averaged density operator, [Ĥ , ρ̂] = 0, we can write

〈〈ĝ†
ωs(n)ĝω′s(n′)〉〉 = 1

h̄ω
Tr{ρ̂[Ĥ , ĝ†

ωs(n)]ĝω′s(n′)} = − 1

h̄ω
Tr{ρ̂ĝ†

ωs(n)[Ĥ , ĝω′s(n′)]} = ω′

ω
〈〈ĝ†

ωs(n)ĝω′s(n′)〉〉, (B10)

where the cyclic property of the trace has been used to transfer the action of the Hamiltonian. This result leads to the condition
(ω − ω′)〈〈ĝ†

ωs(n)ĝω′s(n′)〉〉 = 0, whose solution in the sense of distributions is provided by Eq. (B9). Inserting Eq. (B9) into Eq.
(B8), we obtain

〈〈Ê†
ω(r)Êω′ (r′)〉〉 = δ(ω − ω′)

(∫
don

∫
don′Fωs(r|n) ·

∫
dω′〈〈ĝ†

ωs(n)ĝω′s(n′)〉〉∗ · FT ∗
ωs (r′|n′)

+ nω(βem)
∫

d3s
∑

ν

Gων (r|s) · GT ∗
ων (r′|s)

)∗
. (B11)

Finally, the antinormally ordered dyadic correlator 〈〈Êω(r)Ê†
ω′ (r′)〉〉 can be evaluated by expressing the dyadic product of the

field operators as

Êω(r)Ê†
ω′ (r′) = [Êω(r), Ê†

ω′ (r′)] + [Ê†
ω′ (r′)Êω(r)]T , (B12)

which holds by definition of the dyadic commutator. By evaluating the commutator through Eq. (A16) and applying the general
property of the operator trace [Tr(ρÂB̂)]T = [Tr(ρ̂B̂†Â†)]∗, we obtain

〈〈Êω(r)Ê†
ω′ (r′)〉〉 = Tr

[
ρ̂

(
δ(ω − ω′)

h̄k2
ω

πε0
Im[Gω(r|r′)] + [Ê†

ω′ (r′)Êω(r)]T

)]

= δ(ω − ω′)
h̄k2

ω

πε0
Im[Gω(r|r′)] + {Tr[ρ̂Ê†

ω′ (r′)Êω(r)]}T

= δ(ω − ω′)
h̄k2

ω

πε0
Im[Gω(r|r′)] + 〈〈Ê†

ω(r)Êω′ (r′)〉〉∗, (B13)

which provides a fundamental relation connecting the antinormally ordered dyadic correlator directly to the normally ordered
one. Substituting Eqs. (B5), (B6), (B11), and (B13) into Eq. (B2), we obtain

Aω,ω′ (r|r′) = δ(ω − ω′)
(
Cω(r|r′) − 1

k2
ω

∇r × Cω(r|r′) × ←∇r′

)
, (B14)

where

Cω(r|r′) = h̄k2
ω

πε0
Im[Gω(r|r′)] + 2Re

∫
don

∫
don′Fωs(r|n) ·

∫
dω′〈〈ĝ†

ωs(n)ĝω′s(n′)〉〉∗ · FT ∗
ωs (r′|n′)

+ 2nω(βem)Re
∫

d3s
∑

ν

Gων (r|s) · GT ∗
ων (r′|s), (B15)

which exactly coincides with Eq. (9). Furthermore, by substituting Eq. (B14) into Eq. (B1), we directly obtain Eq. (8).
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APPENDIX C: EVALUATION OF THE FORCE F

To calculate the net optomechanical force F acting on the object, it is mathematically convenient to separate the total
momentum flux into its distinct physical contributions stemming from the scattering and the medium-assisted sectors such
that F = Fs + Fem. Specifically, by substituting Eq. (20) into Eq. (8) and subsequently into Eq. (22), these two force components
are given by

Fs = ε0

∫
dω

(
lim

r→∞ r2
∫

dorur · {Mωs(r|r′) − 1

2
tr[Mωs(r|r′)]I}r′→r

)
,

Fem = ε0

∫
dω

(
lim

r→∞ r2
∫

dorur · {Mωem(r|r′) − 1

2
tr[Mωem(r|r′)]I}r′→r

)
, (C1)

where the spectral density dyadics Mωs and Mωem are defined as

Mωs(r|r′) = Re
∫

donWωs(n)

(
Fωs(r|n) · FT ∗

ωs (r′|n) − 1

k2
ω

∇r × Fωs(r|n) · FT ∗
ωs (r′|n) × ←∇r′

)
,

Mωem(r|r′) = WωemRe
∫

d3s
∑

ν

(
Gων (r|s) · GT ∗

ων (r′|s) − 1

k2
ω

∇r × Gων (r|s) · GT ∗
ων (r′|s) × ←∇r′

)
, (C2)

and the corresponding quantum-statistical weights are

Wωs(n) = 1 + 2 sinh2[rω(n)], Wωem = 1 + 2nω(βem).
(C3)

From a physical standpoint, these two force components de-
scribe fundamentally distinct interaction mechanisms. The
scattering term Fs represents the active macroscopic push
exerted by the external environment. It originates from the
momentum transferred to the object during the scattering
of the externally structured quantum fluctuations, specifi-
cally the injected squeezed vacuum characterized by the
angularly dependent driving weight Wωs(n). Conversely, the
medium-assisted term Fem captures the thermodynamic radi-
ation reaction, or thermal recoil. It emerges from the internal
fluctuating currents within the lossy volume that continuously

emit photons into the surrounding space to maintain local
thermodynamic equilibrium. If the object possesses geometric
or material asymmetries, this thermal emission is inherently
anisotropic, thereby imparting a net mechanical recoil to the
body governed by the isotropic thermal weight Wωem.

1. Contribution from the scattering sector

To evaluate the scattering contribution to the force, Fs, we
utilize the asymptotic behavior of the modal dyadic Fω(r|n)
as defined in Eq. (A2), together with the definition of the scat-
tering dyadic kernel Fωs(r|n) in Eq. (A10). By substituting
these asymptotic expressions into the first term of Mωs in
Eq. (C2), we obtain

Re
∫

donWω(n)Fωs(r|n) · FT ∗
ωs (r′|n)

≈
r,r′→∞

h̄k3
ω

16π3ε0
Re

∫
donWω(n)

(
ei(kωn)·(r−r′ )In + eikω (r−r′ )

rr′ Sω(ur |n) · ST ∗
ω (ur′ |n) + e−ikωr′

r′ ei(kωn)·rST ∗
ω (ur′ |n)

+ eikωr

r
e−i(kωn)·r′Sω(ur |n)

)
. (C4)

The angular integrals involving the rapidly oscillating phase factors e±ikωn·r and e∓ikωn·r′
can be evaluated by invoking the Jones

lemma (see Appendix XII of Ref. [49]), which provides the asymptotic identity

eikωn·r ≈
r→∞

2π

ikω

(
eikωr

r
δ(on − our ) − e−ikωr

r
δ(on − o−ur )

)
. (C5)

Equation (C5) allows for the evaluation of the angular integrals in the last two terms of Eq. (C4). Moreover, the second (magnetic)
term of Mωs in Eq. (C2) can be calculated by noting that in the far-field limit the action of the del operator ∇r effectively replaces
∇r× with (ikωur )× [and similarly ×←−∇ r′ with ×(−ikωur′ )]. Ultimately, the full spectral density dyadic for the scattering sector
Mωs(r|r′) is found to be

Mωs(r|r′) ≈
r,r′→∞

h̄k3
ω

16π3ε0
Re

(∫
donWω(n)ei(kωn)·(r−r′ )2In + eikω (r−r′ )

rr′ [Qω(ur |ur′ ) − ur × Qω(ur |ur′ ) × ur′ ]

+ 2π i

kωrr′ {e−ikω (r+r′ )Wω(−ur )
[
ST ∗

ω (ur′ | − ur ) + ur × ST ∗
ω (ur′ | − ur ) × ur′

]
− eikω (r+r′ )Wω(−ur′ )[Sω(ur | − ur′ ) + ur × Sω(ur | − ur′ ) × ur′ ]}

)
, (C6)
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where we have introduced the auxiliary dyadic

Qω(ur |ur′ ) =
∫

donWω(n)Sω(ur |n) · ST ∗
ω (ur′ |n)

+ 2π i

kω

[Wω(ur′ )Sω(ur |ur′ )

− Wω(ur )ST ∗
ω (ur′ |ur )]. (C7)

By evaluating the limit r′ → r in the spectral density dyadic
Mωs, we can project the momentum flux along the radial
direction. Utilizing the left orthogonality of the scattering
dyadic, ur · Sω(ur |n) = 0 [see the first of Eqs. (A3), the radial
projection simplifies to

ur · [Mωs(r|r′)]r′→r ≈
r→∞

h̄k3
ω

16π3ε0
ur ·

∫
donWω(n)2In.

(C8)
Similarly, the trace of the dyadic Mωs evaluated at r′ = r
is obtained by applying the trace identity tr(V × A × V) =
V · A · V − V · V(trA), which exactly cancels the highly os-
cillating terms e±i2kωr , yielding

tr[Mωs(r|r′)]r′→r

≈
r→∞

h̄k3
ω

16π3ε0

(∫
don4Wω(n) + 2

r2
trQω(ur |ur )

)
, (C9)

where we have used the reality of Qω(ur |ur ) and the fact that
the trace of the transverse identity is tr(In) = 2. Substituting
Eqs. (C8) and (C9) into the definition of the scattering force
Fs in Eq. (C1), after some algebra we obtain

F =
∫

dω
h̄k3

ω

16π3

{
lim

r→∞

[
− 2r2

(∫
dorur

)
·
∫

donWω(n)nn

−
∫

dorur[trQω(ur |ur )]

]}
. (C10)

Because the integral of the radial unit vector over the full solid
angle identically vanishes (

∫
dorur = 0), by using the relation

tr[Sω(ur |ur ) − ST ∗
ω (ur |ur )] = 2i Im[trSω(ur |ur )], we obtain

Fs =
∫

dω
h̄k3

ω

16π3

∫
dorur

(
4π

kω

Wω(ur )Im[trSω(ur |ur )]

−
∫

donWω(n)tr[Sω(ur |n) · ST ∗
ω (ur |n)]

)
. (C11)

Finally, by suitably relabeling the angular integration vari-
ables, it is convenient to rewrite the previous expression in
the form

Fs[Wω(n)] =
∫

dω
h̄k3

ω

16π3

∫
donWω(n)

(
n

4π

kω

Im[trSω(n|n)]

−
∫

domm tr[Sω(m|n) · ST ∗
ω (m|n)]

)
, (C12)

where we have explicitly emphasized the functional depen-
dence of the scattering force Fs on the quantum weight of the
squeezed vacuum Wω(n).

2. Contribution from the medium-assisted sector

To evaluate the medium-assisted contribution Fem, rather
than directly computing the asymptotic behavior of the ker-

nels Gων , it is highly advantageous to exploit the fundamental
integral relation of Eq. (A9). By isolating the medium-assisted
term, we can write∑

ν

∫
d3sGων (r|s) · GT ∗

ων (r′|s)

= h̄k2
ω

πε0
Im[Gω(r|r′)] −

∫
donFωs(r|n) · FT ∗

ωs (r′|n).

(C13)

Substituting this identity into the definition of Mωem(r|r′) in
Eq. (C2), the medium-assisted spectral density dyadic natu-
rally splits into two distinct components

Mωem(r|r′) = M(0)
ω (r|r′) − M(1)

ωs (r|r′), (C14)

where M(0)
ω (r|r′) is the spectral density dyadic associated

with the baseline isotropic fluctuations, defined as

M(0)
ω (r|r′) = Wωem

h̄k2
ω

πε0
Im

(
Gω(r|r′)

− 1

k2
ω

∇r × Gω(r|r′) × ←∇r′

)
, (C15)

whereas

M(1)
ωs (r|r′) = WωemRe

∫
don

(
Fωs(r|n) · FT ∗

ωs (r′|n)

− 1

k2
ω

∇r × Fωs(r|n) · FT ∗
ωs (r′|n) × ←∇r′

)
(C16)

is exactly the scattering dyadic Mωs(r|r′) defined in Eq. (C2)
but evaluated for an isotropic angular weight Wωs(n) = Wωem.
By substituting the split dyadic of Eq. (C14) into the expres-
sion for Fem in Eq. (C1), the force separates accordingly as
Fem = F(0)

em − F(1)
em , where

F(0)
em = ε0

∫
dω

(
lim

r→∞ r2
∫

dorur ·
{
M(0)

ω (r|r′)

− 1

2

[
trM(0)

ω (r|r′)
]
I
}

r′→r

)
,

F(1)
em = ε0

∫
dω

(
lim

r→∞ r2
∫

dorur ·
{
M(1)

ωs (r|r′)

− 1

2

[
trM(1)

ωs (r|r′)
]
I
}

r′→r

)
. (C17)

The term F(0)
em represents the hypothetical thermal recoil

force the object would experience if it were maintained in
global thermal equilibrium within a perfectly isotropic radia-
tion bath at its own temperature. In such a scenario, as dictated
by global momentum conservation and detailed balance, an
isolated body cannot undergo spontaneous self-acceleration.
The momentum carried away by the emitted radiation is
perfectly counterbalanced in all directions, which physically
prevents self-propulsion. To rigorously prove that F(0)

em = 0,
it is instructive to separate the exact dyadic Green’s func-
tion in the vacuum region into its free-space and scattering
contributions, Gω = Gfs

ω + Gsc
ω , which correspondingly leads

to the splitting of the spectral density dyadic as M(0)
ω =
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M(0)fs
ω + M(0)sc

ω , thereby translating into the separation of
the baseline force into two parts: F(0)

em = Ffs + Fsc. For the
free-space contribution, evaluating the coincident limit r′ → r
yields the well-known result Im[Gfs

ω (r|r)] = (kω/6π )I. In-
cluding the magnetic double-curl term, the free-space spectral
dyadic reduces to the purely isotropic pressure dyadic, i.e.,
M(0)fs

ω = Wωem(h̄k3
ω/3π2ε0)I. Consequently, its angular inte-

gration over the closed spherical surface identically vanishes,
yielding Ffs = 0. For the scattering contribution Fsc, we evalu-
ate the far-field asymptotic expansion of the scattered Green’s
function as r, r′ → ∞, which takes the exact form

Gsc
ω (r|r′) ≈

r,r′→∞
eikω (r+r′ )

4πrr′ Sω(ur | − ur′ ). (C18)

By taking the coincident limit r′ → r (implying r′ = r
and ur′ = ur) and accounting for the magnetic contribution
through the double-curl operator, the scattering spectral den-
sity dyadic is explicitly found to be

M(0)sc
ω (r|r) ≈

r→∞
Wωem

h̄k2
ω

4π2ε0r2
Im{e2ikωr

× [Sω(ur | − ur ) − ur × Sω(ur | − ur ) × ur]}.
(C19)

From this expression, it is clear that the radial dependence
strictly factors into highly oscillatory terms e±2ikωr/r2. When
inserted into the force surface integral, the geometrical 1/r2

attenuation is exactly canceled by the spherical area measure
r2dor, leaving an integral over the spectrum dω of angu-
lar amplitudes modulated by the rapid phase e±2iωr/c. By
virtue of the Riemann-Lebesgue lemma, this frequency inte-
gration strictly vanishes in the limit r → ∞ due to complete
phase mixing, yielding Fsc = 0. This concludes the proof that
F(0)

em = 0.
The remaining term F(1)

em , by virtue of the expression for
M(1)

ωs given in Eq. (C16), can be written as F(1)
em = Fs[Wωem],

where Fs[Wωem] is, from Eq. (C12), the scattering contribution
to the force evaluated at Wωs(n) = Wωem. Physically, the term
F(1)

em represents the hypothetical scattering force the object
would experience if it were externally illuminated by a per-
fectly isotropic radiation bath of intensity Wωem. By virtue of
Kirchhoff’s law of thermal radiation, the directional emissiv-
ity of an object is fundamentally dictated by its directional
absorptivity. Consequently, the actual net momentum lost by
the body due to its own anisotropic thermal emission (−F(1)

em )
is exactly equal and opposite to this hypothetical scattering
force. Since the thermodynamic weight Wωem is isotropic and
thus independent of the angular variable n, it factors out of
the integration. Utilizing our previously derived expression
for Fs, we immediately obtain the exact expression for the
medium-assisted recoil force

Fem = −
∫

dω
h̄k3

ω

16π3
Wωem

∫
don

(
n

4π

kω

Im[trSω(n|n)]

−
∫

domm tr
[
Sω(m|n) · ST ∗

ω (m|n)
])

. (C20)

APPENDIX D: ELECTROMAGNETIC SCATTERING
FROM A HOMOGENEOUS SPHERE

In this appendix, we summarize the standard Mie theory
[48–50] and the corresponding optical cross sections for the
electromagnetic scattering by a nonmagnetic, homogeneous,
isotropic lossy sphere of radius a and complex permittivity εV

ω

(see Appendix A), which are employed in Sec. IV B. The wave
number inside the material is kV

ω = kω

√
εV
ω . The scattering

dyadic Sω(m|n) can be expanded in the basis of the standard
vector spherical harmonics Xnm(m) as [46]

Sω(m|n) = 4π i

kω

∞∑
n=1

n∑
m=−n

[anωm × Xnm(m)n × X∗
nm(n)

+ bnωXnm(m)X∗
nm(n)]. (D1)

The Mie scattering coefficients anω and bnω, which character-
ize the excitation of the transverse magnetic and transverse
electric modes, respectively, are given by

anω =
jn

(
kV
ω a

)
∂
∂a [a jn(kωa)] − 1

εV
ω

jn(kωa) ∂
∂a

[
a jn

(
kV
ω a

)]
jn

(
kV
ω a

)
∂
∂a

[
ah(1)

n (kωa)
] − 1

εV
ω

h(1)
n (kωa) ∂

∂a

[
a jn

(
kV
ω a

)] ,

bnω = jn
(
kV
ω a

)
∂
∂a [a jn(kωa)] − jn(kωa) ∂

∂a

[
a jn

(
kV
ω a

)]
jn

(
kV
ω a

)
∂
∂a

[
ah(1)

n (kωa)
] − h(1)

n (kωa) ∂
∂a

[
a jn

(
kV
ω a

)] ,

(D2)

where jn(z) are the spherical Bessel functions of the first
kind and h(1)

n (z) are the spherical Hankel functions of the
first kind. The macroscopic scalar optical cross sections [50]
can be formally derived from specific evaluations and an-
gular integrals involving the trace of the scattering dyadic.
Because the trace operator acts within the two-dimensional
transverse plane, it performs an unpolarized summation over
the two independent orthogonal polarization states. This sum-
mation inherently introduces a factor of 2 when mapping the
dyadic traces to the standard unpolarized scalar cross sections.
Specifically, the extinction cross section is determined via the
generalized optical theorem by evaluating the imaginary part
of the dyadic trace in the exact forward-scattering direction
(m = n). Analogously, the total scattering cross section is
obtained by integrating the differential scattered intensity, rep-
resented by the trace of the dyadic norm, over all outgoing
solid angles:

2σ ext
ω = 4π

kω

Im[trSω(n|n)],

2σ sca
ω =

∫
domtr

[
Sω(m|n) · ST ∗

ω (m|n)
]
. (D3)

By substituting the multipole expansion of the scattering
dyadic in Eq. (D1), these trace relations yield the standard Mie
series:

σ ext
ω = 2π

k2
ω

∞∑
n=1

(2n + 1)[Re(anω ) + Re(bnω )],

σ sca
ω = 2π

k2
ω

∞∑
n=1

(2n + 1)(|anω|2 + |bnω|2). (D4)
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The absorption cross section follows as σ abs
ω = σ ext

ω −
σ sca

ω . Furthermore, the asymmetry cross section σ
asym
ω =

σ sca
ω 〈cos θ〉, which weights the scattered intensity by the angu-

lar projection factor n · m = cos θ , satisfies the trace relation

2σ asym
ω =

∫
dom(n · m)tr

[
Sω(m|n) · ST ∗

ω (m|n)
]
, (D5)

which evaluates to the analytical series

σ asym
ω = 4π

k2
ω

∞∑
n=1

(
n(n + 2)

n + 1
Re(anωa∗

(n+1)ω

+ bnωb∗
(n+1)ω ) + 2n + 1

n(n + 1)
Re(anωb∗

nω )

)
. (D6)

Finally, the radiation-pressure cross section σ
pr
ω , which dic-

tates the net momentum transfer from the incident field to the
spherical object, is given by

σ pr
ω = σ ext

ω − σ asym
ω � 0. (D7)

APPENDIX E: ESTIMATION OF THE
ILLUMINATION-INDUCED THERMAL RECOIL

In this appendix, we estimate the upper bound of the
illumination-induced thermal gradient 	T and the associated
spurious thermal recoil force 	Fth for the a = 10 µm sili-
con sphere considered in Sec. VI B, quantitatively confirming
that the medium-assisted local thermal equilibrium remains
virtually unperturbed under the considered squeezed vacuum
illumination.

The directional momentum flux evaluated in Sec. VI B
corresponds to an equivalent radiation pressure Psq �
0.5 fN/µm2 = 5 × 10−4 N/m2. The associated equivalent
optical intensity is Isq = cPsq � 1.5 × 105W/m2. For a silicon
sphere of radius a = 10 µm (geometric cross section Ag =
πa2), the maximum possible absorbed power Pabs occurs if
the target is entirely opaque, yielding Pabs � IsqAg ≈ 47 µW.

To establish a strict upper bound for the temperature differ-
ence 	T between the illuminated (anterior) and shadowed
(posterior) hemispheres, we approximate the heat conduction
path as a cylinder of uniform cross section Ag and length 2a,
which inherently possesses a higher thermal resistance than
the actual spherical volume. Assuming an ambient thermal
equilibrium at room temperature T0 = 300 K and applying
Fourier’s macroscopic law of heat conduction, we obtain

	T ≈ Pabs

κAg
(2a) = 2Pabs

πκa
, (E1)

where κ ≈ 150 W/mK is the thermal conductivity of silicon
at T0. Evaluating this expression yields a maximal internal
thermal gradient of 	T ≈ 20 mK. Such a slight temperature
inhomogeneity breaks the exact spatial inversion symmetry
of the internal medium-assisted bath, causing the illuminated
hemisphere to emit more thermal radiation than the shadowed
one. The corresponding asymmetry in the radiated thermal
power 	Prad can be estimated via the linearized Stefan-
Boltzmann law evaluated around T0,

	Prad ≈ (4πa2εσB)4T 3
0 	T, (E2)

where σB is the Stefan-Boltzmann constant and we assume a
maximal thermal emissivity ε = 1. This yields a differential
radiated power 	Prad ≈ 1.5 × 10−10 W. Because the emitted
thermal photons carry momentum p = E/c, this anisotropic
emission generates a net macroscopic thermal recoil force

	Fth ≈ 	Prad

c
≈ 0.5 × 10−18 N ≈ 0.0005 fN. (E3)

This maximal spurious thermal recoil is more than five orders
of magnitude smaller than the predicted fluctuation-driven
optomechanical force (approximately 160 fN). Consequently,
the illumination-induced target heating is entirely negligible,
rigorously confirming the validity of the global inversion sym-
metry condition that dictates the nullification of the thermal
recoil functional (Fs[nω(βem)] = 0).
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