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Generation of circularly polarized high-order harmonics from single-color quantum light
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The atomic response to an ultraintense driving field produces a characteristic high-harmonic spectrum featur-
ing a rapid drop in intensity for the lower harmonics, followed by a plateau and a sharp cutoff. This response

vanishes for circularly polarized classical drivers, a limitation that can be overcome by introducing quantum
features into the driving field. In this work, we show that squeezed highly elliptically polarized drivers not only
enable the high-harmonic generation (HHG) process in classically forbidden regimes of large ellipticity, but
also yield highly elliptical harmonic radiation with pronounced super-Poissonian photon statistics. Moreover,
we show that the HHG spectral features encode information about the quantum nature of the driving field,
revealing the presence of its squeezed field fluctuations. By analyzing the HHG spectral intensity dependence as
a function of the driver’s ellipticity and squeezing orientation, we identify a means to probe the driving field’s
quantum properties that intrinsically lie in the high-photon-number regime.

DOI: 10.1103/6t4b-swyx

I. INTRODUCTION

In recent years, there has been a growing interest in the
intersection of quantum optics and strong-field physics [1-3],
giving rise to what is often called extreme quantum optics
or strong-field quantum optics. This nascent field seeks to
combine strengths from strong-field physics, such as the gen-
eration of ultrafast and broadband radiation via high-harmonic
generation (HHG) [4-6], with quantum optics techniques
that exploit the properties of nonclassical light [7—11]. These
combined approaches could open new avenues for ultrafast
strong-field quantum optical applications [12—14]. In this
direction, recent developments have demonstrated the poten-
tial of this connection for generating high-photon-number
nonclassical states of light [15], involving, and possibly en-
tangling, a broad range of spectral modes [16-26].

Equally important, however, is understanding how each
of these areas benefit individually from this new connection.
Recently, the generation of bright squeezed light [27,28] with
parameters sufficient to drive strong-field interactions [29-33]
has been proposed to markedly modify the HHG properties
[34-36], and nontrivially alter its subcycle electron dynamics
[35-37]. These advances have enabled new routes to both
manipulate [26,29,36,38] and characterize [26,32] the emitted
radiation in regimes inaccessible with linear optics [1]. A
particularly illustrative example, central to this work, is the
generation of harmonic radiation under otherwise classically
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forbidden conditions, such as circularly polarized driving
fields [39-44]. Combining squeezed polarization components
in circularly polarized configurations can profoundly modify
the ultrafast electron dynamics, thereby reenabling the HHG
process [35]. We highlight the difference with more complex
materials systems than atoms, such as solid-state systems
[45—-47], where the intrinsic structure and collective electron
dynamics allow HHG even for single-color highly elliptical
polarized drivers. In these cases, the emission is primarily
governed by the target properties, rather than by modifications
of the nonclassical character of the driving fields.

Based on the fundamental insights established in Ref. [35],
in this work we consider a more general configuration than
that introduced in the aforementioned reference, and investi-
gate the practical implications that such generalized version
may bring to both the strong-field and quantum optics com-
munities. In particular, we show that the proposed scheme
can serve as a versatile tool both to probe the squeezing
properties of the driving field and to generate highly ellip-
tically polarized harmonics with nontrivial photon statistical
properties using single-color drivers (Fig. 1). First, we demon-
strate that the sensitivity of the harmonic response to the type
of squeezing [35] can serve to certify the field fluctuations
present in the strong-field-squeezed driver. Second, we an-
alyze the characteristics of the emitted harmonic radiation.
Specifically, we show that this approach enables the genera-
tion of highly elliptically polarized harmonics, a feature that,
classically, requires engineered bichromatic fields [48,49].
Finally, we examine the photon statistics properties of the
generated harmonics. We report the presence of pronounced
super-Poissonian behavior, which we attribute to the inter-
play between the squeezing-induced field fluctuations and the
strong nonlinearity of the HHG process.

More broadly, this work highlights the reciprocal benefits
between quantum optics and strong-field physics. Quantum
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FIG. 1. Schematic illustration of the use of bright squeezed el-
liptically polarized light to characterize the driving-field properties
and generate highly elliptically polarized harmonic radiation. We
consider configurations where one linear polarization component
(here the L component) is a displaced squeezed vacuum state, while
the other (the || component) remains a coherent state. By varying the
the driver’s ellipticity and consequently the squeezing orientation,
specified by ¢, one can control the intensity, ellipticity, and photon
statistics of the emitted radiation.

optics provides new tools for strong-field physics by control-
ling and characterizing strong-field phenomena, here enabling
the generation of highly elliptical polarized harmonics using
single-color fields. Conversely, the strong-field response to
high-intensity quantum light opens new avenues for probing
nonclassical fields in the domain where strong-field physics
naturally operates: the extreme wavelength and high-photon-
number regime.

II. RESULTS

A. Characterizing the driving-field properties

In this work, we focus on HHG driven by nonclassical
states of the form

[¥) = @), ® D1 (iA@) ® §1(£)10) (D

where one polarization component (||) is prepared in a coher-
ent state of amplitude &, while the orthogonal mode (L) isina
displaced squeezed vacuum (DSV) state. The DSV is defined
through a displacement operator ﬁu(oz) = exp[oz&L —ota,l,
and the squeezing operator S, (§) = eXp[&*fli —& &;2] acting
on a vacuum state, with a, (&L) the annihilation (creation)
operator for the p-polarization mode. In Eq. (1), the parameter
A € [0, 1] controls the ellipticity of the coherent component,
while the squeezing parameter £ = re™* introduces quantum
features in the driver. For & = 0, the state reduces to a clas-
sical linearly polarized field when A = 0, and to a circularly
polarized field when A = 1. Introducing r > 0 adds squeezing
along the | polarization, with ¢ rotating the quadrature that
gets squeezed: ¢ = O results in amplitude squeezing, whereas
¢ = m yields phase squeezing (Fig. 1, upper panels). Thus,
for a fixed squeezing amplitude r, the role of ¢ is to ef-
fectively rotate the squeezed state in phase space around its

origin (Fig. 1, lower panels). Importantly, adding squeezing to
elliptically polarized drivers leads to a modified polarization
with an effective ellipticity, especially in regimes of strong
squeezing [35].

An essential requirement in Eq. (1) is that the squeezing is
strong enough to significantly perturb the HHG process. The
intensity of a DSV state can be decomposed as Ipsy = Ieon +
Iy, where Ioon = €2]@| and I, = € sinh?(r) correspond to the
contributions from the coherent and squeezed components, re-
spectively. Here, € = /liwr /(2¢pV') denotes the light-matter
coupling, with V the quantization volume. Thereby, the con-
dition stated above is typically satisfied when Lon/lsq ~ 1072,
values achievable with state-of-the-art high-gain spontaneous
parametric down-conversion [27,28]. Squeezed states of this
type have already been employed to induce tunneling ioniza-
tion in metal needle tips [33], to drive HHG in semiconductor
materials [30], and as w perturbations assisting HHG initiated
by an intense classical (w/2) field in solids [29], and a 2w
field in gases [32]. In what follows, we consider conditions
where the coherent component has an electric field strength
g€ = 0.053 a.u., where & = 2eq, and Iy = 107> a.u. for the
squeezing contribution, allowing the composed field to both
classically drive and nonclassically modify the HHG process
in atomic media. Hereupon, we focus on hydrogen, with ion-
ization potential /, = 0.5 a.u., as the HHG target system.

Under the conditions described above, and for A =1 in
Eq. (1) corresponding to a circular polarized field, such con-
figurations enable the generation of HHG radiation across
several harmonic orders [35], a process that becomes increas-
ingly suppressed in the classical regime without squeezing as
the driver’s ellipticity grows [39,44]. Of particular relevance
here is that the HHG spectra are strongly shaped by the type
of squeezing applied, with amplitude and phase squeezing
yielding different HHG cutoff dependencies with the squeez-
ing intensity Iy [35] (see Appendix A). This suggests the
potential of HHG driven by squeezed circularly polarized light
as a probe of the driver’s nonclassical properties, with the
squeezing orientation ¢ as a control parameter.

To gain further insight on this, we evaluate the HHG spec-
trum produced by Eq. (1), which can be written in general as
[34,35] (see Appendix A)

Seq(@, §, A) / A&y @S (@) +dPP1 ()

Here, Q) (8,.1) is a marginal of the Husimi function [50],
whose specific form encodes the nonclassical properties of
the driver, and de(“ ) (w) is the Fourier transform (FT) of
the semiclassical time-dependent dipole moment along the
i polarization when driven by a field of amplitude & =
(g, €1). Calculations are performed in the classical limit
V — oo (equivalently ¢ — 0) and o — oo such that g,
remains finite, a suitable approach for strong-field prob-
lems with freely propagating fields containing an extremely
large photon number [34]. Here, ¢, and &, are related
through &, . = (&, — &) cos(¢/2) — (¢, — &,) sin(¢/2) and
Eay = (&) — &) cos(¢/2) + (ex — &) sin(¢p/2), with g, =
Eq,x T €4,y (see Appendix A).

More precisely, we evaluate the normalized intensity

difference AS,A(¢) = |1 — Sj¢<‘§;))| for harmonic orders
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FIG. 2. (a) Normalized intensity of harmonic orders g = 17, 19,
and 21 against the squeezing angle ¢ for A = 0.9, with the inset plot
showing the Fourier transform of the obtained signals. The FT is
obtained by taking into account that the pattern in AS, 4(¢) repeats
itself every 2 due to the recurring squeezing directions. (b) Normal-
ized intensity difference between amplitude- and phase-squeezing
directions for different harmonic orders against the driver’s ellip-
ticity A. Calculations have been performed over five optical cycles
of a monochromatic field with set £, = 0.053 a.u., w; = 0.057 a.u.,
Iy, = 1075 a.u., using /, = 0.5 a.u. (hydrogen) for the ionization
potential.

wy = qwy and A =0.9, i.e., an almost circularly polarized
driver in the absence of squeezing. In practice, this com-
pares the gth harmonic intensity obtained for an elliptically
polarized field with squeezing parameter £ = re™*¢ against
that from phase squeezing (¢ = m), which overall yields the
strongest signal (see Appendix A).

Figure 2(a) presents these results near the cutoff region,
where intensity differences across varying ¢ are more pro-
nounced. As ¢ varies in the range [—, ], each harmonic
order displays a characteristic pattern, with AS, 4(¢) = 0 for
phase squeezing by definition, and increasing sharply as ¢
approaches zero. At this point, AS, 4(¢) quantifies the (nor-
malized) intensity difference obtained between amplitude-
and phase-squeezed driving fields. Such enhancement at inter-
mediate ¢ arises from how the squeezed field fluctuations map
onto the HHG spectrum, and how this mapping can be tuned
via ¢ [35], that is, by rotating the squeezed state around its
origin in phase space (Fig. 1, lower panels). This mechanism
is particularly useful in the strong-field regime, where more
conventional signatures, such as the photon-number probabil-
ity distribution, are challenging or even impossible to measure
accurately. In particular, light sources that are homogeneous in
phase space, such as coherent and thermal states, are invariant
under a rotation ¢ in phase space (Fig. 1, lower panels), mak-
ing the features seen in Fig. 2 absent. Therefore, the presence
of AS, 4(¢) # 0 or, equivalently, nonzero frequencies in its
Fourier transform [inset of Fig. 2(a)], make this quantity an
HHG-based witness of asymmetric strong-field fluctuations.

Interestingly, the squeezing direction is not the only handle
for probing the anisotropy of the driving-field fluctuations,
but also its ellipticity A. Figure 2(b) shows AS, 4(¢ = 0),
thus comparing the intensities obtained from amplitude- and
phase-squeezed light, as the polarization of the coherent state
component of the driver varies from linear (A = 0) to circular
(A = 1). For linear polarization, where the L. component is in
a bright squeezed vacuum (BSV), the squeezing direction has
no impact on the HHG spectrum. In this regime, the process is
dominated by the coherent || component, while the BSV con-
tribution barely modifies the HHG spectrum characteristics.
In this case, the fluctuations induced by squeezing alter

the shot-to-shot ellipticity of the field, lowering the HHG
efficiency compared to the linearly polarized case. Moreover,
since BSV light lacks an intrinsic phase reference (unlike
DSV states), no distinction arises between amplitude and
phase squeezing; all squeezing directions in phase space
are effectively equivalent, such that Sy—¢(w) = Sy—» (@) and
ASq,A:0(¢) =0.

As A increases, however, the coherent displacement along
the L -polarization counterbalances the || contribution, and
the HHG process becomes predominantly governed by the
squeezing-induced fluctuations. The outcome then depends
strongly on whether amplitude or phase squeezing is applied.
This effect is most visible for harmonics near the cutoff,
where AS, 4(¢ = 0) increases nearly monotonically. In this
region, the effective ellipticity introduced by phase or ampli-
tude squeezing more strongly affects the underlying electron
trajectories that give rise to high-harmonic radiation [35],
underscoring the enhanced sensitivity of the cutoff region to
nonclassical fluctuations.

B. Elliptically polarized harmonics

Having characterized the influence of the driving field on
the harmonics’ intensity, we now analyze the polarization
properties of the harmonics themselves, and specifically fo-
cus on their ellipticity. Under entirely classical driving fields,
elliptically polarized harmonics can be produced by using
moderately elliptically polarized drivers [44]. However, the
rapid decay of the HHG yield with increasing driving-field
ellipticity makes the generation of elliptical high harmonics
particularly challenging with single-color fields. Two-color
configurations, where each color is circularly polarized with
opposite handedness, overcome this limitation by enforcing
spin angular momentum conservation from the driver to the
harmonics [48,49]. Here, in contrast, we find that introducing
squeezing in one of the polarization directions enables gen-
eration of highly elliptically polarized harmonics even with
single-color drivers, providing an alternative route to polar-
ization control of harmonic radiation.

To quantify this, we evaluate the ellipticity of the gth
harmonic as E, = 1(S5. q)/(So ¢, where Soq = a” g+

~T — At
a\ ,a 4 and S3’q = z(a”’qal,q —a, ,a)4) are the operator

forms of the Stokes parameters. Here, (S’o,q) represents the
total intensity of the gth harmonic order, while (§3,q) encodes
its polarization handedness. Thus, Eq ranges from O to 1
as the emission evolves from linear to circular polarization,
respectively.

Figure 3 displays the ellipticity for different harmonic or-
ders as a function of the driver’s ellipticity for both amplitude-
and phase-squeezed driving fields, shown in Figs. 3(a) and
3(b), respectively. Overall, the harmonic ellipticity increases
with that of the driving field across the entire spectral
range, reaching values as high as Ey = 0.997 for A = 0.9.
However, both squeezing types lead to markedly different
behaviors: phase squeezing produces a smoother, more grad-
ual increase of E, with A, whereas amplitude squeezing
yields a more irregular dependence involving a larger num-
ber of harmonics, as the cutoff frequency increases with A
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FIG. 3. Ellipticity against the harmonic order and the driver’s
ellipticity in the case of (a) amplitude squeezing and (b) phase
squeezing applied to the driving field. The same conditions as those
in Fig. 2 are considered here.

(see Appendix B). Among both types, amplitude squeezing
results in higher average values of E,.

These features can be understood from how field fluc-
tuations of the driver map onto the mean intensity of the
polarization components of the generated harmonics at high
values of A (see Appendix B). For amplitude-squeezed
drivers, the mean intensities of both the || and L components
of the gth harmonic are nearly identical, but the stronger phase
noise induced by the field fluctuations prevents them from
achieving Eq =1 across all harmonic orders. In contrast, for
phase-squeezed drivers the intensity along the squeezed po-
larization components is overall higher than in the orthogonal
one due to the enhanced field fluctuations, which hinders the
condition for circular polarization: equal intensity and a 7 /2
phase shift between components. These features, however,
predominantly affect the higher-harmonic orders which are
more sensitive to squeezing, while the lower ones (g € [3, 9])
behave similarly for both squeezing types.

C. Photon statistics of the harmonics

When coherent state light sources are used, the approaches
in Refs. [44,48,49] lead to the generation of perfectly co-
herent, elliptically polarized harmonics, provided that the
driving-field strength is low enough to avoid significant deple-
tion of the atomic system [16]. Thus, under these conditions
the generated harmonics exhibit Poissonian photon statistics
[15,51,52]. In contrast, the configurations studied here present
a markedly different scenario: the generation of highly ellipti-
cally polarized harmonics requires not only large driving-field
ellipticities but also sufficient field fluctuations introduced by
squeezing. In the absence of such squeezing-induced fluctua-
tions, harmonic generation is suppressed [35], indicating that
the emitted harmonics originate from the field fluctuations of
the driver. Consequently, their photon statistics are expected to
deviate substantially from those obtained when using coherent
state drivers [26,29,32,36].

To quantitatively characterize the photon statistics of the
harmonics, we use the second-order autocorrelation function
g<2)(0) = (a"?a?) / (a%a)?, which in our case can be explicitly

3 5 7 9 11 13 15 17 19 21 23 25 27 29
Harmonic order, ¢

FIG. 4. Second-order autocorrelation function gf?q(O) as a func-

tion of the harmonic order g, with the colors indicating the

driving-field ellipticity. Solid (dashed) curves correspond to the

n =|| (u =L1) polarization component, with the different colors de-

noting. The dotted thin black line marks the value g (0) = 1. The
same conditions as those in Fig. 2 are used here.

written for a given optical mode (i, g) as (see Appendix A)

[deRQL ED)AL (@)
[ d&$H 0L E8)dd ()P

Here, g(lf,)q(O) quantifies photon-number correlations within
the (u, g) optical mode: values greater, equal, or lower than
unity correspond to super-Poissonian, Poissonian, and sub-
Poissonian statistics, respectively. The latter case constitutes
a sufficient, though non-necessary, condition for identifying a
field as nonclassical [53].

Figure 4 displays the g, (0) function for several harmonic
orders under amplitude-squeezed driving fields, with similar
trends obtained for the phase-squeezed case. In all situa-
tions, gf’)q(O) > 1, although its magnitude strongly depends
on the initial polarization configuration. For almost linearly
polarized drivers (A = 0.1), the harmonics exhibit moderate
super-Poissonian statistics with 1 < g(/f’)q < 10 for harmonics
beyond the cutoff. In contrast, for large driving field ellip-
ticities, gif,)q(O) grows exponentially, reaching values as high
as 103 for nearly circular polarization. A similar exponential
enhancement also occurs for small ellipticities, but only for
harmonics beyond the cutoff region.

This exponential growth of g7} (0) originates from the
conditions under which the harmonics are generated. As dis-
cussed earlier, in the absence of squeezing features, large
ellipticities in the driving field suppress harmonic generation,
meaning that the rare, high-intensity events within the driver’s
probability distribution Q(e) dominate the emission in the
presence of squeezing. Moreover, HHG is a strongly nonlin-
ear process, with the plateau harmonics’ intensity scaling as
I, x |d(a)q)|2 x If (p > 0) [54-56]. The interplay between
this pronounced nonlinearity and the broad field fluctuations
characteristic of strongly squeezed light leads to the extremely
large values of g(lf’)q(O) observed for almost circular polar-
ized drivers or, equivalently, for linearly polarized BSV fields
(see Appendix C). Nonetheless, in regimes where a coherent
component can already sustain harmonic generation, for in-
stance for A = 0.1 in Fig. 4, the introduction of squeezing
mainly adds fluctuations around the coherent baseline, simi-
larly to what has been recently observed in bichromatic HHG

g5, 0) =

3)
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schemes where one component exhibits squeezing features
[26,29,32,36]. However, even in the absence of such coherent
baseline, for extremely large squeezing levels depletion of
the driving field, leading to a reduced conversion efficiency
[57], is expected to prevent the unbounded growth of g% (0)
(see Appendix C).

III. CONCLUSIONS

This work has explored the versatility of HHG driven by
elliptically polarized fields with strong squeezing features:
it serves as a sensitive probe of field fluctuations in the
driving light and as a source of highly elliptically polarized
harmonic radiation. In particular, we have shown that the
generated harmonics are strongly influenced by asymmetric
field fluctuations in the driver, with both the squeezing an-
gle and the driving-field ellipticity as tunable parameters to
control modifications on the generated harmonics (Fig. 2).
Moreover, we have demonstrated the generation of highly
elliptically polarized harmonic light under nearly circularly
polarized single-color driving fields (Fig. 3), and shown that
such emission exhibits markedly super-Poissonian photon
statistics, with extremely large values of the second-order
autocorrelation function (Fig. 4). This behavior arises from
the interplay between the large quantum fluctuations charac-
teristic of strongly squeezed light and the highly nonlinear
nature of the HHG process.

On a broader scale, our work demonstrates how HHG
driven by elliptically polarized squeezed light can benefit
both the quantum optics and strong-field communities: for
the former, as a diagnostic tool of nonclassical features in
high-photon-number regimes; and for the latter, as a means
of generating highly elliptically polarized harmonics using
single-color drivers. Regarding the latter, we find that this con-
figuration does not yield near-coherent harmonic radiation.
However, our results suggest that strong squeezing could par-
tially overcome this limitation by inducing significant atomic
depletion, which on the other hand has been recently shown to
significantly influence the propagation of the emitted radiation
[57]. Similar effects have been found to generate squeez-
ing and entanglement among different harmonic orders even
for coherent state drivers [16,22]. Understanding how these
mechanisms modify the quantum optical properties of the
harmonics will be essential to fully assess the potential of
elliptically polarized, squeezed-light-driven HHG both as a
probe of nonclassical light and as a source of highly ellipti-
cally polarized radiation.

Finally, while highly elliptical polarized harmonics have
been realized in more complex materials than atomic systems
using single-color light, such as in solids [58,59], their ob-
servation ultimately relies on the collective electron dynamics
in systems where atoms are densely packed. These dynamics,
and how they are driven by the electric field, can leave impor-
tant signatures about the characteristics of the material on the
properties of the emitted radiation [60,61]. It would therefore
be of interest to explore whether combining such effects with
nonclassical drivers can further enhance these differences in
response, or magnify the imprint of nonclassical features onto
the harmonic response [19-21,23].
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APPENDIX A: THEORY BACKGROUND

In this work, we consider the interaction of a high-intensity
elliptically polarized field exhibiting squeezing features with
an atomic system initially in its ground state. The initial quan-
tum state of the joint light-matter system can be expressed as

[W(t)) = |g) ® @) ® D@1)8(§)10) ® [{0}g=1),  (AD)
where D(a) = explaa’ — a*a] is the displacement operator,
and §(&) = exp[£*a® — £a'?] is the squeezing operator, with
£ =re”® (r > 0) denoting the squeezing parameter. To de-
scribe elliptically polarized light, we set &, = —iA|&|, with
0 < A < 1 defines the ellipticity of the driving field: when
A = 0 the input field is linearly polarized, while for A = 1
it is circularly polarized. All harmonic modes other than the
fundamental (g = 1 = L) are initially in the vacuum state. In
the density matrix formulation, the initial state can thus be
written as

p(to) = 12)(gl ® Pariver(fo) ® [{0}g>1) ({0}g>11- (A2)
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For convenience, in this work, we represent the quantum
state of the driving field using the generalized positive-P rep-
resentation [63]

Puley,
Panerlt) = R / da / DL )

u=(L.1) (Bl
(A3)

where P, (e, B;,) is chosen as a positive-definite function
given by [64]

1 loy ,3 &  + B
P/L(Ol,u ﬂZ)ZEeXp[_ ]Qu(al P M>, (A4)

with Q, (o) = a!
the state p,, [50].
Within this framework, the quantum state after strong laser-

matter interaction with an atomic system can be expressed as
[34,35]

'O(t)—/dzou/.d ,BJ_/d oeH/dzﬂHPl(ai’,BL)
,BL|aJ_)

II(a\\’:B||)

X — 17
(B ley)

Q) Xarg ) (Xge.oIIDT (1) ® D] ()],

g=1

(|0 lar) denoting the Husimi function of

¢ () (g (DIID 1 (1) ® Dy(oy)]

(A5)

where we denote o = (i, ,), and define [xqq()) =

X5 ) ® [xalg (), with xa, 4(¢) the amplitude of the gth
harmomc order in polarization component u [15,51,52],

Xl () o< € - / dr (gldy(T)]g)e ", (A6)

where d,(t) is the time-dependent dipole moment opera-
tor under the influence of E,(t) = (ot|[EL,l(t) + EL,H ]|e),
where E’,M(t) = eu[&q,ue‘i“’q’ + c.c.] is the electric field op-
erator acting on mode (g, i). Finally, in Eq. (AS), |¢«(?))
denotes the electronic state, which satisfies

i 2 192(0))

= [ﬁatom +er- E,
ot

]19a(1)) - (AT)

1. Evaluation of observables on the harmonic modes

Our discussion mainly develops around two observables
acting on the harmonic modes: the harmonic spectrum S(w)
and the second-order autocorrelation function g®(0). Both
quantities can be expressed in terms of expectation values of
physical observables OA,,, s 1.6,

(Og) = [0 1 p(1)], (A8)
where Oq(t) denotes some normally ordered combination of
creation and annihilation operators acting on the mode (g, ).

By inserting Eq. (AS5) into the expression above, and noting
that in the low-depletion HHG regime [16] one can approx-

imate (B”|a) ~ (Bp- (1)da(®)) [1,(Xp 4 ()| Xar,o (@) [38], we

arrive at

= f d’a, / d’g,, / da; / d*BuPa(ag, B)

Puloy, B)
Srrmrn LR e
g

To evaluate these observables, we work in the classical
limit, also referred to as the small single-photon amplitude
limit in Ref. [34]. In this regime, coherent state amplitudes are
related to the field amplitude via &, = 2ea, with € oc 1/3/V
and V the quantization volume. Taking the limite — 0 (V —
00), which is justified for free-space propagating fields [65],
requires simultaneously sending o — oo to ensure a finite
field strength &,. This second limit is consistent with our
problem since we deal with driving fields of extremely large
mean photon numbers. Under this limit, Eq. (A9) becomes

2 2 . 1
= /d Sa,u/d Ea,fi lli% [@Q}L(Eau)Q/L(S(XM)}
% (Xalg ()] Og.u| xel) ), (A10)

where in this case a Dirac delta § (&g,
from the evaluated limit [34,35].

It is important to stress that in the expression the limit
does not affect the expectation value directly. In general, how-
ever, one should be cautious since (" q) )10, u|X(M (1))
€", with n an integer that depends on the observable under
consideration. Thus, extra care must be taken when evaluating
the limit [36]. For the quantities considered here, S(w) and
g(2)(0), this issue does not arise, as they are defined by

— &p,,,) arises naturally

9 A g (a2,a3 )

S(w) o —— > hogla) ,ag.u) |, (0) = LTI
Wq a#1 g, lg,1)

(Al1)

which by construction the dependence on € cancels, either
due to the continuous frequency in S(w) or the structure
of g(z)(O) itself. Consequently, the limits lim._.o[S(w)] and
lim._,o[g®(0)] remain well defined. Figure 5 displays some
examples for S(w) for (a) phase- and (b) amplitude-squeezed
drivers, with the different colors and marker styles denoting
different driving-field ellipticities.

2. Change of coordinates

The evaluation of the limits presented in Eq. (A10) has
been extensively discussed in the literature [34,35]. However,
most studies to date have restricted to the cases of amplitude
and phase squeezing, i.e., situations where & € IR. Accounting
for the intrinsically complex nature of & requires some care
in order to properly recover expressions analogous to those
reported in the aforementioned works.

On the one hand, for the coherent state component it was
found that [35]

1
lim |:4—€2Q(8|| )i| = 8(gx — Ex)d(g,y — &), (A12)

e—>0
where we have decomposed ¢ = ¢ + ig| y, and introduced
) = 2ea. On the other hand, for a squeezed state this eval-
uation requires more care. In general, the Husimi function of
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FIG. 5. High-harmonic generation spectrum for (a) phase and (b) squeezed drivers of different ellipticities A. Calculations have been

performed over five optical cycles of a monochromatic field with set g = 0.053 a.u., w;, = 0.057 a.u., I = 107°

potential 7, = 0.5 a.u. (hydrogen).

a squeezed coherent state with coherent state amplitude & can
be written as

Oa) =

exp[— @ — 2o (r)(( )2+(~*)2)}
(A13)

cosh(r)

where we define @ = (¢ — @)e'*/2. Expanding the exponent
into its real and imaginary components, i.e., & = &, + i@y, the
Husimi function an be rewritten as

Q) =

~2 52
X Y
— - , Al4
xp |: I+e 1+ 6—2’] ( )
with the variables (&,, &,) related to the original integration
variables through

0y = (0x — @) COS (%) — (ety — @) sin (%)

@, = (ay — @,) cos (%) + (o, — @) Sin (%) (A15)

Thus, this change of variables effectively shifts the phase-
space coordinate system to the squeezing origin and rotates
such that the state is represented as a BSV state squeezed
along the optical quadrature defined by &,. In this coordinate
system, applying the classical limit becomes straightforward
and yields

lim | 0. (6., : Pl 56, — )
m | — & = exp | — €l x — &)
e—0 | 4e? B SJTISqu P 8Isqu -

(A16)

cosh(r)

with the subsequent analysis proceeding analogously
Refs. [34,35] once the change of variables has been
introduced.

3. Numerical analysis

In our numerical analysis, we set &, =&, , = 0.053
au. and &, =2, =00 au, with g =107 au. for
the squeezing intensity. Using these parameters, the spec-
tral amplitudes x, ,(t) were numerically computed within
the strong-field approximation (SFA) [66] using the RB-SFA
Mathematica package [67]. Specifically, 140 points along the
Husimi distribution were sampled for each value of A and 6
considered in the main text, and subsequently used for the

a.u., using an ionization

analysis of both S(w) and g®(0). The calculations were per-
formed with a monochromatic driving field extended over five
optical cycles. As the atomic system, we considered hydro-
gen (I, = 0.5 a.u.) with w = 0.057 a.u. for the driving-field
frequency.

APPENDIX B: COMPLEMENTARY PLOTS

In this appendix, we present additional figures that com-
plement those shown in the main text. Figure 6(a) displays the
visibility, defined as
y = alq) — Gy 18010 (B1)
q,||&q,H> + <&;,L&q,l-)

for a driver with A = 0.9. The purpose of this quantity is
to characterize how the intensity is distributed, on average,
between the polarization components of the generated har-
monics. This allows us to gain insight into the mechanisms
leading to E, < 1 for different types of drivers (phase or am-
plitude squeezed), given that circularly polarized light satisfies
V = 0 with a phase difference of 7 /2 between components.
For the phase-squeezed case (blue curve with circular
markers), we find V > 0 for harmonic orders within the
plateau region, indicating that the main factor preventing per-
fect circular polarization is how the field fluctuations present
in the driver translate into higher intensities along the || com-
ponent. In contrast, for amplitude squeezing (red curve with
square markers), we find V = 0, suggesting that the deviation
from E, = 1 arises instead from phase fluctuations that in-
duce relative phase shifts between polarization components
different from /2. In both cases, however, the lower

G
1.0 ® Ph. squ. (a) LU Y AT
® Amp. squ. ®A=07(]) m(L)
=~ bl > Ixa® Jlea=00q) m()
050 =ba < _10
= = P 0w
= a ~
Z =107
- 0.0
,\/ 100
3 6 9 12 15 18 21 24 27 3 6 9 12 15 18 21 24 27
Harmonic order, ¢ Harmonic order, ¢

FIG. 6. (a) Visibility for different driving-field conditions and
(b) the second-order autocorrelation function g (0) against the har-
monic order g for different ellipticity values A of a phase-squeezed
driver.
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harmonic orders exhibit V = 0, with phase difference close
to /2, as these result in high ellipticities in the emitted
radiation.

Figure 6(b) shows the g (0) function for phase-squeezed
drivers. Qualitatively, the results are similar to those obtained
for amplitude squeezing: g increases with the harmonic or-
der for large A, and decreases as A is reduced. Quantitatively,
however, the magnitudes differ significantly: phase squeezing
yields g®(0) values up to three orders of magnitude higher
than those observed for amplitude squeezing. This arises from
the fact that phase squeezing induces larger fluctuations in
the field strength. As discussed below, the combination of this
enhancement with the strong nonlinearity of the HHG process
accounts for the extremely large g (0) values observed.

APPENDIX C: ANALYSIS OF THE SECOND-ORDER
AUTOCORRELATION FUNCTION

In the main text, we found that the values of g (0) func-
tion exceeded by many orders of magnitude those typically
observed for standard super-Poissonian sources, which are
usually around g (0) &~ 2. The main objective of this ap-
pendix is to justify these unusually large values, which arise
from a combination of two factors:

(1) the unique scaling of the HHG yield with the intensity
of the driving field,

(2) the characteristics of the field fluctuations associated
with squeezed states at intensities high enough to drive HHG
in gaseous systems.

For simplicity in the calculations presented here we restrict
our calculations to linearly polarized driving fields and vari-
ous types of sources, ranging from bright squeezed vacuum
states (BSV) to general DSV states with nonvanishing field
amplitude. This situation is analogous to moving from lin-
ear to circular polarization since, in the regime of vanishing
squeezing, the limiting cases of either circularly polarized or
BSV sources do not generate HHG radiation.

1. Toy model

Under strong-squeezing regimes, the properties of the har-
monic radiation were found to be compatible with those of the
mixed state [34-36,38]

pg = /dgag(gouéa)l)_(q(ga»()_(q(ga)lv (ChH

where Q(g,, &) corresponds to the limit appearing in
Eq. (Al6). It is important to note that, in writing this
expression, additional considerations such as the thermody-
namic limit [36] must be taken into account. Specifically,
we assume that as as V — oo, then the number of atoms
in the HHG interaction region N, — 0o, such that o =
N/ V'V remains constant. Accordingly, we define y,(sy) =
o [ dt(g|d.,(v)|g)e~™". To gain insights into the properties
of this state, we introduce a simple toy model where j,(&,) =
L. This choice is motivated by the fact that the HHG intensity,
particularly in the plateau region, typically scales as a power
p > 0 of the driving field [54-56]. Within this model, the

160
10 (21)
10120
10%
100 —e— (a}%a2)
—— (aa,)’
10°
0 5 10 15 20 25 30 35 10 15 50
< -o- 0 7 |
wsf(P) e e e
. ®- £=2 £=10 _‘“,//*’ ‘/“,,../v
8100 e=s S
= e _® °
L
07 e
10‘) .::::::!«/' 2 2
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

FIG. 7. (a) Behavior of (@/*a,) (blue curve with circular markers)
and (&;2&4) (red curve with circular markers) for the toy model in
Eq. (C2) when setting & = 0. (b) Results for various values of &.
Here, we have set o = 1 for simplicity.

corresponding state can be written as

A 1 / de. e |: (gut - 5)2
= o X —_——
Pa V2no P 20

In this framework setting £ = 0 reproduces the analog of a
BSV-driven process, while € # 0 corresponds to a general
DSV state. Without loss of generality, we take the integra-
tion contour along the real axis, so that the g®(0) function
becomes

Jlowezt e

N [ deq expl—(gq — £)2/20 e’
TO .
[ [ dey expl—(e, — 8)2/20162]

From the Cauchy-Schwarz inequality, it immediately follows
that g > 1. More explicitly, the denominator can be upper
bounded as

2
(@,a,)° = [ / deq Qeq )™ }

< [ f deagwa)a“f?][ / deagwa)} (C4)

= / deq Qea)a™” = (af?ay),

§2(0) = (C3)

where we have used the fact that Q(g, ) is normalized to unity.

However, from a more general perspective, explicitly eval-
uating the integrals in Eq. (C3) for the special case g, =0
yields
I(3 +2p)

7
r(;+r)
from which we find that lim,_. oc[g%2y (0)] = cc. This result
is further illustrated in Fig. 7(a), which shows the behavior
of (a?aZ) (blue curve) and (a}a,)* (red curve) as a function
of p. The growing separation between the two curves with
increasing p highlights the divergence of g*(0).

The important message to extract from this analysis is
that the harmonic conversion efficiency counterbalances the
rapidly decreasing probability of finding large field ampli-
tudes. As a consequence, strong intensity correlations emerge

g8 (0) = (C5)
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FIG. 8. Second-order autocorrelation function as a function of (a) & for different harmonic orders with fixed I, = 1073 au.; (b) as
a function of I, for various values of & at the 13th harmonic order. Unlike in the main text, and for simplicity in the treat-

ment of depletion effects, the driving field here is taken with a sin

frequency.

in the harmonic emission since the rare outliers of the distri-
bution become the dominant contributors. In the extreme limit
of infinitely large conversion efficiency, the width of the field
distribution no longer plays a role in determining the photon
statistics of the state, provided it remains greater than zero. In
realistic scenarios, however, once the field strength exceeds a
critical value, depletion effects start to play a role, potentially
causing g»(0) to saturate to a constant value.

The more general scenario with & # 0 is shown in
Fig. 7(b). We observe that increasing « reduces the steepness
of the g (0) dependence on p. In contrast to the BSV-analog
case, investigating the limit 0 — 0 yields a finite harmonic
intensity |¢|?” # 0. Thus, the dominant contribution to the
HHG spectrum arises from the coherent « field. In this limit,
g (0) — 1, in stark contrast to the &y = 0 case, where g»(0)
becomes ill defined as o — 0.

2. Introducing depletion of the ground state

In practice, however, the HHG conversion efficiency does
not scale uniformly with the driving-field intensity. For coher-
ent states of sufficiently high intensity, ground-state depletion
becomes a dominant effect, drastically reducing the HHG
efficiency. Once depletion is taken into account, the toy model
introduced earlier ceases to be valid: above a certain value of
&q, the yield no longer grows exponentially but instead drops
sharply.

To investigate how depletion affects the g function, we
explicitly include it in the evaluation of the harmonic spec-
trum. Our approach follows that of Ref. [57] which, within the
strong-field approximation [66], evaluates the time-dependent
dipole moment used for the calculation of x,[&,(?)] as

d(t) = (yOld |y @)
%/dv /tdtle—;f’mdrrmur)e—isw,z,m
fo

x d(p+ AM)E ) (p + A(ty)e 2 [ STk
(Co)

2

envelope of 13-fs duration and w; = 0.057 a.u. for the central

with S(p,t,t;) the semiclassical action, E(¢) the elec-
tric field, and d(v) denotes the transition matrix ele-
ment between the ground state and a continuum state
|v). The ionization rate ['apk(f) is evaluated using the
Ammosov-Delone-Krainov (ADK) model [68]. Numerically,
the dipole is computed using the RB-SFA Mathematica
package [67], chosen for its efficiency in generating HHG
spectra within the SFA. Minor modifications were imple-
mented to incorporate depletion, following the procedure
in Ref. [57].

Figure 8 shows the values of g when depletion effects are
included under various conditions. In Fig. 8(a), the squeezing
intensity is fixed to Iqy = 1073 a.u., as in the main text, while
¢ is varied.Although different harmonics exhibit quantitatively
distinct values, they all follow the same overall trend as in
Fig. 6(b). More specifically, when & = 0.053 (corresponding
to a linearly polarized field with nonvanishing mean ampli-
tude), we find g® € [1, 10]. As & — 0, which, in Fig. 6(b)
corresponds to moving from linear to circular polarization,
g increases exponentially. Furthermore, similar to the case
of elliptical polarization, we find that g® increases for higher-
harmonic orders.

Figure 8(b) instead considers a fixed harmonic order,
namely, the 13th harmonic (similar behavior is observed
for other orders), and shows g®(0) as a function of
squeezing intensity for several values of &. As before,
the largest values occur when & =0. In this case, as
Isqu increases, depletion effects become more pronounced
since the field fluctuations also grow larger. We ob-
serve that beyond approximately I, ~ 5 x 107> a.u., the
value of g»(0) saturates and becomes roughly comparable
across all £.

From this analysis we conclude the following:

(1) the strong nonlinearity of HHG combined with the
broad field fluctuations of high-intensity squeezed light are
the main factors leading to the large values of g (0);

(2) the effect is most pronounced for BSV or circularly
polarized driving fields since in the absence of field fluctu-
ations HHG would vanish and fluctuations alone sustain the
emission,;
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(3) depletion acts as a stabilizing mechanism, suppressing
HHG conversion efficiency once the field amplitude exceeds a

critical threshold &, thereby preventing unbounded growth
of g2(0).
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