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Dynamics of quantized vortices under quasi-periodic boundary conditions
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The Gross-Pitaevskii equation is widely used for vortex dynamics, but finite domains with hard walls or
confining potentials distort bulk behavior through vortex-image effects or induced flows. Periodic boundaries
reduce wall artifacts yet cannot realize finite net vorticity because of topological obstruction, so bulk simulations
with nonzero circulation are typically unavailable. Hence, we impose quasi-periodic boundary conditions that
keep the superfluid’s density periodic while enforcing phase windings consistent with a net prescribed total
vorticity. This setting conserves the net number of vortices and enables long-time tracking of vortex trajectories
in settings that finite containers cannot capture. This allows us to study vortex depinning and nucleation leading
to the creation of Kármán vortex streets and perfectly periodic vortex arrays. The framework also provides a toy
model for studying vortex dynamics in the bulk of neutron stars, free of possible limitations induced by confining
potentials.

DOI: 10.1103/6jbn-t4zl

I. INTRODUCTION

A common strategy to mimic the bulk behavior of an
extended system is to impose periodic boundary conditions
(PBC). This approach is widely used, from molecular dynam-
ics to studies of quantum turbulence (e.g., Refs. [1–3]), and
even to dynamical processes in the inner crust of neutron stars
[4–8]. Unlike box boundaries, the toroidal topology provides
a closed system that can sustain homogeneous flows, making
it a natural choice for investigating the thermodynamic prop-
erties of superfluids with persistent currents [9,10].

However, standard PBC suffer from a fundamental lim-
itation: they forbid any net vorticity in the computational
domain, since vortices cannot consistently pierce a torus with-
out violating the single-valuedness of the order parameter
[11,12]. This topological obstruction prevents the use of or-
dinary PBC to study fluid elements containing a finite, net
number of vortices, even though such systems are relevant
both as idealized bulk limits of laboratory systems and, even
more, for fluid elements in neutron stars [13,14].

A way forward is provided by the quasi-periodic boundary
conditions (QPBC) introduced in two dimensions in Min-
garelli et al. [15,16] and later extended to three dimensions
by Wood et al. [17]. QPBC generalize PBC by allowing the
condensate wave function to vary across the domain, such
that the density remains periodic while the phase carries a
finite circulation around the boundaries. QPBC also provide
an alternative to hard-wall domains currently used in studies
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of the thermodynamics of fluid elements with net vorticity
[18], and in simulations of vortex-nucleus [19–21] and vortex-
fluxtube pinning forces [22]. The advantage of using the
QPBC in this case is to remove spurious vortex-image effects
or hard-wall-induced flows. The natural application of QPBC
is the study of infinite vortex lattice geometries and energetics
[23], including stationary vortex lattices in multicomponent
systems [24].

Simulating superfluids in a closed domain that supports
both finite vorticity and persistent current enables more re-
alistic extensions of vortex-filament simulations in a pinning
landscape [25,26]. These studies demonstrated the transition
from weak mutual friction (when vortices remain pinned)
to a linear Hall-Vinen-Bekarevich-Khalatnikov (HVBK)-like
regime (when unpinned), while also exploring the role of
different pinning landscapes, with possible implications for
pulsar glitches [14]. Periodic boundaries were crucial, as they
allowed vortices to be tracked indefinitely without leaving
the system, and the random pinning landscape to be gener-
ated once in a finite region rather than in real time around
moving vortices. More recently, Refs. [27,28] extended this
framework to dynamical simulations of the Gross-Pitaevskii
equation (GPE), investigating vortex depinning under an
imposed external current. Here, motivated by the point-
vortex study in Ref. [25], we develop and test a numerical
complex-time framework (real time with phenomenological
dissipation) that mimics the bulk behavior of a superfluid,
where a fluid element can be immersed in persistent homoge-
neous currents while also being pierced by quantized vortices.

In this paper, we introduce GINTONIC [29], a C + + code
for solving the two-dimensional (2D) GPE with QPBC in
the presence of arbitrary, time-dependent external poten-
tials. Although GPE simulations with PBC are numerous,
the QPBC regime remains essentially unexplored, except for
the depinning simulations of Liu et al. [28] and the vortex-
lattice formation simulations of Ref. [23]. Since our numerical
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approach differs from the one presented in Ref. [23], val-
idating the GPE in this QPBC setting requires a series of
benchmark tests, which are nevertheless needed to establish
reliability. This, in turn, opens the door to revisiting already
studied phenomena (e.g., the Kármán vortex street [30]) in the
presence of finite net vorticity and no hard walls nor confining
potentials.

The paper is organized as follows. In Sec. II, we recall the
main properties of the GPE. We also motivate and describe the
QPBC needed to model systems with nonzero net vorticity.
We present some first applications, including vortex lattice
formation and vortex nucleation from moving impurities, in
Sec. III. We summarize our results in Sec. IV. In Appendix A,
we validate the implementation of GINTONIC by reproducing
the expected behavior of simple vortex systems.

II. FLUID ELEMENTS WITH NONZERO NET VORTICITY

This section follows the discussion and ideas presented in
Mingarelli et al. [15] and Wood et al. [17], rewriting them in a
time-dependent scenario. The aim is to develop a framework
that mimics the bulk behavior of a superfluid, namely, a fluid
element where persistent currents can be homogeneous and
stationary, and where quantized vortices can be traced for
long times without leaving the finite computational domain
[25,28].

A. General framework

Consider a complex field ψ whose dynamics is governed
by the GPE [31,32],

∂tψ =
[

g|ψ |2 + V (x, t ) − μ − h̄2∇2

2m

]
ψ, (1)

where m, g, and μ are positive parameters, V (x, t ) is a time-
dependent external potential, and h̄ is the reduced Planck
constant. When using the GPE to effectively describe Bosonic
condensates (or even Fermionic superfluids [33]), m is in-
terpreted as the mass of the constituent bosons, g as the
interparticle interaction coupling (that we take to be repul-
sive), and μ as the chemical potential. The healing length
ξ = h̄/

√
mμ sets a physical scale for the system, and a natural

scale for |ψ |2 is the bulk density n∞ = μ/g. Combining ξ

with the first sound velocity, c1 = √
μ/m, we can define the

fundamental timescale τ = h̄/μ [34].
The GPE is sometimes employed as an analog model

for quantized vortices in the inner crust of neutron stars
(see, e.g., Refs. [20,28,35,36]). In this context, where vor-
tices are immersed in a nonhomogeneous environment, the
inclusion of the external potential V provides the pinning
landscape that is crucial to simulate the stick-slip dynamics
of vortices arising from their interaction with pinning centers
[25,26,37]. Here, the superfluid consists of neutron Cooper
pairs and the interaction is mediated by nuclear forces, with
typical scales m ∼ 2 GeV, ξ ∼ 3 [μ/MeV]−1/2 fm, and τ ∼
6 [μ/MeV]−1 × 10−22 s [13,25]. For comparison, when the
GPE is used as an effective model for vortex dynamics in
the bosonic He-II, the relevant scales are m ∼ 4 GeV, ξ ∼
0.1 [μ/meV]−1/2 nm, and τ ∼ 6 [μ/meV]−1 × 10−13 s (see,
e.g., Refs. [38,39]). In what follows, we adopt natural units
with h̄ = m = 1, while μ sets the energy scale. Times and
lengths are expressed in units of τ and ξ .

For our purposes, we consider the GPE in a rotating frame
with angular velocity �,

(i − γ ) ∂tψ =
[ |ψ |2

n∞
+ V (x, t )

μ
− 1 − ∇2

2

+ i� · (x × ∇)
]
ψ, (2)

where γ � 0 regulates dissipation [23,40–43]. Setting γ > 0
breaks unitarity and makes the condensate evaporate.

In the following, Eq. (2) will always be defined over finite
domains with 2� = 〈ω0〉, where the mean net vorticity in the
domain is defined as

〈ω0〉 = h

m

Nv

V0
. (3)

Here, Nv = ∑
i sil i is the oriented number of vortices con-

tained in the domain of volume V0, weighted by their charges
si and lengths. The vector l i connects the two points where
the ith vortex line intersects the fundamental cell, and Nv is
thus a length. For a uniformly rotating condensate, combin-
ing 2� = 〈ω0〉 with Eq. (3) expresses the Feynman-Onsager
relation [44].

Consider now a perfectly periodic vortex-array configu-
ration of ψ . Due to periodicity, vortex lines piercing the
fundamental cell must close on themselves after a finite num-
ber of cell crossings. This configuration allows us to simulate
finite domains with a nonzero 〈ω0〉, as described in Mingarelli
et al. [15] and Wood et al. [17]. The net vorticity must be
conserved. On the one hand, the Kelvin circulation theorem
remains valid also in a fundamental cell of the lattice, thus
preventing noncontractible vortices from originating inside
the domain [45] (see also Appendix B). On the other hand,
the boundary conditions in the fundamental cell ensure that
already existing vortices cannot modify Nv , as for each vortex
(or part of it) leaving the cell, another one must enter from the
opposite side.

B. Quasi-periodic boundary conditions

The following discussion is largely based on Refs.
[15–17,23,46]. In an infinite vortex lattice, the density n =
|ψ |2 is periodic, while the phase θ = arg ψ is quasi-periodic
due to possible branch cuts crossing the boundaries of the
fundamental cell. Tkachenko [46] realized that ψ can be ex-
pressed in terms of the first Jacobi theta function,

�1(z, q) ≡ 2
∞∑

n=0

(−1)n q(n+ 1
2 )2

sin [(2n + 1)z], (4)

where z is a complex coordinate and q is a complex parameter
describing the periodicity of its singularities [47]. Given a 2D
Bravais vortex lattice with fundamental vectors λ1 = π êx and
λ2 = λ2,x êx + λ2,yêy, one can always define a fundamental
cell by taking its sides as Li = λi, so that Nv = 1. In this case,
the phase of ψ can be written as [17]

θJ (x|xv ) = x(y − 2yv )

λ2,y

+ Arg[�1(x − xv + i(y − yv ), eiπτ )], (5)
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where τ ≡ (λ2,x + i λ2,y)/π and xv ≡ (xv, yv ) position of the
vortex closest to the rotational axis, always forced to be in
x = 0 by the first term on the right-hand side. Equation (5)
can describe any simple Bravais lattice, as any couple of
vectors can always be mapped into (λ1, λ2) by rescaling the
coordinate vector by π |λ1|−1 and rotating it clockwise by the
angle φ = arctan(λ1,y/λ1,x ).

We can describe any periodic array by considering the
Bravais lattice associated with each vortex of the fundamental
cell separately, and then summing their single contributions
given by Eq. (5), provided that every vortex is weighted in the
sum by its charge s. The phase of a periodic array of vortices
can thus be written as

θ (x) =
∑

k

sk θJ (x|xk ), (6)

where k runs over all the vortices in the fundamental cell and
xk are their positions. The phase in Eq. (6) satisfies the QPBC
of Wood et al. [17],

θ (x + L) = θ (x) + π

V0
(Nv × L) · x + c mod 2π, (7)

where L represents any discrete translational symmetry of the
vortex array. In the static case, c is an arbitrary integration
constant, specific for each L, that fixes the projection of the
mean position of the vortices on the direction of that transla-
tional symmetry. In the case of zero net vorticity, Nv = 0, the
QPBC reduce to the usual PBC. In this case, since we are in
the reference frame of the superfluid, the integration constants
must be zero, as otherwise they would introduce a uniform
translational velocity.

In a D-dimensional case, any selected symmetry vector can
always be expressed as a linear combination of the fundamen-
tal cell’s side vectors Li as L = ∑

i liLi, where i = 1, . . . , D
and li ∈ Z. The QPBC in Eq. (7) can thus be extended to the
dynamic case as

θ (t )|x+L
x = π

V0
(Nv × L) · x +

∑
i

lici(t )

+ π

V0

∑
i, j>i

li l j Li · (Nv × L j ) mod 2π, (8)

where ci(t ) are now time-dependent spatial-integration con-
stants specific for each side vector. Equation (8) holds for
any shape of the fundamental cell, and it does not require the
side vectors to be perpendicular to each other. By construc-
tion, the phase in Eq. (6), and thus the QPBC in Eq. (8), are
compatible with � = 〈�0〉 in Eq. (2). The mutual compatibil-
ity of the QPBC in Eq. (8) between the different directions Li

can be proved, at each fixed time t , in the same way as Wood
et al. [17] did for the static case.

At a fixed time, the integration constants ci(t ) of Eq. (8)
can be expressed in terms of the phase field evaluated, e.g., in
x = ±Li/2 as

ci(t ) = θ (Li/2, t ) − θ (−Li/2, t ). (9)

The time evolution of the integration constants ci is therefore
determined by the evolution of the phase field, and it is thus
prescribed by the GPE. The quasi-periodicity of Eq. (2) as-
sures the derivative of the phase field to be periodic. As a

consequence, the ci are constant in time and do not need to be
explicitly evolved. However, allowing for the time evolution
of the integration constants allows us to check this result as
a sanity check. Moreover, it effectively generalizes the QPBC
to also describe a net superfluid flow, which would instead
require the inclusion of Bloch boundary conditions.

In our code, we solve the GPE for the real and imaginary
parts of the superfluid wave function ψ = R + iI . We write
the boundary conditions for R and I by combining the QPBC
of Eq. (8) with simple PBC for the number density |ψ |2,

R(x + L, t ) = R(x, t )A(x, t ) − I (x, t )B(x, t ),

I (x + L, t ) = I (x, t )A(x, t ) + R(x, t )B(x, t ), (10)

where A and B are given by

A(x, t ) = cos
[
θ (t )

∣∣x+L
x

]
, (11)

B(x, t ) = sin
[
θ (t )

∣∣x+L
x

]
, (12)

with θ (t )|x+L
x given by Eq. (8).

C. Ansatz for the initial condition

In a vortex-free case, neglecting ∇2ψ in the GPE gives

n(x) = n∞ fbg(x), (13)

where n = |ψ |2 and fbg(x) = 1 − V (x)/μ. This can be used
as a reasonable ansatz for the initial condition in the absence
of vortices. Note that it is also possible to shift V by a constant
(effectively changing μ) to satisfy∫

V (x) d2x = 0, (14)

which ensures that the average density in the fundamental cell
is 〈n〉 = n∞.

In the infinite plane, the depletion caused by a single vortex
of charge s can be approximated as n(r) = n∞ f 2

s (r), with
fs(r) = r/(2s2 + r2)1/2 and r the radial distance from the vor-
tex axis [34]. The total depletion caused by multiple vortices
can then be approximated as

n(x) = n∞
∏

k

f 2
s (|x − xk|), (15)

where k runs over all vortices in the array and xk are their
positions.

At every time during the system’s dynamical evolution, the
density |ψ |2 and phase arg ψ fields must satisfy, respectively,
the PBC and QPBC introduced in Eq. (8). To imprint vortices
at specified positions at t = 0, we initialize the phase field
with Eq. (6), truncating the sum in Eq. (4) at n = 30. The
initial superfluid density is obtained by combining Eqs. (13)
and (15), so that the initial condition reads

ψ (x, t = 0) = √
n∞ fbg(x)

N∏
k=1

fs(|x − xk|)

× exp{iskθJ (x|xk )}, (16)
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where xk and sk are the positions and charges of the vortices
in the fundamental cell. The corresponding density is

n(x, t = 0) = n∞ fbg(x)
N∏

k=1

f 2
s (|x − xk|). (17)

The ansatz relies on the fact that the modulation of the density
n caused by V and the total depletion in the core of a vor-
tex are essentially independent. It produces reasonable initial
configurations of ψ that, however, contain fast-propagating
modes injected in the system at t = 0. A more polished initial
configuration can be achieved by evolving the system with
γ > 0, and then switching to γ = 0 once the spurious sound
has dissipated. The integration constants ci(t = 0) are initial-
ized using Eq. (9).

III. NUMERICAL SIMULATIONS

We now study a selection of physical scenarios that can
be simulated within our QPBC framework. In GINTONIC, we
solve Eq. (2) on a 2D rectangular Cartesian grid with the
new time-dependent QPBC introduced in Eq. (8). The field
ψ is decomposed into real and imaginary parts and evolved
in time with a third-order Adams-Bashforth linear multistep
method [48]. Spatial derivatives are computed with five-point
stencils.1

All results shown here use the natural units introduced in
Sec. II A. Unless otherwise specified, we set n∞ = μ = 1,
use a time resolution of δt = 5 × 10−4 τ (small enough to
always satisfy the CFL condition for the GPE), and perform
all simulations in the nondissipative regime, γ = 0.

A. Vortex lattice formation under QPBC

Effective dissipation of vortex motion in GPE simulations
(whether due to discretization [49], physical, or phenomeno-
logically modeled via γ > 0) leads to the formation of a
vortex lattice. Several numerical experiments demonstrated
this effect in superfluids confined by rotating traps (e.g.,
Refs. [42,50]). However, the geometry imposed by the trap
introduces finite-size effects, which can produce frustrated
configurations if the computational domain is not large
enough (e.g., Ref. [51]).

In principle, exact lattice configurations with Nv 
= 0
are accessible only with the QPBC of Eq. (8), see Refs.
[15–17,23] and references therein. Following Ref. [23], we
therefore investigate the dissipative process of lattice forma-
tion starting from an array of vortices randomly distributed in
the fundamental cell. We run a series of simulations with a fi-
nite dissipative parameter, γ = 0.03, δl � 0.3, and exploring
different cell geometries, background potentials, and vortex
densities Nv . To remain consistent with the use of QPBC, we
consider static potentials of the form

V (x) =
∑

n,m∈Z
V0 exp

(
−|x − xn,m|2

2σ 2

)
, (18)

1For comparison and validation, the code also includes a simpler
Euler solver and a fourth-order explicit Runge-Kutta method, to-
gether with three-point stencils for spatial derivatives.

where xn,m = x0,0 + nLxx̂ + mLyŷ, with Lx and Ly fundamen-
tal periodicity vectors of the vortex array (i.e., the dimensions
of the numerical cell where the QPBC are imposed). The
strength of the potential is set by the real constant V0 and its
width by the positive parameter σ .

We also perform runs with γ = 0 but with resolution δl =
ξ low enough to introduce numerical dissipation. Our code
remains stable at this and lower resolutions, and qualitatively
reproduces the same results as the dissipative runs. For all
simulations in this section, the chemical potential is fixed
to μ = 0.5. The time resolution is set by the CFL condition
with Courant number 0.1 in the dissipative runs and fixed to
5 × 10−4 τ in the low-resolution ones.

In Fig. 1, we examine lattice formation for a system
with Nv = 8 in a rectangular cell of size 60

√
3 ξ × 60 ξ with

numerical dissipation. The cell geometry is chosen to be com-
patible with an Abrikosov (triangular) lattice of vortices, i.e.,
the energetically most favorable configuration. We consider
both an homogeneous (V = 0) superfluid and one immersed
in the Gaussian background potential of Eq. (18), with V0 =
μ, σ = ξ , and periodicity 3n, 3m ∈ Z. The initial vortex po-
sitions are random within the computational cell.

In the homogeneous case (V = 0), the system relaxes to-
ward an Abrikosov lattice. At late times, it explores a family of
metastable triangular configurations that differ only by contin-
uous rigid translations. In contrast, when the external potential
is present, dissipation drives vortex pinning on the Gaussian
peaks. The long-time state is then a frustrated configuration,
where the vortices occupy the sites of the rectangular lattice
imposed by the potential, leaving one Gaussian peak unfilled.

Figure 2 shows the evolution of an analogous system with
Nv = 8 vortices in a square cell of side L = 80 ξ , for an
homogeneous (V = 0) superfluid now evolved with analytical
dissipation γ = 0.03. The system slowly relaxes to its ground
state, again an Abrikosov lattice.

B. Kármán vortex street generated by an initially
pinned vortex (Nv = 1)

The use of QPBC makes it possible to study depinning
and nucleation of vortices in a periodic background potential,
such as the one in Eq. (18). A numerical experiment in this
direction was recently proposed in Liu et al. [28], where the
depinning of a vortex from a Gaussian potential under an
increasing external current was analyzed (both with QPBC as
well as with other boundary conditions).

Here, we follow the same idea and consider systems with
Nv = 1, where the QPBC are particularly advantageous and
allow us to implement the GPE extension of the point-vortex
simulations presented in Ref. [25]. While the latter can only
be used to study how the depinning threshold depends on
the properties of the pinning center, the GPE extension also
allows us to investigate the possibility of vortex nucleation
during the process. We therefore check whether a moving
pinning potential can generate a Kármán vortex street while
dragging the initially pinned vortex, providing the Nv = 1
analog of the Nv = 0 study of Sasaki et al. [30], performed
with PBC.

We consider two simulations with different moving poten-
tials. In the first scenario, we define an external potential as in
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1.66×10
4

3.33×10
4

5.00×10
4

1.10×10
4

1.65×10
4

FIG. 1. Formation of vortex lattices in a rectangular cell due to numerical dissipation. The panels show a series of superfluid-density
snapshots without (top row) and with (bottom row) a background potential given by a lattice of Gaussian peaks. The initial positions of the
Nv = 8 vortices are clearly visible in the first panel of the top row as points of complete depletion. They are identical in the two simulations.
In the bottom row, black circles mark the (fixed) peaks of the background potential. In the homogeneous (V = 0) system, the vortices form
a triangular lattice by the end of the run. With the external potential, they are forced to pin on the peaks, producing a frustrated rectangular
lattice. The empty peak at the bottom right of the fundamental cell remains visible because the superfluid depletion there is incomplete.

Eq. (18). In the second, we instead use vertical Gaussian rods,

V (x) =
∑
n∈Z

V0 exp

(
−|x − xn|2

2σ 2

)
. (19)

In both cases, the potential moves as xp(t ) = (xp,0 +
vp(t ) t, yp,0), where p runs over all the peaks or rods, and
the background velocity is defined as

vp(t ) =

⎧⎪⎨
⎪⎩

0 t < 0
v0

[
1 − cos

(
π t
2 T

)]
0 � t � T

v0
[
1 + π

2T (t − T )
]

t > T .

(20)

We choose v0 = c1, T/τ = 1 × 104 � 1, and run with a
dissipation parameter γ = 0.01. The velocity is increased
adiabatically in time, slowly enough that dissipation can be
assumed to equilibrate the system (and thus the superfluid
loses memory of the evolution of vp) at every moment [25].

The simulations are performed on a 180 ξ × 60 ξ cell with
resolution δl = 0.33 ξ . The runs are initialized with a sin-
gle vortex at the maximum of the Gaussian potential, for
which we fix V0 = μ and consider different values of σ/ξ =
0.5, 1, 2, 5. We start the runs at t = −200 τ to dissipate spuri-
ous effects arising from the relaxation of the initial condition.

This burn-in time is chosen to be long enough to obtain a
numerically equilibrated initial condition at t = 0.

1. Vortex depinning, nucleation, and wake (Nv = 1)

In Fig. 3, we show a series of snapshots from the Gaus-
sian peak scenario with Nv = 1 and σ = 2. At t � 5358 τ ,
the background velocity has already exceeded the critical
depinning threshold vdep and has just reached the nucleation
threshold vnucl. Initially, the original vortex moves in the direc-
tion predicted by the Magnus-force term of the point-vortex
model. The motion is independent from the prescription in
Eq. (20), and it is consistent with previous GPE [28] and
point-vortex [25] simulations. Its trajectory is perturbed only
when it collides with the potential, interacting at distances of
order σ .

Once vp ∼ vnucl, the system begins to generate vortex-
antivortex pairs2 from the moving peak, as imposed by the

2These pairs can be viewed as the two-dimensional analog of the
vortex loops nucleated in the numerical experiments of Ref. [7], since
a vortex ring intersected by a plane parallel to its axis appears as a
vortex-antivortex pair.

1.09×10
4

FIG. 2. Formation of a vortex lattice in a square cell using the dissipative GPE with γ = 0.03. At late times, the Nv = 8 vortices form an
Abrikosov lattice.
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1.40×10
4

FIG. 3. Evolution of the number density (top row) and phase (bottom row) for a superfluid with Nv = 1 in a moving array of Gaussian
peaks. The sequence shows the nucleation of the first vortex pair, the formation of single- and double-branched Kármán vortex streets, and
a late stage where the potential, moving at vp > c1, generates a sonic boom. Dashed black lines in the second and third panels indicate the
approximate inclination of the Kármán vortex street. Vortices and antivortices are distinguished by the orientation of the phase winding around
points of complete depletion.

topological constraint Nv = 1 and the Helmholtz theorem.
These pairs are nucleated at quasi-regular time intervals,
forming a Kármán vortex street, clearly visible in the second
snapshot of Fig. 3. For Nv = 0, the vortex street would follow
the potential along a straight line [30]. In our simulation,
however, the velocity field induced by the original vortex (at
the top center of the fundamental cell) drags the pairs away
from the x axis.

As the background velocity increases, nucleation becomes
more efficient, with vortex-antivortex pairs approaching each
other, annihilating, and producing sound waves. As the num-
ber of pairs grows with vp, the Kármán vortex street splits into
two branches, visible at t � 7100 τ in Fig. 3. At this stage, the
original vortex that was present at t = 0 is essentially impos-
sible to locate, and its influence on the street’s shape becomes
negligible. Vortices nucleated from neighboring peaks also
enter the numerical domain and contribute to the deformation
of the vortex street.

Further increasing the background velocity enlarges both
the separation angle between the two branches of the wake
and the frequency of pair production. When vp � c1, the
nucleation frequency reaches its asymptotic limit: pairs form
and annihilate almost immediately, while the opening angle
of the Kármán street also saturates. Meanwhile, the potential,
moving faster than the first sound, generates a high-density
shock wave in front of it, while the continuous annihila-
tion of pairs near the peak produces a cone of depletion

reminiscent of a sonic boom. At these late times, most vortex
pairs are annihilated, leaving once again a single unpaired
vortex, clearly visible as a branch cut in the plot of the phase
at t � 1.4 × 104 τ .

As a note, we observe that interactions between the preex-
isting (already depinned) vortex and the background potential
can lower the critical threshold for nucleation, leading to
premature and extemporaneous vortex pairs, rather than sys-
tematic nucleation along a Kármán street. This phenomenon
resembles the kick mechanism for depinning described in
Warszawski et al. [20] and Warszawski and Melatos [35,52],
as both arise from the increased relative velocity between the
superfluid and the background potential caused by the local
velocity field of the vortex.

Figure 4 shows the evolution of the analogous system
with the background potential of Eq. (19) and σ = ξ . For
vp < vdep, the vortex moves inside the rod toward the positive
y direction, as predicted by the Magnus-like term of the point-
vortex model [25]. At t � 4500 τ , it leaves the pinning site
and moves independently of Eq. (20). At later times, the rod
produces solitons, whose depletion decreases with increasing
width of the potential. Dissipation makes solitons unstable,
leading to snake instabilities and subsequent vortex-antivortex
nucleation, as described by Huang et al. [53], Verma et al.
[54], and Gaidoukov and Anglin [55]. This process is accel-
erated by nearby vortices, whose local velocity fields deform
the solitons. As noted earlier, the interaction of the original

FIG. 4. Evolution of the number density (top row) and phase (bottom row) for a superfluid with Nv = 1 immersed in a moving array of
Gaussian rods. The system is initialized with a single vortex at the center of the background potential, at y = 0. The sequence shows the state
before depinning, the depinning of the original vortex, its encounter with the first soliton, and the nucleation of a vortex-antivortex pair induced
by a snake instability of the soliton at x � 45 ξ .
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FIG. 5. Evolution of the total energy δE = Etot − 〈Etot〉 for sim-
ulations with moving Gaussian peaks of widths σ/ξ = 0.5, 1, 2, 5.
Colored dotted and dashed lines indicate the times of depinning and
nucleation. The black solid and dashed lines show, respectively, the
background velocity and the time it reaches vp = c1.

vortex with the potential can lower the nucleation threshold
by locally increasing the background velocity. With Gaussian
rods, this effect is hard to avoid: at depinning, the vortex is
expelled mainly in the vertical direction and remains close to
the potential for a long time, unlike in the case of localized
Gaussian peaks.

2. Energetics and critical velocities for depinning (Nv = 1)

The evolution of the total energy is shown in Fig. 5.
Negative times correspond to the burn-in phase, with fixed
external potentials. At t = 0, the total energy of the super-
fluid has converged, confirming the thermalization of the
initial condition. A first energy peak occurs at depinning.
Once nucleation begins, if σ � ξ , the total energy becomes
roughly proportional to the number of vortex-antivortex pairs
in the system, which act as unstable (due to dissipation)
excitations of the velocity field. The energy rises at vp ∼
vnucl and decreases again at higher background velocities,
when annihilation of pairs becomes more efficient than their
nucleation.

For σ = 0.5 ξ , the potential is too narrow to consistently
nucleate vortex-antivortex pairs. The two vortices form so
close to each other, and already at high background veloci-
ties, that they almost immediately annihilate. In this case, the
energy increase is due to the sound waves produced by such
annihilations.

Localized spikes in the energy evolution (e.g., at t ∼
5000 τ in the σ/ξ = 0.5, 2 cases or t ∼ 8000 τ for σ = 0.5 ξ )
indicate collisions between the original vortex and the moving
potential. Such events can trigger (e.g., for σ = 2 ξ ) or fail
to trigger (e.g., for σ = 0.5 ξ ) premature, extemporaneous
nucleation depending on how close vp is to vnucl.

Figure 5 also shows the depinning time of the first vortex
and the nucleation time of the first vortex-antivortex pair.
Table I summarizes the results, also including the simulations
with Gaussian rods and their critical velocities for soliton
production. In the Gaussian peaks case, the critical velocity
vnucl decreases monotonically with increasing potential width,
while vdep instead saturates for σ � ξ . In the simulations with
rods, the behavior of vnucl is complicated by extra triggers

TABLE I. Critical velocities for depinning vdep, nucleation vnucl,
and soliton creation vsol for two configurations of the moving external
potential (Gaussian peaks and rods) and for different widths σ . Soli-
tons appear only for the rod potential in Eq. (19). Values in round
and square brackets indicate cases where nucleation is triggered,
respectively, by the interaction of the potential with the original
vortex or by soliton snake instabilities.

Potential σ [ξ ] vdep [c1] vnucl [c1] vsol [c1]

Peaks 0.5 0.076 0.853 −
1 0.126 0.564 −
2 0.154 0.334 −
5 0.139 0.196 −

Rods 0.5 0.160 (0.296) 0.329
1 0.242 [0.350] 0.312
2 0.291 0.322 0.369
5 0.243 (0.258) 0.328

for nucleation, such as vortex-potential interactions and the
decay of soliton snake instabilities. For all potential widths
and configurations (peaks and rods) tested here, depinning
always precedes nucleation, although the gap between vdep

and vnucl shrinks as σ increases. Additional simulations with
wider peaks are needed to explore the possible transition to
vnucl ∼ vdep. Finally, the markedly different values of vdep and
vnucl between peaks and rods highlight the strong dependence
of the critical parameters on the shape of the background
potential.

IV. CONCLUSIONS

In this paper, we studied the dynamics defined by the GPE
in rectangular domains with the QPBC in Eq. (8), first intro-
duced (for static problems) in Mingarelli et al. [15] and Wood
et al. [17]. To do so, we implemented and tested GINTONIC, a
C + + code that, unlike standard simulations with hard walls,
harmonic potentials, or imposed zero net vorticity, allows
us to study the long-time evolution of the vortex dynamics
in the bulk of a rotating superfluid. Unlike standard simu-
lations based on hard walls or ordinary periodic boundaries,
the QPBC allow us to study fluid elements with nonzero net
vorticity, enabling the long-time tracking of vortex dynamics
(a vortex never leaves the system) in a setting that resembles
the genuine bulk limit (due to the absence of hard walls or
confining potentials).

Although the GPE has been extensively studied in the liter-
ature for decades, the QPBC setup has received comparatively
little attention. For this reason, we devoted significant ef-
fort to validating our code against analytical benchmarks and
point-vortex predictions. Tests that may appear elementary in
more conventional settings (such as the stationarity of isolated
vortices, the dynamics of vortex pairs, or relaxation toward
vortex lattices) are less trivial in the presence of topological
constraints associated with Nv 
= 0 and are therefore collected
in Appendix A. These tests are fundamental for validating
both the theoretical and numerical framework, as simulations
with QPBC are still not widespread (with the notable ex-
ceptions of the depinning simulations in Liu et al. [28] and
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the vortex-lattice formation simulations of Doran and Billam
[23]).

Building on these foundations, we investigated lattice
formation (the natural case study for QPBC) in both homoge-
neous and structured environments. As expected, dissipation
drives the system toward Abrikosov order in the absence
of external potentials, but produces frustrated configurations
when pinning sites are present.

Finally, we examined vortex depinning and nucleation in
moving potentials, showing the formation of Kármán vor-
tex streets in systems with nonzero net vorticity. This work
thereby extends previous studies performed with Nv = 0 and
ordinary PBC (see Ref. [30]) to the topologically distinct case
of Nv = 1.

The GPE on domains with QPBC can also serve as an
explorative toy model for fluid elements in the bulk of neutron
star crusts, allowing us to study relevant vortex processes as in
Warszawski and Melatos [52], but without the limitations of a
system confined in a trap. In this perspective, future develop-
ments may also include a systematic exploration of depinning
thresholds for different pinning potentials (e.g., random pin-
ning landscapes [25,26]) and extract mutual friction models
for pulsar glitches [14].

More generally, in both neutron-star and laboratory set-
tings, the use of QPBC per se does not introduce new physics
(and, as shown by our tests, yields results that are largely
consistent with expectations). Rather, it should be regarded
primarily as a tool to investigate vortex dynamics and su-
perfluid turbulence under global topological constraints that
cannot be captured using ordinary PBC. As an example of a
future application, it would be interesting to revisit the study
of the pinning-unpinning transition for point vortices pre-
sented in Ref. [25] within a GPE setting, which is better suited
for such simulations, as it naturally incorporates vortex-core
physics and acoustic radiation.
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APPENDIX A: CONSISTENCY CHECKS

In this Appendix, we present a series of more fundamental
numerical experiments to validate our framework and code.
Again, Eq. (2) is solved with the time-dependent QPBC of
Eq. (8). The real and imaginary parts of ψ are evolved
with a third-order Adams-Bashforth scheme [48], while spa-
tial derivatives are evaluated using five-point finite-difference
stencils. We adopt the natural units of Sec. II A. Unless

FIG. 6. Superfluid density along the x axis for some selected
times for the two-soliton test with nmin = 0.75. Solid [dashed] lines
represent a series of configurations with the solitons in x = ±15 ξ

[x � 0] and moving toward [away from] x = 0.

otherwise stated, we set n∞ = μ = 1, the time step is δt =
5 × 10−4 τ (always satisfying the CFL condition for the GPE),
and the simulation is run in the nondissipative regime, γ = 0.

1. Soliton waves

As a first consistency check, we test our code against
soliton analytical solutions. In an infinite domain, the field
configuration

ψS (x, t ) =
[

i
√

nmin + √
n∞ − nmin tanh

(
x − ut√

2 ξu

)]
e−iμt

(A1)

describes a soliton propagating with velocity

u =
√

nmin

n∞
c1 =

√
μ nmin

n∞
, (A2)

where nmin is the minimum density associated with the soliton
depletion and ξu ≡ ξ (1 − nmin/n∞)−1/2 [34].

We consider a finite domain with zero net vorticity, for
which the QPBC reduce to ordinary PBC. A single soliton
(which solves the GPE only in an infinite domain) is not
compatible with PBC, as it would introduce phase a disconti-
nuity at the cell boundaries. By contrast, the combined wave
function

ψ2S (x, t ) = ψS (x, t ) ψS (−x, t ) (A3)

satisfies PBC and can therefore be simulated using our code.3

It describes the evolution of a pair of solitons propagating in
opposite directions.

The superfluid is initialized with a pair of solitons ψ2S

and evolved up to tmax = 150 τ in a rectangular fundamental
cell of size 60 ξ × 30 ξ with spatial resolution δl = 0.1 ξ . We

3A more elegant and rigorous way of imprinting solitons under
PBC would be to use the exact solutions expressed in terms of Jacobi
elliptic functions; see, for example, Refs. [56,57]. The simple ansatz
(A3) already serves our purposes.
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FIG. 7. Tracking of the soliton moving to the right in the two-
soliton test for different values of nmin. Top: Comparison between
the position of the soliton as analytically calculated from Eq. (A2)
and as tracked as the moving maximum depletion. The horizontal
dotted lines show the x boundaries of the periodic fundamental cell.
Central: Absolute difference between the numerical and analytical
predictions for the position of the soliton. The dashed lines represent
negative values. Bottom: Relative discrepancy between the numerical
and analytical soliton velocities as a function of the initial maximum
depletion associated with each soliton.

explore gray solitons with different values of their maximum
depletion (nmin = 0.2, 0.5, 0.75), as well as dark solitons
(nmin = 0). In Fig. 6, we show the number density of the
superfluid along the x axis at different times. As expected, the
two solitons propagate in opposite directions and cross each
other multiple times.

The initial condition in Eq. (A1) is exact only for a single
soliton in an infinite system. Therefore, there is an initial tran-
sient relaxation during which secondary solitons with smaller
depletion are generated, which travel faster than the imprinted
pair. Within a few τ , the imprinted field configuration stabi-
lizes, and the resulting soliton shows a narrower depletion
than the analytical prediction. The solitons cross the cell
boundaries and reproduce the same qualitative profile every
�t � L/u. Quantitative differences in the density profile at
different times, as well as its oscillations, are mainly due to
the propagation of the secondary solitons, which are only a
by-product of our initial ansatz in Eq. (A3).

In our simulations, we do not observe the snake instabilities
reported, e.g., in Huang et al. [53], Verma et al. [54], and
Gaidoukov and Anglin [55]. Including a finite dissipation γ

only damps the wave by gradually reducing the depletion with
time, as expected.

We check that the solitons move with the analytical veloc-
ity predicted in Eq. (A2), see Fig. 7. The few-percent error is
due to the small discrepancy between the numerical structure
of the solitons and the analytical result of Eq. (A1). The evolu-
tion of the total number of particles, energy, and momentum is

FIG. 8. Relative evolution of the total number of particles, total
energy, and total momentum of the superfluid for the two-soliton
tests.

shown in Fig. 8. As expected, these quantities are conserved
during the evolution of the system. At the beginning of the
simulation, a burn-in phase lasting a few dynamical timescales
occurs as the system relaxes from the approximate initial
configuration.

2. Simple vortex configurations

In this section, we further test the stability and reliability
of our code by running simulations of simple vortex configu-
rations and comparing the results with the predictions of the
point-vortex model [25,58,59].

a. Single vortex and sound waves

In large rotating containers, vortices arranged in a simple
Bravais lattice form a stable configuration that rotates uni-
formly with constant angular velocity. We test here that our
implementation of the QPBC is consistent with this prop-
erty: a vortex imprinted at any position in our rectangular
domain (in the absence of an external potential, V = 0) must
remain stationary. Since our aim is to develop a tool for
simulating fluid elements that reproduce the features of bulk
behavior, this is also a desirable outcome, consistent with the
fact that a single vortex in an infinite plane (or far enough
from walls) remains stationary unless additional currents are
introduced.

We test this behavior by initializing a superfluid with a
singly charged vortex at x = (8 ξ, 0). We use a square cell
with L = 100 ξ and consider a series of spatial resolutions
δl/ξ = 0.2, 0.5, 2. Since the initial condition in Eq. (16) only
approximates the depletion in the vortex core, we expect the
system to relax to a more stable configuration over a few
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FIG. 9. Evolution of the density when a single vortex is im-
printed at t = 0 (corresponding to the dark blue curve) in x =
(8 ξ, 0). Different panels correspond to different grid resolutions.
The black dashed lines indicate the bulk density n∞ = 1. For com-
parison, the vertical dotted lines show the predicted position of the
wave fronts assuming that they travel at the constant speed c1.

dynamical timescales by generating radial sound waves from
the vortex center (vortex breathing). On longer timescales,
these sound waves are damped by numerical dissipation. Fig-
ure 9 shows the evolution of the superfluid density along the
x axis (the system is spherically symmetric around the vortex
center). As expected, the vortex position remains stable indef-
initely, independent of the grid resolution or the initial vortex
position. The vortex breathing wave propagates through the
superfluid with a velocity slightly faster than c1 = √

μ.

b. Vortex couples

To check how the QPBC setting deviates from a genuine
bulk limit, we compare our numerical results with the orbits of
point vortices in the infinite plane. In this limit, the modulus of
the velocity of the two-point vortices is v1,2 = s2,1/d , where
d is their mutual distance.4 It is well known that d does not
change if there is no dissipation: two equally charged vortices
orbit around each other (anticlockwise for positive charges),

4Since the point-vortex approximation neglects compressibility and
finite core size, it is valid when the inter-vortex separation and other
scales of the system are much larger than ξ (see [58,59] for a revised
derivation of point-vortex dynamics from the GPE). In our case,
this translates into the requirement d, L � ξ , while the genuine bulk
limit is achieved for L � d .

FIG. 10. Top: Vortex velocity as a function of vortex separation
for the aligned (Nv = 2, red dots) and antialigned (Nv = 0, black
dots) cases. The blue solid line and the orange dashed line show
the point-vortex model predictions obtained by considering only the
vortices in the fundamental cell, or those in a 3 × 3 array of cells
centered on it, respectively. Bottom: Vortex velocity for the aligned
case with d = 4 ξ as a function of grid resolution. The dashed and
dotted red lines mark the estimate from the run with δl = 0.2 ξ , also
reported in the top panel.

while two vortices with opposite orientations move along a
straight line (in our case, in the positive y direction).

We consider two sets of simulations with two vortices,
either with Nv = 0 (vortex-antivortex in PBC) or with Nv =
2 (two vortices with the same orientation in QPBC). We
start the runs with two vortices in x1,2 = (±x0, 0) at t = 0,
with x0/ξ = 2, 3, 4, 5, 6 (namely, d = 2x0), and s1,2 = ∓1 or
s1,2 = 1 in the two cases. All simulations are performed in a
square cell with L = 100 ξ and spatial resolution δl = 0.2 ξ .
We carry out convergence tests on the x0 = 2, Nv = 2 case
also considering the resolutions δl/ξ = 0.1, 0.4, 0.8.

To check that our simulations effectively capture the gen-
uine bulk limit (L � d), we demand that the point-vortex
model gives the same prediction whether only the fundamen-
tal cell or also the eight surrounding image cells are included.
This is shown in Fig. 10. Smaller cells would also introduce
oscillations on top of the constant speed v12 for the Nv = 2
case, as the separation between vortices of different image
couples is not constant in time. The Nv = 0 case does not
show this effect, since the system evolves via rigid translation
of the initial configuration and all image vortices.

The top panel of Fig. 10 shows the observed average vortex
speed 〈vvort〉 compared with the constant v12 coming from the
point-vortex model (see Appendix C for details on how 〈vvort〉
is computed). As expected, the speed 〈vvort〉 decreases with
increasing vortex separation, and agrees with the analytical
v12 within ∼1% and ∼5% relative errors for d � 6 ξ and
d � 8 ξ in the Nv = 2 and Nv = 0 cases, respectively. At
smaller separations, where d becomes comparable to the vor-
tex core size (a few healing lengths), the dynamics is affected
by the core structure. In addition, we find that the finite-size
corrections have opposite signs in the aligned and antialigned
cases.
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FIG. 11. Evolution of the conserved quantities during the vortex-couple run with d = 4 ξ at different grid resolutions. Top: Evolution of
the total particle number, energy, and momentum of the superfluid. Bottom: Relative difference between the conserved quantities and their
initial values. The oscillations and noise in the total momentum arise from the propagation of vortex-breathing sound waves.

To ensure that these effects are not spurious, the bottom
panel of Fig. 10 shows the convergence of the average vortex
velocity for the aligned case with d = 4 ξ , demonstrating that
a resolution δl < 0.4 ξ is enough to provide an estimate of
〈vvort〉 accurate to the <1% relative error.

In Fig. 11 we show the conserved quantities for the case
Nv = 2, d = 4 ξ , at a series of different grid resolutions.
The initial values of the total number of particles, energy,
and momentum converge rapidly for δl < 0.4 ξ . The os-
cillations in the total momentum are due to sound waves
generated by the initial vortex breathing. Their period cor-
responds to the time required for a wave front to propagate
along a cell side with c1 = 1 in code units. At late times,
sound waves from increasingly distant periodic cells combine
to produce noisy perturbations of the asymptotically stable
configuration.

While the initial condition in Eq. (16) correctly reproduces
the particle number and total energy of the system (in the
limit of infinite resolution), it reproduces the total momen-
tum only within a relative error of order 10−3 − 10−2. The
estimate holds only for this specific superfluid configuration.
Equation (16) performs differently in reproducing the total
momentum for different setups (number and positions of vor-
tices, as well as the dimensions and geometry of the cell).
An initially dissipative (γ > 0) evolution allows to thermal-
ize the initial condition, and can thus improve convergence.
Note, however, that a dissipative dynamics would change the
intervortex distance with time.

c. Single vortex in Gaussian potentials

To probe the coupling of the superfluid with an external
potential V , we consider the basic test of a singly charged
vortex in the presence of a Gaussian peak [25,28,30,60]. We
consider a square cell with L = 30 ξ and set the spatial resolu-
tion to δl = 0.2 ξ . We fix the potential as in Eq. (18), impose
σ = 3 ξ , and run a set of simulations for different values of
the potential strength V0 and the initial vortex-peak distance

d . Both attractive (V0 < 0) and repulsive (V0 > 0) cases are
considered.

Figure 12 shows snapshots for V0 = ±0.6 μ with d =
4 ξ . The superfluid is either repelled from or attracted to-
ward the Gaussian peak, modifying the velocity field induced
by the vortex. In the repulsive case, the vortex rotates clock-
wise around the Gaussian peak (see also Ref. [28]), while
in the attractive case it follows a more complicated closed
trajectory. As already discussed, the vortex remains stationary
in the quasi-periodic cell if V = 0. Unlike the point-vortex
case,5 the orbit does not simply reverse under V0 → −V0. This
asymmetry arises because the potential V in the GPE acts
on the condensate density, inducing either a local depletion
(V0 > 0) or an enhancement (V0 < 0). By contrast, the vortex
core always produces complete density depletion, making the
two cases asymmetric.

The geometry of the fundamental cell also plays a role. In
the attractive case of Fig. 12, the vortex starts close enough
to the cell boundary to be influenced by the square-like sym-
metry imposed by the fundamental cell (or equivalently, by
the neighboring potential peaks). If the vortex is initialized
closer to the center of the cell, its motion is instead governed
by the local radial symmetry of the central Gaussian peak. For
instance, setting the vortex at d = 3 ξ is sufficient to make it
rotate anticlockwise in a stable orbit around the center of the
cell.

Finally, a vortex orbiting a Gaussian peak is expected
to move faster if |V0| is increased. We test this in Fig. 13,
where we measure the average rotational velocity of the vor-
tex around the Gaussian peak (see Appendix C for details).

5To model vortex motion in nonhomogeneous media, the point-
vortex approach introduces an effective potential that acts directly on
the vortex position. From the phenomenological equation of motion,
it follows immediately that flipping the external potential simply
reverses the velocity along the same circular orbit [see, e.g., Ref.
[25]].

013307-11



FABIO MAGISTRELLI AND MARCO ANTONELLI PHYSICAL REVIEW A 113, 013307 (2026)

FIG. 12. Selected snapshots of the superfluid density for a simple lattice of singly charged vortices in the periodic Gaussian potential
defined in Eq. (18). Top [bottom] row: repulsive [attractive] potential with |V0| = 0.6 μ and initial vortex distance d = 4 ξ . Blue and red areas
correspond to regions of depletion and accretion relative to the mean superfluid density n∞ = 1. The dashed black line shows the vortex
trajectory.

We consider a range of potential strengths, and distances
d/ξ = 1.5, 3 for the attractive and repulsive cases, respec-
tively. We observe that a sufficiently strong repulsive potential
can induce dissipation in the orbital motion: for V0 = 0.9 μ,
the vortex is no longer on a stable orbit but spirals into the
potential peak.6 The orbital velocity also depends on the width
of the potential (see the right panel of Fig. 13). The orbit
stops both in the limit d = 0, for which the vortex is stable
in the center of the external potential, or if the vortex is

6Note that V0 = μ is the maximum observable potential in our
configuration (with μ = 1), since at this value the superfluid would
be completely depleted.

FIG. 13. Vortex velocity during stable rotation around the central
Gaussian peak defined in Eq. (18) with width σ = 3 ξ . In blue and
orange, the repulsive and attractive cases. Left: Vortex velocity as a
function of the absolute value of the potential strength. The vortex
distance from the center is d/ξ = 1.5, 3 for the attractive and repul-
sive cases, respectively. The star marks the only observed dissipative
configuration, where the vortex falls into the depletion caused by the
Gaussian peak. Right: Vortex velocity as a function of the distance
from the Gaussian peak for fixed potential strength V0 = ±0.6 μ.

initialized close enough to the cell boundaries to get trapped
by the combined effect of the central and of the neighboring
Gaussian peaks. The distance from the peak that maximizes
〈vvort〉 depends on the sign of the potential.

3. Kelvin circulation theorem

For an inviscid, barotropic fluid subject to conservative
body forces, the Kelvin circulation theorem states that the
circulation

�(t ) =
∮

C(t )
v · dl (A4)

around a closed material curve C(t ) is conserved,

d�(t )

dt
= 0. (A5)

This result is essentially equivalent to the local Helmholtz
equation, ∂tω = ∇ × (v × ω), with ω = ∇ × v [e.g., [45]].

In Appendix B, we show that although the Helmholtz equa-
tion does not apply to condensates governed by the GPE, the
Kelvin circulation theorem remains valid. Hence, another in-
teresting test is to see numerically the physical consequences
of the theorem. To do so, we pin a vortex on a Gaussian peak
and slowly move it with constant velocity vp = −0.02 c1 ŷ.
We set V0/μ = σ/ξ = 1 in Eq. (18) and consider a squared
cell with side L = 30 ξ and spatial resolution δ � 0.083. A
closed (in QPBC) circuit C(t ) is tracked by placing 360 tracers
along y = −3 ξ and evolving them with the local velocity
field. As shown in Fig. 14, while the vortex moves downward,
C(t ) deforms to avoid any crossing, and the circulation �(t )
remains constant, consistently with the Kelvin theorem. This
is indeed the expected behavior, as it is well known that,
within the GPE framework, a vortex moves only in response
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FIG. 14. Snapshots of the superfluid density for a lattice of singly charged vortices dragged by the periodic Gaussian potential of Eq. (18).
Blue and red indicate regions of depletion and accretion relative to the mean density n∞ = 1. Black dots mark the tracers defining the closed
(in QPBC) circuit used to test the Kelvin theorem (A5). The circuit deforms and wraps around the vortex without crossing it, so the circulation
is conserved.

to local derivatives of the wave function, even in the presence
of an external potential V [61].

APPENDIX B: VORTICITY EQUATION
AND HELMHOLTZ THEOREM

We expand on the analysis of Ref. [62] to show the validity
of the circulation theorem for a condensate described by a
GPE with ∇V 
= 0 and Nv 
= 0.

We start from Eq. (2), and use the Madelung repre-
sentation ψ (x, t ) = √

n(x, t ) exp[iθ (x, t )], where the phase
θ (x, t ) is a multivalued real field [11]. It follows the con-
servation law ∂μ(εμναβFαβ ) = 0, where ε is the Levi-Civita
symbol and Fαβ is the force field tensor defined in dos San-
tos [62], namely, Fαβ = ∂μvν − ∂νvμ, with vν = (ψ∗∂μψ −
ψ∂μψ∗)/(2iψ∗ψ ).

The space components ∂μ(εμiαβFαβ ) = 0 for i = (x, y, z)
give the vorticity transport equation

∂t ω + ∇ × (ω × v) = ∇ × f v, (B1)

with f v = ∂tθ
v + ∇θv

t − v × (∇ × v), where (−θv
t /c, θv ) are

the components of the vortex gauge field defined in dos Santos
[62]. They represent the force per unit mass acting on the
condensate due to the presence of quantized vortices.

The total derivative of the circulation is given by

d�(t )

dt
=

∮
C(t )

Dv

Dt
· dl +

∮
C(t )

v · Dl
Dt

, (B2)

where D/Dt = ∂t + v · ∇ is the Lagrangian derivative oper-
ator and dl is the oriented line element. The second term
vanishes as in the classical case (e.g., [63]). Using the Stokes
theorem, one can rewrite Eq. (B2) as

d�(t )

dt
=

∫
S(t )

[∂tω − ∇ × (v × ω)] · da, (B3)

where S(t ) is the surface delimited by C(t ) and da is the
surface element pointing outward. Inserting here Eq. (B1) and
using again the Stokes theorem leads to

d�(t )

dt
=

∮
C(t )

(∇ × f v ) · dl . (B4)

The integral vanishes as long as the closed line C(t ) does not
(initially) intersect any vortex line, as the force f v exclusively
acts at the vortex positions. The physical consequences of
this result are the same as the classical circulation theorem:
vortices can originate inside the bulk exclusively in configu-
rations with zero net vorticity (e.g., contractible loops in three
dimensions or vortex-antivortex pairs in two dimensions).

APPENDIX C: ESTIMATES OF THE AVERAGE
VORTEX SPEED

In Appendix A 2 b, we presented simulations of vortex
pairs in an homogeneous (V = 0) superfluid, considering both
aligned (Nv = 2) and antialigned (Nv = 0) configurations, and
computed their speed 〈vvort〉. Here, we describe how 〈vvort〉
and its uncertainties are estimated via an average procedure
over the vortex trajectories.

For Nv = 0, we monitor the total circulation � = ∫
v · dl

along the cell boundaries (Fig. 15 for d/ξ = 4, 6, 8). As
expected, � vanishes since the net vorticity is zero. Small

FIG. 15. Circulation integrated along the boundaries of the fun-
damental cell for vortex-antivortex simulations with separations
d/ξ = 4, 6, 8. The vertical dashed lines mark the time intervals
where the circulation exceeds 1.8, 2.4, and 2.5 times its standard
deviation, chosen to identify cell crossings and avoid spurious bursts.

013307-13



FABIO MAGISTRELLI AND MARCO ANTONELLI PHYSICAL REVIEW A 113, 013307 (2026)

oscillations (δ� � 10−15) do not affect stability, but tiny
noise bursts occurring when vortices cross the boundaries
can be used to estimate the average speed as 〈vvort〉 � (nb +
1/2)L/tb, with tb time of the nbth burst. The duration of these
bursts set the uncertainty on the crossing time, which is then
directly propagated to 〈vvort〉.

For Nv = 2, we track the vortex positions in the phase and
density fields. The speed is then 〈vvort〉 � nrπd/tr , where tr
is the time after nr full rotations of the pair. We take �tr =
10 τ (four times the output resolution) as the uncertainty

on tr . The error bars in Fig. 10 are propagated from these
estimates.

In Appendix A 2 c, we studied a vortex interacting with a
Gaussian pinning potential in QPBC. There, the superfluid
momentum oscillates with the same period as the vortex or-
bits, allowing us to extract the speed 〈vvort〉 of the vortex
around its quasi-circular orbit directly from the oscillation
period. We average the results over multiple orbits, and we
take the standard deviation of the period as an estimate of its
uncertainty.
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