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Quantum reservoir computers (QRCs) have emerged as a promising approach to quantum machine learning,
since they utilize the natural dynamics of quantum systems for data processing and are simple to train. Here we
consider n-qubit quantum extreme learning machines (QELMs) with initial-state encoding and continuous-time
reservoir dynamics. Applying the Pauli transfer matrix (PTM) formalism reveals the encoding-generated features
and their linear transformation by quantum channels and thereby provides a nonlinear vector autoregression
model as an interpretable classical representation of a QELM. We show that the nonlinear information processing
capacity of a QELM factorizes into the ability of the encoding to represent a given target function and
the decodability of the relevant Pauli features after the effective PTM. Comparing geometric and statistical
decodability reveals features that are algebraically hidden yet recoverable through data correlations. We relate
the decodability of Pauli features to the spreading of measurement operators under Heisenberg evolution (Krylov
growth). Focusing on the unitary channel, we discuss how structured Hamiltonians, when paired with certain
observables, can impair model performance, as reflected in a low rank of the readout and the effective PTMs.
We trace this effect to Hamiltonian symmetries and derive asymptotic rank estimates for symmetry-resolved
observable families. Our decodability analysis disentangles the contributions of encoding, reservoir dynamics,
and measurement observables and thus provides interpretable diagnostics that can inform the design of QELMs
and reduce reliance on exhaustive hyperparameter search. As a specific application, we consider forecasting
nonlinear dynamical systems and show that the readout of a trained QELM closely matches the expression of
the underlying flow map at leading orders.

DOI: 10.1103/6tm7-3tn4

I. INTRODUCTION

Quantum reservoir computers (QRCs) have enjoyed sig-
nificant attention since their introduction [1], featuring
applications in various domains, such as image classifica-
tion [2–5], time-series forecasting [1,6–10], fluid dynamics
[11,12], or postprocessing of quantum experiments [13–16].
A major advantage of QRCs is their suitability for noisy
intermediate-scale quantum hardware, primarily because the
training process is restricted to the classical readout layer,
thereby rendering the training problem convex and avoiding
the barren plateau problem associated with variational quan-
tum algorithms [17,18]. QRCs are often resilient to, and can
even benefit from, environmental noise [19–22]. The non-
linear processing of input by QRCs has been analyzed in
Refs. [23–26], finding that the encoding is often the main
supplier of nonlinearity. Universal function approximation
properties have been discussed in Refs. [6,27–31]. Notably,
QRCs are closely related to quantum kernel methods [32]—
a fact that can be utilized to find optimal measurement
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operators [33] and harness insights from the classical do-
main [34–36]. For general overviews on QRCs, we refer to
Refs. [37,38].

A specific QRC variant without any coherently evolving
memory is the quantum extreme learning machine (QELM)
[2,37–39]. Its classical counterpart, the “extreme learning
machine,” is essentially a feedforward network with fixed
internal architecture [40], similar to a random-feature model
[41]. QELMs are capable of various machine-learning tasks,
such as image classification and time-series forecasting. A
typical QELM differs from a conventional quantum neu-
ral network with fixed internal parameters in two important
ways: First, instead of gate-based architectures, it employs
the natural dynamics of a physical quantum system (a reser-
voir). Second, instead of optimizing a measurement output
for a certain task, one usually collects multiple unspe-
cific measurements into a large readout vector and feeds it
into a classical regression or classification algorithm. The
main task in optimizing QELMs thus consists in tuning
the quantum properties of the reservoir such that infor-
mation processing is maximized and relevant features can
be properly decoded from the measurements [14,26,42–
50]. Identifying possible quantum advantages, e.g., related
to the exponentially large Hilbert space into which data
is encoded, is an active research topic [3,38,45,48,51,52].
However, the exponential concentration effect emerging
for large qubit numbers is a phenomenon conceptually
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related to barren plateaus and can strongly reduce QELM
performance [53].

The present study aims at an interpretable framework that
can support systematic design of QELMs and reduce the need
for expensive training-based hyperparameter tuning. To this
end, we will discuss temporal multiplexing [1] as well as
information processing capacity [54,55] in the light of the
Pauli transfer matrix (PTM) formalism, based on the notion of
feature decodability. This allows us to systematically address
which parts of the model expressivity stem from the reservoir
channel (such as the unitary) and which from the encoding.
Moreover, our decodability framework can identify features
algebraically hidden but still recovered via correlations in the
data. We analyze the role of Hamiltonian symmetries for the
rank of the readout matrix, which is a crucial measure of ex-
pressivity in reservoir computing. These symmetries partition
the operator space under Krylov evolution, which allows one
to identify suitable observable families for a given Hamilto-
nian. Chaotic dynamical systems are used as benchmarks due
to their beneficial properties for system identification [56].
The present formalism applies to n-qubit QELMs in which
the encoding is time-independent and separated from reser-
voir evolution. Our findings also hold implications for other
QML models that fall into this category. However, models
with dynamical input injection [14,57] or dissipatively driven
reservoirs [21] are not covered by the present formalism.

II. MODEL

We briefly present the formalism of QELMs and the
specific implementation used in this work [1,37,38]. Let
Herm(H) denote the space of d × d Hermitian matrices (real
vector space of dimension d2) on the d-dimensional Hilbert
space H, where d = 2n in terms of the number of qubits n.
Given classical inputs x ∈ RD, a QELM is defined by the
output function

f (x) =
m∑

k=1

wktr[Mkρ(x)], (2.1)

where {Mk}m
k=1 are a set of measurement operators in

Herm(H) and ρ(x) ∈ Herm(H) is the density matrix of
the quantum system, obtained after applying encoding
and other quantum channels to an initial state, ρ(x) =
E (· · · Eenc

x (ρ0) · · · ). The trainable weights wk are determined
by minimizing the empirical risk:

min
w∈Rm

P∑
i=1

L( f (xi ), yi ) + λ

2
‖w‖2

2, (2.2)

where L is a loss function, λ is a regularization parame-
ter, and {(xi, yi )}P

i=1 are P training data points. Typical loss
functions are the least-squares loss L(ŷ, y) = 1

2 (ŷ − y)2 for re-
gression (including time-series prediction), and the hinge loss
Lhinge(ŷ, y) = max(0, 1 − yŷ), with y ∈ {−1,+1} for classi-
fication. In the case of the least-squares loss, the optimal
weights are given by

ŵ = (GG� + λIm)−1Gy, Gki = tr(Mkρ(xi )), (2.3)

where y ∈ RP is the sample vector and G ∈ Rm×P is the
readout design matrix.

When optimizing over a complete basis of measurement
operators {Mk}d2

k=1, the QELM takes the form of a quantum
kernel model (see Appendix A for a summary). In the present
work, we do not use that formalism, but instead work with a
preselected observable set and optimize only over the associ-
ated weights wk . Our notation is summarized in Table V.

A. Feature map

We consider pure states, i.e., ρ(x) = |ψ (x)〉〈ψ (x)|, with
the quantum state |ψ (x)〉 ∈ H given by

|ψ (x)〉 = UR(t )Uenc(x)|�0〉. (2.4)

Here, Uenc(x) is a data encoding unitary, UR is a reservoir
unitary, and we take the initial state as |�0〉 = |0〉⊗n. The uni-
tary UR(t ) = exp(−itHR) is defined by time evolution under
a reservoir Hamiltonian HR. Specifically, we consider random
Hamiltonians HR as well as two variants of a transverse field
Ising model (TFIM)

H zz-x
TFIM = −J

n−1∑
j=1

ZjZ j+1 − h
n∑

j=1

Xj, (2.5a)

Hxx-z
TFIM = −J

n−1∑
j=1

XjXj+1 − h
n∑

j=1

Zj, (2.5b)

with couplings J, h ∈ R. Here and in the following,
{Xj,Yj, Zj} denote single-qubit Pauli operators acting on the
jth qubit and ZjZ j+1 is a shorthand for the usual n-qubit ten-
sor product (with identity operators acting on the remaining
qubits). The two TFIM variants in Eq. (2.5) are related by a
global Hadamard transform UH = H⊗n:

UHXjU
†
H = Zj, UHYjU

†
H = −Yj,

UHZjU
†
H = Xj, UHH zz-x

TFIMU †
H = Hxx-z

TFIM. (2.6)

B. Encoding schemes

We consider time-independent (parallel) product state en-
codings with D = n, producing the state

ρenc(x) = Uenc(x)ρ0Uenc(x)† =
n⊗

j=1

|ψenc(x j )〉〈ψenc(x j )|,

Uenc(x) =
n⊗

j=1

Uenc, j (x j ), (2.7)

where the unitaries Uenc, j act on the jth qubit. In our numerical
experiments we employ amplitude and rotational encoding
schemes [58]. The former comes in two variants, where one
either encodes data on half a great circle of the Bloch sphere:

|ψenc(x)〉 = √
x|0〉 + √

1 − x|1〉, x ∈ [0, 1], (2.8)

or on the full great circle:

|ψenc(x)〉 = x|0〉 +
√

1 − x2|1〉, x ∈ [−1, 1]. (2.9)

Rotational encoding is defined by the unitary

Uenc, j (x j ) = exp(−iπx jσ
p j ) = Rpj (2πx j ), x j ∈ [0, 1],

(2.10)
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where σ p ∈ {I, X,Y, Z} are single-qubit Pauli matrices, p ∈
{0, x, y, z}, and Rpj denotes rotation gates. In order to avoid
irrelevant phases or trivial states, we exclusively use RY oper-
ators, which yield the single-qubit state

|ψenc(x j )〉 = RY (2πx j )|0〉 = cos(πx j )|0〉 + sin(πx j )|1〉.
(2.11)

III. PAULI TRANSFER FORMULATION OF A QELM

QML models, including QELMs, have often been an-
alyzed from the Fourier perspective, which is natural for
Hamiltonian-based encodings [51–53]. We instead employ the
PTM formalism [59–63], which allows a more direct identi-
fication of the relevant features for models with initial-state
encoding, and has been previously utilized to study QRCs
from the state-space perspective [29,37,46,49]. We focus in
the following on this classical feature-based representation
of a QELM to analyze its readout expressivity and feature
decodability.

A. Pauli transfer matrix

In the PTM formalism, we expand states and operators in
the n-qubit Pauli basis

{Pk = σ a1 ⊗ · · · ⊗ σ an : ai ∈ {0, x, y, z}}d2−1
k=0 , (3.1)

which consists of d2 mutually orthogonal Pauli strings Pk ,
with P0 = I, d = 2n, and normalization tr(PkPl ) = dδkl . Ev-
ery state admits the expansion

ρ(x) = 1

2n

d2−1∑
k=0

φk (x)Pk, φk (x) = tr(Pkρ(x)), (3.2)

giving rise to a vector φ(x) ∈ Rd2
of Pauli features, which are

the fundamental input-dependent objects in our study. They
have a straightforward expression in the case of product-state
encodings (see Sec. III B). Any quantum channel E acts lin-
early on this vector, φ′ = TE φ, via the Pauli transfer matrix:

(TE )kl = 1

d
tr(Pk E (Pl )). (3.3)

Consider the QELM in Eq. (2.1) with a subset S of mea-
sured Pauli operators {Pk}k∈S , m ≡ |S| � d2. This selection
can be represented by a matrix S ∈ Rm×d2

(a subset of rows
of the identity matrix) that extracts the corresponding rows
from TE . The readout vector F(x) ∈ Rm contains their expec-
tation values Fk (x) = tr[Pk E (ρenc(x))]. Expanding ρenc as in
Eq. (3.2) and using Eq. (3.3) gives the model output function

f (x) = w� F(x) = w� T (m)
E φ(x)

=
∑
k∈S

wk

d2−1∑
j=0

(STE )k jφ j (x), (3.4)

where w ∈ Rm are classical weights and T (m)
E ≡ STE is the

m × d2 block of TE restricted to the measured observables.
This formulation explicitly shows that f (x) is a linear function
of the features φ(x) generated solely by the encoding and
mixed by the reservoir channel TE .

If the quantum channel E is completely positive and trace-
preserving (CPTP), it admits a Kraus representation

E (ρ) =
μ∑


=1

K
ρK†

 (3.5)

with
∑μ


=1 K†

 K
 = I and μ � d2 (dependent on the channel,

e.g., μ = 1 for a unitary channel, see Appendix E for further
discussion). With this representation, we can write(

T (m)
E
)

k j = 1

d

μ∑

=1

tr(Pk K
PjK
†

 ) = 1

d
tr
(
P(H)

k Pj
)
, (3.6)

where the last expression introduces the generalized Heisen-
berg representation of an observable O,

O(H) =
μ∑


=1

K†

 OK
. (3.7)

Specifically, for the unitary channel, we have K = U (t ) (μ =
1), such that TE becomes an orthogonal matrix V (t ) ∈ SO(d2)
with elements

Vk j (t ) = 1

d
tr[Pk U (t )PjU (t )†], (3.8)

and Vk j (0) = δk j . For general CPTP maps, TE can also in-
duce contraction and translation of the feature vector (see
Appendix E 2).

Temporal multiplexing. In temporal multiplexing [1,64,65],
instead of working at a fixed evolution time t and a potentially
large set of observables Pk , one selects a small subset S of size
m [see Eq. (3.4)] and evaluates them at several times t1, . . . , tL.
One then stacks the corresponding rows of V (t ) into a mL ×
d2 observability matrix

RL =

⎛⎜⎜⎝
SV (t1)
SV (t2)

...

SV (tL )

⎞⎟⎟⎠. (3.9)

We will simply call this the effective PTM, denoted by R.
In the case without temporal multiplexing (L = 1), the full
unitary PTM R = V (t ) is recovered for S = Id2 .

B. Feature encoding

The structure of the Pauli feature vector φ(x) can be made
explicit for product-state encodings. Using Eq. (2.7) and an
initial product state, the encoded state before the reservoir
unitary is

ρenc(x) = Uenc(x) |0〉〈0|⊗n Uenc(x)† =
n⊗

j=1

ρ j (x j ),

ρ j (x j ) = Uenc, j (x j )|0〉〈0|Uenc, j (x j )
†. (3.10)

It is convenient to introduce the single-qubit Pauli features

φ( j)(x j ) = (1, φ( j)
x (x j ), φ

( j)
y (x j ), φ

( j)
z (x j )

)�
,

φ( j)
a (x j ) = tr[σ a ρ j (x j )], (3.11)

with φ
( j)
0 = tr(ρ j ) = 1 (normalization), σ 0 ≡ I and σ x,y,z ≡

X,Y, Z as before. The three nontrivial components of φ( j)
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TABLE I. Pauli-basis projections 〈ψenc|P|ψenc〉 of an encoded product state ρenc(u) for amplitude encoding (2.8) or (2.9) as well as
rotational encoding (2.10) with RY gates. Here P =⊗n

k=1 σ ak denotes a Pauli operator (σ ak ∈ {I, X,Y, Z}) and the classical datum entering
qubit k is uk . For convenience, we have included the projection operator 1

2 (I + Zk ). One observes that each Pauli factor σ ak (first column) in an

observable P produces the corresponding single-qubit feature φ (k)
ak

(uk ) := tr(σ ak ρk (uk )) (second to fourth columns). For instance, the Xk row
gives φ (k)

x (uk ) and the Zk row gives φ (k)
z (uk ).

Feature φ (k)
ak

(uk )

Factor in observable P Amplitude on [0,1] Amplitude on [−1, 1] Rotational

· · · ⊗ Xk ⊗ · · · 2
√

(1 − uk )uk 2uk

√
1 − u2

k sin(2πuk )
· · · ⊗ Yk ⊗ · · · 0 0 0
· · · ⊗ Zk ⊗ · · · 2uk − 1 2u2

k − 1 cos(2πuk )
· · · ⊗ 1

2 (I + Zk ) ⊗ · · · uk u2
k cos2(πuk )

define the Bloch vector, which has unit magnitude for pure
states (see Appendix E for further discussion). Since both the
state and the Pauli basis factorize across qubits, the n-qubit
feature vector is

φ(x) =
n⊗

j=1

φ( j)(x j ), (3.12)

and its components are given by

φa1...an (x) = tr

⎡⎣⎛⎝ n⊗
j=1

σ a j

⎞⎠ ρenc(x)

⎤⎦ =
n∏

j=1

φ( j)
a j

(x j ),

a j ∈ {0, x, y, z}. (3.13)

The subscript a1 . . . an corresponds to the explicit site rep-
resentation of the index k in Eq. (3.2). The φk thus run
over all possible combinations of the single-qubit features
in Eq. (3.11): For each qubit one chooses one of the four
factors {1, φ

( j)
x , φ

( j)
y , φ

( j)
z }, yielding a total of at most d2 = 4n

features. The readout features resulting from some simple en-
coding schemes are summarized in Table I. Effects of feature
mixing by a unitary channel are discussed in the next section.

C. Classical representation of a QELM

Let q � d2 be the effective number of features (excluding
features identically vanishing due to the encoding), and B be
the total number of measurements, e.g., B = mL. According to
Eq. (3.4), a QELM has an equivalent classical representation
as a PTM-weighted nonlinear function library,

f (u) = w�F(u), F(u) ≡ Rφ(u), (3.14)

where R ∈ RB×q is the effective PTM (3.9) (including
any row-selection and temporal multiplexing) and Fk =∑q

j=1 Rk jφ j are the Pauli features available at the readout.
If R has full column rank, then it is left-invertible [66]

and thus the regressor can always find weights w ∝ (R+)�er

that reconstruct any desired element φr . Since one usually
trains with arbitrary targets y instead of φr , the actual weights
[Eq. (2.3)] contain projections from the Pauli feature space to
the data space:

ŵ = (GG� + λIB)−1Gy = R(CR�R + λIq)−1�y, (3.15)

where we introduced the feature design and Gram matrices

� ≡ [φ(u1) · · ·φ(uP )] ∈ Rq×P, C = ��� ∈ Rq×q,

(3.16)

and the corresponding readout design and Gram matrices

G ≡ [F(u1) · · · F(uP )] = R� ∈ RB×P,

GG� = RCR� ∈ RB×B. (3.17)

The latter are typically computed in a QELM implementation,
whereas R and � are theoretical objects. We will analyze in
the following subsections the requirements on the encoding
and reservoir unitary to improve trainability and avoid expen-
sive hyperparameter search.

The last equality in (3.15) (which follows from the “push-
through” identity) implies that for the full unitary PTM R = V
[Eq. (3.8)], the weights are simply rotated versions of the ones
without PTM mixing:

ŵ = R(C + λIq)−1�y. (3.18)

Moreover, since V is orthogonal, it drops out from the predic-
tor (3.14), consistent with the absence of a reservoir unitary in
the kernel-representation (A1). Such a QELM is then simply
a regressor acting on the full d2-dimensional feature library
φ. In the context of time-series processing (especially when
using some inputs uj to encode delay states) this reduces
to a “next-generation” reservoir computer (NG-RC) [67] or,
equivalently, a nonlinear vector autoregressive process. When
R merely has full column rank, it can be interpreted to induce
a regressor operating on the mixed feature set φ′ = Rφ.

A coarse measure for expressivity is the rank of the readout
Gram matrix in Eq. (3.15), which can be bounded according
to

rank(G) � min(rank(R), rank(�)) � min(B, P, q). (3.19)

More precisely, rank(G) = rank(R) − dim(row(R) ∩
null(��)). Hence rank(G) = rank(R) whenever the sampled
feature matrix is nondegenerate on the row space of R. This
condition is satisfied, for example, if � has full row rank
and is expected generically once rank(�) � rank(R) and the
data are sufficiently diverse. Accidental data degeneracies or
numerical ill conditioning, since the features φk are in general
not orthogonal, can reduce the actual rank. Accordingly, in
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the data-rich generic regime,

rank(G) 
 rank(R). (3.20)

For random Hamiltonians, rank(R) typically grows propor-
tionally to the measurement budget B and then saturates near
q (see Fig. 4 below). By contrast, structured Hamiltonians like
the TFIM are not fully scrambling, resulting in rank(R) � q.
The achieved ranks indicate the quality of the measurement
strategy (see Sec. IV B) and thus of the resulting training
accuracy (see also Fig. 13 below).

IV. PTM ANALYSIS FOR A UNITARY
QUANTUM CHANNEL

For separable (product) quantum channels, the PTM factor-
izes as T =⊗n

j=1 Tj into single-qubit PTMs Tj . The action of
a local unitary is discussed in Appendix E 1. To understand
and optimize a QELM with general nonlocal quantum chan-
nels, we must analyze the full PTM [Eqs. (3.4) and (3.6)]. We
focus in the following on the unitary case. The optimization
can be split into several subtasks that define the fundamen-
tal reconstruction problem in (quantum) reservoir computing
with explicit feature maps [14,26,47,49]:

(1) Decide which types of features {φr} are best suited
to learn the dataset. For example, non-Markovian time series
(including scalar harmonic signals) require delay coordinates
[68,69], whereas Markovian dynamical systems can already
be modeled by instantaneous monomial features [70]. While
commonly used encodings support universal function approx-
imation [6,27–31], they can differ in their approximation
errors, generalization behavior [51,71,72], or robustness dur-
ing autoregressive rollout. As shown in Ref. [70], the training
error shows strongest reduction with time resolution when the
feature map matches the low-order Lie coefficients of the flow
map. This implies that some feature maps are more suitable
for learning time series originating from physical models.

(2) Select suitable measurement observables {Pk}. Ideally,
the Heisenberg-evolved observables P(H)

k (t ) have strong over-
lap with the observable Pr generating the desired feature φr

[see Eq. (3.6)]. One possibility to achieve this is to determine
an optimal measurement operator M∗ via primal or dual op-
timization, which can then be further expanded into a set of
rotated Pauli-Z operators [33]. Another possibility is temporal
multiplexing [1,64,65,73,74], discussed further in the PTM
framework below (see Sec. IV A).

(3) When the available measurement operations are re-
stricted, one must tune the quantum channel E and the readout
layer such that the desired features φr become decodable.
Strict (geometric) decodability means that, for each such φr ,
there exists a weight vector wr such that w�

r TEφ ∝ φr (see
Sec. IV B). In practice, decodability in the statistical sense
(as a correlation) and within a certain error tolerance is of-
ten sufficient, since the features needed for typical training
tasks can usually be approximated on limited domains from
the available Pauli features (see Sec. IV C). We will show
that temporal multiplexing directly enhances decodability by
increasing the operator support.

A. Krylov growth and Pauli weight spreading

Temporal multiplexing enables the regressor to “reverse”
the information scrambling caused by quantum evolution. The
latter is captured by the Krylov growth of an operator under
conjugation [47,74,75], which we summarize here in our set-
ting. Specifically, the unitary Heisenberg-evolution [Eq. (3.7)]
of a given Pauli observable Pk satisfies

P(H)
k (t ) ≡ U (t )†PkU (t ) = eiHt Pke−iHt = etL(Pk )

=
∞∑


=0

t



!
L
(Pk ), (4.1)

where L
 denotes 
 repeated applications of the Liouvillian
L(O) ≡ i[H, O]. The time-evolved observable therefore gen-
erates the (increasing) Krylov subspace

K
(Pk ) = span{Pk, L(Pk ), . . . , L
−1(Pk )}. (4.2)

While there is no strict one-to-one identification of the integer
Krylov order 
 with the continuous time t , 
 can be understood
as the depth of a truncation of the nested-commutator series.
Due to the suppression by the factorial, a rough estimate is 
 ∼
t ‖H‖ in case of local Hamiltonians. It is useful to note that for
the TFIM models in Eq. (2.5), the Hadamard equivalence (2.6)
implies that(

Zj1 · · · Zjk

)(H)
(t )
∣∣
zz-x = U †

H

(
Xj1 · · · Xjk

)(H)
(t )
∣∣
xx-zUH,

(4.3)

i.e., Pauli-Z observables evolve under H zz−x
TFIM equivalently to

Pauli-X observables under Hxx−z
TFIM up to a global unitary.

In the PTM approach, Krylov growth can be represented in
terms of operator spreading in the Pauli basis [76]. Accord-
ingly, expanding the time-evolved observable P(H)

k (t ) gives

P(H)
k (t ) =

d2−1∑
j=0

Vk j (t )Pj, (4.4)

where we used cyclicity of the trace to introduce V (t ) from
Eq. (3.8). Thus, for non-Clifford U (t ), an initial weight fully
localized on Pk can spread to other (higher and lower order)
Pauli strings as t increases. A convenient diagnostic is the
Pauli (Hamming) weight ν(Pj ) ∈ {0, . . . , n}, i.e., the number
of nonidentity factors in Pj , and its coefficient-weighted aver-
age

ν̄k (t ) =
d2−1∑
j=0

ν(Pj )Vk j (t )2. (4.5)

For local (including nonintegrable/chaotic ones) Hamilto-
nians, the Lieb-Robinson bound [50,77–80] heuristically
implies that an initially local operator can only develop sup-
port within distance �vLRt until finite-size saturation:

ν̄k (t ) ∼
{

1 + const · vLRt (intermediate times)
O(n) (late times) (4.6)

with a typical late-time value ν̄k ≈ 3
4 n, corresponding to a

uniform distribution of coefficients V 2
k j over Pauli strings. The

late-time limit is to be understood here and in the following
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FIG. 1. Time evolution of the Pauli weight average ν̄k [Eq. (4.5)], averaged over all single-site Paulis Pk ∈ {Xj,Yj, Zj}n
j=1, in the h-J

coupling parameter space of the TFIM (2.5a) for n = 3 qubits.

in the sense of typical coverage, since finite-dimensional uni-
tary evolution is generally quasiperiodic. From the definition
(3.7) and the expansion (4.4), it straightforwardly follows that
‖P(H)

k ‖2 = d = d
∑d2−1

j=0 V 2
k j , and thus

∑d2−1
j=0 V 2

k j = 1 for all t .
Since, for a Haar-random unitary, a nonidentity Pauli operator
is distributed approximately uniformly over the traceless Pauli
subspace of dimension d2 − 1, one expects a typical magni-
tude

EU
[
V 2

k j

] = 1

d2 − 1
∼ 4−n ( j, k �= 0). (4.7)

This is the origin of the exponential concentration effect,
which makes accessing information about the input infeasible
for large qubit numbers n → ∞ [53,81]. Integrable models
(such as the integrable TFIM used here) typically show more
structured behavior due to stable quasiparticle modes. An
extreme case is a Clifford unitary, for which Vk j is a signed
permutation matrix (no spreading). By contrast, a Haar-
random unitary on the full Hilbert space can generate rapid
delocalization [82–86]. The evolution of the Pauli weight av-
erage is illustrated in Fig. 1. As shown in Appendix F 1, the
interplay of Hamiltonian structure and observables can have
significant impact on the Heisenberg evolution and thus on
the resulting Krylov spans.

B. Pauli feature decoding

Following Eq. (3.14), we denote the set of Pauli features
available at the readout by Fk =∑ j Rk jφ j (k = 1, . . . , B),
which emerge by linear transformations of the input fea-
tures φ j ( j = 1, . . . , q � d2) via the effective PTM R ∈ RB×q

[Eq. (3.9)], possibly including temporal multiplexing. We now
ask for conditions that enable the regressor to reconstruct a
given input feature φr (x) by finding weights w such that

w · F 
 φr ⇔ w�R 
 e�
r , (4.8)

where er is the rth basis vector of Rq. The least-squares
solution to this problem is discussed in Appendix B, showing
that one can distinguish between geometric and statistical
decodability: the former indicates whether an exact algebraic
solution to (4.8) can be found; in the latter, a solution can
additionally make use of correlations in the data. We focus
in this section on geometric decodability, as it is determined
by PTM structure alone, independently of the data. Statistical
decodability is then addressed in Secs. IV C and IV D.

If R corresponds to the full unitary channel (B = q = d2),
then R = V (t ) ∈ Rq×q is orthogonal and any feature can be
geometrically decoded by

w = V (t )er . (unitary channel) (4.9)

If we select subsets of observables, then Eq. (4.8) can in
general not be satisfied for arbitrary r since features get mixed
under a quantum channel. We thus introduce the geometric
decodability score of a Pauli feature (see Appendix B)

γ 2
r ≡ (R+R)rr,

q∑
r=1

γ 2
r = rank(R) � q, (4.10)

and its associated decoding weights

w = ((R+)r,: )
�, (4.11)

where R+ is the Moore-Penrose pseudoinverse. Exact decod-
ability of the rth feature is indicated by γ 2

r = 1. A value γ 2
r <

1 implies that the feature can only be reconstructed up to an
error ∼|φr − w∗�

r Rφ| �
√

1 − γ 2
r ‖φ‖2. We take γ 2

r � 0.5 as
a heuristic decodability threshold. The score γ 2

r is a purely
geometric, data-independent notion. Statistical decodability
scores formulated in Sec. IV C and Appendix C can exceed
it (via correlations), but can also fall below it (for strongly
anisotropic feature distributions).

Both decodability score and weights preserve tensor prod-
uct structure of the general PTM R: If R = ⊗n

i=1Ri, then
γ 2

r =∏n
i=1 γ 2

r,i and w = ⊗n
i=1wi. For a single evolution time

and before feature clipping (q = d2), R = SV (t ) has orthonor-
mal rows and one obtains γ 2

r =∑k∈S V (t )2
kr , showing that

feature r is decodable only to the extent that the “spread” of
that Pauli under V (t ) lands in the measured subset S [87].
Specifically, for Haar-random unitaries, typical decodability
decays exponentially with qubit number n,

EU
[
γ 2

r

] ∼ |S|4−n, (4.12)

which follows from Eq. (4.7). Noisy channels can have in-
vertible PTMs [see Appendix E 2] and then do not strictly
reduce the accessible feature subspace. If they are contract-
ing, they effectively suppress high-weight Pauli features [see
Eq. (E12)], but require large weight norms ‖w‖ which de-
grades conditioning. Such maps are unstable under finite
sampling and thus effectively lead to information loss.

Operator spreading under temporal multiplexing is visual-
ized in Fig. 2, where the effective PTM R is plotted for the
case of a TFIM and a random unitary. The related projector
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FIG. 2. Visualization of the operator spreading (4.4) via the effective PTM R [Eq. (3.9)] constructed in the temporal multiplexing scheme
for the TFIM (a) and random unitary (b). The selected observable set S are all weight-1 Pauli operators of an n = 3 qubit system. With
increasing evolution time (from top to bottom), these initial operators develop nonzero projection onto the full d2-dimensional Pauli basis
[Eq. (4.4)]. In the TFIM case, the supporting basis exhibits a sparse pattern, whereas it is dense for a random unitary.

matrices R+R are shown in Figs. 3(a) and 3(b). When includ-
ing t = 0 in the multiplexing scheme, the first |S| = 9 rows
of R have 1 on the diagonal (no spreading), leading to perfect
decodability of the weight-1 Pauli sector. For the Hamiltonian
and parameters in Fig. 3(c), no perfectly decodable feature is
observed at the chosen nonzero time.

The evolution with multiplexing steps L of the mean de-
codability γ̄ 2

r of each Pauli sector is further illustrated in
Fig. 4. Since we now start with t = 1, the selected low-
weight Paulis are already spread and initial decodability is
low on average [88]. Structured Hamiltonians, like the TFIM
[Eq. (2.5)], can have strong impact on the achievable de-
codability score depending on the variant or the specific
observables used. Comparing Figs. 4(c) and 4(g), Pauli-Z’s
evolving under the Hamiltonian Hxx-z

TFIM render only weak
scores compared to the Hamiltonian H zz-x

TFIM [89].
These differences are a consequence of the underlying

symmetries of the Hamiltonian: Specifically, for the TFIM,
the Majorana charge of an observable is conserved under the
evolution (see Appendix F). Figure 5 shows the symmetry-
resolved sector structure of the PTM, obtained by ordering
the observables according to the charge convention that makes
the corresponding H quadratic in the Majorana operators.
As seen in Fig. 5(a), time evolution of Pauli-Z observ-
ables under Hxx-z

TFIM leaves encoding Pauli sectors with odd

Majorana degree unpopulated, explaining the low decodabil-
ity scores in Fig. 4(g). By contrast, the Hamiltonian H zz-x

TFIM
touches all nontrivial encoding sectors except the top one
with charge 2n [Fig. 5(b)]. The spreading pattern still remains
highly structured and oscillatory, leading to slightly undersat-
urated decodability scores [Fig. 4(c)] compared to a random
Hamiltonian [Fig. 4(d)], which does not respect Majorana
symmetries.

Furthermore, the analysis based on the Jordan-Wigner
(Majorana) formalism (see Appendix F) shows that under
Hxx-z

TFIM, the Pauli strings generated from an initial Z are mainly
consisting of Z strings with X/Y end points, of which there are
∼O(n2). By contrast, under H zz-x

TFIM the evolved Zj spread over
exponentially large odd-degree Majorana sectors, producing
a Krylov rank ∼O(3n) (up to polynomial prefactors). The
implications for the asymptotic rank r∞ := limL→∞ rank(RL )
are summarized in Table II and numerically confirmed in
Fig. 6(b). Additionally, Fig. 6(a) illustrates the evolution of
rank(RL ) under temporal multiplexing. These findings can
more generally be understood as a consequence of Hamilto-
nian symmetries and eigenspace degeneracies, as shown in
detail in Appendix G.

Random Hamiltonians typically populate the full Pauli ba-
sis. Under temporal multiplexing they thus consistently lead
to a higher rank of R and a more even decodability over Pauli

FIG. 3. Projector R+R of the effective PTM [Eq. (3.9)] for different unitary types and a complete weight-1 Pauli observable set. Panels (a)
and (b) directly correspond to the R shown in Fig. 2, which are constructed by temporal multiplexing. Panel (c) shows the projector based on
R = SV (t = 0.5) (no temporal multiplexing). The dashed white lines indicate features for which γ 2

j > 0.5, while the black lines indicate Pauli
weight sector boundaries. Due to operator spreading over a time t = 0.5, decodability in (c) has significantly decreased.
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FIG. 4. Feature decodability score γ̄ 2
j obtained from the effective PTM R [Eq. (4.10)], averaged over each Pauli weight sector, of an n = 3

qubit model as a function of temporal multiplexing iteration length L [Eq. (3.9)]. The unitary evolution time is given by tL = L (i.e., initial
time t1 = 1). The corresponding rank and number of rows of R, representing the measurement budget (B = mL), are shown on the top axis
(as a fraction of the total operator space dimension d2 = 64). We consider the TFIM (2.5a) in (a), (c), and (e), the TFIM (2.5b) in (g), and
random Hamiltonians in (b), (d), and (f). The observable set S is either only Pauli-Z [(a) and (b)], Pauli-Z and Pauli-ZZ [(c), (d), and (g)], or
all weight-1 Paulis [(e) and (f)].

sectors for large L. We find that temporal multiplexing with
Pauli Z and ZZ observables and random unitaries requires
B ∼ d2 measurements to achieve high decoding scores in all
Pauli sectors, along with a saturated rank rank(R) ∼ |S|L ∼
d2. In practice, however, this exponential measurement budget
is rarely needed, since relevant features can be statistically de-
coded with far fewer measurements (see Figs. 8 and 9 below).

Summary. The decodability framework presented here ex-
tends the Krylov observability theory in Refs. [47,74] by
resolving geometry on the level of individual Pauli fea-
tures. We remark that the Krylov grade M discussed in
Ref. [47] corresponds to the asymptotic rank of a single ob-
servable, r∞(S = {O}) = M [Eqs. (F11) and (G23)], while

the effective dimension score OK can be regarded as a
scalar proxy for our multiobservable rank(RL ). The geometric
decodability score γ 2

r of a feature r [Eq. (4.10)] is a data-
independent property of the chosen measurement observables
and quantum operations after the encoding. For moderate
qubit numbers n, full Pauli feature decodability is guaranteed
when one either performs a full measurement (m = d2) on
an invertible quantum channel, or one employs a temporal
multiplexing scheme leading to a full column rank of R, again
requiring an exponential measurement budget mL ∼ d2. Prac-
tically sufficient decodability can already be achieved with
modest scores and polynomial-in-n measurement budgets, as
typically done in applications [1,65]. Structured Hamiltonians
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FIG. 5. Majorana-charge ordered effective PTM R for n = 3 qubits, the observable set S = {Zj, ZiZ j}, and a single evolution time t = 0.5.
Columns and rows denote encoding Pauli and time-evolved measured Pauli observables, respectively, grouped by their Majorana charge. Panels
show time evolution under various Hamiltonians: (a) Hxx-z

TFIM [Eq. (2.5b)], (b) H zz-x
TFIM [Eq. (2.5a)], and (c) a random H . In [(a) and (b)] we use the

Majorana charge convention that makes the corresponding H quadratic, revealing a sparse block structure where Z-type observables remain
confined to their respective Majorana-charge sectors. By contrast, a random H (c) does not conserve Majorana charge and thus populates the
full Pauli basis [for visualization, we use here the same Majorana charge convention as in (b)].

can be advantageous in the large-n limit to avoid exponential
concentration issues [53,81]. However, they can negatively
impact expressivity of the model under temporal multiplexing
of certain observables, as reflected in polynomial or reduced
exponential growth of the PTM rank with qubit number n (see
Table II and Fig. 6).

C. Statistical decodability of input data

We focused above on the data-agnostic decodability of
Pauli features φ j , which are generated by the encoding

TABLE II. Asymptotic saturated rank r∞ := limL→∞ rank(RL )
(see Appendix F 2) of the temporally multiplexed PTM (3.9) for
the two TFIM variants [Eq. (2.5)] and different observable fami-
lies S. For temporal multiplexing of pure Pauli Z-type observables,
the Hamiltonian Hxx-z

TFIM leads to exponentially lower expressivity,
reflected by polynomial-in-n ranks � 3n.

Hamiltonian Observables Asymptotic saturated rank r∞

H xx-z
TFIM Zj O(n2)

H xx-z
TFIM Zj , ZiZ j O(n4)

H xx-z
TFIM Xj,Yj, Zj O(poly(n)3n)

H zz-x
TFIM Zj O(poly(n)3n)

H zz-x
TFIM Zj , ZiZ j O(poly(n)3n)

H zz-x
TFIM Xj,Yj, Zj O(poly(n)3n)

and transform linearly under the action of the reservoir.
However, they are themselves nonlinear functions of the
classical input u ∈ RD. For example, with amplitude en-
coding (2.8), a single Pauli-Z generates an affine readout
〈Z〉 ∝ 2u − 1, a single Pauli-X can introduce significant non-
linearities since 〈X 〉 =

√
1 − (2u − 1)2 = 1 − 1

2 (2u − 1)2 −
1
8 (2u − 1)4 + · · · (cf. Table I). It is therefore important to
understand the actual nonlinearities in u present at the readout.
This is a classical problem in reservoir computing, studied
as memory capacity [90] or, more generally, information
processing capacity [54,55,64,91]. The latter notion is often
called nonlinear processing capacity for models like a QELM,
where internal memory is absent.

We show in Sec. IV D that the classical nonlinear process-
ing capacity can be split into a feature-representation part
and a decodability part. The former describes the nonlinear
capacity of the encoding (which is discussed in this section),
while the latter accounts for transmission of the features by
the PTM (discussed in Sec. IV B).

1. Nonlinear degree at readout

In order to estimate the degree of nonlinearity in u avail-
able at the readout, one typically calculates the empirical
correlation between the readout features F(u) [see Eq. (3.4)]
and certain nonlinear target functions y(u). Raw monomials
like {u j} are strongly correlated under typical distributions
of u and thus do not allow for clear identification of the
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FIG. 6. Rank of the effective PTM R [Eq. (3.9)] obtained by temporal multiplexing an observable set S (one and two-site Pauli Z) under
unitary evolution with a TFIM Hamiltonian [Eq. (2.5)]. (a) Evolution of rank(R) with temporal multiplexing steps L for the TFIM (2.5a)
and S = {Zi, ZiZ j} observables. (b) Asymptotic PTM rank, limL→∞ rank(R), obtained numerically (solid curves), compared to the theoretical
scaling predictions from Table II (broken lines). The dotted curve follows the operator space dimension 4n, which upper bounds the exact
theoretical result poly(n)3n.

nonlinear degree within this statistical approach. Follow-
ing Refs. [54,64], we therefore use orthogonal polynomials
p j (uα ) (degree j) to construct orthogonal degree-k targets
as ye(u) =∏D

α=1 peα
(uα ), with

∑D
α=1 eα = k. Specifically, for

amplitude encoding, we use (shifted) Legendre polynomials,
which are orthonormal with respect to the uniform distribu-
tion on [−1, 1] or [0,1]; for angle encoding, we use Hermite
polynomials, which are orthonormal with respect to the Gaus-
sian distribution N (0, 1). Here the inputs are encoded using
RY (uα ), rather than the convention of Eq. (2.10). We generally
assume independent inputs uα .

We take the coefficient of determination [54,55]

R2(k) = 1

Nk

∑
|e|=k

R2[ye],

R2[ye] = 1 − Eu(ye(u) − f̂ (u))2

Varuye(u)
, (4.13)

averaged over all Nk = (D + k − 1
k ) degree-k orthogonal poly-

nomials, to indicate whether the trained predictor f̂ (u)
can generate nonlinearities of degree k in the (D = n)-
dimensional input [92]. R2 generalizes the geometric score
(4.10) by taking statistical correlations into account (see
Appendix C for further discussion). In the special case
where the targets are whitened orthonormal features, one has
R2[yr] = γ 2

r [see Eq. (C10)]. In the case of amplitude en-
coding (2.8) with complete Pauli-Z-string library as readout,
the number of representable degree-k targets is (D

k ), giving an
averaged score

R2
Z (k) =

{(D
k

)/(D+k−1
k

)
for k � D

0 for k > D,
(4.14)

which exponentially decreases with k. The capacity calcula-
tions use unregularized least squares with a fitted intercept,
f̂ (u) = b̂ + ŵ�Rφ(u).

In Fig. 7, we first display the nonlinear capacity R2
I that

can be ideally achieved from the encoded state without effects
of feature mixing, i.e., we take R = I in (3.14), or R = S when
restricting to observable subsets (m � q). As shown in panel
(a), a Pauli-X readout (black symbols with dotted curves) gen-

erates even degree polynomials, behaving similarly to angle
encoding with Pauli-Z observables (connected open symbols).
In Fig. 7(b) we show the ideal nonlinear capacity score R2

I(k)
obtained for a complete Pauli observable set. Notably, the
presence of non-Z Paulis significantly enhances the nonlin-
earity present in the readout, as becomes clear by comparison
to the dotted curve corresponding to R2

Z (k) for D = n = 5
[Eq. (4.14)]. Moreover, angle and amplitude encodings show
a similar behavior. We attribute the decay of R2

I(k) with k
mainly to the fact that the product state encoding only gen-
erates square-free monomials of the Pauli features φ j , while
we test against (the practically relevant case of) all possible
degree-k targets [93].

Figure 8 illustrates the nonlinear capacity score R2(k)
obtained for a QELM, based on the TFIM or a random Hamil-
tonian, under temporal multiplexing of Pauli-Z and Pauli-ZZ
observables. The score follows a similar pattern as the data-
independent Pauli decodability γ 2

j (see Fig. 4) as they both
show a delayed growth with increasing nonlinear order k and
multiplexing step L. However, R2(k) saturates faster than γ 2

j
because the considered nonlinear target functions yk (u) can
be generated already from relatively few Pauli features. The
decrease of R2(k) with k stems from two facts: (i) the encod-
ings used here can generate only a small subset of all possible
degree-k monomials [see Eq. (4.14) and Fig. 7]. A clearer
measure of the effectiveness of temporal multiplexing to gen-
erate nonlinearities is thus the score R2(k) normalized by
the score R2

all(k) obtained when measuring over the complete
Pauli observable set (see Fig. 9). (ii) Higher-order observables
can be missing for highly structured Hamiltonians or insuffi-
cient multiplexing steps. Hamiltonians with a more global and
random structure are thus beneficial when measurements are
restricted to Pauli-Z observables but higher-order nonlineari-
ties are desired.

2. Nonlinear monomials at readout

Raw monomials in uα are often relevant features for practi-
cal applications, such as autoregressive learning of dynamical
systems. Let thus B(u) = {1, u1, . . . , u1u2, . . . ,

∏
α ur

α} be the
vector of size b of monomials of {uα}1�α�D up to degree
at most r in each variable. The order-r Taylor expansion
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FIG. 7. Ideal nonlinear capacity score R2
I(k) [Eq. (4.13)] for amplitude and rotational encodings [Eqs. (2.8) and (2.10)]. This score

indicates the ability to generate degree-k polynomials of the input uα (α = 1, . . . , D and n = D) for a QELM f (u) = w�φ(u) without feature
mixing [i.e., with R = I in Eq. (3.14)]. Unless indicated, only Pauli-Z features are measured in (a). Nonlinear capacity is significantly enhanced
when measuring over all Paulis (b). This is also demonstrated by the score for amplitude encoding with Pauli-X readout included in (a). The
thick dotted curve represents the theoretical score for R2

Z (k) with amplitude encoding and n = 5 input qubits [Eq. (4.14)], which agrees exactly
with the numerical results. � denotes the integrated capacity over all k.

of the Pauli features {φ j (u)}1� j�q within a small region
around some operating point u0 (e.g., data mean) can then be
written as φ(u) 
 A(u0)B(u − u0) with a coefficient matrix
A(u0) ∈ Rq×b. In order to measure how accurately a cer-
tain monomial in B can be locally constructed from linear
combinations of φ j , we define a geometric decodability
score

κ2
j ≡ (A+A) j j,

b∑
j=1

κ2
j = rank(A) � min(q, b). (4.15)

This score depends on the operating point u0 and is thus not a
global reconstruction indicator such as R2

I[y]. The score val-
ues indicate that construction is possible only within an error
∼(1 − κ2

j )1/2 due to off-diagonal terms in the jth row/column
of the projector A+A. A somewhat artificial dependence of

κ2
j on the Taylor order r (owing to the rank constraint) can

be mitigated by considering large r and b. Indeed, most of
the κ2

j decrease upon increasing r, except for a few stable
ones. These include monomials that arise directly from the
tensor product structure of the encoding state. For amplitude
encoding (2.8) including all Z strings, these are all square-
free monomials up to order n (e.g., for n = D = 3: Bstable =
{1, x, y, z, xy, xz, yz, xyz}).

The typical behavior of κ2
j and of the projectors A+A (aver-

aged over a range of expansion points) is illustrated in Fig. 10.
While the score typically decays with increasing nonlinear
degree, rotational encoding tends to have a greater expressiv-
ity towards higher-order monomials. This is associated with
less leakage into off-diagonal terms of A+A [see Fig. 10(c)],
and contributes to the robust performance often observed for
rotational encoding.

FIG. 8. Nonlinear capacity score R2(k) [Eq. (4.13)] as a function of the nonlinear order k and the temporal multiplexing iteration length
L [Eq. (3.9)]. The unitary evolution time is given by tL = L. We consider an n = 3 qubit model in the same setup as in Fig. 4. The unitary is
based on the TFIM (2.5a) [(a) and (c)] or a random Hamiltonian [(b) and (d)], while the observable set S consists of either only Pauli-Z [(a)
and (b)] or Pauli-Z and Pauli-ZZ [(c) and (d)].
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FIG. 9. Relative nonlinear capacity score R2(k)/(R2
all (k) + δ) [Eq. (4.13)] as a function of the nonlinear order k and the temporal

multiplexing iteration length L [Eq. (3.9)]. R2
all is the nonlinear capacity score obtained for a complete Pauli observable set, and we choose

δ = 0.1 as a threshold since scores R2
all � 0.1 are not considered meaningful. We use the same setup as in Fig. 8. The unitary is based on the

TFIM (2.5a) [(a) and (c)] or a random Hamiltonian [(b) and (d)], while the observable set S consists of either only Pauli-Z [(a) and (b)] or
Pauli-Z and Pauli-ZZ [(c) and (d)].

D. Factorization of the nonlinear processing capacity

The diagnostics introduced above probe different but in-
terrelated aspects of the information processing capacity of a
QELM: a target y(u) must be approximated by functions con-

structible from the encoding-generated Pauli features φ(u)
(Secs. IV C 1 and IV C 2), and these features must in turn be
decoded from the readout F = Rφ (Sec. IV B). As is shown
in Appendix C, the nonlinear processing capacity factorizes

(a)

(b) (c)

FIG. 10. Ability to construct monomials of the input {x, y, z} for amplitude encoding (2.8) and rotational encoding (2.10) with n = D = 3.
(a) Decodability score κ2

j according to Eq. (4.15). [(b) and (c)] Projector matrix A+A, where nonzero off-diagonals correspond to κ2
j < 1

and indicate decoding is possible only within a certain accuracy. The underlying Taylor expansion is performed up to order r = 4 in each
uj ∈ {x, y, z} and changes are mild upon further increasing r. The scores and matrices are averaged over a uniform grid of expansion points
u0 ∈ [0.1, 0.9]3 for amplitude encoding (with some margin to the singular boundaries) and u0 ∈ [0, 1]3 for rotational encoding. For readability,
monomial labels are incompletely displayed in (a) and replaced by column/row indices in (b) and (c).

042459-12



THEORY AND INTERPRETABILITY OF QUANTUM … PHYSICAL REVIEW A 114, 042459 (2026)

FIG. 11. Decodability scores R2
R for families of orthogonal polynomials pj (uα j ). Following Eq. (4.18), the undecodable fraction of the

target is decomposed into a part not representable by the encoding (1 − R2
I, gray) and a part not transmitted through the reservoir (“channel

loss”, R2
I − R2

R, orange). Onto the decodable fraction R2
R (green) the gain from geometrically hidden but statistically rescued features

R2
IνR[y]χR[y] is overlayed (after clipping and scaling). The readout is constructed by either: measuring all Pauli observables directly after

encoding (R = I); just the selected set directly after encoding (R = S, here Z and ZZ); the selected set after Hamiltonian evolution (R = SV );
the selected set after temporal multiplexing with the considered Hamiltonian for L steps (RL). We consider amplitude or angle encoding
[Eqs. (2.8) and (2.10) in the form RY (u)] and various Hamiltonians, as indicated.

along this chain [see Eq. (C18)]:

R2
R[y] = R2

I[y]τR[y]. (4.16)

The ideal factor R2
I[y] measures the fraction of the target

representable by the encoding-generated Pauli-feature library
(Sec. IV C 1), whereas τR[y] measures the fraction of that
optimal feature-space representative transmitted through the
effective PTM and the selected measurements. Both R2

I and
τR take statistical correlations in the features into account.
For a target aligned with a single isotropic or whitened
feature coordinate, the channel factor reduces to the corre-
sponding geometric score, γ 2

r = (R+R)rr or γ̃ 2
r = (�R̃)rr [see

Eqs. (C10) and (C12)]. Analogously, the geometric special-
ization of the encoding factor for the local Taylor map is the
monomial score κ2

j = (A+A) j j [see Eqs. (4.15) and (C40)].
Averaging R2

R[y] over the degree-k target family gives R2
R(k)

[see Eq. (4.13)].
The channel transmission τR can be refined further by

separating geometric visibility from statistical recoverability
(see Appendix C):

τR[y] = 1 − νR[y](1 − χR[y]), (4.17)

where νR[y] quantifies how much of the target lies in the
nullspace of the PTM, while χR[y] quantifies how much of the
target is predicted from statistical correlations of accessible

features. Thus a large channel transmission score can arise
in two distinct ways: The task-relevant representative may be
geometrically visible to the PTM or readout, corresponding to
small νR[y], or it may be geometrically hidden but statistically
recoverable from correlated accessible features, correspond-
ing to large χR[y].

From Eq. (4.16) and the refined channel identity, the nor-
malized target variance can be decomposed as [see Eq. (C34)]

1 = 1 − R2
I[y]︸ ︷︷ ︸

not represented by encoding

+ R2
I[y]νR[y](1 − χR[y])︸ ︷︷ ︸

hidden and not statistically rescued

+R2
R[y]︸ ︷︷ ︸

decoded

,

(4.18)

where the middle term is equivalent to R2
I[y] − R2

R[y]. The
score R2

I[y]νR[y]χR[y] describes the reduction in channel
mean-squared error obtained by predicting the geometrically
hidden component from the accessible coordinates, relative to
the predictor that uses only the directly visible component.

The decodability budget is visualized in Fig. 11 and the
stacked bars indicate what the encoding failed to gener-
ate, what the encoding generated but the PTM or readout
failed to transmit even after statistical rescue, and what is
ultimately decodable, either statistically or geometrically. In
general, the reservoir cannot enhance decodability in cases
where the target cannot already be represented by the encod-
ing alone. As expected, if the reservoir hinders decodability
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TABLE III. Summary of the decodability diagnostics. The encoding factor R2
I[y] measures how much of a target is represented by the

encoding-induced Pauli-feature library, while the channel factor τR[y] measures how much of this representative is transmitted by the effective
PTM and readout. The refined decomposition [see Eq. (4.18)] separates the channel loss into the nullspace load νR[y] [Eq. (C27)] and the
statistically rescued fraction χR[y] [Eq. (C26)].

Encoding Channel Composite

Geometric, per direction κ2
j = (A+A) j j γ 2

r = (R+R)rr –

Statistical, per task y R2
I[y] τR[y] R2

R[y] = R2
I[y]τR[y]

Refined channel split – τR[y] = 1 − νR[y](1 − χR[y]) R2
R[y] = R2

I[y][1 − νR[y](1 − χR[y])]

Statistical rescue – νR[y]χR[y] R2
I[y]νR[y]χR[y]

of a representable feature, this effect can be mitigated by
temporal multiplexing. Notably, when measuring with Pauli-
Z and -ZZ observables, decodability can grow or decrease
when the reservoir unitary is removed from the model. More-
over, comparing Figs. 11(a) and 11(b), the reduced geometric
decodability of features for certain structured Hamiltonians
observed in Fig. 4 is also reflected by the statistical counter-
part (see also Fig. 17 for the monomial case).

E. Summary and discussion

Decodability of Pauli features can be understood as the
underlying concept that determines the expressivity of a
QELM with initial-state encoding and data-independent reser-
voir dynamics. The decodability score R2 corresponds to
the (nonlinear) information processing capacity [54] of the
QELM, and we have shown here that it separates into two
parts: (i) an encoding part R2

I[y] (geometric proxies: κ2
j , A),

measuring whether the encoding-generated dictionary of Pauli
features can build the monomials and orthogonal polynomials
relevant for the task, and (ii) a channel part τR[y] (with ge-
ometric proxies γ 2

r , γ̃ 2
r , rank R), measuring the invertibility

of the effective PTM on the task-relevant feature directions,
conditioned on the encoding distribution. The channel score
receives contributions both from features that are decodable
purely algebraically and from features that are algebraically
invisible but still decodable via statistical correlations. The
different notions of decodability are summarized in Table III.

Nonlinear processing capacity has been found to track
Krylov observability very closely [47], which is explained
by the present framework in terms of the PTM-induced
mixing of the fundamental Pauli features. High decodabil-
ity scores are associated with high-rank effective PTMs R,
which are achieved for random unitaries. Strongly mix-
ing quantum channels can help expressivity and nonlinear
processing in QELMs [14,45,50], and are thus often ben-
eficial for training performance apart from concentration
effects [53]. By contrast, QRCs with internal memory states
often work best at a point where random matrix behav-
ior just begins to dominate (“edge of chaos”) (see, e.g.,
Refs. [42,94,95]). An alternative to increasing randomness is
to devise task-aligned reservoir structures and measurement
schemes [2,33,44,50,96]. Knowing the connection between
the readout and the encoding-generated features via the PTM
framework can thus inform feature engineering strategies to
enhance expressivity.

Before proceeding, it is useful to also briefly discuss the
injectivity property of the feature map [49], which ensures that
distinct inputs map to distinct readouts. A sufficient condition
for local injectivity of F(u) = Rφ(u) [Eq. (3.14)] is a full-
rank Jacobian:

rank RJφ(u) = D, Jφ(u) = ∂φ(u)

∂u
∈ Rq×D. (4.19)

For the considered product state encodings it is straightfor-
ward to check that φ(u) is injective on the respective domains
in RD (possibly after removing one end point). Hence, local
injectivity of F(u) is determined by whether R is injective on
the tangent space range Jφ(u), i.e., whether

null R ∩ im Jφ(u) = {0}. (4.20)

In a generic setting, this condition is satisfied (at fixed u)
if rank R � D, which is the case for adequate measurement
schemes and sufficiently scrambling dynamics.

V. INTERPRETABLE LEARNING
OF DYNAMICAL SYSTEMS

A. Time-series modeling with QELMs

The classical representation (3.14) allows us to identify
the surrogate model a QELM learns during the training pro-
cess. Specifically, for the product state encodings considered
in Sec. II B, the function library φ : RD → Rq consists of
q = 3n monomials of the single-Pauli features φk (recall that
observables containing Pauli-Y factors have vanishing expec-
tation values, see Table I). We consider the standard problem
of learning to forecast a chaotic dynamical system by training
on its sampled trajectory ut = u(t0 + t�t ) ∈ RD. The contin-
uous and discrete evolutions are given by

dynamical system: u̇ = g(u), ut+1 = ψg(ut ), (5.1)

where ψg(u) = u + �tg(u) + O(�t2) is the flow map (prop-
agator) that can be computed from the vector field g(u) ∈ RD

via a Taylor-Lie series expansion:

ψg(u) = exp(�t Lg) u =
∞∑

k=0

�t k

k!

(
Lk

gu
)
,

(Lg f )(x) = g(x) · ∇ f (x). (5.2)

The nonintegrable nature and fractal attractors of chaotic sys-
tems make them natural benchmarks for system identification,
which addresses the question to which extent the underlying
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data-generating process can be uniquely discovered from the
data [56,97].

If the dynamics is Markovian, then it can be modeled solely
with an NG-RC or QELM based on an instantaneous feature
map (see Ref. [33] for examples). Accordingly, we formulate
the training problem of the QELM (3.14) as

QELM: ut+1 = f (ut ) = W �Rφ(ut ) (5.3)

and seek to learn an approximation to the flow map ψg
via minimizing the least-squares loss (2.2) on the dataset
{x = ut , y = ut+1}P

t=1. The generalization of (2.1) to multiple
outputs is straightforward and involves training a separate
predictor fr for each output dimension r via the weight matrix
W = [w1, . . . , wD] ∈ RB×D.

We use the Lorenz-63 and Halvorsen models as bench-
marks (D = 3 dimensions) [98]:

Lorenz-63:

⎧⎨⎩ẋ = σ (y − x)
ẏ = x(ρ − z) − y
ż = xy − βz

Halvorsen:

⎧⎨⎩ẋ = −ax − 4y − 4z − y2

ẏ = −ay − 4z − 4x − z2

ż = −az − 4x − 4y − x2
, (5.4)

with parameters σ = 10, β = 8/3, ρ = 28 for Lorenz-63, and a = 1.4 for Halvorsen. This setup leads to chaotic behavior with
largest Lyapunov exponents λLor63

max ≈ 0.89 and λHalv
max ≈ 0.76, respectively. The polynomial form of the vector field in (5.4) then

suggests to use amplitude encoding (2.8) with n = 3 qubits, leading to a library of the following 27 terms:

φn=3
amp (u) = {1, 2

√
(1 − x)x, 2x − 1, 2

√
(1 − y)y, 2(2x − 1)

√
−((y − 1)y), 4

√
(x − 1)x(y − 1)y, 2y − 1,

2
√

−((x − 1)x)(2y − 1), (2x − 1)(2y − 1), 2
√

(1 − z)z, 2(2x − 1)
√

−((z − 1)z),

2(2y − 1)
√

−((z − 1)z), 2(2x − 1)(2y − 1)
√

−((z − 1)z), 4
√

(x − 1)x(z − 1)z,

4(2y − 1)
√

(x − 1)x(z − 1)z, 4
√

(y − 1)y(z − 1)z, 4(2x − 1)
√

(y − 1)y(z − 1)z,

8
√

−((x − 1)x(y − 1)y(z − 1)z), 2z − 1, 2
√

−((x − 1)x)(2z − 1), (2x − 1)(2z − 1),

2
√

−((y − 1)y)(2z − 1), 2(2x − 1)
√

−((y − 1)y)(2z − 1), 4(2z − 1)
√

(x − 1)x(y − 1)y,

(2y − 1)(2z − 1), 2
√

−((x − 1)x)(2y − 1)(2z − 1), (2x − 1)(2y − 1)(2z − 1)}. (5.5)

We will also consider the amplitude encoding scheme (2.9),
which has a similar polynomial structure.

In order to confine the trajectory to the interval u ∈ [0, 1]3

or [−1, 1]3, as required by the encoding, we apply the
transformation u → u′ = α � (u − m) with α, m ∈ R3 to the
state (we typically use the same α for all coordinates). This
leads to the rescaled Lorenz-63 model:

u̇ = −σu + σ
αx

αy
v + σαx(my − mx ),

v̇ = −v + αy

αx
(ρ − mz )u − αy

αz
mxw − αy

αxαz
uw

+ αymx(ρ − mz ) − αymy,

ẇ = −βw + αz

αxαy
uv + αz

αx
myu + αz

αy
mxv

+ αz(mxmy − βmz ), (5.6)

and the rescaled Halvorsen model:

u̇ = −au − 4
αx

αy
v − 4

αx

αz
w − 2

αxmy

αy
v − αx

α2
y

v2

+ αx
(− amx − 4my − 4mz − m2

y

)
,

v̇ = −av − 4
αy

αz
w − 4

αy

αx
u − 2

αymz

αz
w − αy

α2
z

w2

+ αy
(− amy − 4mz − 4mx − m2

z

)
,

ẇ = −aw − 4
αz

αx
u − 4

αz

αy
v − 2

αzmx

αx
u − αz

α2
x

u2

+ αz
(− amz − 4mx − 4my − m2

x

)
. (5.7)

This vector field-level transformation simplifies comparison
between the learned coefficients and the true ones.

B. Numerical results

We use here a complete measurement operator set of 4n

Pauli observables. In this setup, the reservoir unitary be-
comes immaterial [see Eq. (3.18)]. We generate trajectories
using a fifth-order Runge-Kutta integrator with a time step of
�t = 0.01. Reported values of the training error and forecast
horizon are averaged over multiple initial conditions. After
training the QELM, we obtain a classical surrogate model f̂ (u)
by inserting into Eq. (3.14) the learned weights ŵ.

The root-mean-square (rms) training error

εtrain =
(

1

P

P∑
t=1

‖ut+1 − f̂ (ut )‖2

)1/2

(5.8)

measures one-step accuracy of the trained predictor f̂ . As a
measure of multistep prediction accuracy, the autonomously
generated trajectory ût+1 = f̂ (ût ) is compared to the true tra-
jectory via the forecast horizon

Tfch/�t = inf {t : ‖ut − ût‖ > ς}, (5.9)

where ū = 1
P

∑P
t=1 ut and ς2 = 1

P

∑P
t=1 ‖ū − ut‖2 are the

mean and variance of the trajectory, respectively. We average
Tfch over multiple starting points u0 ∈ RD and express it in
units of the Lyapunov time TL = 1/λmax.
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TABLE IV. Training rms errors εtrain [Eq. (5.8)] and forecast horizons Tfch [Eq. (5.9)] for the benchmark systems and (unitary-free) QELM
setups discussed in the text. We generally use n = 3 input qubits (no delay states) and a time resolution of �t = 0.01. Tfch with its standard
deviation (not error of the mean) is given in units of the Lyapunov time TL . λ denotes the Ridge regularization parameter. The column “type”
indicates whether we use the standard [Eq. (5.4)] or rescaled dynamical system. In the former case, we uniformly scale the trajectories to the
interval reported in the 3rd column. In the latter case, we solve the dynamical system in Eqs. (5.6) and (5.7) with the rescaling factor α (same
for all state coordinates).

System Type QELM setup α λ εtrain Tfch/TL

Lorenz-63 std. ampl. enc. [0,0.3], Eq. (2.8) − 10−6 10−5 4.3 ± 1.7
Lorenz-63 resc. ampl. enc. [0,1], Eq. (2.8) 0.005 10−8 10−6 6.2 ± 1.4
Halvorsen std. ampl. enc. [0.1,0.8], Eq. (2.8) − 10−8 10−4 2.3 ± 0.8
Halvorsen std. · · · + add squares to readout vector − 10−8 10−5 5.8 ± 1.7
Halvorsen resc. ampl. enc. [0,1], Eq. (2.8) 0.027 10−7 10−4 3.4 ± 1.0
Halvorsen resc. · · · + add squares to readout vector 0.027 10−7 10−6 6.8 ± 1.7
Halvorsen std. ampl. enc. [−0.01, 0.01], Eq. (2.9) − 10−15 10−7 5.9 ± 1.2
Halvorsen resc. ampl. enc. [−1, 1], Eq. (2.9) 0.001 10−15 10−7 5.9 ± 1.5

Results of training a QELM in various setups are sum-
marized in Table IV. We emphasize that our aim here is
not to beat previous benchmarks, but to perform controlled
interpretability experiments. We thus keep the setup deliber-
ately simple. Significant improvements in training error and
forecast horizon can be achieved by further optimizing the
encoding and feature-engineering of the readout. Figure 12
demonstrates consistency between the autonomously gener-
ated prediction of the trained QELM and the iterated classical
model, exemplified for the rescaled Lorenz-63 model. Both re-
main close to the true trajectory for a time Tfch/TL ≈ 6, when
the intrinsic Lyapunov instability of the chaotic system leads
to a divergence, triggered by errors in the initial condition,

discretization, and extra terms in the surrogate model (see
below) [99].

When repeating the experiments with the Halvorsen model
(5.7), we obtain slightly lower forecast horizons of Tfch/TL ≈
3 and rms training errors of εtrain ≈ 10−4. One reason for this
reduced performance compared to the Lorenz-63 model lies
in the absence of squares of the state variables {x, y, z} in
the library (5.5). These are crucial for the Halvorsen equa-
tions (5.7), whereas the Lorenz-63 model (5.6) depends only
on cross terms of the state variables. Indeed, when enhancing
the readout vector by its squares, prediction accuracy for
the Halvorsen model improves significantly (see Table IV).
Alternatively, a similar performance can also be achieved

FIG. 12. QELM versus its classical representation: The forecast obtained from a QELM [Eq. (2.1)] trained on the rescaled Lorenz-63
model is matched exactly by the forecast of its iterated classical (surrogate) representation [Eq. (3.14)]. Both eventually diverge from the
true trajectory due to the Lyapunov instability. The QELM employs amplitude encoding (2.8) with n = 3 qubits. Ground-truth trajectories are
generated with a resolution of �t = 0.01. Time is given in model time units. For the scaling transformation in Eq. (5.6), we use parameters
αx,y,z = 0.004 and m = [−30, −30, −5].
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FIG. 13. Prediction performance (forecast horizon in units of the Lyapunov time TL , and rms training error) under temporal multiplexing
of a QELM trained on the Halvorsen model (5.7). We use amplitude encoding (2.9) with n = 3 qubits, single-qubit Pauli-Z observables, and
(a) the TFIM Hamiltonian H zz-x

TFIM [Eq. (2.5a)] or (b) a random Hamiltonian. The top horizontal axis shows the numerically obtained rank of the
readout matrix G [Eq. (3.17)] relative to the maximum achievable rank q = 3n [Eq. (3.19)]. No additional features are added to the readout.
For the TFIM variant Hxx-z

TFIM [Eq. (2.5b)], we obtain a maximum rank of rank(G)/3n 
 0.22, rms error εtrain 
 7 × 10−4, and forecast horizon
Tfch 
 0.

when using the amplitude encoding variant in (2.9), which
already involves squares of the state variables. In the con-
text of reservoir computing it is, of course, well known that
prediction performance can be enhanced by feature engi-
neering [65,67,100]. The present analysis exemplifies that,
within the PTM framework, this optimization can be system-
atically phrased as an inverse problem, where the structure
of the ground-truth model dictates the required terms in the
encoding.

When employing temporal multiplexing, the rank of the
readout matrix G [Eq. (3.17)] can serve as an indicator of the
training accuracy, as illustrated in Fig. 13. This rank is upper
bounded by the number of nonzero Pauli features q, which, for
the encoding (2.9) used here, is q = 3n. When conditioning is
controlled and exponential concentration effects are avoided
[48,53,81], achieving rank(G) 
 q makes essentially all Pauli
features available to the readout and can thus improve perfor-
mance. Indeed, the QELM in Fig. 13(b) achieves training error
and forecast horizon essentially identical to the ones reported
in Table IV obtained with a complete Pauli observable set.
By contrast, Fig. 13(a) shows that performance remains poor
when the readout utilizes only a few effective observables.
In the present setting, this is a consequence of using a struc-
tured Hamiltonian like the TFIM [Eq. (2.5a)], which spreads
observables less effectively over the full operator space, so
that rank(G) 
 rank(R) � q [see Eq. (3.20) and Fig. 4]. This
effect is most pronounced when using the specific TFIM vari-
ant Hxx-z

TFIM [Eq. (2.5b)] with Z-type observables. Numerical
experiments confirm the close relation (3.20) between the
readout and PTM rank.

C. Interpretability

When training an NG-RC with an instantaneous feature
library on a Markovian dynamical system, the model learns an
approximation of the flow map [67,70,101–103]. Libraries φ
of the form (5.5), however, do not render directly interpretable

models due to the structural mismatch with the ground truth
model [104]. In the present teacher-forcing setup, a way to
render the model interpretable is thus to express the feature
map φ in terms of an N-dimensional library B of functions
that make up the flow map ψg [Eq. (5.1)],

φ(u) 
 KB(u), (5.10)

and insert this into the learned model (3.14),

f̂ (u) 
 Ŵ �RKB(u) = ψapprox(u). (5.11)

This renders an approximation ψapprox to the flow map via
Eq. (5.3), with a transformation matrix K ∈ Rq×N .

While there are several methods to determine K (such as
collocation), we perform here a Taylor expansion of φ(u)
around some operating point ū (data mean). This is natural
here, since, for the considered polynomial dynamical systems,
we can take B = Br to be the set of monomials in u j up

to order r, of which there are N = (D + r
r ). Recall that low-

order monomials are well constructible from the library φ
(see Sec. IV C 2). However, due to the tensor product struc-
ture of φ [see Eq. (3.12)] and the fact that the derivatives
of the single-qubit feature vector lie in a two-dimensional
space (vanishing Pauli-Y ), K typically does not have full
column rank here when N < q. A consequence of this is
that only a rank(K )-dimensional subspace of the library B is
accessible through the encoding features φ and that hence
some monomials in B are not independently identifiable.
Nevertheless, deviations are small for the settings considered
here [105].

Figure 14 shows the learned flow map increments ψ(u) −
u, resulting from Eq. (5.11) after training a QELM with
amplitude encoding [Eqs. (2.8) and (2.9)] on the (rescaled)
Lorenz-63 and Halvorsen models (no feature engineering
in the readout). Comparison to the theoretical expectation
[Eq. (5.2)] reveals good agreement especially for low-order
coefficients. While deviations can be large for higher-order
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FIG. 14. Illustration of the flow map learned by a QELM, obtained from the Taylor-approximation approach [Eq. (5.11)]. The QELM is
trained on (a) the Lorenz-63 model (5.6) and (c) the Halvorsen model (5.7), using the amplitude encoding variants (2.8) and (2.9), respectively.
The rescaling parameters are here m = [−30, −30, −5], αx,y,z = 0.004 (Lorenz-63) and m = [−10, −10, −10], αx,y,z = 0.001 (Halvorsen).
The corresponding true flow map increments (ψg(u) − u)/�t [Eq. (5.1)], expanded to third order in the state variables uj , are shown in (b)
and (d) for comparison (terms identically zero are omitted).

coefficients, their influence on the overall training error is still
small.

As illustrated in Fig. 15, also in the case of rotational
encoding [Eq. (2.10)] the QELM forms linear combinations of
the feature library φ(u) so that its Taylor expansion approx-
imately matches the true flow map ψg [Eq. (5.2)]. Compared
to amplitude encoding, rotational encoding renders a slightly
more accurate flow map approximation and lower training
error. We find that the lowest training error is achieved when
scaling the training trajectories u(t ) to an interval ∼10−2

around their mean.

VI. SUMMARY

We have employed the PTM formalism to describe training
of a QELM (a memoryless QRC) as a decoding problem of
features mixed by quantum channels, and discussed its im-
plications for system identification and time-series prediction.
Writing states and channels in the Pauli basis (or any other
orthogonal operator basis) turns the QELM into a sequence
of real linear maps TE j acting on the vector of Pauli features
φ(u) representing the encoded state ρenc(u) [29,37]. The
QELM thus takes the form of a classical regression model
(or “next-generation” RC [67]) over random features Tφ(u),
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FIG. 15. Illustration of the flow map learned by a QELM, obtained from the Taylor-approximation approach [Eq. (5.11)]. The QELM
uses rotational encoding [Eq. (2.10)] and is trained on (a) the Lorenz-63 model (5.6) and (c) the Halvorsen model (5.7). The rescaling
parameters are here m = [1, 1, 20], αx,y,z = 0.002 (Lorenz-63) and m = [−3, −3, −3], αx,y,z = 0.002 (Halvorsen). The corresponding true
flow map increments (ψg(u) − u)/�t [Eq. (5.1)], expanded to third order in the state variables uj , are shown in (b) and (d) for comparison.
The coefficients differ from Fig. 14 due to the different expansion points.

which carry the full dependence of the QELM on the encoded
input u and determine the nonlinearities that the model can
possibly express. We remark that classical representations of
QML models have been explored in various previous works
[50,106–109].

While the PTM-based regression representation of a
QELM is essentially a known consequence of the linear nature
of a data-independent quantum channel [29,37,46,49], our
work provides several new insights into QELMs with initial-
state encoding. We have shown that nonlinear information
processing capacity of a QELM can be expressed in terms
of two factors: (i) how well a target can be approximated
in terms of the Pauli features φk , and (ii) how well these

features are transmitted through the reservoir (see Sec. IV D).
Notably, even features obstructed by the reservoir channel
can be reconstructed from statistical correlations with visible
features. This provides a more fine-grained perspective on the
different contributions to the information processing capacity
[54] and the training error beyond universal approximation
theorems [6,27–31]. In fact, learning of the flow map of a
dynamical system benefits from a feature library matching
the structure of the vector field [70]. For the encodings used
here, the terms in the flow map can be approximated on
a restricted domain from the encoded features, which are
Fourier-like or of other forms (see Sec. II B). Applying the
present insights to construct reduced-order models in cases
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FIG. 16. The Pauli weight average (a) of Heisenberg-evolved measurement observables can predict the training error (b) and forecast
horizon (c) of a QELM without temporal multiplexing. We use a TFIM Hamiltonian [Eq. (2.5a), varying coupling parameters J, h, fixed t = 6]
with n = 3 qubits and amplitude encoding (2.8). The QELM in (b) and (c) is trained on the Lorenz-63 model and employs 1-qubit Pauli-Z
observables in the readout, enhanced by monomials up to degree 2 to increase sensitivity to nonlinear terms. The Pauli weight average is data
independent.

where the exact data-generating process is not known (black-
box system identification) is an interesting avenue for future
work [97,110,111].

The present work emphasizes Hamiltonian structure
as an indicator for QRC performance (see also, e.g.,
Refs. [44,50,51,96,112]): specifically, for temporal multi-
plexing, greater reservoir randomness is advantageous under
restricted measurement schemes, while highly structured
Hamiltonians can lead to low expressivity. We have explained
these findings in terms of the underlying Hamiltonian sym-
metries, which partition the reachable Krylov space (see
Appendix G), and provided a theoretical analysis of the effec-
tive PTM. As a specific application, we provided asymptotic
rank estimates for the transverse field Ising chain based on the
Majorana formalism (see Appendix F).

Numerous previous studies noted that simply enhancing
the quantum nature of a QML model often does not im-
prove its performance on practical datasets [113–119]. The
present study adds further perspectives on this finding: First,
as discussed above, the specific mathematical structure of the
features generated by a quantum encoding is not necessarily
optimal for approximating a classical target function. For
instance, the target function may not be exactly representable
from the linear span of the features generated by the encoding
even before any transformation by a quantum channel (ideal
decodability score R2

I < 1). This is the classic representabil-
ity problem in QML [51,120–122]. Second, a reservoir unitary
mixes features and reversing this potentially detrimental ef-
fect requires complex measurement schemes (e.g., high-order
Pauli observables, optimized premeasurement unitaries, or
temporal multiplexing schemes). This insight is supported
here by comparing the Pauli weight average of single-qubit
observables to its training accuracy: as illustrated in Fig. 16,
for a minimal QELM without temporal multiplexing trained
on a time-series prediction task, large Pauli weight average
strongly correlates with high training error and short forecast
horizon. Consistent with Refs. [47,74], what matters for task
performance is therefore not just how a quantum state evolves,
but what part of the Heisenberg-Krylov operator space is
actually accessible under the chosen observables and tempo-
ral multiplexing. The decodability framework presented here

allows one to separate the impact of the reservoir from that
of the encoding on the nonlinear processing capacity of the
model (see Appendix C).

The 4n-dimensional space of Pauli features [123] is anal-
ogous to the exponential frequency content of QML models
that employ gate-based rotational encoding [51,52,72]. These
and similar properties stemming from the exponential Hilbert
space dimensionality point to possible quantum advantages,
but require specific measurement strategies. Moreover, sim-
ply increasing qubit number n does not generally improve
QRC performance, as ill-conditioning and exponential con-
centration effects can become prevalent [12,48,50,53]. In that
regime, more sophisticated reservoir design strategies will be
required to steer feature propagation through the quantum
layers. Finally, using the Pauli basis in the transfer matrix
definition is justified by the measurement process, but not the
only possibility. For future work, it could thus be interesting to
study other orthogonal operator sets and assess the generality
of the present findings.
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APPENDIX A: KERNEL REPRESENTATION

Training over a Hilbert-Schmidt orthonormal basis of mea-
surement operators {Mk}d2

k=1 results in a quantum-kernel form
of the QELM [33]:

f (x) =
P∑

j=1

α∗
j K (x, x j ) = tr(M∗ρ(x)),

K (x, x′) = tr(ρ(x)ρ(x′)). (A1)
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TABLE V. Summary of notation used in this work. A trained quantity is indicated by a hat (e.g., ŵ).

Symbol Meaning Defined in

H Hilbert space Sec. II
Herm(H) Space of Hermitian operators on H Sec. II
n Number of qubits Sec. II
d Hilbert space dimension (d = 2n) Sec. II
D Input data dimension Sec. II
P Number of training samples Eq. (2.2)
m Number of measurement operators Eq. (2.1)
L Number of temporal multiplexing steps Eq. (3.9)
B Total number of measurements (e.g., B = mL) Eq. (3.14)
q Number of nonzero Pauli features (q � d2) Eq. (3.14)
x, u Input data (x, u ∈ RD) Eqs. (2.1) and (3.14)
y Target value (y ∈ R) Eq. (2.2)
ρ(x) Density matrix of the quantum state (feature map) Eq. (2.1)
Mk Measurement operators Eq. (2.1)
Pk n-qubit Pauli operators (k = 0, . . . , d2 − 1) Eq. (3.2)
σ a Single-site Pauli matrices (σ 0 ≡ I, X , Y , Z) Eq. (3.11)
UR,Uenc Reservoir and encoding unitary operators Eq. (2.4)
TE Pauli transfer matrix (channel E , TE ∈ Rd2×d2

) Eq. (3.3)
V Unitary PTM (V ∈ SO(d2)) Eq. (3.8)
R Effective PTM (temporal multiplexing) (R ∈ RB×q) Eq. (3.9)
S Selected observable set (|S| = m) Eq. (3.4)
S Selector matrix corresponding to S Eq. (3.4)
φ(x) Pauli feature vector (φ(x) ∈ Rq) Eq. (3.2)
F(x) Readout feature vector (F(x) = Rφ(x)) Eq. (3.14)
w Readout weights (w ∈ RB) Eq. (3.14)
λ Regularization parameter Eq. (2.2)
f (x) QELM output function ( f (x) = w�F(x)) Eq. (2.1)
ν Pauli weight Eq. (4.5)
γr Geometric channel decodability score Eq. (4.10)
κ j Geometric encoding decodability score Eq. (4.15)
R2

R Information processing capacity Eqs. (4.13) and (4.16)
R2

I Information processing capacity for an identity reservoir Eq. (4.16)
τR Channel transmission score Eq. (4.17)
νR Nullspace load Eq. (4.17)
χR Statistical rescue score Eq. (4.17)
α Dynamical system rescaling parameter Eqs. (5.6) and (5.7)

For the least-squares loss, the dual parameters are α∗ = (K +
λIP )−1y, where Ki j = K (xi, x j ), and the optimal measure-
ment operator is

M∗ =
P∑

j=1

α∗
j ρ(x j ). (A2)

Compared with the equivalent primal formulation in Eq. (2.1),
this representation is computationally more efficient when
P � d2.

If the reservoir is a data-independent unitary UR, then
the resulting state can be written as [see Eq. (2.7)] ρU (x) =
URρenc(x)U †

R . For a complete measurement operator basis,
unitary invariance of the Hilbert-Schmidt inner product gives

K (x, x′) = tr(ρU (x)ρU (x′)) = tr(ρenc(x)ρenc(x′)), (A3)

which is the usual fidelity kernel. Thus the Gram matrix,
dual coefficients, and predictions are independent of UR,
whereas the optimal observable transforms covariantly as

M∗
U = URM∗

encU
†
R , with M∗

enc obtained from Eq. (A2) using
ρenc.

Consider now a restricted Pauli observable set S . In this
case, the kernel induced by the primal model is generally not
the full fidelity kernel. To see this, define the Hilbert-Schmidt
projector onto the measured operator subspace by

�S (ρ) = 1

d

∑
k∈S

tr(Pkρ)Pk . (A4)

Using the normalized Pauli basis Pk/
√

d , the corresponding
kernel is

KS,U (x, x′) = 1

d

∑
k∈S

tr(PkρU (x))tr(PkρU (x′))

= tr[�S (ρU (x))�S (ρU (x′))]. (A5)

The reservoir unitary drops out of this restricted kernel if
conjugation preserves the measured subspace,

U †
RVSUR = VS , VS = span{Pl : l ∈ S}, (A6)
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which follows from cyclicity of the trace, tr(PkURρencU
†
R ) =

tr(Qρenc) with some Q ∈ VS . In this case, the restricted fea-
ture vector changes only by an orthogonal transformation, so
ridge regression results in the same Gram matrix and dual so-
lution. This condition holds, for instance, for certain Clifford
unitaries that map S onto itself up to signs (such as CNOT
circuits when S comprises all Z strings). However, a generic
Pauli subset S does not satisfy Eq. (A6) and the corresponding
restricted primal QELM is then represented by the kernel
(A5), which still depends on the reservoir unitary UR.

APPENDIX B: DECODING REFORMULATION
OF LINEAR REGRESSION

Let φ ∈ Rq be a vector and R ∈ RB×q be a fixed mixing
matrix, and er ∈ Rq the rth standard basis vector. We ask
for the reconstruction of a single component φr = e�

r φ by
finding weights wr ∈ RB such that

φr 
 w�
r Rφ (B1)

to within a certain error tolerance. We discuss below situations
where equality holds and where reconstruction can only be
approximate. We remark that related ideas are pursued in
compressed sensing [110].

In general, this problem is solved by ordinary least squares
(OLS) regression. Collecting P centered training samples as
� = [φ1, · · · ,φP] ∈ Rq×P, the corresponding target vector
is e�

r �. The OLS problem

ŵr = argmin
w∈RB

1

P
‖e�

r � − w�R�‖2
2 (B2)

then has the well-known minimum-Euclidean-norm solution

ŵr = (R�R�)+R�er, � = 1

P
���, (B3)

with � the empirical covariance matrix of the training data.
If the data are not centered, then an intercept can be included,
which takes the form br = φr − w�

r Rφ. We now discuss how
the properties of R and the data covariance � determine the
exactness of the reconstruction of φr .

1. Geometric decodability

Exact geometric reconstruction of the single component φr

is possible if er ∈ im(R�) or, equivalently, if there is a weight
vector R�wr = er . This, in turn, is equivalent to

e�
r v = 0 for every v ∈ null(R), (B4)

i.e., every vector of the nullspace of R must have zero rth
component. If this condition is met, then the minimum-norm
solution for the weights is provided by

w∗
r = (R+)�er . (B5)

However, the solution need not be unique, since any term in
null(R�) can be added, so that wr = (R+)�er + (IB − RR+)u,
with u ∈ RB. The pseudoinverse singles out the solution with
minimum Euclidean norm. Geometric decodability is thus a
property of the mixing matrix R alone.

In certain special cases, the test (B4) can be circumvented:

a. Square and invertible mixing matrix

The first case is an invertible R with B = q, and positive
definite �. Then (R�R�)−1R� = R−� and the minimum-
norm solution is

w∗
r = R−�er, (B6)

so that φr can be exactly reconstructed, φ̂r = e�
r R−1Rφ = φr .

b. Tall mixing matrix with full column rank

In the case B � q and rank(R) = q, the mapping φ �→ Rφ
is injective, and every component can be reconstructed ex-
actly. The minimum-norm weights are

w∗
r = (R+)�er = R(R�R)−1er, (B7)

which fulfill w∗�
r Rφ = φr .

2. Statistical decodability

When R is rank deficient (rank(R) < q) and Eq. (B4) is not
satisfied, a feature φr may still be decodable using statistical
correlations. To this end, recall that, from Eq. (B2), the mini-
mum mean-squared error is Emin

r = minw(er − R�w)��(er −
R�w). Since � is positive semidefinite, this error is zero only
if the residual vector er − R�w lies in null(�) for some w
or, equivalently, if er ∈ im(R�) + null(�). This, in turn, is
equivalent to

e�
r v = 0 for every v ∈ null(R) ∩ im(�), (B8)

which says that two statistically admissible inputs producing
the same mixed vector may differ in unobserved direc-
tions, but such differences must not alter the component φr .
Exact recovery through correlations requires an exact, lower-
dimensional relation in the data, while strong but imperfect
correlations reduce the error but do not make it vanish. We
analyze now a number of specific cases.

a. Isotropic data

For isotropic data, � = σ 2
φIq, the minimum-norm solution

(B3) reduces to

w∗
r = (RR�)+Rer = (R+)�er . (B9)

The resulting predictor is φ̂r = e�
r R+Rφ, wherein the compo-

nent of φ in null(R) is set to zero.

b. Positive definite covariance matrix

If � is positive definite, then null(�) = {0}, and
the statistical-support criterion reduces to Eq. (B4), i.e.,
er ∈ im(R�), with corresponding minimum-norm weights
Eq. (B5).

c. Correlated data

If er /∈ im(R�), then part of φr depends on directions that
are not directly observable through R, but may still be lin-
early predictable from second-order correlations. In order to
quantify the effect, consider the compact singular value de-
composition [s = rank(R)],

R = UsDsV
�

s , Ds = diag(d1, . . . , ds), (B10)
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and complete Vs to an orthogonal basis, V = [Vs V0], where
the columns of V0 span null(R). This allows us to decompose
the input into observable and unobservable coordinates,

a = V �
s φ, b = V �

0 φ, (B11)

so that

φ = Vsa + V0b, Rφ = UsDsa. (B12)

Thus, the mixed vector Rφ determines only a exactly. In this
basis, the target component can be written as

φr = v�
a a + v�

b b, va ≡ V �
s er, vb ≡ V �

0 er (B13)

while the covariance matrix takes the form

V ��V =
(

�aa �ab

�ba �bb

)
. (B14)

Using the SVD (B10) and assuming that �aa is invertible, the
first term in the weight solution (B3) results as

(R�R�)+ = (UsDsV
�

s �VsDsU
�
s )+ = (UsDs�aaDsU

�
s )+

= UsD
−1
s �−1

aa D−1
s U �

s . (B15)

Since er = Vsva + V0vb, the second term in (B3) reads

R�er = UsDsV
�

s �(Vsva + V0vb) = UsDs(�aava + �abvb).

(B16)

Altogether, one obtains

w∗
r = UsD

−1
s

(
va + �−1

aa �abvb
)
, (B17)

which results in the predictor

φ̂r = v�
a a + v�

b �ba�
−1
aa a. (B18)

The first term directly reconstructs the observable contribution
to φr , while the second term predicts its unobservable contri-
bution using correlations between a and b. The residual error
variance is given by

Er = E[(φr − φ̂r )2] = E
[(

v�
b

(
b − �ba�

−1
aa a
))2]

= v�
b

(
�bb − �ba�

−1
aa �ab

)
vb, (B19)

where the matrix in parentheses is the residual covariance
of the unobserved coordinates given the observed ones. If
vb = 0, then the target is directly observable and no statistical
prediction is needed. If vb �= 0 but �abvb = 0, then correla-
tions provide no improvement. Otherwise, correlations reduce
the reconstruction error by predicting the target-relevant part
of the unobserved coordinates.

d. Simple example: How correlations help

We give a simple example that shows how correlations help
reconstruct targets not directly decodable from R. Consider
q = 2, B = 1, and

R = (1 0), (B20)

so that the observed variable is Rφ = φ1. Suppose the goal is
to reconstruct φ2, and let the data covariance be

� =
(

σ 2
1 ρσ1σ2

ρσ1σ2 σ 2
2

)
. (B21)

The optimal weight and predictor follow as

w∗
2 = ρ

σ2

σ1
, φ̂2 = ρ

σ2

σ1
φ1. (B22)

Thus, without correlation (ρ = 0), φ1 provides no linear in-
formation about φ2. As |ρ| approaches one, the reconstruction
error E2 = E[(φ2 − φ̂2)2] = σ 2

2 (1 − ρ2) decreases. For |ρ| =
1, the two components satisfy an exact linear relation and φ2

can be reconstructed perfectly, even though R is rank deficient.

APPENDIX C: GENERAL FORMALISM
OF DECODABILITY SCORES

We now develop a formalism of decodability scores based
on the least-squares approach of Appendix B. Appendices C 1
and C 2 closely follow the information processing capacity
formulation in Ref. [54]. Going beyond this, the subsequent
sections show how the decodability scores factorize into
quantum encoding and channel parts, and how to distinguish
statistical from geometric contributions. We retain the cen-
tered finite-sample setting of Appendix B and the notation of
Sec. III C, including the following definitions:

� = [φ1, . . . ,φP] ∈ Rq×P, R ∈ RB×q,

G = R� ∈ RB×P, � = 1

P
���, y = (y(u1), . . . , y(uP ))�,

by = 1

P
�y, s2

y = 1

P
y�y > 0, (C1)

where y is a centered scalar target. An intercept can be in-
cluded before centering, as described in Appendix B. Unless
stated otherwise, the capacities below refer to the unregular-
ized least-squares method.

1. General decodability score

The minimum-norm OLS weights and fitted target are

ŵy = (R�R�)+Rby, ŷR = G�ŵy = �Gy,

�G ≡ G�(GG�)+G, (C2)

where �G projects targets onto the subspace of functions
representable by the measured QELM features G = R� [i.e.,
the row space row(G) ⊆ RP]. We define the coefficient of
determination R2 as the general decodability score

DR[y] ≡ 1 − minw P−1‖y − G�w‖2
2

s2
y

= y��Gy
y�y

= b�
y R�(R�R�)+Rby

s2
y

, (C3)

which corresponds to the information processing capacity in-
troduced in Ref. [54]. The second equality follows because
the OLS residual is orthogonal to the fitted vector. The last
equality follows from GG� = PR�R� and Gy = PRby. Con-
sequently, we have 0 � DR[y] � 1 and

DR[y] = 1 ⇐⇒ y ∈ row(G). (C4)
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2. Feature-direction, statistical, and geometric scores

For a feature-space direction a ∈ Rq, consider the target
ya(up) = a�φp, with variance s2

a = a��a. If a /∈ null(�),
then Eq. (C3) gives

DR,� (a) ≡ DR[ya] = a��R�(R�R�)+R�a
a��a

. (C5)

It is convenient to introduce the whitened quantities

R̃ = R�1/2, ã = �1/2a, �R̃ = R̃+R̃, (C6)

in terms of which Eq. (C5) takes the form

DR,� (a) = ã��R̃ã
ã�ã

= 1 − ‖(I − �R̃ )̃a‖2
2

‖̃a‖2
2

, (C7)

where �1/2 is the symmetric square root. Note that the formu-
las remain valid for singular �, with whitening understood on
im(�).

Since �R̃ is an orthogonal projector, exact and vanishing
decodability are characterized by

DR,� (a) = 1 ⇐⇒ a ∈ row(R) + null(�),

DR,� (a) = 0 ⇐⇒ R�a = 0. (C8)

For a = er , the first relation reproduces the statistical recovery
criterion of Eq. (B8). The corresponding single-feature statis-
tical score is

DR,� (er ) = e�
r �R�(R�R�)+R�er

�rr
= R2

R[φr]. (C9)

This quantity can be nonzero even when the direction er is
absent from row(R), because correlations encoded in � can
predict the unresolved component.

For isotropic data � = σ 2
φI, we obtain the geometric de-

codability score:

DR,σ 2
φI

(er ) = e�
r R+Rer ≡ γ 2

r , (C10)

consistent with the OLS analysis in Appendix B 1. Moreover,
1 − γ 2

r = ‖(I − R+R)er‖2
2 is the squared coefficient-space

projection error, and

q∑
r=1

γ 2
r = tr(R+R) = rank(R). (C11)

If � is nonsingular (or after restriction to its support), then the
single-coordinate scores in whitened feature coordinates are

γ̃ 2
r ≡ (�R̃)rr = DR̃,I(er ),

∑
r

γ̃ 2
r = rank(R�1/2), (C12)

which generalizes Eq. (C10).
The tensor-product statement used in the main text fol-

lows directly from (
⊗

i Ri )+ =⊗i R+
i . If R =⊗n

i=1 Ri and
er =⊗n

i=1 eri , then

R+R =
n⊗

i=1

(R+
i Ri ), γ 2

r =
n∏

i=1

γ 2
ri,i,

w∗
r = (R+)�er =

n⊗
i=1

(R+
i )�eri . (C13)

More generally, if also � =⊗i �i and a =⊗i ai, then the
statistical score factorizes as

D⊗iRi, ⊗i�i

(⊗
i

ai

)
=
∏

i

DRi,�i (ai ). (C14)

3. Representation-transmission factorization

Consider the orthogonal projector �� from the target space
onto the subspace representable by the feature library � (un-
restricted by measurement or reservoir mixing):

�� = ��(���)+�, ŷφ = ��y, ay = �+by, (C15)

so that ŷφ = ��ay and �ay = by. Here ay is the minimum-
norm feature-space representative of the target projection. The
ideal feature-representation score, corresponding to a QELM
with R = I (see Sec. IV C 1), is

R2
I[y] ≡ DI[y] = ‖̂yφ‖2

2

‖y‖2
2

= b�
y �+by

s2
y

= a�
y �ay

s2
y

. (C16)

This quantity measures the fraction of the target variance that
can be represented by the encoding-generated feature library,
independently of subsequent reservoir or measurement action.

For ŷφ �= 0, we define the channel-transmission score

τR[y] ≡ ‖�Gŷφ‖2
2

‖̂yφ‖2
2

= DR,� (ay)

= b�
y R�(R�R�)+Rby

b�
y �+by

= b̃�
y �R̃b̃y

b̃�
y b̃y

, (C17)

where b̃y ≡ (�+)1/2by, R̃ = R�1/2, and �R̃ = R̃+R̃. If ŷφ =
0, then R2

R[y] = 0 for every R, and the channel factor is
immaterial. The general score factorizes as

DR[y] = R2
R[y] = R2

I[y] τR[y] = DI[y]DR,� (ay). (C18)

This follows from ‖�Gy‖2
2 = ‖�G��y‖2

2 = τR[y]‖��y‖2
2,

since row(G) ⊆ row(�) and hence the fitted component can
first be projected onto the feature library and then onto the
readout subspace. Equivalently, the result is obtained by sub-
stituting �ay = by into Eq. (C5).

4. Geometric and statistical contributions
to the channel-transmission

We now split τR[y] [Eq. (C17)] into a geometric and a
statistical contribution. Let

R = UsDsV
�

s (C19)

be the compact singular value decomposition of R, with s =
rank(R). The columns of Vs ∈ Rq×s span row(R), while the
columns of V0 span null(R). Writing V = [Vs V0], we decom-
pose the feature vector and the ideal target direction as

z = V �
s φ, η = V �

0 φ, a‖ = V �
s ay, a⊥ = V �

0 ay.

(C20)

Since Rφ = UsDsz, the coordinates z are geometrically ac-
cessible from the readout. By contrast, the coordinates η lie in
null(R) and are not geometrically accessible.
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The ideal feature representative decomposes as

ŷφ (u) = a�
‖ z(u) + a�

⊥η(u)︸ ︷︷ ︸
hy (u)

. (C21)

The first term is directly transmitted by R. The second term,

hy(u) = a�
⊥V �

0 φ(u), (C22)

is geometrically hidden from the readout. It may nevertheless
be statistically predictable from the accessible coordinates z.
To quantify this effect, let

V ��V =
(

�‖‖ �‖⊥
�⊥‖ �⊥⊥

)
. (C23)

The variance of the hidden component is then

var(hy) = a�
⊥�⊥⊥a⊥, (C24)

while the part of hy linearly predictable from the accessible
coordinates z has variance

var(�zhy) = a�
⊥�⊥‖�+

‖‖�‖⊥a⊥, (C25)

where �z denotes the projection onto the span of the rowspace
coordinates z. This motivates the statistical rescue score

χR[y] ≡
⎧⎨⎩

a�
⊥�⊥‖�+

‖‖�‖⊥a⊥
a�

⊥�⊥⊥a⊥
, a�

⊥�⊥⊥a⊥ > 0,

0, a�
⊥�⊥⊥a⊥ = 0,

(C26)

which fulfills 0 � χR[y] � 1. A value χR[y] 
 0 means that
the geometrically hidden part of the target-relevant feature
representative is also not statistically predictable from the
measured rowspace. By contrast, χR[y] 
 1 indicates that the
hidden component is almost fully recoverable from correla-
tions in the data.

However, χR[y] 
 1 does not exclude that the decodability
character of a task is actually geometric, which is the case
if almost no task-relevant feature lies in null(R). To quantify
how much of a feature lies in geometrically hidden directions,
we define the nullspace load

νR[y] ≡ a�
⊥�⊥⊥a⊥
a�

y �ay
. (C27)

In general, since �‖⊥ need not vanish, νR[y] can exceed
unity and should be understood as a nullspace-load diagnostic.
By contrast, the product νR[y](1 − χR[y]) ∈ [0, 1] entering
Eq. (C30) is a proper fraction. We now collect the coordinates
defined in Eq. (C20) over the training set and obtain coordi-
nate matrices Z = V �

s � and N = V �
0 �, so that

ŷφ = Z�a‖ + N�a⊥. (C28)

Since G = R� = UsDsZ , we have �G = �Z , where �Z =
Z�(ZZ�)+Z . The visible component Z�a‖ already lies in
row(Z ), and therefore the only channel error comes from the
part of the hidden component not predictable from Z:

1

P
‖̂yφ − �Gŷφ‖2

2 = a�
⊥(�⊥⊥ − �⊥‖�+

‖‖�‖⊥)a⊥. (C29)

Dividing by ‖̂yφ‖2
2/P = a�

y �ay yields the refined transmis-
sion score

τR[y] = 1 − νR[y](1 − χR[y]). (C30)

For a fixed target, full channel transmission thus occurs if the
geometrically hidden component is either absent or exactly
predictable from the accessible rowspace:

τR[y] = 1 ⇐⇒ (I − �Z )N�a⊥ = 0

⇐⇒ νR[y](1 − χR[y]) = 0. (C31)

Full transmission for every target is equivalent to

null(R) ∩ im(�) = {0} ⇐⇒ rank(R�1/2) = rank(�).
(C32)

Thus full column rank of R is sufficient but not necessary,
since it is enough that R be injective on the populated feature
subspace.

Upon inserting Eq. (C30) into Eq. (C18), the decodability
score takes the form

R2
R[y] = R2

I[y][1 − νR[y](1 − χR[y])]. (C33)

Equivalently, the normalized target variance can be decom-
posed as

1 = 1 − R2
I[y]︸ ︷︷ ︸

not represented by encoding

+ R2
I[y] νR[y](1 − χR[y])︸ ︷︷ ︸

geometrically hidden and not statistically rescued

+ R2
R[y]︸ ︷︷ ︸

decoded

. (C34)

The channel-transmission deficit 1 − τR[y] is the amount of
target-relevant feature weight lying outside row(R) that is not
statistically rescued by correlations. The quantity

R2
I[y] νR[y]χR[y]

(geometrically hidden but statistically rescued) (C35)

measures the reduction in normalized mean-squared error rel-
ative to predicting with only the directly visible component.

For a nonsingular �, or in an orthonormal basis of its
support, write b̃y/‖̃by‖2 =∑r∈J crer , with

∑
r c2

r = 1. The
whitened single-direction scores of Eq. (C12) bound the trans-
mission loss according to

1 − τR[y] �

⎛⎝∑
r∈J

|cr |
√

1 − γ̃ 2
r

⎞⎠2

�
∑
r∈J

(
1 − γ̃ 2

r

)
, (C36)

which follows from the triangle inequality applied to (I −
�R̃)

∑
r crer and Cauchy-Schwarz.

5. Specializations to nonlinear-capacity and monomial scores

For the degree-k target family {ye : |e| = k} used in
Eq. (4.13), the nonlinear processing capacity is simply the
average of the general score,

R2
R(k) = 1

Nk

∑
|e|=k

DR[ye]. (C37)
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FIG. 17. Decodability budget for degree- j raw monomial targets pj (uα j ) = u j
α j

when the selected measurements are restricted to Pauli-Z

observables. The bars use the decomposition in Eq. (C34) (from bottom to top): Gray marks the component absent from the encoding, 1 − R2
I;

orange marks the encoded component that the reservoir or readout does not recover, R2
I − R2

R; green marks the decoded component, R2
R,

including the part (overlayed) that is geometrically hidden but statistically rescued, R2
IνRχR [Eq. (C35), clipped and scaled]. The four readout

choices compare access to the full Pauli feature vector immediately after encoding (R = I), direct measurement of the selected Z features only
(R = S), the same selected features after Hamiltonian evolution (R = SV ), and their L-step temporally multiplexed version (RL). Both panels
use amplitude encoding (2.9), but differ by the TFIM Hamiltonian [Eq. (2.5)].

Applying Eq. (C18) target by target gives the exact degree-
resolved factorization

R2
R(k) = R2

I(k) τR(k), τR(k) ≡
∑

|e|=k R2
I[ye]τR[ye]∑

|e|=k R2
I[ye]

,

(C38)

whenever the denominator is nonzero. Hence the relative
nonlinear-capacity score is an average of channel transmission
weighted by the ideal representation capacities.

The local monomial score of Eq. (4.15) is another special-
ization. Let B = [B(u1 − u0) − B, . . . ,B(uP − u0) − B] ∈
Rb×P, B = 1

P

∑P
p=1 B(up − u0), �B = P−1BB�, and use the

local approximation � 
 AB. The ideal and postchannel em-
pirical decodability of the jth monomial are respectively

DA,�B (e j ), DRA,�B (e j ), DRA,�B (e j ) � DA,�B (e j ),

(C39)

where the inequality follows from row(RA�
1/2
B ) ⊆

row(A�
1/2
B ). For isotropic or whitened monomial coordinates,

this reduces to the geometric scores

κ2
j (A) = (A+A) j j = DA,I(e j ),

κ2
j (RA) = ((RA)+RA) j j = DRA,I(e j ). (C40)

Consequently κ2
j (RA) � κ2

j (A), with equality for all mono-
mial directions if null(R) ∩ im(A) = {0}.

Finally, let {ya} be a complete empirically orthonormal
basis of the centered sample space, P−1y�

a yb = δab. Parseval’s
identity for the projector �G yields the empirical capacity sum
rule∑

a

DR[ya] = tr(�G) = rank(G) = rank(R�1/2). (C41)

For whitened feature-coordinate targets this becomes the sum
rule in Eq. (C12); for � = I, it reduces further to

∑
r γ 2

r =
rank(R).

6. Summary

In summary, the row space of the mixing matrix R deter-
mines which input components are directly reconstructible,
its nullspace determines the unresolved ambiguities, and its
singular values determine the stability of the reconstruction.
Geometric decodability is a property of the mixing matrix
alone, while statistical decodability depends additionally on
the correlations of the data. Correlations can reduce the error
by predicting target-relevant nullspace components, but exact
statistical recovery requires a deterministic relation among the
data. We discuss geometric decodability for some examples of
PTMs in Appendix D.

Figure 17 illustrates the decodability score decomposi-
tion of Eq. (C34) for monomial targets and a TFIM-based
PTM with Pauli-Z observables (corresponding to the setup
in Fig. 13). The reduced geometric decodability of the TFIM
variant (2.5b) compared to (2.5a) (already visualized in Fig. 4)
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FIG. 18. Geometric decodability according to the null-space criterion (B4): Number of exactly reconstructible features as a function of the
number of observables (=rows of the PTM) m, for the TFIM with n = 4 qubits (d2 = 256) at various evolution times t . Panel (a) shows the
total number of reconstructible features, including a random-unitary reference, while panel (b) shows the number of reconstructible one-qubit
features. In contrast to statistical decodability, geometric decodability is an exact criterion independent of the data (see Appendix B).

is directly reflected by the scores. In fact, for the amplitude
encoding (2.9), the temporally multiplexed Z-readout satis-
fies F(−u) = F(u), because [PZ , Hxx-z

TFIM] = 0 and ρenc(−u) =
PZρenc(u)PZ with PZ = Z1 · · · Zn. Hence, under a symmetric
input distribution on [−a, a] (a < 1), every odd-degree mono-
mial is orthogonal to the readout space and thus has vanishing
capacity, although they are available under full Pauli readout
(R = I). This is not necessarily the case for other encodings,
such as the variant (2.8), for which higher-order monomials
have a high statistical decodability.

Note that, while 0 � χR[y] � 1, the nullspace load νR[y]
can exceed 1. Hence, the quantity (C35) can in principle
exceed R2

R: it is the error reduction when using correlations
relative to using only directly visible components for predic-
tions. We therefore show in the plots (also in Fig. 11) a clipped
and scaled version min(R2

IνRχR,R2
R)/R2

R.

APPENDIX D: GEOMETRIC DECODABILITY
FOR COMMON PTMS

We analyze here the geometric decodability criterion (B4)
for common PTMs. Consider the case where R ∈ Rm×q is
dense and quasirandom, arising, e.g., for a Haar-random uni-
tary U . For m < q, the null space is necessarily nonzero and in
random orientation. Accordingly, the probability that the same
component vanishes for all vectors of null(R) is essentially
zero, such that no features are geometrically decodable. Once
m � q, R has full column rank, hence null(R) = {0} and the
null-space condition in Eq. (B4) is trivially fulfilled, implying
that all q features become instantly reconstructible for a ran-
dom R. In this case one may define W = R+ = (R�R)−1R�
and assign w� = e�

r W .
For a Clifford unitary, which maps between elements of the

Pauli group, row(R) is spanned by a subset of standard basis
vectors, hence rank(R) features are exactly reconstructible
even if R is wide. For unitaries based on structured Hamiltoni-
ans or at small evolution times, one may expect Eq. (B4) to be
fulfilled for a certain set of features, provided m is sufficiently
large (but can still be m � q). This is confirmed numerically
in Fig. 18, where the behavior of the feature isolation criterion
(B4) is illustrated for various unitaries as a function of the
number of observables m (rows of R).

APPENDIX E: PAULI TRANSFER MATRIX FORMALISM:
FURTHER DETAILS

We provide here some further useful information on the
PTM formalism for QELMs. When ordering the basis with
identity first, we have φ = (φ0, s), where φ0 = tr(ρ) = 1 and
s ∈ Rd2−1 is the traceless (Bloch) part. A maximally mixed
state has s = 0, i.e., is in the center of the generalized Bloch
sphere. By contrast, a pure state [tr(ρ2) = 1] has |s|2 = d − 1
and thus lies on the hypersphere of radius

√
d − 1 (although

not all points on it are valid quantum states).

1. Unitary channels

For a unitary channel U (ρ) = UρU †, one has

TU,αβ = 1

2n
tr(Pα UPβU †). (E1)

Trace preservation and unitality imply the form

TU =
(

1 0�
0 �U

)
, (E2)

i.e., the traceless coefficients undergo a real orthogonal ro-
tation with �U ∈ SO(d2 − 1). For Clifford unitaries, TU is a
signed permutation of Pauli strings.

Consider a separable reservoir Hamiltonian HR =∑n
j=1 h( j)

R , such that the reservoir unitary factorizes
as U (t ) =⊗n

j=1 Uj (t ). Such a structure emerges, e.g.,
for a TFIM with h/J → ∞ [Eq. (2.5)]. This implies a
Kronecker-product structure of the unitary PTM (E1) (and
similarly for any other product quantum channel),

TU (t ) = V (1)(t ) ⊗ · · · ⊗ V (n)(t ), (E3)

where each V ( j)(t ) ∈ SO(4) acts on the single-qubit feature
vector φ( j). Consequently, the evolved features remain fac-
torized:

φ′(x) = TU (t )φ(x)

= (V (1)(t )φ(1)(x1)) ⊗ · · · ⊗ (V (n)(t )φ(n)(xn)). (E4)

Thus, each Pauli-string feature φa1...an evolves only by local
mixing among the single-qubit labels a j ∈ {0, x, y, z}, without
coupling different qubits and without operator spreading.

Each local unitary Uk (t ) = e−ithk rotates the local Pauli
components, so Y strings can become nonzero only through
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this local mixing. More explicitly, writing the local Pauli

feature vector as φ̃
(k) ≡ (φ(k)

x , φ(k)
y , φ(k)

z )�, any single-qubit
unitary induces an SO(3) rotation

φ̃
′(k)

(uk ) = �(k)(t ) φ̃
(k)

(uk ), φ
′(k)
0 = φ

(k)
0 = 1, (E5)

i.e., φ′(k)
a =∑b∈{x,y,z} �

(k)
ab (t ) φ

(k)
b , with �(k) the adjoint repre-

sentation of Uk (t ) on the Pauli vector. For example, for a local
Z-field hk = Z ,

Uk (t )†XUk (t ) = cos(2t ) X − sin(2t )Y,

Uk (t )†YUk (t ) = cos(2t )Y + sin(2t ) X, (E6)

so that φ′(k)
y (uk ) = sin(2t ) φ(k)

x (uk ) and, correspondingly,
φ′

...yk ...
(x) = sin(2t ) φ...xk ...(x), while Z features remain invari-

ant. This shows how unitaries act to make specific features
accessible to the readout when the latter uses a restricted set
of observables.

2. General quantum channels: Affine action on the Bloch part

We discuss now briefly the representation of general noisy
channels in the PTM formalism, including some geometrical
intuitions [62,125]. Consider a CPTP channel E with associ-
ated Kraus operators {K
}. Then

TE,αβ = 1

2n

∑



tr(PαK
PβK†

 ), (E7)

which corresponds in block form (compatible with φ =
(1, s)) to

TE =
(

1 0�
t �

)
, s′ = t + �s, (E8)

where t = 0 for unital channels. For a single qubit, � is a
contracting map (singular values � 1). Nonunitality produces
a translation t of the Bloch part, e.g., a maximally mixed state
would be shifted away from the center of the Bloch sphere.

Consider the following single-qubit PTMs for nonunitary
noise channels [126–128]:

(1) Isotropic depolarization Dλ(ρ) = λρ + (1 − λ)I/2:

Tdep(λ) = diag(1, λ, λ, λ). (E9)

For a global isotropic depolarizing channel on dimension d =
2n, T (n)

dep (λ) = diag (1, λId2−1).
(2) Z-dephasing with probability p:

TdephZ (p) = diag(1, 1 − 2p, 1 − 2p, 1). (E10)

(3) Amplitude damping with parameter γ ∈ [0, 1] and
polarization z∗ ∈ [−1, 1] (with z∗ = 1 corresponding to the
zero-temperature fixed point |0〉〈0|):

TAD(γ ) =

⎛⎜⎜⎝
1 0 0 0
0

√
1 − γ 0 0

0 0
√

1 − γ 0
z∗γ 0 0 1 − γ

⎞⎟⎟⎠. (E11)

Modeling n-qubit noise as tensor products of single-qubit
channels E (n) =⊗n

i=1 E (i) is often used as a baseline in QRC
models [19,22,49,129]. Since the PTMs (E9) and (E10) are
Pauli diagonal, they do not lead to Pauli spreading and hence
do not enlarge the accessible feature subspace. Amplitude

damping [Eq. (E11)] produces Pauli-I/Z mixing, which causes
operator weight decay.

A particularly transparent characterization emerges if the
noise channel is approximately diagonal. For instance, for the
n-qubit depolarizing channel D(n) = ⊗n

i=1Dλ [see Eq. (E9)],
any Pauli string P of weight ν(P) is an eigenoperator with

D(n)(P) = λν(P)P. (E12)

Accordingly, high-weight Pauli strings are exponentially sup-
pressed by near-diagonal noise channels. In conjunction with
unitary-induced operator spreading, this can increase informa-
tion loss under finite sampling. On the other hand, amplitude
damping noise is often observed to improve QRC perfor-
mance as the associated superoperator spreads the state’s
probability weight into more Pauli directions, thereby en-
riching the feature map [19]. This has been related to the
“coherence influx” present for amplitude damping but not
depolarization [46].

APPENDIX F: TFIM SYMMETRIES AND THEIR IMPACT
ON TEMPORAL MULTIPLEXING

We now specialize the general discussion of Sec. IV A to
the TFIM reservoirs in Eq. (2.5) and to the observable families
used in the numerics. An analytical discussion is possible
based on the Jordan-Wigner transformation and the associ-
ated Majorana representation for the Ising chain [130,131].
Once the Lieb-Robinson light cone has covered the chain,
the support of an initially local operator has saturated. The
accessible operator subspace controls the achievable rank of
the temporally multiplexed PTM.

1. Heisenberg sectors of the relevant observables

Introducing the Majorana operators obtained from the
Jordan-Wigner transformation

γ2 j−1 =
⎛⎝∏

m< j

Zm

⎞⎠Xj, γ2 j =
⎛⎝∏

m< j

Zm

⎞⎠Yj, j = 1, . . . , n,

(F1)
the TFIM in Eq. (2.5b) can be written as

Hxx-z
TFIM = iJ

n−1∑
j=1

γ2 jγ2 j+1 + ih
n∑

j=1

γ2 j−1γ2 j . (F2)

Since the Hamiltonian is quadratic in the Majoranas, Heisen-
berg evolution acts linearly on them,

γ (H)
a (t ) =

2n∑
b=1

Oab(t ) γb, O(t ) ∈ SO(2n), (F3)

and therefore preserves the Majorana degree r, i.e., the num-
ber of Majorana factors in a monomial. The degree-r operator
sector

Vr = span
{
γa1 · · · γar : 1 � a1 < · · · < ar � 2n

}
(F4)

with dimension

dim Vr =
(

2n

r

)
, (F5)

is thus invariant.
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The observables relevant for the QELM fall into simple
sectors:

Zj = −iγ2 j−1γ2 j ∈ V2, ZiZ j ∈ V4 (i �= j), (F6)

while

Xj =
⎡⎣∏

m< j

(−iγ2m−1γ2m)

⎤⎦γ2 j−1 ∈ V2 j−1,

Yj =
⎡⎣∏

m< j

(−iγ2m−1γ2m)

⎤⎦γ2 j ∈ V2 j−1. (F7)

Thus Z-type observables under Hxx-z
TFIM stay in low-degree

Gaussian sectors, whereas Xj and Yj occupy odd sectors
whose degree grows with the site index. In particular, a bulk
Xj or Yj lives in a sector of dimension ( 2n

2 j − 1) ∼ O(4n).
These sectors have a highly structured Pauli-string content.

From the bilinear form of Zj , its Heisenberg evolution under
Hxx-z

TFIM is restricted to

Z (H)
j (t ) =

n∑
p=1

ap(t ) Zp

+
∑

1�p<q�n

∑
α,β∈{X,Y }

bαβ
pq (t ) αp Zp+1 · · · Zq−1 βq,

(F8)

i.e., to strings with two X/Y end points and a Z string in
between. Hence, after full spatial spreading the number of
Pauli strings remains ∼O(n2). Likewise, (ZiZ j )(H)(t ) remains
in the quartic sector and becomes a sum of products of two
such interval strings. These strings have at most four X/Y
end points connected by Z segments, and their total number
is ∼O(n4).

The second TFIM in Eq. (2.5a) follows from the Hadamard
equivalence (2.6):

O(H)(t )|zz-x = U †
H[(UHOU †

H)(H)(t )|xx-z]UH. (F9)

Therefore Z-type observables under H zz-x
TFIM inherit the same

operator-space complexity as X -type observables under
Hxx-z

TFIM:

Zj ←→ Xj ∈ V2 j−1, ZiZ j ←→ XiXj ∈ V2|i− j| (i �= j).

(F10)

Hence Z (H)
j (t ) under H zz-x

TFIM can occupy exponentially large
sectors for bulk j, and (ZiZ j )(H)(t ) does the same for sepa-
rations |i − j| ≈ n/2. Z-type observables are low-complexity
under Hxx-z

TFIM, but high-complexity under H zz-x
TFIM. By contrast,

the full single-site Pauli family {Xj,Yj, Zj}n
j=1 already con-

tains bulk odd-degree operators in either TFIM and therefore
has exponential Heisenberg complexity for both variants.

We remark that the Majorana degree r of a Pauli observable
is defined only after choosing a Jordan-Wigner (Majorana)
representation. Here, we use the convention in which the cor-
responding TFIM Hamiltonian is quadratic in the Majorana
operators, so that Heisenberg evolution acts linearly on the
Majoranas and preserves the degree-r sectors.

2. Asymptotic rank of the temporally multiplexed PTM

We now connect the above Heisenberg-sector structure to
the effective PTM in temporal multiplexing. Denote by RL the
effective PTM in Eq. (3.9) evaluated for L multiplexing steps
and L(·) = i[H, ·]. For generic sampling times {t
}, the large-
L rank is the dimension of the Heisenberg orbit, equivalently
of the Krylov span [47]:

r∞(H,S ) := lim
L→∞

rank(RL )

= dim span{etL(P) : P ∈ S, t ∈ R}
= dim span{Lm(P) : P ∈ S, m � 0}. (F11)

This is the operator-space saturation rank before feature clip-
ping. The actual effective PTM rank is therefore bounded by

rank(RL ) � min(q, r∞(H,S )), (F12)

with q the effective number of nonzero encoded features from
Sec. III C.

We consider the three observable families

SZ = {Zj}n
j=1, SZ,ZZ = {Zj, ZiZ j}n

i, j=1,

SXY Z = {Xj,Yj, Zj}n
j=1. (F13)

For SZ,ZZ , ordered pairs do not increase the operator-space
dimension since ZiZ j = ZjZi, while the diagonal i = j con-
tributes only the trivial identity operator.

Using the sector decomposition from Appendix F 1, one
obtains the following sector-dimension upper bounds for
Hxx-z

TFIM:

r∞
(
Hxx-z

TFIM,SZ
)

�
(

2n

2

)
= n(2n − 1) ∼ O(n2), (F14)

r∞
(
Hxx-z

TFIM,SZ,ZZ
)

� 1 +
(

2n

2

)
+
(

2n

4

)
∼ O(n4). (F15)

The term 1 in the second line is the static identity contribution
arising from ZiZi = I and should be omitted if only i < j is
included in SZ,ZZ .

The sector dimensions are ceilings on the temporal Krylov
rank and need not be saturated. In particular, for a fixed
quadratic Hamiltonian the rank is further restricted by de-
generacies of the Liouvillian frequencies. After Bogoliubov
diagonalization, the TFIM can be written as H = E0 +∑n

a=1 εa( f †
a fa − 1

2 ) and every Liouvillian frequency therefore
has the form

ωq =
n∑

a=1

qaεa, qa ∈ {−1, 0, 1}. (F16)

Consequently, the quadratic TFIM has at most |�| = 3n dis-
tinct Liouvillian frequencies. With mS := dim span S , the
exact frequency-resolved rank formula (G19) implies

r∞(H,S ) � mS 3n. (F17)

An improved bound becomes available when the fre-
quencies are nonresonant and the projections of the seeded
operators onto the Liouvillian-frequency subspaces are
nonzero. Here nonresonance means that distinct vectors q ∈
{−1, 0, 1}n give distinct sums ωq =∑a qaεa. In a Majorana-
degree-r sector, the number of compatible distinct frequencies
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is

Nr =
∑

0�s�min(r,2n−r)
s≡r (mod 2)

(
n

s

)
2s, (F18)

where s is the number of modes with qa = ±1. Under the
Hadamard equivalence, the observables in SZ for H zz-x

TFIM map
to Xj ∈ V2 j−1 for Hxx-z

TFIM. Therefore,

r∞
(
H zz-x

TFIM,SZ
) =

n∑
j=1

N2 j−1 =
n∑

s=1
s odd

(
n

s

)
2s(n − s + 1)

= (n + 3)3n−1 + (n − 1)(−1)n

2
= �(n3n),

(F19)

where the notation �(·) indicates a tight bound. For Hxx-z
TFIM one

has L(Xj ) = 2hYj (h �= 0), so including Yj does not enlarge
the Krylov space already generated by Xj . The Zj observables
lie in the separate degree-two sector and it follows that

r∞
(
Hxx-z

TFIM,SXY Z
) = r∞

(
H zz-x

TFIM,SZ
)+ r∞

(
Hxx-z

TFIM,SZ
)

= �(n3n). (F20)

Since the full single-site Pauli family is invariant under the
global Hadamard transformation up to signs and relabeling,

r∞
(
H zz-x

TFIM,SXY Z
) = r∞

(
Hxx-z

TFIM,SXY Z
) = �(n3n). (F21)

Finally, the frequency bound gives

r∞
(
H zz-x

TFIM,SZ
)

� r∞
(
H zz-x

TFIM,SZ,ZZ
)

�
(

1 + n +
(

n

2

))
3n � O(n23n). (F22)

In summary, temporal multiplexing of Z-type observables
under Hxx-z

TFIM explores only low-degree Majorana sectors and
gives a polynomial rank. Under H zz-x

TFIM, these observables
touch high-degree sectors and the rank is exponential, since
the growth is governed by the 3n Liouvillian frequencies. The
Majorana-sector dimension characterizes the possible Pauli
support of a fully evolved operator. The temporal Krylov rank
depends on the multiplicities of the Liouvillian frequencies
and can be reduced by resonances or commensurate sampling
times.

APPENDIX G: INFLUENCE OF GENERAL
LIOUVILLIAN SYMMETRIES

In Appendix F we derived the asymptotic rank of the
temporally multiplexed PTM for the TFIM by exploiting a
special operator-space sector decomposition. We will general-
ize here these results in terms of symmetries of the Liouvillian
L. Although we phrase the discussion for unitary evolution
generated by a Hamiltonian, the same sector-decomposition
arguments apply to any linear Heisenberg generator L.

1. Operator-space formulation of the effective PTM

Let H be a d-dimensional Hilbert space and let O be the
associated operator space equipped with the Hilbert-Schmidt
inner product 〈A, B〉 = 1

d tr(A†B). A Hamiltonian H induces

the Heisenberg evolution O(H)(t ) = etLO with Liouvillian
L(O) = i[H, O]. Given a selected observable family S , the
“seed” space of measurement operators is

M = span{Pk : k ∈ S} ⊆ O. (G1)

Likewise, let F ⊆ O denote the feature subspace spanned by
those Pauli operators whose input features are not identically
zero under the chosen encoding, so that dim F = q in the no-
tation of Sec. III C. We write �F for the orthogonal projector
onto F . For temporal multiplexing at times t1, . . . , tL, define

WL(H,M;F ) = span{�Fet
L(M ) :

M ∈ M, 
 = 1, . . . , L}. (G2)

In any orthonormal operator basis whose first q basis elements
span F , the effective PTM RL in Eq. (3.9) is the coordinate
matrix of these vectors, hence

rank(RL ) = dim WL(H,M;F ). (G3)

In the absence of feature clipping, one may set F = O and
obtain the operator-space saturation rank

r∞(H,M) := lim
L→∞

rank(RL )

= dim span{etL(M ) : M ∈ M, t ∈ R}. (G4)

For generic sampling times, this coincides with the Krylov
dimension [Eq. (F11)],

r∞(H,M) = dim span{Lm(M ) : M ∈ M, m � 0}. (G5)

2. Invariant sectors induced by symmetries

Assume a symmetry of the Liouvillian described by the
superoperator � : O → O satisfying

[�,L] = 0. (G6)

In the physically relevant cases of a unitary or Hermitian
�, the spectral theorem yields � =∑α λα�α , where the �α

are mutually orthogonal spectral projectors. These render the
orthogonal decomposition

O =
⊕

α

Oα, �αO = Oα, �α�β = δαβ�α,

∑
α

�α = IO. (G7)

Since Eq. (G6) implies

[�α,L] = 0 for all α, (G8)

every sector is invariant under Heisenberg evolution, i.e.,

L(Oα ) ⊆ Oα, etLOα ⊆ Oα. (G9)

When both M and F are sector-compatible, i.e., the mea-
sured observables and the retained feature basis can each be
chosen sector by sector, then

M =
⊕

α

Mα, F =
⊕

α

Fα, (G10)
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with Mα = �αM ⊆ Oα and Fα = �αF ⊆ Oα . In that case
the accessible space decomposes orthogonally,

WL(H,M;F ) =
⊕

α

WL,α (H,Mα;Fα ), (G11)

where

WL,α (H,Mα;Fα ) = span{�Fα
et
L(M ) :

M ∈ Mα, 
 = 1, . . . , L}. (G12)

Hence symmetries limit the accessible operator space by
restricting the dynamics to the sectors touched by the mea-
surement subspace. Consequently,

rank(RL ) =
∑

α

rank(RL,α ), (G13)

with one effective PTM block RL,α per active sector. Writing

r∞,α (H,Mα ) = dim span{etL(M ) : M ∈ Mα, t ∈ R},
(G14)

one has the sectorwise bound

rank(RL,α ) � min(L dim Mα, dim Fα, r∞,α (H,Mα )).

(G15)

Since r∞,α (H,Mα ) � dim Oα , the symmetry-resolved PTM
rank bound follows as

r∞(H,M;F ) := lim
L→∞

dim WL(H,M;F )

�
∑

α:Mα �=0

min(dim Fα, r∞,α (H,Mα ))

�
∑

α:Mα �=0

dim Fα. (G16)

If the measured observables are not sector-compatible, then
the above reasoning yields an upper bound after decomposing
them into sector components, but the exact sum rule (G13) can
fail because a single observable may contain linear combina-
tions of several sectors.

3. Hamiltonian criteria for underexploration

The symmetry decomposition in Eq. (G16) determines
only the maximal accessible dimension. Whether a populated
sector is fully explored depends on the restricted generator
L|Oα

and on the choice of seed subspace Mα . Let Oα be
a symmetry-compatible invariant sector and Lα := L|Oα

. As
above, we consider the spectral decomposition

Lα =
∑
ω∈�α

iω �α,ω, Oα,ω := �α,ωOα, (G17)

where �α ⊂ R is the set of Bohr frequencies ω appearing
in sector α, with multiplicity dim Oα,ω. The Bohr frequen-
cies constitute the set {En − Em : En, Em ∈ σ (H )} in terms
of the eigenvalues En of the Hamiltonian. We choose now
a basis M1, . . . , Mdim Mα

of Mα and an orthonormal basis
{Fα,ω,s}dim Oα,ω

s=1 of each eigenspace Oα,ω. Accordingly, each

observable Mk expands as

�α,ωMk =
dim Oα,ω∑

s=1

(Cα,ω )s,kFα,ω,s, (G18)

with the coefficient matrix Cα,ω ∈ Cdim Oα,ω×dim Mα . Then the
asymptotic rank contributed by sector α is exactly

r∞,α (H,Mα ) =
∑
ω∈�α

rank Cα,ω. (G19)

This result shows that underexploration occurs because sev-
eral operator directions share the same frequency [large
dim Oα,ω in Eq. (G18)], while the seed subspace supplies too
few independent directions inside that degenerate eigenspace
(small rank Cα,ω).

A direct consequence of Eq. (G19) is the general bound

r∞,α (H,Mα ) �
∑
ω∈�α

min(dim Oα,ω, dim Mα ). (G20)

For a generic (dim Mα)-dimensional choice of seed subspace
inside Oα , one expects equality in Eq. (G20). Hence the
Hamiltonian alone determines the generic underexploration
deficit

dim Oα −
∑
ω∈�α

min(dim Oα,ω, dim Mα )

=
∑
ω∈�α

max(dim Oα,ω − dim Mα, 0). (G21)

In particular, full sector saturation is generically possible only
if the multiplicity of each Bohr frequency does not exceed the
dimension of the seed subspace:

dim Oα,ω � dim Mα for all ω ∈ �α. (G22)

The above approach avoids the construction of Krylov spaces
and instead relies on the spectral properties of the Hamiltonian
or Liouvillian.

It is useful to note that operators diagonal in the energy
eigenbasis belong to the ω = 0 eigenspace. Hence, temporal
multiplexing cannot increase their span and the asymptotic
rank equals the dimension of the initially seeded diagonal
subspace.

4. Single-observable limit

We now apply the above formalism to the Krylov grade
of a single observable, recovering a key result in Ref. [47].
We set thus F = O and choose a one-dimensional seed space
M = span{O} for a single observable O. Then the Krylov
grade M is the dimension of the minimal Liouvillian Krylov
space generated by O [47],

M := dim span{O,L(O),L2(O), . . .} = r∞(H,M). (G23)

Suppressing the symmetry label α for simplicity, write the
Liouvillian spectral decomposition as

L =
∑
ω∈�

iω �ω, � = {ωP}Nω−1
P=0 , (G24)

where ωP = Em − En with Em, En ∈ σ (H ) are the pairwise
distinct Bohr frequencies of H , so that Nω := |�| is the num-
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ber of distinct transition frequencies. For the single seed O,
define

σP := �ωP O, (G25)

so that O(t ) =∑Nω−1
P=0 eiωPtσP. Let

N1 := ∣∣{P ∈ {0, . . . , Nω − 1} : σP = 0}∣∣ (G26)

be the number of vanishing frequency blocks. Since dim M =
1, each coefficient matrix CωP in Eq. (G18) is a single column,
and therefore

rank CωP =
{

1, σP = �ωP O �= 0,

0, σP = �ωP O = 0.
(G27)

Hence Eqs. (G19) and (G23) give

M = r∞(H,M) =
Nω−1∑
P=0

rank CωP

= |{P : σP �= 0}| = Nω − N1, (G28)

recovering the corresponding theorem in Ref. [47] as the
single observable specialization of the present formalism.

5. Examples of symmetry-induced rank bounds

a. Hilbert-space symmetries

Consider an ordinary Hilbert-space symmetry with
UHU † = H . Then the superoperator

�U (O) = UOU † (G29)

is unitary on O and satisfies [�U ,L] = 0. Similarly, for a Z2

symmetry with U 2 = I, the corresponding spectral projectors
are

�± = 1
2 (IO ± �U ). (G30)

If Q =∑q qPq is a conserved charge with [H, Q] = 0, then

�qq′ (O) = PqOPq′ (G31)

defines orthogonal projectors commuting with L, which
yields the block decomposition

O =
⊕
q,q′

PqOPq′ . (G32)

If the measured observables commute with Q, then only the
diagonal sectors Oqq can be seeded, and therefore (dq =
rankPq)

r∞(H,M) �
∑

q

d2
q . (G33)

Thus a symmetry reduces the PTM rank because temporal
multiplexing can only enlarge the Krylov span inside the
sectors allowed by the symmetry and by the measured observ-
ables.

b. Majorana symmetries of the TFIM

The TFIM analysis in Appendix F is a direct instance of
the above framework, but with a Liouville-space symmetry
that is stronger than a conventional conserved charge. For the
quadratic Majorana form of Hxx-z

TFIM in Eq. (F2), the operator
space decomposes as

O =
2n⊕

r=0

Vr, dim Vr =
(

2n

r

)
, (G34)

which is the sector structure used in Appendix F 1. Since the
usual observable families are sector-compatible,

Zj ∈ V2, ZiZ j �=i ∈ V4, Xj,Yj ∈ V2 j−1, (G35)

the general bound (G16) reproduces the polynomial versus
exponential behavior found in Appendix F 2. In particular, for
Hxx-z

TFIM, Z-type observables seed only the low-degree sectors
V2 and V4, which yields polynomial asymptotic ranks, while
inclusion of Xj or Yj activates odd sectors whose dimensions
are already exponential for bulk sites. By contrast, under the
Hadamard-related Hamiltonian H zz-x

TFIM, the same Z-type ob-
servables are mapped to the high-degree operators discussed
around Eqs. (F9) and (F10).

6. Consequences for PTM analysis and feature decodability

In a symmetry-adapted orthonormal operator basis, the
unitary PTM becomes block diagonal,

V (t ) =
⊕

α

Vα (t ). (G36)

Under the sector-compatibility assumptions in Eq. (G10), the
temporally multiplexed effective PTM (3.9) can be brought
into a block form

RL ∼
⊕

α

RL,α, (G37)

and the projector defined in Eq. (4.10) decomposes as

R+
L RL ∼

⊕
α

(R+
L,αRL,α ). (G38)

Thus, if a feature lies in a sector with Mα = 0, then it is
symmetry-forbidden and cannot be (geometrically) decoded
by the chosen observable family, i.e., γ 2

r = (R+
L RL )rr = 0.

Note that, in the raw Pauli basis, symmetry-induced restric-
tions need not appear as perfectly sharp blocks, because the
symmetry-adapted basis is generally different from the Pauli
basis.
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