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Quantum technologies rely on high-quality resource states, such as maximally entangled or private states,
which are indispensable for quantum communication and cryptography. In practice, however, these states are
inevitably degraded by noise. Distillation protocols aim to recover high-resource states from multiple imperfect
copies, and while stabilizer-based methods have demonstrated high performance in entanglement purification,
they have yet to be established for broader tasks such as secret-key distillation. This work introduces a unified
framework for stabilizer-based resource distillation in systems of prime local dimension. By formulating
stabilizer routines as quantum channels and deriving closed-form expressions for their output, we enable the
application of stabilizer operations to general input states and diverse distillation objectives. We identify key
invariances in resource measures—such as coherent and private information—and demonstrate how they can be
leveraged to significantly reduce the numerical complexity of channel optimization. To illustrate the framework’s
versatility, we introduce several protocols: gF-IMAX for general fidelity optimization, and (S)CI-IMAX and
(S)PI-IMAX for optimizing (smooth) coherent and private information in both asymptotic and one-shot regimes.
Our numerical results confirm that these protocols effectively tailor stabilizer channels to specific operational
tasks, establishing them as a flexible tool for quantum resource distillation in highly noisy environments.
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I. INTRODUCTION

Quantum information processing relies fundamentally on
the availability of suitable quantum resources [1]. Depend-
ing on the task, these resources may take the form of static
objects such as quantum states or dynamic objects such as
quantum channels [2]. Static resources include entangled
states [3], private or secret-key states [4], and more exotic
forms such as data-hiding [5] or -locking [6] states. Each
of these enables specific operational advantages, from quan-
tum communication to cryptographic security (see Ref. [2]).
Realistic quantum systems are inevitably affected by noise
and imperfections. The process of transforming many noisy
states into fewer, highly resourceful ones is called distilla-
tion and plays a central role in quantum communication and
cryptography [7].

Two prominent examples are entanglement distillation
(also named entanglement purification) [8], which aims to
produce maximally entangled states, and secret-key distil-
lation [9,10], which generates states from which a secure
classical key can be extracted. Both tasks can be studied in
the asymptotic regime, where arbitrarily many copies of the
input state are available, and in the resource-limited one-shot
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regime [11], where only a single use of the distillation channel
is permitted. Distillation protocols are implemented through
local operations and classical communication (LOCC) in
the bipartite setting, or local operations and public com-
munication (LOPC) in the tripartite setting, including a
potentially adversarial party. Their performance can be char-
acterized by information-theoretic quantities that measure
a state’s usefulness for a given task (see Ref. [2] for a
comprehensive summary). Examples include the coherent in-
formation, the mutual and private information [7], and their
“smoothed” one-shot counterparts, such as the smooth con-
ditional max-entropy [12] and the hypothesis-testing mutual
information [13]. These quantities provide lower bounds on
the distillable entanglement or secret key and therefore serve
as natural optimization targets [14–16]. Many of these quanti-
ties can be described in terms of generalized divergences and
have properties [17] that make their computation tractable via
semidefinite programming [18–21].

Among the many entanglement distillation proto-
cols [8,22–27], the application of stabilizer codes [28,29]
to distillation [30] has recently proven particularly
powerful [31,32]. Leveraging a shared group structure of
stabilizers and Bell states, an entanglement distillation
protocol for bipartite qudits called FIMAX demonstrates
high performance regarding both distillation efficiency
and distillation effectiveness for highly mixed states. The
corresponding work [31] shows that stabilizer operations
can be tailored to maximize the increase of fidelity with the
maximally entangled state iteratively. Moreover, the action of
stabilizer operations on Bell-diagonal states admits a compact
description of corresponding output states in terms of the
input state, the chosen stabilizer, and the applied encoding.
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This raises a natural question: can these stabilizer methods be
generalized beyond fidelity optimization to enable resource
distillation guided by arbitrary information measures, thereby
producing states that are highly capable for a broad range of
quantum processing tasks?

This work develops such a general framework for systems
of prime local dimension. We begin in Sec. II by specify-
ing the setting and notation. Section III develops the main
results of this work that enable the stabilizer formalism for
general distillation tasks. In particular, in Sec. III A, we for-
malize the stabilizer routine used for entanglement distillation
as a quantum channel and extend it to the tripartite setting
of cryptographic scenarios, allowing its application to gen-
eral input states and various distillation tasks. We provide a
complete Kraus representation in terms of stabilizer measure-
ments and encodings. Section III B demonstrates how these
results can be leveraged for general stabilizer-based resource
state distillation by optimizing the stabilizer channels for dis-
tillation tasks that are characterized by certain information
measures. Following the identification of operational simplifi-
cations based on invariances of the corresponding information
measures in Sec. III C, we present several protocols to prove
the principle of stabilizer-based resource state distillation in
Sec. III D. These protocols include a generalization of FIMAX
optimizing the fidelity for non-Bell-diagonal states, as well
as applications to the (one-shot) entanglement and secret-key
distillation by optimizing other information measures. We
conclude our results in Sec. IV. Finally, Sec. V provides a con-
cise summary of preliminary results and established methods
used in this work.

II. SETTING AND NOTATION

In this section, we briefly introduce the notation relevant
for formulating the tasks of stabilizer-based secret-key and
entanglement distillation as a quantum channel. For a com-
pact introduction to these methods, the reader is referred to
Sec. V, providing more details on stabilizer-based operations
in Sec. V A, the distillation tasks in Sec. V B, and associated
information measures in Sec. V C.

We consider a setting of two parties Alice (A) and Bob
(B) and the potential adversary third party, Eve (E ). Let
HAB := HA ⊗ HB

∼= Cd ⊗ Cd be the Hilbert space of bipar-
tite quantum states with dimension of the subsystems d . We
restrict d to be a prime number. In this case, Zd := Z/dZ,
the quotient ring of integers with addition and multiplication
modulo d , is a field. We denote complex conjugation by (�)
and define it in the computational basis for operators. Let
H⊗N

AB := ⊗N
n=1 HAB

∼= H⊗N
A ⊗ H⊗N

B be the Hilbert space of
N-copy quantum states as shown in Fig. 1. D(HAB) denotes
the set of density operators on HAB. Pure states and their
density matrix are written using the same symbol, e.g., |ψ〉 ∈
H ↔ ψ = |ψ〉〈ψ | ∈ D(H). Alice and Bob hold N copies
of the state ρAB ∈ D(HA ⊗ HB), dim(HA) = dim(HB) = d ,
and aim to establish a target state depending on the distillation
task. In the bipartite setting of entanglement distillation, the
target is to produce maximally entangled states via LOCC (1),
while in the tripartite setting of secret-key distillation, they try
to create secret-key states via LOPC (2). We assume Alice and
Bob to hold the state ρAB, while in case the task is secret-key

FIG. 1. Hilbert space H⊗N
AB of N copies of a bipartite system

HAB = HA ⊗ HB.

distillation, the third party, Eve, is assumed to possess the
purifying system HE for the purification φABE of the state ρAB,
giving her a strong position as any extension of ρAB is related
to φABE by a local transformation on her system [2].

Any LOCC channel, i.e., completely positive trace-
preserving map, used in the bipartite setting of entanglement
distillation can be written as

LAB =
∑

z

Lz
A ⊗ Lz

B (1)

and acts on the state ρAB. Lz
A and Lz

B are completely positive
maps, such that the composite map is trace preserving. The
corresponding tripartite LOPC channel, used in the setting of
secret-key distillation, acts on the purification φABE and reads

LABE =
∑

z

Lz
A ⊗ Lz

B ⊗ 1E ⊗ |z〉〈z|E , (2)

considering that any classical communication between Alice
and Bob is also known to Eve. Quantum states and channels
are labeled by the parties that own the systems in the state.
If it is not explicitly relevant, we omit specific labels for
systems. For example, a state of the systems A1 and A2, both
in possession of Alice and formally written ψA1,A2 , is written
as ψA. Marginal states are labeled by a subset of systems,
for example ψAE := TrB[ψABE ]. Since all considered quantum
operations are local, we also label the channels with A, B, E ,
according to the parties that perform operations and omit
system labels, if possible. For example, a channel mapping
the systems B1 and B2 to E1, where B1 and B2 belong to Bob
and E1 to Eve, is denoted as LBE if the specific systems and
the channel direction are not relevant. Otherwise, we write
explicitly LB1B2→E1 . Moreover, if a channel, say LAB, corre-
sponds only to a subset of the parties holding a state, say ψABE ,
we identify LAB(ψABE ) := LAB ⊗ idE (ψABE ). Isometries are
denoted by capital letters V , labeled as VA if only the owner of
the systems they act on is relevant, or as VA1→A2 if the explicit
systems the operator acts on are specified. Unitary operators
are named by capital U .

III. RESULTS

A. The stabilizer routine as a quantum channel

In this section, we define the quantum channel correspond-
ing to the stabilizer distillation routine, making it directly
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available to any bipartite input state and allowing us to extend
the distillation setting to a tripartite setting relevant for the
distillation of secret-key states.

1. The stabilizer distillation routine

In Ref. [30], a protocol using stabilizer codes for en-
tanglement distillation has been introduced, which has been
generalized and analyzed in detail in Ref. [31]. If successful,
the recurrently applied bipartite [N, K] distillation protocol
transforms N copies of a bipartite input state ρAB ∈ D(H⊗N

AB )
into K copies of a highly entangled bipartite output state
σ

x,y
AB ∈ D(H⊗K

AB ) via LOCC. For a summary of the formalism
for stabilizers and related results, see Sec. V A.

Given a stabilizer S with encodings U (|x〉 ⊗ |k〉) =
|ux,k〉 and U �(|y〉 ⊗ |l〉) = |u�

y,l〉, x, y ∈ Z p
d , k, l ∈ ZN−p

d , and
corresponding projective stabilizer measurements P (x, y) :
H⊗N

AB → Q(x) ⊗ Q�(y). One iteration of the protocol includes
the following steps.

(1) Alice and Bob perform local stabilizer measurements
with outcomes x, y.

(2) Bob sends Alice his measurement outcome y. Alice
may declare failure of the protocol depending on x and y.

(3) Alice and Bob apply the inverse of stabilizer encodings
U (Alice) and U � (Bob) on H⊗N

A and H⊗N
B .

The state after steps 1–3 can be written as

(U ⊗ U �)†P (x, y)ρABP (x, y)(U ⊗ U �)

P (x, y)

= |x〉〈x| ⊗ |y〉〈y| ⊗ σ
x,y
AB , (3)

where the first p qudits contain the measurement outcomes
and σ

x,y
AB is the output state to be used in the following it-

erations. Here, P (x, y) = Tr[P (x, y) ρAB] corresponds to the
probability of obtaining the measurement outcomes x, y.

2. The bipartite stabilizer channel

Since, by definition, the codewords |ux,k〉 ⊗ |u�
y,l〉 form a

basis of the joint codespaces Q(x) ⊗ Q�(y), we can write

PA(x) =
∑
k∈Zd

|ux,k〉〈ux,k|, (4)

P�
B(y) =

∑
l∈Zd

|u�
y,l〉〈u�

y,l |, (5)

P (x, y) =
∑

k,l∈Zd

|ux,k〉〈ux,k| ⊗ |u�
y,l〉〈u�

y,l |. (6)

Now consider the postmeasurement state for the input state
ρAB ∈ H⊗N

AB and measurement outcomes x, y ∈ Z p
d , stored in

the additional classical registers X (belonging to Alice) and Y
(belonging to Bob), followed by the application of the inverse
encoding according to steps 1–3 of the stabilizer distillation
routine presented in Sec. III A 1:

Lx,y
AB (ρAB) := |x, y〉〈x, y|X ⊗ |y〉〈y|Y

⊗ (U
AB⊗ U �)†P (x, y)ρABP (x, y)(U

AB⊗ U �)

P (x, y)
. (7)

Considering all measurement outcomes, we define the bipar-
tite stabilizer routine channel as

LAB(ρAB) :=
∑
x,y

|x〉〈x|X ⊗ |y〉〈y|Y ⊗ (U
AB⊗ U �)†

× P (x, y)ρABP (x, y)(U
AB⊗ U �). (8)

Introducing the operators

Mx
A :=

∑
k

(|x〉 ⊗ |k〉)〈ux,k| = U †PA(x),
(
Mx

A : H⊗N
A → H⊗N

A

)
, (9)

M�y
B :=

∑
l

(|y〉 ⊗ |l〉)〈u�
y,l | = (U �)†P�

B(y),
(
M�y

B : H⊗N
B → H⊗N

B

)
, (10)

Kx,y
AB := |x〉X ⊗ |y〉Y ⊗ Mx

A ⊗ M�y
B ,

(
Kx,y

AB : H⊗N
AB → HXY ⊗ H⊗N

AB

)
, (11)

we have

LAB(ρAB) =
∑
x,y

|x〉〈x|X ⊗ |y〉〈y|Y ⊗ (
Mx

A ⊗ M�y
B

)
ρAB

(
Mx†

A ⊗ My†
B

) =
∑
x,y

Kx,y
AB ρABKx,y†

AB . (12)

Note that
∑

x,y Kx,y†
AB Kx,y

AB = 1AB. Hence, the Kx,y
AB are Kraus operators for the quantum channel LAB. We call this channel the

“bipartite stabilizer channel.”
For fixed measurement outcomes x, y, the output state σ

x,y
AB := Lx,y

AB (ρAB) can be written in terms of Kx,y
AB as follows:

σ
x,y
AB = Kx,y

AB ρABKx,y†
AB

Tr
[
Kx,y

AB ρABKx,y†
AB

] = 1

P (x, y)
Kx,y

AB ρABKx,y†
AB . (13)

3. The tripartite stabilizer channel

In the setting of quantum cryptography, e.g., for the distil-
lation or distribution of secret keys, we consider a tripartite
setting by including the adversary party “Eve” holding the
system E . We assume that Eve holds a purification φABE of

the state ρAB and that she can perform any local operation
on her system. Additionally, public classical communication
is assumed. So any classical information sent between Alice
and Bob is also known to Eve, and an LOCC channel be-
comes an LOPC channel. In the following, we assume that all

012421-3



POPP, SUTTER, AND HIESMAYR PHYSICAL REVIEW A 114, 012421 (2026)

measurement outcomes are communicated in public. Consider
the purification based on the spectral decomposition of ρAB in
terms of its eigenstates {|�m〉}m∈{0,...,r−1} with r = rank(ρAB)
and nonzero eigenvalues λm:

ρAB =
∑

m

λm|�m〉〈�m|AB, (14)

φABE = |φ〉〈φ|ABE =
∑
m,n

√
λmλn|�m〉〈�n|AB ⊗ |m〉〈n|E .

(15)

Here {|m〉}m is a basis of the purifying system with dimension
r. The tripartite channel corresponding to the bipartite stabi-
lizer distillation channel is defined as

LABE (φABE ) := LAB ⊗ idE (φABE ) (16)

=
∑
x,y

Kx,y
AB ⊗ 1EφABE Kx,y†

AB ⊗ 1E , (17)

from which we read off the Kraus operators K̂x,y = Kx,y
AB ⊗ 1E .

We call this channel the “tripartite stabilizer channel.”
Let {|	(e)〉}e∈ZN

d
be the N-copy Bell basis (see Defini-

tion 2) of H⊗N
AB . Writing

|�m〉〈�n|AB = ∑
e, f βm,n

e, f |	(e)〉〈	( f )|AB in this basis,
φABE takes the form

φABE =
r−1∑

m,n=0

∑
e, f ∈ZN

d

√
λmλnβ

m,n
e, f |	(e)〉〈	( f )|AB ⊗ |m〉〈n|E

(18)

=:
∑
m,n,
e, f

αm,n
e, f |	(e)〉〈	( f )|AB ⊗ |m〉〈n|E . (19)

For a Bell-diagonal input state ρAB = ∑
m pm|	(m)〉〈	(m)|

this simplifies to

φABE =
r−1∑

m,n=0

√
pm pn|	(m)〉〈	(n)|AB ⊗ |m〉〈n|E . (20)

In Ref. [31] it is demonstrated that the action of stabilizer
operations on Bell states |	(e)〉 can be specified by so-called
action operators T U,e

x , of dimension d⊗N−p and characterized
by (see Lemma 1)

U †W (e)U =
∑
x∈Z p

d

|x + s〉〈x| ⊗ T U,e
x+s . (21)

Here, s = s(e) ∈ Zd is the “syndrome” of e and depends on
the stabilizer and the error e. The unitary operators T depend
on the encoding U , the error e, and the measurement outcome
x. Assuming the encoding U to be fixed, we omit the label and
write simply T e

x .
The forms of the operators Mx

A = ∑
k (|x〉 ⊗ |k〉)〈ux,k| and

M∗y
B = ∑

l (|y〉 ⊗ |l〉)〈u�
y,l | (9) and (10) together with (21) now

imply

Mx
A ⊗ M∗y

B |	(e)〉
= (

Mx
A ⊗ M∗y

B

)
(W (e) ⊗ 1)(U ⊗ U �)|	0,0〉⊗N (22)

= (|x〉〈x − s| ⊗ T e
x

) ⊗ (|y〉〈y|) ⊗ 1)|	0,0〉⊗N (23)

= 1

d p/2
δx−y,s(|x〉 ⊗ |y〉) ⊗ (

T e
x ⊗ 1

)|	0,0〉⊗N−p. (24)

One then finds for the output of the tripartite stabilizer distil-
lation channel for the input of (18)

LABE (φABE ) =
∑
x,y,
m,n,

e, f ∈E (x−y)

αm,n
e, f

1

d p
|x, y〉〈x, y|XY Z

⊗ [(
T e

x ⊗ 1
)
	

⊗N−p
0,0

(
T f †

x ⊗ 1
)]

AB ⊗ |m〉〈n|E .

(25)

For fixed measurement outcomes x, y, stored in the classical
registers X,Y, Z of Alice, Bob, and Eve, the tripartite post-
measurement output state of only the nonclassical systems
A, B, E is

τ
x,y
ABE = 〈x, y|XY Z ⊗ 1ABE

(
K̂x,yφABE K̂†

x,y

Tr[K̂x,yφABE K̂†
x,y]

)
|x, y〉XY Z ⊗ 1ABE (26)

= 1

P (x, y)

∑
m,n,

e, f ∈E (x−y)

αm,n
e, f

1

d p

[(
T e

x ⊗ 1
)
	

⊗N−p
0,0

(
T f †

x ⊗ 1
)]

AB ⊗ |m〉〈n|E , (27)

where we used the fact that the only trace-decreasing op-
eration in LABE for fixed x, y is the bipartite stabilizer
measurement via P (x, y) and that φABE is the purification of
ρAB, implying P (x, y) = Tr[K̂x,y φABE K̂†

x,y].

B. Principle and relevant objects for stabilizer-based
resource distillation

In this section we show how to optimize the stabilizer chan-
nels so that their bipartite and tripartite output states are highly
potent for operational tasks like entanglement and secret-key
distillation.

The capability of general quantum states for the entan-
glement and secret-key distillation tasks can be characterized
or lower-bounded via generalized information quantities. We
summarize methods of how to do so in Secs. V B and V C.
The principle of stabilizer-based resource state distillation is
as follows: depending on the distillation task, we choose an
information quantity that measures the corresponding capa-
bility of a quantum state. Leveraging the precise output form
of the stabilizer channels, we optimize the channel regard-
ing the stabilizer, encoding, and measurement outcome such
that the information measure for the channel output becomes
maximized. This procedure can be iterated, effectively distill-
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ing target resource states that are optimal for the operational
task as measured by the chosen information quantity. In the
following, we determine relevant states and information mea-
sures for entanglement and secret-key distillation and leverage
their properties to simplify the optimization of the distillation
channel.

1. Relevant states and measures for entanglement distillation

Tracing out the system E from the tripartite output
state (26), the general bipartite output state (13) takes the
specific form

σ
x,y
AB = 1

P (x, y)
Kx,y

AB ρABKx,y†
AB

= 1

P (x, y)

∑
m

e, f ∈E (x−y)

αm,m
e, f

1

d p

[(
T e

x ⊗1
)
	

⊗N−p
0,0

(
T f †

x ⊗1
)]

AB.

(28)

In the one-shot setting, we leverage Theorem 3 to determine
the smooth max-relative entropy H ε

max(σ x,y
AB ) as an information

measure to be optimized for distilling resource states with a
high capability for entanglement distillation.

In the asymptotic setting, Theorem 4 implies that the
coherent information IA〉B

c (σ x,y
AB ) is an achievable rate for

entanglement distillation and therefore provides a suitable
information measure for optimization.

2. Relevant states and measures for secret-key distillation

For the task of secret-key distillation, consider the out-
put (26) of the tripartite stabilizer distillation channel, given
the outcome x, y:

τ
x,y
ABE := 1

P (x, y)

∑
m,n,

e, f ∈E (x−y)

αm,n
e, f

[(
T e

x ⊗ 1B
)

× 	
⊗N−p
0,0

(
T f †

x ⊗ 1B
)]

AB ⊗ |m〉〈n|E . (29)

To draw a key from this state, Alice and Bob apply local
measurements to their system, whose action is given by the
local measurement or dephasing channels DA/B(·) in (48).
Assume that Alice applies DA to the output state:

χ
x,y
ABE := DA

(
τ

x,y
ABE

) = 1

P (x, y)

∑
m,n,

e, f ∈E (x−y),
i,k,l∈ZN−p

d

αm,n
e, f 〈i|T e

x |k〉〈l|T f †
x |i〉|i〉〈i|A ⊗ |k〉〈l|B ⊗ |m〉〈n|E . (30)

To evaluate this state regarding its usefulness for secret-key generation, we consider the reduced bipartite states:

χ
x,y
AB := TrE [χABE ] = 1

P (x, y)

∑
m,

e, f ∈E (x−y),
i,k,l∈Zd

αm,m
e, f 〈i|T e

x |k〉〈l|T f †
x |i〉|i〉〈i|A ⊗ |k〉〈l|B, (31)

χ
x,y
AE := TrB[χABE ] = 1

P (x, y)

∑
m,n,

e, f ∈E (x−y),
i∈Zd

αm,n
e, f 〈i|T e

x T f †
x |i〉|i〉〈i|A ⊗ |m〉〈n|E . (32)

In the one-shot setting, Theorem 5 implies that the difference
of the hypothesis testing mutual information Iε

H (χ x,y
AB ) and the

smooth max-mutual information Iε
max(χ x,y

AE ) provides achiev-
able rates for the one-shot secret-key distillation, given certain
smoothing parameters ε and ε. Optimization of this difference
by varying ε, ε, and the channel output τ

x,y
ABE (determining χAB

and χAE ) hence optimizes the resource for one-shot secret key
distillation.

Likewise, in the asymptotic setting, the so-called private
information I (χABE ) := I (χAB) − I (χAE ) provides an achiev-
able rate according to Theorem 6 and serves as a quantity to
be optimized via stabilizer channels.

C. Simplifications for local isometric and unitary invariance

In Ref. [17], it is shown that all considered divergence-
based measures, as discussed above and defined in Sec. V,
are invariant under local isometric or unitary transformations.
We leverage this property in two ways. First, we show that a
different choice of encoding for the stabilizer channel corre-
sponds to a local unitary transformation of the output state.

Hence, given a certain information measure, the choice of en-
coding is irrelevant for finding the optimal stabilizer channel if
the information measure is invariant. Second, we show that the
tripartite purification of the bipartite stabilizer channel output
is related to the output of the tripartite channel by a local
isometric transformation. Given a local isometric invariant
information measure in the tripartite distillation setting, the
purification of the bipartite channel output can be considered
instead of the tripartite channel output. This effectively re-
duces the dimension of the states to evaluate and therefore
brings significant performance improvements for calculating
the information measure for distillation.

1. Local unitary equivalence of encodings

We now show that a change of stabilizer encoding implies
a unitary transformation of the bipartite output state, acting
locally on the systems A and B. Following Proposition 6 of
Ref. [31], given a stabilizer encoding U , for any other sta-
bilizer encoding V , there exist unitary matrices Zk , such that
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V = U (
∑

k |k〉〈k| ⊗ Zk ) and T V,e
x = Z†

x T U,e
x Zy. This implies for the output state (28) using the encoding V

σ
x,y,V
AB = 1

P (x, y)

∑
m

e, f ∈E (x−y)

αm,m
e, f

1

d p

(
Z†

x T U,e
x Zy ⊗ 1

)
	

⊗N−p
0,0

(
Z†

x T U, f
x Zy ⊗ 1

)†

= 1

P (x, y)

∑
m

e, f ∈E (x−y)

αm,m
e, f

1

d p

(
Z†

x T U,e
x ⊗ ZT

y

)
	

⊗N−p
0,0

(
Z†

x T U, f
x ⊗ ZT

y

)†

= 1

P (x, y)

∑
m

e, f ∈E (x−y)

αm,m
e, f

1

d p

(
Z†

x ⊗ ZT
y

)(
T U,e

x ⊗ 1
)
	

⊗N−p
0,0

(
T U, f

x ⊗ 1
)†(

Zx ⊗ Z�
y

)

= (
Z†

x ⊗ ZT
y

)
σ

x,y,U
AB (Zx ⊗ Z�

y ). (33)

Note that the coefficients α only depend on the input state and
that the probabilities P (x, y) only depend on the codespaces
Q(x) ⊗ Q(y) and not on the choice of encoding, i.e., their ba-
sis. Also, for the second equation, we used the “transpose (T )
trick,” holding for any matrix M ∈ CdA×dB : M ⊗ 1|	0,0〉 =
1 ⊗ MT |	0,0〉.

Equivalently, one finds for the tripartite channel output

τ
x,y,V
ABE = (

Z†
x ⊗ ZT

y

)
ABτ

x,y,U
ABE (Zx ⊗ Z�

y )AB. (34)

Consequently, any information measure that is invariant under
local unitary transformations is invariant under change of en-
codings for the stabilizer channel when measuring the channel
output.

2. Local isometric equivalence of purifications

We now show that the tripartite purification ψ
x,y
ABE ′ of the

bipartite output state σ
x,y
AB of the bipartite channel LAB for

a certain measurement outcome x, y is related to the post-
measurement output state τ

x,y
ABE of the tripartite channel LABE

applied to the purification φABE of the input state ρAB.
By (8) and (16), the channel LABE consists of a projective

measurement followed by a unitary transformation. Given the
purification of the input state φABE , applying LABE and pro-
jecting to the measurement outcomes x, y, the resulting state
τ

x,y
ABE is also a pure state. We have for the purification ψ

x,y
ABE ′

of the bipartite output state σ
x,y
AB and the tripartite output state

τ
x,y
ABE

TrE ′
[
ψ

x,y
ABE ′

] = σ
x,y
AB = TrE

[
τ

x,y
ABE

]
. (35)

Hence, both ψ
x,y
ABE ′ and τ

x,y
ABE are purifications of σ

x,y
AB and as

such related by an isometry VE ′→E [2], mapping one purifica-
tion system to the other:

τ
x,y
ABE = VE ′→Eψ

x,y
ABE ′V

†
E ′→E . (36)

As the isometry only acts on the purifying system, also the
locally dephased states satisfy this relation:

χ
x,y
ABE = DA

(
τ

x,y
ABE

)
= DA

(
VE ′→Eψ

x,y
ABE ′V

†
E ′→E

)
= VE ′→EDA

(
ψ

x,y
ABE ′

)
V †

E ′→E

=: VE ′→Eζ
x,y
ABE ′V

†
E ′→E , (37)

where we defined the partially dephased state ζ
x,y
ABE ′ =

DA(ψx,y
ABE ′ ) based on the purification ψ

x,y
ABE ′ . Consequently, the

reduced states χAB (31) and χAE (32) satisfy

χ
x,y
AB = ζ

x,y
AB , (38)

χ
x,y
AE = VE ′→Eζ

x,y
AE ′V

†
E ′→E . (39)

Note that because E ′ is a purification system for the dN−p-
dimensional output state σ

x,y
AB , E ′ can be chosen to be

d2(N−p)-dimensional if σ
x,y
AB has full rank. The system E used

for the purification of the dN -dimensional input state ρAB,
however, needs to be d2N -dimensional if ρAB has full rank.
Hence, considering states based on E ′ has computational
advantages, for the calculation of quantities that are invari-
ant under isometric transformations on the purifying system.
Since the Hilbert-space dimension grows exponentially with
the number of qudits, this reduction lowers the computational
complexity of stabilizer-based protocols—such as the SPI-
IMAX protocol introduced below—by orders of magnitude,
transforming otherwise intractable optimizations into feasible
numerical tasks.

D. Defining stabilizer-based resource distillation protocols

In this section, we define specific protocols that demon-
strate the principle of stabilizer-based resource distillation.
We consider the operational tasks of entanglement distillation
(see Sec. V B 1) and secret-key distillation (see Sec. V B 2)
and define protocols that optimize corresponding information
measures via stabilizer operations.

1. Entanglement distillation

The first example extends the recently introduced FIMAX
protocol [31]. Using a specific “canonical encoding Uc,” FI-
MAX requires Bell-diagonal states to increase the fidelity
with the maximally entangled state F (ρ) := 〈	0,0| ρ |	0,0〉.
For two copies of the input state and prime dimension, FI-
MAX is proven to maximize the fidelity increase per iteration
for Bell-diagonal states among stabilizer-based distillation
protocols. Leveraging the general output of the bipartite stabi-
lizer channel σ

x,y
AB , we define the “generalized fidelity increase

maximizing (gF-IMAX)” protocol that is applicable for all
two-copy input states in prime dimension.
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FIG. 2. Protocol comparison of mean distillation efficiencies to reach a target fidelity of 0.9 depending on the fidelity of pure states. Each
data point represents the mean efficiency for a group of 1000 bipartite entangled input states with fidelities rounded to one digit for local
dimensions d = 2 (left) and d = 3 (right). The efficiency is defined as the inverse of the required number of input states to produce one output
state with fidelity larger than the target fidelity. To generate these results, we used the methods implemented in Ref. [33].

(a) gF-IMAX protocol. Let ρAB be any bipartite state shared
between Alice and Bob with prime dimensions dim(HA) =
dim(HB) = d and let Uc be the canonical encoding (see
Ref. [31]) for two copies of ρAB. The following steps are
recurrently applied.

(1) For each stabilizer S, all measurement outcomes
x, y ∈ Zd , and all k, l ∈ Zd , Alice computes Fk,l (σ

x,y
AB ) =

〈	k,l | σ
x,y
AB |	k,l〉 for the corresponding post-measurement

stabilizer channel outputs σ
x,y
AB as in (28).

(2) Alice determines the configuration (Smax, xmax,

ymax, kmax, lmax) that maximizes Fk,l (σ
x,y
AB ) and communicates

it to Bob.
(3) Alice and Bob apply the stabilizer channel correspond-

ing to Smax with the canonical encoding Uc and determine their
outcomes x, y. If x �= xmax or y �= ymax, they declare failure of
the protocol.

(4) Alice applies the unitary Weyl-Heisenberg transforma-
tion W †

kmax,lmax
(·) Wkmax,lmax (see Definition 1) locally to her

output.
Although both increase the fidelity by using the stabilizer

operations with the canonical encoding, there are relevant
differences between gF-IMAX and FIMAX. First, unlike FI-
MAX for Bell-diagonal states, the canonical encoding does
not imply a maximal increase of fidelity in each iteration
among all stabilizers, encodings, and measurement outcomes.
Depending on the input state, some other encoding may
achieve better performance. Second, the condition for failure
of FIMAX is given by the difference of measurement out-
comes s := x − y �= smax. This is because for Bell-diagonal
states, the channel output only depends on the syndrome, i.e.,
the difference of measurement outcomes s = x − y, which

does not hold for general input states. gF-IMAX fails unless
precisely x = xmax and y = ymax, implying a higher probabil-
ity of failure due to stricter postselection, and thus a negative
impact on the protocol efficiency. On the other hand, to apply
FIMAX to non-Bell-diagonal states, a twirl to Bell-diagonal
form is required, generally inducing additional noise. As this
is not the case for gF-IMAX, it may be more efficient for non-
Bell-diagonal states. This is demonstrated in Fig. 2, where the
efficiency of distilling states is shown in dependence on the
input fidelity of random pure states. The performance of gF-
IMAX exceeds FIMAX for certain low-fidelity regions, while
FIMAX is superior for higher fidelities. For more general
resource distillation protocols, we consider other quantities
than the fidelity to optimize with stabilizer channels. Theo-
rem 3 states that the negative smooth conditional max-entropy
(−H ε

max) (Definition 18), also denoted as “smooth coherent
information,” defines a lower bound on the one-shot distillable
entanglement. We want to optimize this quantity via stabilizer
operations. According to Ref. [17], H ε

max(ρAB) is invariant
under local unitary transformation of the bipartite state ρAB.
Due to the results of Sec. III C 1, all channels for some stabi-
lizer with different encodings U produce output states σ

x,y,U
AB

with equal smooth conditional max-entropy H ε
max(σ x,y,U

AB ).
To maximize the smooth coherent information (−H ε

max), it
consequently suffices to consider different stabilizers with
fixed arbitrary encodings. We define the “smooth coherent
information increase maximizing (SCI-IMAX)” protocol as
follows.

(b) SCI-IMAX protocol. Let ρAB be any bipartite state
shared between Alice and Bob with prime local dimensions
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FIG. 3. Resource state distillation based on three optimization quantities for d = 2. Starting with the isotropic state ρ(p) =
p |	0,0〉〈	0,0| + (1 − p) πmm for p = 0.7 and where πmm is the maximally mixed state, different optimization quantities are iteratively
increased. For the evaluation of the smooth coherent information (−H ε

max) (used for SCI-IMAX) we use the semidefinite program (SDP)
presented in Ref. [20]. For the smooth private information (used for SPI-IMAX), Iε

H can also be evaluated by an SDP [2]. The smooth
max-mutual information Iε

max is approximated by the SDP-based algorithm given in Ref. [21]. The smoothing parameters ε, ε are both set to
0.1. The protocols are iterated until the optimization quantity is larger than 90% of the maximally achievable value. For all protocols we use
the implementation of Ref. [33].

dA = dB and ε ∈ (0, 1). The following steps are recurrently
applied.

(1) For each stabilizer S Alice and Bob fix an arbitrary
encoding US .

(2) For all S and all measurement outcomes x, y, Alice
computes H ε

max(σ x,y
AB ) for the corresponding postmeasurement

stabilizer channel outputs σ
x,y
AB (28).

(3) Alice determines the configuration (Smax, xmax, ymax)
that maximizes [−H ε

max(σ x,y
AB )] and communicates it to Bob.

(4) Alice and Bob apply the stabilizer channel correspond-
ing to Smax with the arbitrary encoding USmax and determine
their outcomes x, y. If x �= xmax or y �= ymax, they declare
failure of the protocol.

According to Theorem 4, the coherent information IA〉B
c

(Definition 16) provides a lower bound for the distillable
entanglement in the asymptotic setting. This quantity is also
invariant under local unitaries [17] and consequently under
a change of encodings. We therefore define the “coherent
information increase maximizing (CI-IMAX)” protocol.

(c) CI-IMAX protocol. Let ρAB be any bipartite state shared
between Alice and Bob with prime local dimensions dA = dB.
The following steps are recurrently applied.

(1) For each stabilizer S Alice and Bob fix an arbitrary
encoding US .

(2) For all S and all measurement outcomes x, y, Alice
calculates IA〉B

c (σ x,y
AB ) for the corresponding postmeasurement

channel outputs σ
x,y
AB (28).

(3) Alice determines the configuration (Smax, xmax, ymax)
that maximizes IA〉B

c (σ x,y
AB ) and communicates it to Bob.

(4) Alice and Bob apply the stabilizer channel correspond-
ing to Smax with the arbitrary encoding USmax and determine
their outcomes x, y. If x �= xmax or y �= ymax, they declare
failure of the protocol.

Figure 3 shows how the coherent information and the
smooth coherent information are increased by applying

the corresponding protocols to an isotropic input state. For the
numericals, the implementation of BellDiagonalQudits.jl [33]
is used.

2. Secret-key distillation

Theorem 6 states that the hypothesis testing mutual in-
formation Iε

H (Definition 17) and the smooth max-mutual
information Iε

max (Definition 18) define a lower bound for the
one-shot distillable secret key. More precisely, for parameters
ε and ε, we consider Iε

H (χ x,y
AB ) − Iε

max(χ x,y
AE ), where χ

x,y
AB (31)

and χ
x,y
AE (32) are the dephased marginals of the tripartite

stabilizer channel output. We also call this expression “smooth
private information.” As shown in Ref. [17], Iε

H is invariant
under local isometric transformations, while Iε

max is invari-
ant under unitary transformations in the first subsystem and
isometric transformations in the second system. This implies,
on the one hand, that the choice of stabilizer encoding is not
relevant for maximizing these quantities. On the other hand, as
shown in Sec. III C 2, when evaluating Iε

max, we may consider
the state ζ

x,y
AE ′ as in (39) instead of the higher dimensional χ

x,y
AE

of (32). We define the “smooth private information increase
maximizing (SPI-IMAX)” protocol as follows.

(a) SPI-IMAX protocol. Let ρAB be any bipartite state
shared between Alice and Bob with prime local dimensions
dA = dB and ε, ε ∈ (0, 1).

(1) For each stabilizer S, Alice and Bob fix an arbitrary
encoding US .

(2) For all S and all measurement outcomes x, y, Alice cal-
culates Iε

H (ζ x,y
AB ) − Iε

max(ζ x,y
AE ) for the corresponding dephased

tripartite postmeasurement channel outputs ζ
x,y
AB and ζ

x,y
AE as

in (38) and (39).
(3) Alice determines the configuration (Smax, xmax, ymax)

that maximizes Iε
H (ζ x,y

AB ) − Iε
max(ζ x,y

AE ) and communicates it to
Bob.
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(4) Alice and Bob apply the stabilizer channel correspond-
ing to Smax with the arbitrary encoding USmax and determine
their outcomes x, y. If x �= xmax or y �= ymax, they declare
failure of the protocol.

Figure 3 below includes this protocol for an isotropic input
state.

(b) PI-IMAX protocol. The private information Ip (see
comment below Theorem 6) provides a lower bound of the
distillable secret key in the asymptotic setting. It is straight-
forward to define a similar protocol to the ones introduced
above that maximizes the increase of private information
among all stabilizer-based protocols. However, it turns out
that such a protocol is equivalent to the bipartite CI-IMAX
protocol that maximized the coherent information. To see
this, we again use the results of Sec. III C. First, we have
Ip(χ x,y

ABE ) = Ip(ζ x,y
ABE ′ ) with the states of (37)–(39). Consider-

ing that ζ
x,y
ABE ′ := DA(ψx,y

ABE ′ ) for the purification ψ
x,y
ABE ′ of the

bipartite output state σ
x,y
AB , the private information of the state

satisfies Ip(ζ x,y
ABE ′ ) = IA〉B

c (σ x,y
AB ) (see Ref. [7]). Consequently,

applying the bipartite protocol CI-IMAX of Sec. III D 1 also
maximizes the increase of private information, and PI-IMAX
is equivalent to CI-IMAX.

IV. CONCLUSION

In this work, we have formulated the stabilizer distillation
routine—originally introduced in Ref. [30] and further devel-
oped in Ref. [31]—as a quantum channel. This perspective
provides a unified framework for stabilizer-based methods,
extending their application from bipartite entanglement dis-
tillation to tripartite secret-key distillation and general input
states.

We derived explicit Kraus representations for both bipar-
tite and tripartite stabilizer channels, parametrized by the
choice of stabilizer and encoding. Leveraging the shared
group structure of stabilizers and Bell states [31], we obtained
closed-form expressions for the resulting output states. These
expressions establish a general framework for stabilizer-
based resource distillation: for any information-processing
task characterized by a specific measure, one can evaluate that
measure on the channel outputs and optimize the stabilizer
channel to maximize the resource increase under iterative
application. Key examples demonstrated here include the
(smooth) coherent information for (one-shot) entanglement
distillation and the (smooth) private information for (one-
shot) secret-key distillation.

To ensure this optimization remains computationally
tractable, we leveraged local invariances within the rele-
vant information measures. Specifically, we demonstrated
invariance under changes of stabilizer encodings and, in the
tripartite setting, under the choice of the purification system.
These invariances significantly reduce the numerical com-
plexity of the optimization, effectively transforming otherwise
intractable tasks into feasible numerical optimizations.

We provided several proofs of concept illustrating the
versatility of stabilizer channels for resource-state distilla-
tion. First, we generalized the FIMAX protocol [31] to
gF-IMAX, which optimizes fidelity for arbitrary input states.
Initial numerical tests on random pure states indicate that
gF-IMAX can outperform the standard FIMAX protocol in

specific regimes. Second, we introduced CI-IMAX and SCI-
IMAX to optimize coherent information in the asymptotic
and one-shot regimes, respectively. As coherent information
lower-bounds the distillable entanglement, these protocols
yield stabilizer channels that efficiently generate highly en-
tangled states. Finally, we extended the framework to tripartite
secret-key distillation. Noting that maximizing coherent infor-
mation via CI-IMAX also maximizes the asymptotic private
information, we developed the SPI-IMAX protocol to in-
crease the smooth private information. Since this quantity
provides lower bounds for one-shot secret-key rates, SPI-
IMAX generates states highly optimized for one-shot cryp-
tographic tasks. Numerical results for isotropic input states
confirm that these protocols successfully identify effective
operations to tailor resourceful states to specific quantum pro-
cessing tasks.

Several directions for future research naturally follow.
A systematic numerical comparison of the proposed proto-
cols, particularly for highly mixed states, would clarify their
relative efficiency and distillation effectiveness. This also in-
cludes analyzing the protocols’ robustness with respect to
initial states and imperfect operations. While the discussed
entanglement distillation protocols exhibit high efficiency and
effectiveness for very noisy states (see Fig. 2 and Ref. [32]), it
is known (see Ref. [34]) that the dynamics of entangled two-
qubit systems under recurrent operations can be very sensitive
to initial conditions. Investigating how this sensitivity arises
with the presented optimization of stabilizer-based methods is
therefore valuable both from a practical and theoretical per-
spective. Furthermore, identifying bipartite N-P-T states that
are undistillable via stabilizer-based protocols yet still possess
private capacity could provide new insights into the distillabil-
ity problem and the existence of N-P-T bound entanglement.
Additionally, stabilizer-based methods may help uncover
positive partial transpose states with nonzero distillable
secret key, which would be instrumental in understand-
ing bound entanglement [35] and the broader separability
problem.

In summary, these contributions establish stabilizer chan-
nels as a versatile and optimizable tool for quantum resource
distillation. By connecting stabilizer operations to the op-
timization of general quantum resources, this framework
provides practical, high-performance protocols for both entan-
glement and secret-key distillation in one-shot and asymptotic
regimes.

V. METHODS

In this section, we summarize the methods applied to gen-
erate the results presented in Sec. III.

A. Stabilizer distillation routine

First, we present the background of the stabilizer frame-
work developed in Ref. [31].

Let Zd ≡ Z/dZ be the quotient ring of integers with addi-
tion and multiplication modulo d , which is a field for prime d ,
and let ω ≡ exp( 2π i

d ). Complex conjugation (�) is defined in
the computational basis.
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Definition 1 (Weyl(-Heisenberg) operators, Weyl(-Heise-
nberg) errors).

Wk,l :=
d−1∑
j=0

ω jk| j〉〈 j + l|, k, l ∈ Zd , (40)

EN := {
W (e)|e = (�k, �l ) ∈ ZN

d × ZN
d

}
:=

{
N⊗

n=1

Wkn,ln |kn, ln ∈ Zd

}
. (41)

The Weyl-Heisenberg operators satisfy the Weyl relations,
i.e.,

Wk1,l1Wk2,l2 = ωl1k2Wk1+k2,l1+l2 ,

W †
k,l = ωklW−k,−l = W −1

k,l ,
(42)

implying that the set of Weyl errors EN forms a group under
multiplication, if we identify errors that are equal up to a
phase, i.e., Wk1,l1Wk2,l2 ≡ Wk1+k2,l1+l2 . E ∈ EN are called error
operators. For E = W (e), e ≡ (�k, �l ) ∈ ZN

d × ZN
d are called

error elements. The group structure of EN induces a group
structure via the Weyl relations (42) for error elements on
ZN

d × ZN
d with addition modulo d .

Definition 2 (Bell states).

|	k,l〉 := (Wk,l ⊗ 1d )|	0,0〉

:= (Wk,l ⊗ 1d )
1√
d

∑
i

|i〉 ⊗ |i〉, i, k, l ∈ Zd , (43)

|	(e)〉 := (
W (e) ⊗ 1⊗N

d

)|	0,0〉⊗N

=
N⊗

n=1

|	kn,ln〉, e ≡ (�k, �l ) ∈ ZN
d × ZN

d . (44)

Definition 3 (Stabilizer group, generating operators,
generating elements). A stabilizer S is an Abelian subgroup
of EN . If {W (g1), . . . ,W (gp)} forms a minimal generating
set of S, each W (g j ) is called a generating operator and
we write S = 〈W (g1), . . . ,W (gp)〉. Each g j ∈ ZN

d × ZN
d is

called a generating element. Given one choice of generating
elements, the corresponding subgroup of ZN

d × ZN
d , i.e.,

GS := {g ∈ ZN
d × ZN

d | W (g) ∈ S}, is also denoted as
GS = 〈g1, . . . , gp〉.

Let S be a stabilizer with generating elements {g1, . . . , gp}.
For prime d , each generator W (g) �= 1⊗N

d has d distinct
eigenvalues with equal multiplicity [31], allowing us to as-
sociate each of the d eigenspaces of a generator W (g j )
with a number x j ∈ Zd . We write Q(x) for the joint
eigenspace of {W (g j )}p

j=1, such that for all |φ〉 ∈ Q(x) and

j ∈ {1, . . . , p}, x = (x1, . . . , xp) ∈ Z p
d and Q(x) ⊂ H⊗N

A , we
have W (g j )|φ〉 = ωx j |φ〉 with x j ∈ Zd and ωx j ∈ C.

Decomposing the Hilbert space into eigenspaces of
the generators, H⊗N

A
∼= ⊕

x∈Z p
d
Q(x), defines the codespaces

Q(x) in H⊗N
A . Given p � N generators of a stabilizer in

EN for prime dimensions d , the codespaces have dimension
dim[Q(x)] = dN−p ∀x ∈ Z p

d [31]. Let S� be the stabilizer with
complex conjugated elements of S and generating operators
W �(g j ). Q�(x) ⊂ H⊗N

B is the joint eigenspace of {W �(g j )}p
j=1,

such that for all |φ〉 ∈ Q�(x) and j ∈ {1, . . . , p}, we have
W �(g j )|φ〉 = ω�

x j
|φ〉.

Definition 4 (Error coset). Let S ⊂ EN be a stabilizer and
let GS ⊂ ZN

d × ZN
d be the corresponding subgroup of error

elements, such that S = {W (g) | g ∈ GS}. Given an error
element e ∈ ZN

d × ZN
d , the error coset is defined as C(e) :=

e + GS = {e + h | h ∈ GS}.
Definition 5 (Codeword). Let H⊗N

A
∼= ⊕

x∈Z p
d
Q(x) be de-

composed into dN−p-dimensional codespaces of a stabilizer
S. Let {|ux,k〉}x∈Z p

d , k∈ZN−p
d

be an orthonormal basis of H⊗N
A

with |ux,k〉 ∈ Q(x), i.e., W (g j )|ux,k〉 = wx j |ux,k〉, ∀k, j. The
vectors |ux,k〉 ∈ H⊗N

A are called codewords of S in H⊗N
A . The

codewords of the stabilizer with complex conjugated elements
S� in H⊗N

B are denoted by |u�
x,k〉 ∈ H⊗N

B .
Definition 6 (Encoding). Let {|x〉}x∈Z p

d
be the computa-

tional basis of H⊗p
A and {|k〉}k∈ZN−p

d
be the computational basis

of H⊗N−p
A . A unitary operator U on H⊗N

A
∼= H⊗p

A ⊗ H⊗N−p
A is

an encoding for a stabilizer S in H⊗N
A if ∀x ∈ Z p

d , k ∈ ZN−p
d :

U (|x〉 ⊗ |k〉) is a codeword of S in H⊗N
A .

If U : |x〉 ⊗ |k〉 �→ |ux,k〉 ∈ H⊗N
A is an encoding for S in

H⊗N
A , then U � : |x〉 ⊗ |k〉 �→ |u�

x,k〉 ∈ H⊗N
B is an encoding for

S� in H⊗N
B .

Definition 7 (Stabilizer measurement). Let PA(x) : H⊗N
A→ Q(x) be the projection to the codespace Q(x) and

P�
B(y) : H⊗N

B → Q�(y) be the projection to the codespace
Q�(y). The measurement corresponding to the PVM
{P (x, y) := PA(x) ⊗ P�

B(y) | x, y ∈ Zd} is called stabilizer
measurement.

Definition 8 (Symplectic product decomposition). The
symplectic product of two error elements, e = (�k, �l ) and f =
( �m, �n), is defined as 〈e, f 〉 := ∑N−1

i=0 limi − kini. It induces
a decomposition of the set of errors according to its values
s = (s1, . . . , sp) with respect to a stabilizer with generating
elements {g1, . . . , gp} : EN

∼= ⊕
s E (s), with

E (s) := {
e ∈ ZN

d × ZN
d |〈g j, e〉 = s j∀ j = 1, . . . , p

}
. (45)

Reference [31] demonstrates that the properties of the sta-
bilizer encodings U and U � can be leveraged to show that the
state after steps 1–3 can be written in terms of certain unitary
operators, the so-called error action operators T U,e

x for the
error e, the encoding U , and the local stabilizer measurement
outcome x.

Lemma 1 ([31]). Let U be an encoding of a stabilizer
S with generating elements {g1, . . . , gp}. For each
codespace Q(x) ⊂ H⊗N

A and for each W (e) ∈ EN with
(〈g1, e〉, . . . , 〈gp, e〉) = (s1, . . . , sp), there exist unitary
“action” operators T U,e

x : H⊗N−p
A → H⊗N−p

A satisfying
U †W (e)U = ∑

x∈Z p
d
|x + s〉〈x| ⊗ T U,e

x+s .
Proposition 1 [31]. Let S be a stabilizer with p gen-

erating elements defining the symplectic partition of er-
rors in EN

∼= ⊕
s E (s) and U be an encoding. Let ρAB =∑

e, f ∈EN
ρ(e, f ) |	(e)〉〈	( f )| be a general input state in the

Bell basis. After performing the stabilizer measurements with
results x, y, applying U −1 ⊗ (U �)−1 and discarding the first p
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copies, the output state σ
x,y
AB ∈ ⊗N

n=p+1 HA ⊗ HB is

σ
x,y
AB = 1

P (x, y)

∑
e, f ∈E (x−y)

ρ(e, f )
(
T U,e

x ⊗ 1
)

× |	0,0〉〈	0,0|⊗N−p
(
T U, f

x ⊗ 1
)†

. (46)

B. Entanglement and secret-key distillation tasks

In this section, we briefly review the tasks of entanglement
distillation and secret-key distillation and define the distillable
entanglement and distillable key in the asymptotic and one-
shot setting.

1. Entanglement distillation

The goal of entanglement distillation is to (approximately)
create maximally entangled states, which we define as fol-
lows.

Definition 9 (Maximally entangled state of Schmidt rank
D). The state

�AB := 1

D

D−1∑
i, j=0

|i〉〈 j|A ⊗ |i〉〈 j|B

is called the maximally entangled state of Schmidt rank D.
Using the shared bipartite state ρAB, Alice and Bob apply

a protocol (D,LAB), where the Schmidt rank D is the local
dimension of the maximally entangled target state and LAB

is a LOCC channel as in (1), which they apply to ρAB. The
entanglement distillation error is given by

perr
E (LAB, ρAB) := 1 − F (�AB,LAB(ρAB)), (47)

where �AB is the maximally entangled state and F (ρ, σ ) :=
(Tr[

√√
σρ

√
σ ])2 is the fidelity of two mixed states [36].

The distillable entanglement of a quantum state measures
how useful it is for entanglement distillation. Contrary to the
asymptotic setting, in which infinitely many copies of the
input state can be used for the distillation task, in the one-shot
setting the LOCC channel corresponding to the protocol can
only be used once. In this setting the output of the channel will
generally differ by some error from the maximally entangled
target state.

Definition 10 (One-shot distillable entanglement). The
one-shot distillable entanglement with distillation error
ε ∈ [0, 1] of a bipartite state ρAB is

Eε
D(ρAB) := sup

D,LAB

{log2 D : perr
E (LAB, ρAB) � ε},

where (D,LAB) is a protocol creating approximately maxi-
mally entangled states of size D using the LOCC channel LAB.

In the asymptotic setting, Alice and Bob are allowed to
use an infinite number of copies of ρAB to create maximally
entangled states. If a protocol uses a finite number n of copies
of ρAB, it is equivalent to a protocol using the input state ρ⊗n

AB
once. This allows defining the distillable entanglement in the
asymptotic setting as the maximum of so-called achievable
rates for the creation of target states.

Definition 11 (Rate, distillable entanglement of a quantum
state). Given a protocol (n, D,LAB) for a LOCC channel LAB

acting on n copies of a state, having perr
E (LAB, ρ⊗n

AB ) � ε, the

rate of the protocol is R(n, D) := log2 D
n . Given a state ρAB,

a rate is achievable, if for all ε ∈ (0, 1], δ > 0 and suffi-
ciently large n, there exists a protocol (n, 2n(R−δ),LAB) with
perr
E (LAB, ρ⊗n

AB ) � ε. The quantity

ED(ρAB) := sup{R : R is an achievable rate for ρAB}
is called the distillable entanglement of ρAB.

2. Secret-key distillation

The goal of secret-key distillation is to (approximately)
create tripartite key states. By definition, those states are a
resource to establish a cryptographic key between two par-
ties, which is secret from any malicious third party. For this,
consider the local measurement channel corresponding to any
local system F or G and composite system FG, respectively:

DF (·) :=
∑

i

|i〉〈i|F (·)|i〉〈i|F ,DFG(·) := DF (·) ⊗ DG(·).

(48)

Definition 12 (Secret-key state). A state γABE is a tripartite
secret-key state of size K if, after application of the measure-
ment channel DAB, the state becomes a maximally correlated
state of size K in the systems A and B,

�̂AB = 1

K

K−1∑
i=0

|i〉〈i|A ⊗ |i〉〈i|B,

that is in product with the state σE of the system E :

DAB(γABE ) ≡ DAB ⊗ 1E (γABE ) = �̂AB ⊗ σE .

To create such states from a given bipartite state ρAB, Alice
and Bob use a protocol (K,LABE ), where K is the size of the
key system and LABE is a LOPC channel as in (2), which they
apply to a purification φABE of ρAB. The key distillation error
is given by

perr
K (LABE , ρAB) := inf

γABE

{1 − F (γABE ,LABE (φABE ))}, (49)

where the optimization is with respect to all tripartite key
states γABE .

Given a quantum state, the distillable key of that state quan-
tifies how useful it is for secret-key distillation. We consider
both the asymptotic setting of infinite resources (see, e.g.,
Refs. [14,37]) and the resource-limited one-shot setting (see,
e.g., Refs. [11,15]). While the former allows infinitely many
copies of an input state to be used simultaneously for the
channel, in the one-shot setting, the LOPC channel is only
used once with a fixed number of input states. In this setting,
secret-key states can generally only be approximately created,
so we consider protocols with a finite distillation error (49).

Definition 13 (One-shot distillable key). The one-shot dis-
tillable key with distillation error ε ∈ [0, 1] of a bipartite state
ρAB is

Kε
D(ρAB) := sup

K,LABE

{log2 K : perr
K (LABE , ρAB) � ε},

where (K,LABE ) is a protocol creating approximately secret-
key states of size K using the LOPC channel LABE .

In the asymptotic setting, Alice and Bob may use any num-
ber of copies of ρAB to produce secret-key states. If a protocol
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uses n copies of ρAB, it is equivalent to a one-shot protocol
using the input state ρ⊗n

AB and we can define accordingly.
Definition 14 (Rate, distillable key of a quantum state).

Given a protocol (n, K,LABE ) for a LOPC channel LABE

acting on n copies of a state, having perr
K (LABE , ρ⊗n

AB ) � ε,
the rate of the protocol is R(n, K ) := log2 K

n . Given a state
ρAB, a rate is achievable, if for all ε ∈ (0, 1], δ > 0 and suffi-
ciently large n, there exists a protocol (n, 2n(R−δ),LABE ) with
perr
K (LABE , ρ⊗n

AB ) � ε. The quantity

KD(ρAB) := sup{R : R is an achievable rate for ρAB}
is called the distillable key of ρAB.

C. Distillation bounds based on generalized
information measures

Given a certain bipartite input state ρAB, it is generally
not clear if there exists a LOCC channel that transforms it to
an approximately maximally entangled state. The same holds
for LOPC channels to create an approximately secret-key
state. However, there exist lower bounds on the (one-shot)
distillable entanglement and the (one-shot) distillable secret
key. These bounds are based on information measures that
can be defined via generalized divergences (see Ref. [2] for
a comprehensive summary). In the one-shot setting, these are
“smoothed,” i.e., the environment around a given quantum
state for which the measure is to be evaluated is taken into
account. Often, the sine distance [2] is used to define this
smoothing environment.

Definition 15 (Smoothing environment). Using the sine
distance P(ρ, σ ) := √

1 − F (ρ, σ ), the smoothing environ-
ment Bε(ρ) around a state ρ is defined as

Bε(ρ) := {ρ̃ ∈ D(H) : P(ρ, ρ̃ ) � ε}
= {ρ̃ : F (ρ, ρ̃ ) � 1 − ε2}. (50)

Specifically, we consider the following generalized diver-
gences and related information quantities that can be used to
bound the distillable secret key from below.

Definition 16 (Quantum relative entropy, quantum mutual
information, coherent information [38,39]).

D(ρ||σ ) :=
{

Tr[ρ(log2 ρ − log2 σ )] if supp(ρ) ⊆ supp(σ )
+∞ else ,

(51)

I (ρAB) := D(ρAB||ρA ⊗ ρB), (52)

IA〉B
c (ρAB) := D(ρAB||1A ⊗ ρB). (53)

Definition 17 (Quantum hypothesis testing relative en-
tropy, hypothesis testing mutual information [13,40,41]).

Dε
H (ρ||σ )

:= − log2(inf
�

{Tr[�σ ] : 0 � � � 1, Tr[�ρ] � 1 − ε}),

(54)

Iε
H (ρAB) := inf

σB

Dε
H (ρAB||ρA ⊗ σB), (55)

where the optimization is over all quantum states σB.

Definition 18 (Max-relative entropy, smooth max-mutual
information [42], smooth conditional max-entropy [12]).

Dmax(ρ||σ ) :=
{

log2

∥∥σ− 1
2 ρσ− 1

2

∥∥
∞if supp(ρ) ⊆ supp(σ )

+∞ else
(56)

Iε
max(ρAB) := inf

ρ̃AB∈Bε (ρAB )
Dmax(ρ̃AB||ρA ⊗ ρ̃B), (57)

H ε
max(ρAB) := inf

ρ̃AE ∈Bε (ρAE )
σE

Dmax(ρ̃AE ||1A ⊗ σE ) (58)

where σE is a quantum state, ρAE := TrB[φABE ] is defined
via the purification φABE of ρAB, and Bε(ρAB) is as in
Definition 15.

Note that the definition of H ε
max of Definition 18 is based

on the smooth conditional min-entropy H ε
min and the duality

H ε
max(ρAB) = −H ε

min(ρAE ). Consult Refs. [2,11] for more de-
tails.

We are now in a position to state the lower bounds on
the one-shot and asymptotic distillable entanglement and
distillable key, motivating the information quantities under
consideration in this work.

Theorem 3 (Lower bound for the one-shot distillable en-
tanglement [2,16]). Let ρAB be a bipartite state. Let L be
any LOCC channel with output L(ρAB) = ρ̂AB, ε ∈ (0, 1], and
η ∈ [0,

√
ε]. It holds that

Eε
D(ρAB) � sup

L

[ − H
√

ε−η
max (ρ̂AB) + 4 log2(η)

]
. (59)

Theorem 4 (Characterization of the distillable entangle-
ment [2,14]). Let ρAB be a bipartite state. Let L(n) be
any LOCC channel acting on n copies of ρAB with output
L(n)(ρ⊗n

AB ) = ρ̂AB. It holds that

ED(ρAB) = lim
n→∞

1

n
sup
L(n)

IA〉B
c (ρ̂AB). (60)

For secret-key distillation, the bounds are based on so-
called classical-quantum-quantum states, having the form
χABE = ∑

i |i〉〈i|A ⊗ χ i
BE .

Theorem 5 (Lower bound for the one-shot distillable
key [2,15]). Let ρAB be a bipartite state with purifica-
tion φABE . Let ε ∈ (0, 1], L be any LOPC channel with
classical-quantum-quantum output L(φABE ) = χABE and ε′ =
1 − √

1 − ε. It holds that

Kε
D(ρAB) � sup

L,
δ∈(0,ε′ ),

η∈(0,ε′−δ),
ζ∈(0,δ)

[
Iε′−δ−η
H (χAB) − Iδ−ζ

max (χAE )

− log2

(
4(ε′ − δ)

η2

)
− log2

(
2

ζ 2

)]
. (61)

Theorem 6 (Characterization of the distillable key [2,14]).
Let ρAB be a bipartite state with purification φABE . Let L(n) be
any LOPC channel acting on n copies of φABE with classical-
quantum-quantum output L(n)(φ⊗n

ABE ) = χABE . It holds that

KD(ρAB) = lim
n→∞

1

n
sup
L(n)

[I (χAB) − I (χAE )]. (62)
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The quantity Ip(χABE ) := I (χAB) − I (χAE ) is also called
private information.
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