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Hybrid quantum-classical models aim to harness the strengths of both quantum computing and classical
machine learning, but their practical potential remains poorly understood. In this work, we develop a unified
mathematical framework for analyzing generalization in hybrid models, offering insight into how these systems
learn from data. We establish a generalization bound of the form Õ( αk√

N
(k

3
2
√

mn + √
T log T )) for N training

data points, T trainable quantum gates, n-dimensional quantum circuit output, and k bounded linear layers
‖Fi‖F � α, where i = 1, . . . , k and F ∈ Rm×n interspersed with activation functions. This generalization bound
decomposes into quantum and classical contributions, providing a theoretical framework to separate their
influence and clarifying their interaction. Alongside the bound, we highlight conceptual limitations of applying
classical statistical learning theory in the hybrid setting and suggest promising directions for future theoretical
work.
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I. INTRODUCTION

Quantum-classical hybrid machine learning models have
emerged as a promising approach in an era where fully fault-
tolerant, large-scale quantum computers remain out of reach.
Currently available devices impose significant restrictions on
width and depth of quantum circuits, making hybridization
of quantum and classical computation an ideal candidate for
exploiting early capabilities of quantum computing. In the
current framework, classical optimization methods act as a
complement for shallow-depth circuits. As the quantum tech-
nological stack matures into the fault-tolerant regime, hybrid
algorithms will evolve as well, allowing a careful interleav-
ing of classical and quantum models, leveraging the strength
of both of these resources. Early proof-of-concept hybrid
algorithms show promising results [1–8]; however, a solid
theoretical understanding of the power of these architectures
is lacking. Gaining such insights could shed light on the dif-
ferences in learning capacity between quantum and classical
algorithms.

There are several theoretically interesting aspects of a
learning model’s behavior, e.g., resource demands [1], sam-
pling complexity [8], and learnability [9]. One of the most
sought-after metrics is generalization, which allows one to
predict the model’s performance beyond the available dataset.
Classical approaches in statistical learning theory establish
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uniform upper bounds on the generalization error based on
both the training set size and the inherent complexity of
the model. In this context, complexity can be characterized
through measures such as covering numbers and Rademacher
complexity [10], which capture the richness of a function class
associated with the hypothesis class1 of the model. Several
works have provided rigorous bounds on the generalization
error for classical machine learning models [11–13] as well
as for fully quantum learning models [1–3]. However, despite
the growing popularity of hybrid models, the conditions under
which these hybrid architectures can generalize accurately
remain largely unexplored.

Inspired by the remarkable success of neural networks
(NNs) in classical machine learning, the quantum machine
learning community has pursued a similar line of research.
In particular, layerwise organized quantum circuits with
parametrizable gates that mimic classical feedforward archi-
tecture are known as quantum NNs (QNNs). A diverse zoo of
models has emerged inspired by classical ideas, such as hybrid
Boltzmann machines [5], hybrid autoencoders [6] and hybrid
convolutional NNs [7]. QNNs fall under the category of quan-
tum machine learning models (QMLMs) [14,15], which in
general consist of a parametrized quantum circuit that is being
trained on classical or quantum data.

In this paper, we derive and prove a generalization bound
for hybrid (quantum-classical) machine learning models (hy-
brid QMLMs) that consist of general QMLMs combined
with classical NNs. In the hybrid quantum-classical setting,
a model’s hypothesis class becomes richer due to integrating
quantum with classical machine learning components. In our
proof, we first separately derive complexity measures for the

1A concept that represents a set of all possible functions that are
representable by a chosen algorithm.
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hypothesis classes corresponding to the quantum and classi-
cal components. Due to the richness of the hybrid model’s
hypothesis class, we use covering numbers to quantify the
complexity of the hypothesis class geometrically, rather than
a direct worst-case analysis using Rademacher complexity.
After establishing covering number bounds, we combine them
to characterize the overall complexity of the hybrid hypothesis
class. Using Dudley’s entropy integral, we obtain general-
ization bounds that quantify a model’s learning ability from
finite data. A key implication of our results is that the com-
plexity of a hybrid model that has minimal classical layers
will perform similarly to a QMLM, providing theoretical sup-
port for the practical viability and design of quantum-assisted
learning algorithms. As such, designing hybrid models with
shallow classical components but expressive quantum circuits
can achieve strong generalization while reducing implementa-
tion overhead, offering a principled framework for balancing
quantum and classical resources in real-world QMLM archi-
tectures.

This paper is organized as follows: In Sec. II, we justify
the chosen QMLM architecture and provide an overview of
previous work on generalization bounds in both quantum and
classical contexts. In Sec. III, we outline the fundamental
concepts relevant to this work. In Sec. IV, we present a derived
generalization bound for a hybrid quantum-classical setup and
discuss its implications in Sec. V. Finally, Sec. VI contains a
step-by-step derivation of the aforementioned bound.

II. RELATED WORK

On the quantum side, Caro et al. [1] proved generaliza-
tion bounds for QMLMs and derived a bound for (fully)
quantum convolutional neural networks (QCNNs) based on
covering numbers with T trainable gates to scale at worst

as Õ(
√

T log T
N ). Furthermore, they show that when rerun-

ning the same gates at most M times, the generalization

performance scales as Õ(
√

T log MT
N ), only worsening loga-

rithmically. These findings suggest that these models can
generalize well even with a small training dataset. In our work,
we extend these results to capture the behavior of a hybrid
architecture.

On the hybrid side, while the theoretical foundation is
currently lacking (providing motivation for this work) numer-
ous studies have demonstrated promising empirical results.
For instance, Matic et al. [7] presented empirical evidence
supporting the viability of a hybrid quantum-classical con-
volutional neural network (QCCNN) in a medical use case,
demonstrating its potential practical utility in real-world sce-
narios. A subsequent study [16] studied theoretically derived
generalization metrics for QMLMs, such as those from Refs.
[2,17], applied to the architecture from Ref. [7] in an empirical
context; however, these efforts revealed a significant lack of
correlation between theoretical metrics and empirical accu-
racy. This implies that the general metrics did not capture the
behavior of a hybrid model sufficiently well. In contrast, in
this work, we take a fully theoretical approach and develop
generalization bounds tailored to a hybrid setup.

On the classical side, extensive research has been con-
ducted on generalization bounds for NNs. Lin and Zhang

[18] offer a comprehensive overview of various approaches
to these bounds and provide a simplification and generaliza-
tion of them under specific assumptions. Notably, the bounds

O( 2kηk√
N

) [19] and Õ( αk−1k
3
2 η

√
d√

N
) [10,20], where ||F ||σ � η,

emphasize that generalization depends on how weight mag-
nitudes scale with depth and the activation functions are
assumed to be 1-Lipschitz. The bounds illustrate how general-
ization bounds can be established via norm-based complexity
measures, particularly the product of per-layer norms and
depth. These bounds are reflected in our analysis of the clas-
sical component of hybrid QMLMs. An important point to
highlight is that our work prioritizes the investigation into
interaction between the classical and quantum components
rather than the sharpness of the bounds. Future research can
focus on refining these bounds, as our study establishes a
robust foundation that facilitates this process.

III. BACKGROUND

A. Generalization

Generalization is the ability of a (trained) model to perform
well on unseen data. We measure the generalization error
by comparing the model’s performance on training data with
its expected performance on unseen data. Formally, given a
training dataset S = {(xi, yi )}, i = 1, . . . , N , of size N and the
model’s hypothesis class H , the empirical risk associated with
a hypothesis h ∈ H is given by

R̂S (h) = 1

N

N∑
i=1

�(h(xi ), yi ), (1)

where � is a predefined loss function that quantifies the dis-
crepancy between the model prediction and the true label.
This empirical risk, also known as the training error, serves
as an estimate of the expected risk, which is defined as

R(h) = E(x,y)∼D[�(h(x), y)], (2)

where the expectation is taken over the unknown data distribu-
tion D. The discrepancy between these two quantities, known
as the generalization error,

gen(h) = R(h) − R̂S (h), (3)

measures how well the training performance translates to
unseen data. Bounding this generalization error is crucial in
statistical learning theory and is the focus of the subsequent
theoretical results, where maintaining good generalization to
new data while fitting the training data well is a trade-off.

B. Complexity measures

Complexity measures quantify how well functions from
a hypothesis class are able to fit various training data, as
overfitting can be understood as a class having many functions
that are distinct from the target function but can still fit the
training data well. The Rademacher complexity and covering
numbers are complexity measures based on probability and
geometric characterizations of hypothesis classes and have
well-established connections to translate between them. Our
approach builds on existing uniform-bound-based measures
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in the quantum setting, where these have proven effective in
bounding QMLMs [1].

1. Rademacher complexity

Definition 1 (Empirical Rademacher complexity). Con-
sider arbitrary spaces X ,Y , and define Z := X × Y . Given
a training set S = {z1, . . . , zn} and a real-valued hypothesis
class H on Z , the empirical Rademacher complexity is de-
fined as the expected supremum of the correlation between
the functions in H and the random Rademacher variables σi

applied to the dataset:

RS (H ) := Eσ

[
sup
h∈H

1

n

n∑
i=1

σih(zi)

]
, (4)

where the Rademacher variables σi ∼ U{−1,1} are random vari-
ables that take values ±1 with equal probability.

From the definition, we see that empirical Rademacher
complexity varies with the training set, reflecting the actual
learning difficulty of each dataset, explaining its name. This
data dependence can yield tighter generalization bounds than
distribution-independent worst-case bounds, yet it can still be
used to derive bounds that hold for all distributions. As such,
Rademacher complexity often serves as a key step in proving
general results in learning theory. The following theorem is
fundamental in this context.

Theorem 1 (Rademacher generalization bounds
[22,23,25]). Consider arbitrary spaces X ,Y . We define
Z := X × Y and a real-valued hypothesis class H on Z .
For any δ > 0 and any probability measure P on Z we have
with probability at least (1 − δ) for the training data S ∈ Zn

obtained by n-times repeated sampling with respect to P ,

gen(h) � 2RS (� ◦ H ) + c

√
ln 1

δ

n
, ∀h ∈ H, (5)

where c > 0 is some constant and � ◦ H := {(x, y) �→
�(h, y, x) | h ∈ H} is the loss-transformed hypothesis class.

This theorem allows us to bound the generalization error
using Rademacher complexities.

2. Covering Number

We begin by defining the ε cover and the covering number.
Definition 2 (ε cover and covering number [23]). Let

(V, ‖ · ‖) be a normed space, and let U ⊆ V . Then U is an ε

cover of V if ∀v ∈ V there exists u ∈ U such that ‖u − v‖ �
ε. The covering number of the normed space (V, ‖ · ‖) with
any ε > 0 is the size of the smallest ε cover:

N (V, ‖ · ‖, ε) := min{|U | : U is an ε cover of V }. (6)

We call the logarithm-transformed covering number
ln(N (V, ‖ · ‖, ε)) the metric entropy of V .

The larger the covering number, the more complex the
hypothesis class, because it indicates that more functions are
needed to approximate the entire class within a small error tol-
erance. Intuitively, if a hypothesis class H has a large covering
number for small ε, it means the class is complex, as there are
many distinct functions that cannot be closely approximated
by one another. On the other hand, if the covering number
is small, the class is simpler, with many hypotheses being

similar to each other within the margin of error ε. There is
a common argument chain to arrive at generalization bounds
via Theorem 1 and an integral (developed by Dudley [24])
once a covering number has been determined for a hypothesis
class.

Theorem 2 (Dudley’s entropy integral [25]). Let H be a
hypothesis class on X equipped with a norm ‖ · ‖ and let
γ0 := suph∈H ‖h‖. We can then bound the (true) Rademacher
complexity by Dudley’s entropy integral: the usage of

R̂n(H ) � inf
α∈[0,

γ0
2 )

4α + 12√
n

∫ γ0

α

√
lnN (H, ‖ · ‖, ε)dε,

where R̂n(H ) is the true Rademacher complexity.
The integral can be understood as summing the contri-

butions of each infinitesimal resolution to the Rademacher
complexity of the hypothesis class. At each level of resolution,
the function class will become better at fitting the Rademacher
random variables.

IV. RESULTS

With this work, we lay the foundation for a more theo-
retically grounded understanding of the capability of hybrid
quantum-classical models. We derive and prove a general-
ization bound Õ( αk√

N
(k

3
2
√

mn + √
T log T )) for N training

data points, T trainable quantum gates, n-dimensional quan-
tum circuit output, and k bounded fully connected layers
‖Fi‖F � α where i = 1, . . . , k, F ∈ Rm×n. The bound can be
decomposed into classical and quantum components, which
enables investigation of their interaction. Just like the bounds
presented by Lin and Zhang [18] on the classical side, we
assumed 1-Lipschitz activation functions when presenting our
bound; however, the derivation in the Appendix includes the
general case for L-Lipschitz activation functions.

Our analysis leverages concepts from statistical learning
theory and quantum information, allowing us to theoreti-
cally predict the empirical performance of hybrid models.
The derived generalization bound indicates how the model’s
complexity, dictated by the number of quantum gates and the
characteristics of the classical layers, influences its ability to
generalize from the training data to unseen examples. A key
implication of our result is that introducing classical layers
into the architecture does not introduce significant generaliza-
tion disadvantage compared to a fully quantum model with
equivalent quantum capacity. In fact, the bound suggests that
a well-designed hybrid model with a moderate number of
classical layers can match the generalization capabilities of
a purely quantum model while offering practical advantages
such as reduced quantum circuit depth and better noise tol-
erance. On the other side, classical NNs typically exhibit
generalization bounds that scale unfavorably with the num-
ber of layers, often exponentially. In contrast, the hybrid
model’s quantum component contributes a polylogarithmic
factor, potentially offering more favorable scaling under cer-
tain conditions. This provides a theoretical justification for
hybridization as a strategy for improving scalability without
sacrificing learning performance.
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V. DISCUSSION

While the theoretical bounds investigated in this work
provide valuable insights, they have been shown to strug-
gle in the overparametrized regime. Recent works, such as
Ref. [13] and its quantum variant [26], argue that traditional
generalization bounds fall short of explaining the empirical
success despite high complexities of modern machine learn-
ing models. To bridge the gap between theoretical bounds
and empirical observations, future research should explore
new paradigms of generalization that synergize current un-
derstanding of generalization based on model complexities
with emerging evidence from edge cases. This approach will
foster a more comprehensive understanding of generalization
in diverse scenarios. A recent approach [27] has demon-
strated strong empirical support for theoretically established
bounds in an overparametrized regime. The authors leveraged
the relationship between kernel methods and deep learning
via Neural Tangent Kernels, validating the idea presented in
Ref. [28] that comprehending generalization in deep learning
necessitates understanding generalization in kernel methods.
This suggests that future research into generalization bounds
for NNs can benefit from a synergistic investigation into their
more foundational cousin—the kernel methods. Similar con-
nections between models have been identified in the quantum
case [29,30], suggesting that this line of research might shed
light on generalization bounds of QNNs as well.

The classical part of the bound presented in our work
suffers from the same problems mentioned above. While these
bounds align with earlier covering-number results, such as
those in Ref. [21], they are looser than the more recent bounds
found in Refs. [19,20]. However, our primary contribution is
the separation of the classical and quantum parts by their cov-
ering numbers. The submultiplicative property is applicable
to any chosen covering number for each component under
appropriate norms. Our approach prioritizes a methodological
perspective over the tightness offered by modern results.

Apart from understanding the generalization abilities of
quantum models, it is crucial to identify the optimal context
(use case) for utilizing these models. Recent research [31] has
shown that QCNNs can be efficiently simulated on classical
devices through a process known as dequantization. This is
particularly efficient on easy datasets that are usually used to
demonstrate the utility of proof-of-concept implementations.
These results can be extended to a broader QNN architecture.
In pursuit of identifying a “killer application” for QMLMs, it
is essential to evaluate both the architecture and its generaliza-
tion capabilities, alongside the complexity of the specific use
case at hand. By integrating the tools developed in the present
work with insight from Ref. [31], we come one step closer to
understanding the generalization benefits of hybrid QMLMs.

Our study has some limitations, which should be addressed
in future work. First, we focused on a purely theoretical
derivation of the bound, and empirical validation remains to
be conducted. However, the authors of Ref. [1], which is
foundational for our study, have already performed empir-
ical verification of their bound, suggesting that our results
should exhibit similar behavior. Second, we consider a hybrid
architecture comprising a quantum layer followed by classi-
cal layers. While the derived generalization bound provides
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Lemma 1
Metric entropy for
bounds for k-layer NN

Lemma 6
Submultiplicativity of
hybrid covering numbers

Lemma 2
Metric entropy for
bounds for QMLM

Theorem 2
Dudley’s entropy

integral

Theorem 1
Rademacher Bound Theorem 6

Generalization bounds
for hybrid QMLM

FIG. 1. Visualization of the proof structure: We present metric-
entropy and covering-number bounds for both quantum and classical
components, demonstrating that the hybrid metric-entropy bound
can be expressed through both. We then utilize this framework to
derive our generalization bound via Dudley’s entropy integral and
Rademacher bounds.

insight into the learning behavior of the hybrid quantum-
classical model, it does not directly answer how to determine
the optimal quantum-to-classical ratio of layers. The bound
primarily consists of the insight provided in Ref. [1] where
the generalization bound on the QMLM scales less than ex-
ponentially in the training data and the generalization bounds
of NNs. However, since both these bounds are loose [13,26],
they fail to capture the interplay between large circuits and
deep classical layers.

VI. METHODS

In this section, we present the theoretical methods that
lead to the generalization bounds for QMLMs by combining
bounds from quantum (see Sec. VI B) and classical (see Sec.
VI A) parts as illustrated in Fig. 1. For a hybrid QMLM
and a sufficiently large training dataset, our bounds guarantee
accurate generalization that is close to the performance of a
fully QMLM with high probability on unseen data.

A. Classical part: Covering numbers in neural networks

For the classical part, we introduce the metric-entropy
bound following the proofs in Ref. [21], which derived gener-
alization bounds for NNs using covering numbers.

Intuitively, a covering number represents the smallest num-
ber of covers needed, based on a chosen radius or resolution,
to cover a given space. In the context of function spaces,
this concept characterizes how uniformly any two functions
can vary from each other. When considering bounded linear
functions with a bound α, we can visualize the space as being
enclosed within a sphere of radius α. Lemma A1 extends this
intuition by deriving the covering number, or, more precisely,
the metric entropy, associated with this space. Realizing that a
classical NN consists of linear layers and activation functions,
we can write the hypothesis class of a NN with k layers and
extend Lemma 4 to derive a NN’s metric entropy. The idea
is to cover the changes in each layer through coverings of
each linear layer while dealing with the interspersed activation
function. However, separating out the L-Lipschitz activation
functions will pick up a factor L for each layer together with
the operator bound. The change to the uniform output metric
reflects the datum-dependent formulation of Theorem 2, since
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we are formulating the generalization bound over possible
data input x. The proof can be found in the Appendix.

Lemma 1 (Metric entropy for classical k-layer neural
networks). Let X = {x ∈ Rn : ‖x‖�2 � R} be the input
domain. Let σ : R → R be an L-Lipschitz activation function
applied coordinatewise, and consider the class of k-layer
networks C = { f (x) = Fk σ (Fk−1 σ (· · · σ (F1x)), ‖Fi‖F �
α, Fi ∈ Rm×n}. Then, for any ε > 0, the covering number of
C under the data-dependent �2 metric

‖ f − g‖X,�2 :=
⎛⎝1

n

n∑
j=1

‖ f (x j ) − g(x j )‖2
2

⎞⎠1/2

satisfies

lnN (C, ‖ · ‖X,�2 , ε) � kmn ln

(
3kRLk−1 αk

ε

)
for ε � kRLk−1αk , and is zero for larger ε.

With the metric entropy for the k-layer NN, we can de-
rive the generalization bound of the classical part. Inserting
Lemma 1 into Theorem 2 we obtain a bound on the empirical
Rademacher complexity of the hypothesis class. This induces
the generalization bound using Theorem 1. Hence,

Theorem 3 (Generalization bound for k-layer neural
networks). Let σ : R → R be an L-Lipschitz activation
applied coordinatewise, and consider the class of k-layer
networks C = { f (x) = Fk σ(Fk−1 σ (· · · σ (F1x)), ‖Fi‖F �
α, Fi ∈ Rm×n}.

Suppose the loss � is coordinatewise L-Lipschitz and
bounded by M. Then with probability at least 1 − δ over
the choice of independent and identically distributed (i.i.d.)
training data S of size N according to P ,

|R( f ) − R̂S ( f )| ∈ O
(

Lkαkk
3
2

√
mn

N
+

√
log(1/δ)

N

)
. (7)

B. Quantum part: Generalization bound in QMLMs

We introduce the generalization bound for a QMLM de-
rived from the covering number of 2-qubit quantum channels
and unitary gates, which is formalized in Lemma 2. This
lemma provides an upper bound for the covering number of
the set of 2-qubit unitaries by using the fact that the space
of 2-qubit unitaries is bounded within a unit ball under the
operator norm.

Lemma 2 (Covering-number bounds for 2-qubit unitaries
[1]). Let ‖ · ‖ be a unitarily invariant norm on complex 4 × 4
matrices. The covering number of the set of 2-qubit unitaries
U (C2 ⊗ C2) with respect to the norm ‖ · ‖ can be bounded as

N (U (C2 ⊗ C2), ‖ · ‖, ε) �
(

6‖IC4‖
ε

)32

, (8)

0 < ε � ‖IC4‖.
Remark. The metric entropy of 2-qubit unitaries can then

easily be seen as

lnN (U (C2 ⊗ C2), ‖ · ‖, ε) � 32 ln

(
6‖IC4‖

ε

)
.

Theorem 4 (Generalization bound for QMLM [1]). For a
QMLM EQMLM

θ using T parametrized local quantum channels,

we have with high probability over training data of size N that

∣∣R(
EQMLM

θ

) − R̂
(
EQMLM

θ

)∣∣ ∈ O
(√

T log(T )

N

)
. (9)

Remark. This implies that the required size of the data, N ,
scales as √

T log(T )

N
< ε ⇒ N >

T log(T )

ε2
.

A more refined version of this statement is the following theo-
rem that considers a QMLM where many of the parametrized
(local) gates are applied repeatedly. Assume each gate is re-
peated at most M times.

Theorem 5 (Generalization bound for repeated local gates
[1]). Let EQMLM

θ be a QMLM with an architecture consisting
of T independently parametrized 2-qubit Completely Posi-
tive and Trace-Preserving (CPTP) maps and at most repeated
usage of these channels M times. Then, with probability at
least 1 − δ over the choice of i.i.d. training data S of size N
according to P ,

R
(
EQMLM

θ

) − R̂S
(
EQMLM

θ

)
∈ O

(√
T log(T M )

N
+

√
log(1/δ)

N

)
. (10)

C. Generalization bound in the hybrid QMLM

Now that we have derived the covering numbers for each
part of the hybrid QMLM, we investigate how these layers
interact to establish the generalization bound.

A hybrid QMLM integrates both classical and quantum
computational parts. Mathematically, this can be viewed as
a hypothesis class that consists of functions mapping classical
data to quantum states, then back to a classical result via
measurement. Formally, we denote a QMLM as

EQMLM
θ,x (·),

where θ are continuous parameters of the quantum gates, i.e.,
angles in rotation channels, and x is the classical input datum.

We assume in the hybrid setting that the classical datum
x is encoded into a quantum state with density matrix ρ(x).
As the specific encoding technique has no impact on our
proof, we will sometimes omit its dependence on x and just
write ρ. The classical NN receives the expected measurement
outcome tr(MEQMLM

θ,x (ρ(x))), where M is a measurement op-
erator. We also assume that the classical NN follows empirical
risk minimization (ERM) and the optimization over quantum
parameters is performed using a classical optimizer, typically
gradient-based methods. The model, therefore, consists of a
composite hypothesis class

H = {
h(x) = F tr

(
MEQMLM

θ,x

)∣∣F ∈ C
}
, (11)

where the quantum component EQMLM
θ,x represents a

parametrized quantum channel applied to the encoded
classical input x, followed by a measurement operator M.
The classical component F ∈ C is a classical NN with k
layers of linear operators with bounded norm and L-Lipschitz
activation functions as defined in Lemma 1.
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Theorem 6 (Generalization bound in quantum-classical
hybrid models). Let hθ be a hybrid QMLM with an archi-
tecture consisting of T independently parametrized 2-qubit
CPTP maps followed by bounded measurement operators
‖M‖ � β and a k-layer classical NN consisting of activation
functions and bounded linear layers ‖F‖F � α. Then, with
probability at least 1 − δ over the choice of i.i.d. training data
X = {xi}N

i=1 of size N according to P ,

R(hθ ) − R̂X (hθ ) ∈ Õ
(

αk

√
N

(
k

3
2
√

mn +
√

T log T
))

, (12)

where Õ(n) denotes Big-O notation with polylogarithmic
terms in n hidden.

The proof consists of combining the two results from Lem-
mas 3 and 2 to obtain a covering number for the hybrid
model, after which we establish the generalization bound.
Essentially, we demonstrate that the covering numbers exhibit
a submultiplicative property across each layer by addressing
how the classical and quantum parts interact as separate lay-
ers. This then leads to a standard argument of bounding the
Rademacher complexity via Dudley’s entropy integral which
then delivers the generalization bound.

We combine previous work on both classical and quantum
machine learning models to claim a similar result for hybrid
models with multiple classical layers. For a hybrid QMLM
and a sufficiently large training dataset, a slightly adjusted
proof gives a bound that guarantees accurate generalization
close to the performance of a fully QMLM with high proba-
bility on unseen data.

Remark. For a single layer this bound reduces to the quan-
tum part asymptotically,

Õ
(

α√
N

√
mn +

√
T log T

)
= Õ

(√
T log(T )

N

)
,

and implies that the generalization error of a hybrid model
with a single classical layer is not much worse than a fully
quantum model.

VII. CONCLUSION

This work contributes a theoretical foundation for under-
standing generalization in hybrid quantum-classical machine
learning models. We provide a characterization of learning ca-
pacity in hybrid models by decomposing into distinct quantum
and classical contributions. Our result shows that introduc-
ing bounded classical layers on top of a trainable quantum
model does not degrade generalization performance. Instead,
hybrid architectures can retain the expressivity and learning
guarantees of their fully quantum counterparts while offering
practical benefits, such as reduced quantum circuit depth and
improved robustness to noise. While our bound advances the
theoretical understanding of hybrid models, it leaves open
the important question of how to determine the optimal bal-
ance between quantum and classical components. Addressing
this challenge will require new theoretical tools or empirical
studies that go beyond the current statistical learning theory
tools. Nonetheless, our work provides a stepping stone for
principled design and evaluation of hybrid models and opens

several promising directions for future research in quantum
machine learning theory.
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APPENDIX

In this section, we present the proof for the claimed gen-
eralization bounds for hybrid QMLMs by combining bounds
from the quantum (Sec. VI B) and the classical (Sec. VI A)
components. The proof is based on showing the submulti-
plicativity property of the covering numbers when combining
both parts.

The first part introduces two lemmata that lead to the clas-
sical result from Ref. [21] on generalization bounds for NNs
by deriving a metric-entropy bound on the NN. The presented
Lemma A1 on bounded linear functionals has been adapted
from Ref. [23]. By characterizing the interaction of each layer
in the NN, since the layers are bounded linear functionals
interspersed with activation functions, we can derive a metric-
entropy bound for the entire NN.

Lemma A1 (�2 metric entropy for bounded linear function-
als). Consider the set V = {v ∈ Rn | ‖v‖�2

� α} of bounded
linear functionals (by identifying the vectors v with their duals
and interpreting them as functionals on Rn). Then, for any
ε > 0, we have

lnN (V, ‖·‖�2
, ε) � n ln

(
3α

ε

)
. (A1)

Proof. Notice that V = {v ∈ Rn | ‖v‖�2
� α}, which is an

�2 ball of radius α. The result follows from plugging into the
metric entropy for norm balls. �

Lemma A2 (Metric entropy for fully connected layer). Let
F = {F ∈ Rm×n | ‖F‖F � α}, where m is the output dimen-
sion and n the input dimension. This set represents bounded
matrices presenting a fully connected layer in a neural net-
work. Its metric-entropy bound is given by

lnN (F , ‖·‖F , ε) � nm ln

(
3α

ε

)
. (A2)

Proof. Recall that Rm×n is isomorphic to Rmn and notice
that ‖F‖F = ‖φ(F )‖�2

, where φ is the isomorphism between
the two spaces. Thus, we apply Lemma A 1 and derive the
result. �

Lemma A3 (Metric entropy for classical k-layer neural
networks). Let X = {x ∈ Rn : ‖x‖�2 � R} be the input
domain. Let σ : R → R be an L-Lipschitz activation function
applied coordinatewise, and consider the class of k-layer
networks C = { f (x) = Fk σ(Fk−1 σ (· · · σ (F1x)), ‖Fi‖F �
α, Fi ∈ Rm×n}. Then, for any ε > 0, the covering number of
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C under the data-dependent �2 metric

‖ f − g‖X,�2 :=
⎛⎝1

n

n∑
j=1

‖ f (x j ) − g(x j )‖2
2

⎞⎠1/2

satisfies

lnN (C, ‖ · ‖X,�2 , ε) � kmn ln

(
3kRLk−1αk

ε

)
for ε � kRLk−1αk and equals zero for larger ε.

Proof. Write the network recursively as

f0(x) := x, ai(x) := σ ( fi(x)),

fi(x) := Fi ai−1(x) (i = 1, . . . , k). (A3)

By induction using ‖Fi‖F � α and Lipschitzness of σ ,

‖ai−1(x)‖�2 � (Lα)i−1‖x‖�2�(Lα)i−1R,

∀x ∈ X , i = 1, . . . , k. (A4)

Let F = fk (x) and K = hk (x) be two k-layer NNs. We
want to bound ‖ fk − hk‖X,�2

. Replacing layers one at a time
to obtain the standard telescoping decomposition and using
‖(Fi − Ki )v‖�2 � ‖Fi − Ki‖F ‖v‖�2 and Eq. (A4),

‖ fk (x) − hk (x)‖�2 �
k∑

i=1

(Lα)k−i‖Fi − Ki‖F ‖ai−1(x)‖�2

�
k∑

i=1

(Lα)k−i‖Fi − Ki‖F (Lα)i−1R

= R(Lα)k−1
k∑

i=1

‖Fi − Ki‖F , ∀x ∈ X .

Since this bound is uniform in x, it implies the same inequality
in the empirical metric:

‖ fk (x) − hk (x)‖X,�2 � R(Lα)k−1
k∑

i=1

‖Fi − Ki‖F . (A5)

Choose a per-layer Frobenius radius

δ := ε

kR(Lα)k−1
.

If each layer Fi is approximated by Ki within δ in Frobenius
norm, then Eq. (A5) gives ‖ fk (x) − hk (x)‖X,�2 � ε. Thus, an
ε cover of C is obtained by taking the product of δ covers of
each layer’s parameter ball {Fi : ‖Fi‖F � α}.

By Lemma A2, taking products over k layers and loga-
rithms,

lnN (C, ‖ · ‖X,�2 , ε)

�
k∑

i=1

mn ln

(
3α

δ

)

= kmn ln

(
3αkR(Lα)k−1

ε

)
= kmn ln

(
3kRLk−1αk

ε

)
. (A6)

�

Theorem A1 (Generalization bound in quantum-classical
hybrid models). Let H be a hypothesis class for a hybrid
machine learning model with T quantum gates and a k-layer
NN, and X = {xi}N

i=1 be a sample of size N . Assume that the
covering number of H with respect to ‖ · ‖X,�2 satisfies, for
any ε > 0,

N (H, ‖ · ‖X,�2 , ε) � N
(
F , ‖ · ‖X,�2 ,

ε

2β
√

n

)
·

N
(
U (C2 ⊗ C2), ‖ · ‖, ε

4T Lk−1αkβ
√

n

)T

, (A7)

where U (C2 ⊗ C2) denotes the set of 2-qubit unitary opera-
tors, and F denotes a k-layer NN with linear layers as defined
in Lemma 1. M is a fixed measurement operator with operator
norm ‖M‖ � β, T is the number of parametrized unitaries,
and n is the number of output registers of the quantum circuit.

Furthermore, assume that the loss function � : H × X ×
Y → [0, M] is coordinatewise L-Lipschitz continuous in its
first argument with respect to the norm ‖ · ‖.

Then, with probability at least 1 − δ over the random draw
of a sample X with size N , for all hypotheses h ∈ H , the
expected loss satisfies

gen(h) ∈ Õ
(

L kα k

√
N

(
k

3
2
√

mn +
√

T log T
))

, (A8)

where Õ(n) denotes big-O notation with polylogarithmic
terms in n hidden.

Proof. The proof will be split over the next sections. We
first derive the covering number of the hypothesis class H
of the hybrid QMLM. This is done by realizing that any hy-
pothesis can be covered by coverings of the classical and the
quantum component. After deriving the covering number, we
will calculate the Rademacher complexity of the hypothesis
class via Dudley’s entropy integral. Finally, we bound the
Rademacher complexity of the loss-transformed hypothesis
class by scaling the Rademacher complexity of the hypothesis
class by a Lipschitz constant that is averaged over all coordi-
nates L. This delivers the generalization bound. �

Submultiplicativity of covering numbers for a hybrid
quantum-classical model

The hybrid model under consideration comprises two main
components: a quantum component and a classical compo-
nent. The essential step to finding a covering number for the
hybrid model is correctly identifying how a covering can be
constructed from coverings of the classical and quantum com-
ponents. Lemmas 2 and A1 each provide covering numbers
and we will show that multiplying both provides an upper
bound on the hybrid model’s covering number. This submul-
tiplicativity property is the following lemma.

Lemma A4. Let U (C2 ⊗ C2) denote the set of 2-qubit uni-
tary operators, let n be the number of output registers in the
quantum circuit, and let F denote a k-layer NN with Frobe-
nius norm ‖F‖F � α for each linear layer Fi and L-Lipschitz
activation functions. Let M be a fixed measurement operator
with operator norm ‖M‖ � β. Define the hypothesis class H
as introduced in Eq. (11) with T the number of parametrized
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unitaries. Let N (U (C2 ⊗ C2), ‖ · ‖, ε) and N (F , ‖ · ‖F , ε)
be the covering numbers for the 2-qubit unitary operators and
the k-layer NN derived previously and let X = {xi}N

i=1 be a
sample of size N .

Then, for any ε > 0, the covering number of H with respect
to ‖ · ‖X,�2

satisfies

N (H, ‖ · ‖X,�2 , ε) � N
(
F , ‖ · ‖X,�2 ,

ε

2β
√

n

)
·

N
(
U (C2 ⊗ C2), ‖ · ‖, ε

4T Lk−1αkβ
√

n

)T

.

Proof. We will build coverings for (i) each unitary layer in
operator norm ‖ · ‖, and (ii) the classical NN F in the sample-
dependent seminorm ‖ · ‖X,�2 . The overall cover of H will be
the corresponding product covering.

We aim to construct an ε covering for the hypothesis class
H by combining εF coverings for the classical component F
and εU coverings for the quantum component U . The key idea
is to ensure that perturbations in F and U individually lead to
a controlled perturbation in the composite hypothesis h. Let
CF (εF ) be an εF covering of the fully connected layers F with
respect to ‖ · ‖F , and CU (εU ) be an εU covering of the unitaries
U with respect to the spectral norm (induced 2-norm) ‖ · ‖�2

.
We determine εF and εU accordingly, such that a hypothesis
in H is covered by its components with respect to ‖ · ‖�2

.
We will write a hypothesis h as

h(x) = F · z(x), z(x) = tr
[
M EQMLM

θ,x (ρ(x))
]n

i=1
∈ Rn,

where ρ(x) is the density operator of the encoded data x and
M is a measurement operator.2 This separates the classical part
F ∈ C and the quantum part z(x). As a reminder,

EQMLM
θ = UT · · ·U (·)U † · · ·U †

T ,

where the Ui ∈ U are 2-qubit unitaries depending on θi.
Consider two hypotheses h, h′ ∈ H . As introduced above,

we can write them as

h(x) = Fz(x),

h′(x) = Kz′(x), (A9)

where F, K ∈ F are the classical parts and z, z′ are the quan-
tum parts.

To construct a covering for the hypothesis class H , we want
to bound

‖h − h′‖X,�2 . (A10)

We will bound this by separating the classical layers and
the quantum layer and then bound them individually. The

2For complete mathematical accuracy, we should specify that the
general form of the local 2-qubit unitary operators consists of tensor
products I ⊗ · · · ⊗ Uk ⊗ · · · ⊗ I .

separation uses the common insertion trick in triangle inequal-
ities:

h(x) − h′(x) = (Fz(x) − Fz′(x)) + (F − K ) z′(x). (A11)

Inserting this into Eq. (A10) gives us

‖h − h′‖X,�2 = ‖(Fz − Fz′) + (F − K ) z′‖X,�2

� ‖(Fz − Fz′)‖X,�2 + ‖(F − K ) z′‖X,�2 .

(A12)

Equation (A12) shows the varied parts that need to be covered.
We (i) first bound the term ‖(Fz − Fz′)‖X,�2 corresponding to
the varied quantum part and (ii) then bound the second term
‖(F − K ) z′‖X,�2 corresponding to the varied classical NN.

Starting with the quantum part, notice that, for any z, z′ ∈
Rn,

‖F (z) − F (z′)‖�2 = ‖Fk[σ (· · · ) − σ (· · · )]‖�2

� ‖Fk‖ ‖σ (· · · ) − σ (· · · )‖�2

� ‖Fk‖F ‖σ (· · · ) − σ (· · · )‖�2

� α ‖σ (· · · ) − σ (· · · )‖�2

� α L ‖Fk−1σ (· · · ) − Fk−1σ (· · · )‖�2

...

� L k−1 α k ‖z − z′‖�2 .

Thus,

‖F (z) − F (z′)‖X,�2 � Lk−1αk‖z − z′‖X,�2 .

We now examine the varied quantum parts ‖z − z′‖�2 . No-
tice that for a measurement operator M with ‖M‖ � β, and
�,� quantum channels, and a state ρ with ‖ρ‖1 = 1, we have

|z j (x) − z′
j (x)|

= | tr(M(� − �)(ρ(x)))|
� ‖M‖‖(� − �)(ρ(x))‖1 (Hölder’s inequality (Schatten))

� ‖M‖ ‖� − �‖� (Def. Diamond norm)

� β‖� − �‖�. (‖M‖ � β ). (A13)

Consequently, if we define the n-dimensional measurement
vector

z(x) := [
tr
(
M EQMLM

θ,x (ρ(x))
)]

j=1,...,n
∈ Rn

,then for any two channels E, E ′,

‖z(x) − z′(x)‖�2 � β
√

n‖Eθ,x − E ′
θ,x‖�. (A14)

Using the same approach as in the proof of Lemma C.1
from Ref. [1], let U := Eθ,x and V := E ′

θ,x be the unitary chan-
nels of the quantum parts z and z′. A telescoping expansion
gives

‖U − V‖� � 2
T∑

k=1

‖Uk − Vk‖. (A15)
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Combining Eq. (A14) and Eq. (A15) gives

‖z − z′‖X,�2 � 2β
√

n
T∑

k=1

‖Uk − Vk‖. (A16)

Finally, for the quantum part we get

‖Fz − Fz′‖X,�2 � 2Lk−1αkβ
√

n
T∑

t=1

‖Ut − Vt‖. (i)

Moving on to the classical part, notice that

‖(F − K ) z′‖X,�2

fulfills the conditions for Lemma 1 with R = β
√

n, since
‖z(x)‖�2

� β
√

n. This lets us know the covering number for
any covering of radius ε for the k-layer NN F . Together, we
see that

‖h − h′‖X,�2 � 2L k−1 α kβ
√

n
T∑

k=1

‖Uk − Vk‖

+ ‖(F − K ) z′‖X,�2 . (A17)

Set

‖Uk − Vk‖ � ε

2 × 2T L k−1αkβ
√

n
= εU ,

‖(F − K )z′‖X,�2 � ε

2β
√

n
= εF . (A18)

Then, for any h ∈ H , there exists a covering CH with h′ ∈ CH

since

‖h − h′‖X,�2 � ε

2
+ ε

2
= ε. (A19)

Hence, the constructed cover CH satisfies

sup
h∈H

inf
h′∈CH

‖h − h′‖X,�2 � ε,

and since each hypothesis in H can be approximated within ε

by combining an εF cover for F and T εU covers for U , the
total number of elements in CH (ε) is at most the product of the
covering numbers of F and U T times, and we prove that

N (H, ‖ · ‖X,�2 , ε)

� N
(
F , ‖ · ‖X,�2 ,

ε

2β
√

n

)
× N

(
U (C2 ⊗ C2), ‖ · ‖, ε

4T Lk−1αkβ
√

n

)T

. (A20)

Applying the logarithm and using the product rule gives
the metric entropy H by

lnN (H, ‖ · ‖�2 , ε)

� lnN
(
U (C2 ⊗ C2), ‖ · ‖, ε

4T αβ
√

n

)
T

+ lnN
(
F , ‖ · ‖F ,

ε

2β
√

n

)
. (A21)

�
a. Rademacher complexity

Lemma A5 (Radius of the hybrid hypothesis class). Let H
be the hybrid hypothesis class from Lemma A4 producing
n-dimensional outputs via a measurement operator M with
‖M‖ � β. Define γ0 := suph∈H ‖h‖X,�2 , where ‖h‖2

X,�2
:=

1
N

∑N
i=1 ‖h(xi )‖2

�2
. Then

γ0 � β
√

n.

Proof. Each coordinate of h(x) is a measurement expec-
tation of the form tr(Mρ) with | tr(Mρ)| � ‖M‖ ‖ρ‖1 � β,
independently of the classical layers. Hence, ‖h(x)‖�2 � β

√
n

for every input x, and therefore ‖h‖2
X,�2

= 1
N

∑N
i=1 ‖h(xi )‖2

�2
�

β2n. Taking the supremum over h ∈ H gives γ0 � β
√

n. �
Theorem A2 (Rademacher complexity bound for the hy-

brid class). Under the setting of Lemma A4, with the
neural-network metric-entropy lemma and the diamond-norm
covering for the quantum part, we have, for all ε > 0,

lnN (H, ‖ · ‖X,�2 , ε)

� lnN (F , ‖ · ‖X,�2 ,
ε

2β
√

n
)

+ T lnN
(
U (C2 ⊗ C2), ‖ · ‖, ε

4T Lk−1αkβ
√

n

)
.

(A22)

Consequently, Dudley’s entropy integral (with cutoff) yields

R̂N (H ) ∈ Õ
(

L k−1α kβ
√

n√
N

(kR
√

kmn +
√

T log T )

)
.

Proof. We start by inserting the metric entropy derived in
Lemma A4 into Dudley’s Theorem (Theorem 2):

R̂N (H ) � 12√
N

∫ γ0

0

√
lnN (F ) + T lnN (U )dε. (A23)

We omitted the metric and resolution size for readabil-
ity. By Lemma A5, γ0 represents the upper bound of the
integration bounds, since it is the coarsest resolution for
the hypothesis class H . Then, by applying the inequality√

a + b � √
a + √

b,

R̂N (H ) � 12√
N

( ∫ γ0

0

√
lnN

(
F , ‖ · ‖X,�2 ,

ε

2β
√

n

)
dε (A24)

+
∫ γ0

0

√
T lnN

(
U

(
C2 ⊗ C2, ‖ · ‖, ε

4T Lk−1αkβ
√

n

))
dε

)
. (A25)
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We analyze each summand separately: Starting from the
classical contribution, insert Lemma A3. The integral be-
comes directly evaluatable,

12√
N

∫ γ0

0

√
kmn ln

(
6kRLk−1αk β

√
n

ε

)
dε = 12

√
k m n√
N

J,

(A26)
where

J :=
∫ γ0

0

√
ln

(
C

ε

)
dε, C := 6kRLk−1αkβ

√
n.

Evaluate J by the change of variables u = ln(C/ε), i.e., ε =
Ce−u and dε = −Ce−u du. The limits become ε ↓ 0 ⇒ u →
∞ and ε = γ0 ⇒ u = ln(C/γ0); hence,

J = C
∫ ∞

ln(C/γ0 )
u1/2e−u du = C �

(
3

2
, log

C

γ0

)
,

where �(s, x) is the gamma function. Using the identity
�( 3

2 , x) =
√

π

2 erf (
√

x) + √
x e−x and e− ln(C/γ0 ) = γ0/C, we

obtain

J =
√

π

2
C erf

⎛⎝√
ln

C

γ0

⎞⎠ + γ0

√
ln

C

γ0
,

where erf (x) := 2√
π

∫ x
0 exp(−t2) dt . Multiplying J by 12

√
k m n√
N

gives us

12
√

kmn√
N

⎛⎝√
π

2
C erf

⎛⎝√
ln

C

γ0

⎞⎠ + γ0

√
ln

C

γ0

⎞⎠,

which is the classical contribution (A26) we started with.
Using the fact that erf (·) � 1 and hiding constants and

polylogarithmic terms using the Õ notation, we see that the
Rademacher complexity of the classical part is

Õ
(√

kmn
kRLk−1αkβ

√
n√

N

)
.

Moving on to the quantum part, we see

12√
N

∫ γ0

0

√
T lnN

(
U

(
C2 ⊗ C2, ‖·‖, ε

4T Lk−1αkβ
√

n

))
dε.

(A27)
With the change of variables

δ = ε

4T Lk−1αkβ
√

n
, b = γ0

4T Lk−1αkβ
√

n
,

this becomes

48T Lk−1αkβ
√

n√
N

∫ b

0

√
T lnN (U (C2 ⊗ C2), ‖ · ‖, δ) dδ.

(A28)
By Lemma 2, for any unitarily invariant norm ‖ · ‖ and 0 <

δ � ‖IC4‖,

lnN (U (C2 ⊗ C2), ‖ · ‖, δ) � 32 ln

(
6‖IC4‖

δ

)
.

Plugging this into Eq. (A28) and using that for the spectral
norm ‖IC4‖ = 1 yields

48T Lk−1αkβ
√

n√
N

√
32T

∫ b

0

√
ln

(
6

δ

)
dδ. (A29)

Evaluating the integral exactly gives∫ b

0

√
ln

(
6

δ

)
dδ =

√
π

2
6 erf

(√
ln

6

b

)
+ b

√
ln

6

b
.

Hence, when inserting back b = γ0

4T Lk−1αkβ
√

n
, the quantum

Dudley term becomes

3
√

512√
N

γ0

√
T

√
ln

(
24T Lk−1αkβ

√
n

γ0

)
. (A30)

Using γ0 � Lk−1αkβ
√

n we see that the quantum part scales

as Lk−1αkβ
√

n√
N

√
T log T up to explicit constants.

Combining both expressions, we arrive at the claimed

Õ
(

Lk−1αkβ
√

n√
N

(kR
√

kmn +
√

T log T )

)
.

�

b. Generalization bound

Having obtained an upper bound on the empirical
Rademacher complexity R̂N (H ) of the hypothesis class H ,
we aim to apply Theorem 1 to establish a corresponding
generalization bound. However, it is important to observe that
Theorem 1 requires the empirical Rademacher complexity of
the loss-transformed hypothesis class RS (� ◦ H ), rather than
R̂S (H ). To overcome this gap, we will introduce the following
lemma which provides an upper bound on R(� ◦ H ) in terms
of R(H ) for loss functions that are Lipschitz continuous,
such as the multiclass hinge loss. We will state it without
proof.

Lemma A6 (Talagrand-ledoux’s contraction lemma [32]).
Let H be a hypothesis class and let � : H × Y → R be an
L-Lipschitz loss function with respect to its first argument.
For any fixed sample S = {x1, x2, . . . , xn}, the L-Lipschitz
loss will scale as L√

n
when averaged over the sample. Thus,

the empirical Rademacher complexity of the loss-transformed
hypothesis class � ◦ H satisfies

R̂S (� ◦ H ) � L√
n
R̂S (H ). (A31)

Proof. By applying this lemma, we can estimate the
Rademacher complexity of the loss-transformed hypothesis
class by LR̂S (H ).

Let � be a mean-reduced, coordinatewise L-Lipschitz loss
(so that the Talagrand-Ledoux contraction yields the fac-
tor L/

√
n). Combining Lemma A4, Theorem A2, and the

Talagrand-Ledoux contraction, we obtain, for our dataset X ,

R̂X (� ◦ H )

� L√
n
R̂X (H ) ∈ Õ

(
Lkαkβ√

N
(kR

√
kmn +

√
T log T )

)
.
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To conclude the proof, we use Theorem 1: gen(h) �
2 R̂X (�◦H ) + c

√
ln(1/δ)/N . The Talagrand-Ledoux contrac-

tion gives R̂X (�◦H ) � L√
n
R̂X (H ). Substitute the bound from

Theorem A2: R̂X (H ) ∈ Õ( Lk−1αkβ
√

n√
N

(kR
√

kmn+√
T log T )),

which yields the stated result after canceling√
n. �
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